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r-Convergence and x-Capacities

GIANNI DAL MASO

Introduction

In some recent papers ([11], [12], [13], [5]) the notion of p-capacity
(Definition 2.8) has been used to study a class of differential equations, called
“relaxed Dirichlet problems”, that arise in the limit of perturbed Dirichlet
problems with homogeneous boundary conditions on varying domains, as well
as in the limit od Schrédinger equations with non-negative varying potentials.

These equations can be formally written as

©.1) —~Au+pu=f in Q,

where 2 is a bounded open subset of R*,n > 2, f € L%({2), and the “coefficient”
u is a non-negative Borel measure on 2 which must vanish on all sets of
(harmonic) capacity zero, but may take the value + oo on non-polar subsets of
Q.

According to [13], we denote by Mo(Q2) the class of all these measures,
and for every p € Mo(f2) we define the u-capacity of a Borel set B C (1 with
respect to 2 by

— 2 2
capu(B) = _isf r[ |Duldz + Z (u — 1)2dp}.

The purpose of this paper is to study the measures p € Mo(f2) by méans
of the corresponding p-capacities.

To this aim we determine the properties of cap,, considered as an
increasing set function defined on the Borel subsets of 2 (Theorem 2.9). As
remarked in [11], Example 5.4, the u-capacities are not, in general, Choquet
capacities (Definition 1.1), because the continuity along decreasing sequences
of compact sets does not hold for every p € Mo(Q2).

Therefore we introduce a class of measures (Definition 3.1), denoted by
Mg (Q), contained in Mo(£2), such that the p-capacity of a measure p € Mo(f)
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is a Choquet capacity if and only if up € M§(Q2) (Theorems 3.6 and 4.6). We
prove that each méasure of the class M{(Q2) is inner regular (Theorem 4.4)
and that for every p € Mo(f2) there exists a measure p* € Mg(Q2) which is
equivalent to p according to Definition 4.6 of [11], i.e.

/uzdp* =/u2dpc

Q Q

for every u € H}(f1). More precisely, we prove that p* is maximal in the
equivalence class of p (Theorem 3.10).

Then we consider the problem of the reconstruction of a measure
B € Mo(Q2) from its p-capacity. If p is finite on all compact subsets of 2 and
if we know a finite measure v € Mo(Q2) with respect to which g is absolutely
continuous, then this problem can be solved by a derivation argument ([5],
Theorem 2.3). For an arbitrary p € Mo(f2) this method is not available. We
prove, however, that p is the least superaddittive set function which is greater
than or equal to cap, on every Borel subset of 2. This allows to obtain u from
cap,, by means of a general formula (Theorem 4.3), which can be simplified
when p € Mj(2) (Theorem 4.5).

These results are used to prove that two measures are equivalent if and
only if their p-capacities agree on all open sets (Theorem 4.9).

The problem we deal with in the last two sections of this paper is
the connection between the ~-convergence of a sequence in Mq(f2) and the
convergence of the corresponding p-capacities.

The ~-convergence (Definition 5.1) is a variational convergence for
sequences in Mo(2), which was introduced in [11] to study the dependence
on u of the solutions u of equation (0.1), subject to appropriate boundary
conditions. This convergence, which is defined in terms of the I'-convergence
(see [15], [14], [1]) of the quadratic forms associated with (0.1), is equivalent
to the strong convergence in L%(f2) of the resolvent operators of equation (0.1)
([3], Theorem 2.1). Moreover, it is equivalent to the stable convergence of the
randomized stopping times associated with (0.1) (see [3], where a probabilistic
analysis of equation (0.1) is carried out).

In Section 5 we prove that, if (p,) y-convergence to p, then

cap,(4) < li’{n inf cap,, (4)
for every finely open set A C Q2 (Theorem 5.8), and
capy+(F) > lim sup ~ cap,, (F)

for every finely closed set F C ) with finite harmonic capacity with respect to
) (Theorem 5.9). These inequalities imply that

capu(E) = hlin; capy, (E)
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for every set E C 2, with finite harmonic capacity in 2, such that the fine
interior and the fine closure of E have the same p*-capacity (Theorem 5.11).

In Section 6 we prove that the v-convergence of a sequence in Mg (02)
is equivalent to the convergence of the corresponding u-capacities on a dense
(Definition 4.7) family of subsets of 2 (Theorem 6.3).

By using the compactness of the y-convergence, we can even prove that,
if the sequence (cap,,) converges weakly (in the sense of [16]) to an inner
regular increasing set function «, then the sequence (up) ~-converges to a
measure p € M3(Q2), and p can be obtained as the least superaddittive set
function which is greater than or equal to o (Theorem 6.1). This improves
a result of [5], where the measure p is assumed to be finite on all compact
sets, and a probabilistic result of [2], where, in addition, p is assumed to have
(locally) a bounded potential.

The equivalence between y-convergence and convergence -of u-capacities is
exploited to give a non-probabilistic proof of the following localization result,
obtained in [3], Lemma 5.1, by probabilistic methods: if two ~-convergent
sequences of measures of the class Mq(2) agree on all finely open subsets of a
finely open set, then the same property holds for their 4-limits (Theorem 5.12).

Finally, the equivalence between ~-convergence and convergence of u-
capacities is used to tackle the non-trivial problem of the continuity, for the
~-convergence, of the restriction operator (Definition 2.4). Given a measure
p € Mo(£2), we determine a family of subsets of {2, depending on p, such that,
for every element E of this family, the y-convergence of a sequence () to
p implies the y-convergence of the restrictions p¥ of pj to the restriction pf
of p (Theorem 6.6). This family contains the family R, introduced in [11],
Definition 5.6, as well as the family of Sets considered in [3], Lemma 5.2,
and can be characterized in terms of the capacity cap,+« (Theorem 6.6), of the
measure p* (Proposition 6.7), and of the measure p itself (Proposition 6.8 and
Remark 6.9).

1. - Notation and Preliminaries

Let 2 be an open subset of R*,n > 2, and let P(Q2) be the set of all
subsets of (.

DEFINITION 1.1. A Choquet capacity on (1 is a set function « : P(Q2) = R
with the following properties:

(a) « is increasing, i.e. a(E;) < a(E;) whenever E; C E,;

(b) if (Es) is an increasing sequence of subsets of 2 and E = %JE;., then
a(E) = sup a(En);

(c) if (K4) is a decreasing sequence of compact sebsets of (2 and K = QK o
then a(K) = ir’}fa(Kh).
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If « is increasing, it is easy to see that (c) is equivalent to the following
property:
(c’) for every compact set K C Q2

a(K) =inf {a(U): U open, K C U}.
A subset E of Q) is said to be capacitable (with respect to a) if

a(E) = sup {a(K) : K compact, K C E}.

The abstract definition of Choquet capacity is motivated by the following
result, the celebrated Choquet capacitability theorem (see [6]).

THEOREM 1.2. If a is a Choquet capacity on (), then every analytic subset
of Q1 (in particular every Borel subset of (1) is capacitable. ‘

We now recall the variational definition of the harmonic and metaharmonic
capacities on 2.

DEFINITION 1.3. If 2 is bounded, for every compact set K C 2 we define
the harmonic capacity of K with respect to ) by
cap(K) = inf {/ |Dp|?dz : p € CC(Q), ¢ >1 0n K}.
Q

If Q is unbounded, for every compact set K C {2 we denote by the same
symbol cap(K) the metaharmonic capacity of K with respect to 2, defined by

cap(K) = inf {/ |Dp|?dz +/<p2da: tp€eCP(N), p>1o0n-K}.
0 by
Both these definitions are extended to open sets U C 2 by

cap(U) = sup {cap(K) : K compact, K C U},
and to arbitrary sets E C 2 by

(1.1) cap(E) = inf {cap(U) : U open, E CU}.

The following proposition collects some well-known properties of the
harmonic and metaharmonic capacities (see, for instance, [18]).

PROPOSITION 1.4. The harmonic and metaharmonic capacities are non-
negative countably subadditive Choquet capacities on ). Moreover they are
strongly subadditive, i.e.

cap(E; U E,) + cap(E; N E;) < cap(E,) + cap(E3)
for every E;,E; C ).
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Let E be a subset of Q. If a property P(z) holds for all z € E, except for
a set Z C E with cap(Z) = 0, then we say that P(z) holds quasi everywhere
on E (q.e. on E).

A set A C Q is said to be quasi open (resp. quasi closed, quasi compact)
in Q if for every ¢ > 0 there exists an open (resp. closed, compact) set U C (2
such that cap(AAU) < e, where A denotes the symmetric difference and the
topological notions are given in the relative topology of (2.

It is well known that A is quasi open if and only if 2 = A is quasi closed
and that any countable union or finite intersection of quasi open sets is quasi
open (see, for instance, [19], Lemma 2.3).

A function f:Q — R is said to be quasi continuous in ) if for every
€ > 0 there exists a set E C 2 with cap(Q2 — E) < € such that the restriction of
f to E is continuous on E.

The notions of quasi upper and quasi lower semicontinuity are defined in
a similar way.

For every set E C 2 we denote by 1g the characteristic function of E,
defined by 1g(z) =1if z€ E and 15(z) =0if z€ Q- E.

It is easy to check that a set E C ) is quasi open (resp. quasi closed) in
1 if and only if 1g is quasi lower (resp. quasi upper) semicontinuous in 2.

It can be proven that a function f: 2 — R is quasi lower (resp. quasi
upper) semicontinuous if and only if the sets {z € @ : f(z) > t} (resp.
{z € Q: f(z) > t}) are quasi open (resp. quasi closed) for every ¢t € R (see,
for instance, [4], Proposition 1V.2).

For the definition and properties of the fine topology on 1 we refer to
[17], Part 1, Chapter XI.

For every set E C 2 we denote by int/E, cl;E, and 9;E respectively the
fine interior, the fine closure, and the fine boundary of E in ().
The following proposition shows the connection between finely open (resp.

finely closed) and quasi open (resp. quasi closed) sets (see, for instance, [4],
Chapter IV).

PROPOSITION 1.5. Every finely open (resp. finely closed) subset of ()
is quasi open (resp. quasi closed). If A C Q is quasi open in (), then
cap(A —int;A) = 0. If F C Q is quasi closed in (Q, then cap(cl;F — F) = 0.

The following result can be proven in the same way.

PROPOSITION 1.6. A function f : Q — R is quasi upper (resp. quasi
lower) semicontinuous in () if and only if f is finely upper (resp. finely lower)
semicontinuous quasi everywhere in ().

We denote by H*((2) the Sobolev space of all functions in L?(Q2) with
first order distribution derivatives in L2((2) and by H](f2) the closure of C§°((2)
in H'(Q).
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For every z € R* and every r > 0 we set
B(z)={y€R":|y—3| <r},

and we denote by |B,(z)| its Lebesgue measure.
It is well known that for every function v € H(Q) the limit

. 1
AR B @) / u(y)dy
B,(z)

exists and is finite quasi everywhere in (2. We make the following convention
about the pointwise values of a function v € H(Q): for every z € (1 we always
require that

.. . 1
m inf o [ sy <o) <lmgp s [ ua

r—04
B,(z) B,(z)

With this convention, the pointwise value u(z) is determined quasi everywhere
in  and the function u is quasi continuous in {2 (see, for instance, [18]).
If Q2 is bounded, it can be proven that

cap(E) = min {/ |Dul?dz :u € Hy(Q), u>1 qe. on E},
0

whereas, if 2 is unbounded,

cap(E) = min {/ |Du|2dz+/u2dz ru€ Hy(Q), u>1 qe. on E}
0 b

for every E C ().

It is easy to prove that for every function v € H}(Q) the level sets
{z € Q: u(z) >t} are quasi compact for every ¢t > 0. It follows from the
equalities above that a set E C () is quasi compact if and only if it is quasi
closed and cap(E) < +oo.

We now prove the following analogue of the Urysohn lemma for quasi
open and quasi closed sets. Compare this result with the quasi normality property
of the fine topology ([20], Section 3.10).

PROPOSITION 1.7. Let F and A be subsets of Q) with F' quasi closed in (},
A quasi open in (1, and F C A. Then there exists a quasi continuous function
f:Q > [0,1] such that f(z) = 0 for every z € F and f(z) = 1 for every
z € QO — A. If, in addition, F is quasi compact in (), then f can be chosen so
that the sets {z € Q: f(z) < t} are quasi compact for every t € [0,1[.
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PROOF. Since A is quasi open, the function 1, is quasi lower
semicontinuous, therefore there exists an increasing sequence (ujp) of non-
negative functions of HJ({2) which converges to 14 quasi everywhere in 2
(see, for instance, [9], Lemma 1.5). Let g4 : @ — [0,1] be the function defined
by

ga(z) = i 2Py, (2)
h=1

for every z € 2. Then g, is quasi continuous, g4 =0q.e.on 21— A and g4 >0
g.e. on A. Let f4 : 2 — [0,1] be defined by

0 ifze Q- A4,
Ja(z) = { ga(z) ifz€ A and gu(z) >0,
1 if z€ A and ga(z) =0.

Then fa4 = ga q.e. on ), hence f4 is quasi continuous, f4 =0 on Q — A, and
fa>0o0n A

In the same way we construct a quasi continuous function fr : 2 — [0,1]
such that f=0o0n F and fz >0 on Q- F.

Since F C A, the function fr + f4 never vanishes, therefore the function
J=fr(fr + fa)~! is quasi continuous, f =0 on F, and f =1 on 2 — A.

If F is quasi compact, then cap(F) < +oo, therefore there exists
u € H}(Q) such that 0 <u <1 onQand u>1 qe. on F. Define g: 2 — R

by
() 1 if z€F,
T) =
I u(z) otherwise.

Then g is quasi continuous and the sets {z € (2: g(z) > t} are quasi compact
for every t > 0. Finally define f' =1-min {1- f, g}. Then the function f’ is
quasi continuous, f' =0on F, f'=1on - A, and the sets {z € Q: f'(z) < t}
are quasi compact for every t € [0, 1[. O

2. - Some Properties of the p-Capacity

In this section we introduce the class Mq(f2) of all non-negative Borel
measures on {2 which vanish on all subsets of Q2 with capacity zero, and
study the notion of equivalence in Mq(2) introduced in [11], Section 4. Then
for every measure p € Mo(Q2) we define the p-capacity relative to an elliptic
operator and study those properties of the u-capacity that hold for an arbitrary
measure p € Mo(Q). _

We denote by B(Q) the o-field of all Borel subsets of 2. By a Bo-
rel measure on ()} we mean a non-negative countably additive set function
p: B(Q2) — [0,4o00] such that u(@) = 0. If 4 is a Borel measure, we still denote
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by p its extension to P(Q2) defined by
(2.1) p(E) =inf {u(B): B€ B(Q?), E C B}

for every E C . Then p is ‘countably subadditive on P({2) and satisfies
conditions (a) and (b) of Definition 1.1. If p is finite on all compact subsets
of , then it is well known that p is a Choquet capacity. Simple examples
show that property (c) of Definition 1.1 may not hold if u is infinite on some
compact subset of (2.

DEFINITION 2.1. We denote by Mo(Q2) the class of all Borel measures p
on 2 such that u(Z) =0 for every Z C  with cap(Z) = 0.

PROPOSITION 2.2. Every quasi open set is the union of a sequence of
compact sets and of a set of capacity zero. Therefore

p(A) = sup{u(K) : K compact, K C A}

or every pu € Mo(Q) and for every quasi open set A C ().

PROOF. Let A be a quasi open subset of 2. For every h € N there exists
an open set U, C 2 such that cap(U, AA) < 1/h. By (1.1) there exists an open
set Vi C Q such that U,AA C V;, and cap(Vi) < 1/h. Since the set A UV}, is
open, for every h € N there exists a sequence (K¥); of campact sets such that
AUV, = EK,’:. Let

E=hUk(K,'f -W), Z=A-E.

Since every set KF — V, is compact and contained in A, it remains to
prove that cap(Z) = 0. Since l;J(K,’f — Vi) = A—V;, we have Z C V,, so
cap(Z) < cap(Vs) < 1/h for every h € N, which proves that cap(Z) = 0.

The assertion concerning p(A) follows now from the fact that u(Z) =0
whenever cap(Z) = 0. a

We observe that the measures of the class Mo(Q2) are not required to
be regular nor o-finite. For instance, the measures introduced by the following
definition belong to the class Mo ().

DEFINITION 2.3. For every set E C () we denote by oo g the Borel measure
defined by
0 if cap(BNE) =0,

oo (B) = { +oo if cap(BNE) >0,

for every B € B(Q).



I’-CONVERGENCE AND p-CAPACITIES 431

By (2.1) we have oog(B) = oop(E) for every E C 2 and for every Borel
set B C (1 (more generally, for every set B C 2 which differs from a Borel
set by a set of capacity zero). In particular, this equality holds if B is quasi
open or quasi closed in {2 (Proposition 2.2).

We now introduce the restriction of a measure to an arbitrary set E C (.

DEFINITION 2.4. For every p € Mo(Q?) and for every E C 2 we denote
by uf the measure of the class Mqo(2) defined by

WE(B) = y(BN E)

for every B € B(Q).

By (2.1) we have p®(B) = pB(E) = p(BNE) for every E C Q and for
every Borel set B C ) (more generally, for every B C 2 which differs from a
Borel set by a set of capacity zero). In particular these equalities hold if B is
quasi open or quasi closed in Q2 (Proposition 2.2).

Moreover, (2.1) implies that

(2.2) / fdu® = inf{ / fdu: B € B(Q), EC B}
Y] B

for every E C (1 and for every non-negative Borel function f: Q2 — [0, +o0].

Following [11], Definition 4.6, we introduce an equivalence relation on
Mo (02).

DEFINITION 2.5. We say that two measures p,v € Mo(fQ2) are equivalent

/uzdp.= /uzdu

a a

if

for every u € H}(Q).

If p and v are equivalent, then we obtain easily that

(2.3) /uzdp= /u2du

U U

for every open set U C 2 and for every w € H!(U). In particular u(U) = v(U)
for every open set U C (2, but this condition is not sufficient for the equivalence
of p and v (see [11], Example 4.7).

We now prove that two measures are equivalent if and only if they agree
on all finely open subsets of {2 (see also [3], Lemma 4.1). The proof is based
on the property that every non-negative quasi lower semicontinuous function is
the limit of an increasing sequence of functions of Hg ().
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THEOREM 2.6. Let p and v be two measures of the class Mo(Q). The
following conditions are equivalent:

(@) p(A) =v(A) for every finely open set A C Q;
(b) u(A) =v(A) for every quasi open set A C Q;
(¢) up and v are equivalent.

PROOF. Conditions (a) and (b) are equivalent by Proposition 1.5. Let us
prove that (b) is equivalent to (c). Assume (b) and let v € H3((2). Since u is
quasi continuous, for every ¢ > 0 the sets A; = {z € 0 : [u(z)]2 > t} are quasi
open, hence

+

/uzdp. = [ p(A)dt= | v(A)dt= /uzdu,
Q

Q

o\-é-

o

which implies (c).

Assume (c) and let A be a quasi open subset of (2. Since the function
14 is quasi lower semicontinuous, there exists an increasing sequence (up) of
non-negative functions of H}(2) which converges to 1, quasi everywhere in
Q2 (see, for instance, [9], Lemma 1.5). Therefore (uZ) converges to 14 quasi
everywhere in ) and

p(A) = hlin:o uldp = hlin:o / u2dyv = v(A)
0 0

by the monotone convergence theorem. O

REMARK 2.7. If F; and F, are quasi closed in 2, then the measures
oop, and oop, introduced in Definition 2.3 are equivalent if and only if
cap(F1AF;) = 0. In fact, if cap(F3AF,;) = 0, then clearly cop, = ocop,.
Conversely, if cor, and oo, are equivalent, then ocop, (2 — F3) = cor, (2 — F3)
by Theorem 2.6, hence cap(F, — F;) = 0. In the same way we prove that
cap(F; — F1) =0, hence cap(F;AF,) =0.

Throughout the paper L will denote a fixed elliptic operator of the form
Lu=- E D,-(a,-,-D,-u)
=1
where a;; = a;; € L=(Q2) and

(2.4) alz? < E a;j(z)zz < cz]2*> VzEQ, VzeR®

i,7=1
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for suitable constants 0 < ¢; < cp. For every open set U C 2 and for every
Borel set B C U we denote by ®5 the quadratic form on H . (U) defined by

n
Op(u)= [ [Y. a;D;uD;u] dz,
B i,7=1

if (0 is bounded, and by

®p(u) =/ [Z a,-J-DJ-uD;u]dz+/u2dz,

B t,7=1 B

if Q0 is unbounded.
We now define the p-capacity relative to the operator L.

DEFINITION 2.8. Let p € Mo(f2) and let £ C Q. The p-capacity of E in
Q, relative to the operator L, is defined by

@.5) capu(E) =  min_ {Ba(u) + n/ (u = 1)2duE}

where pf is the measure introduced in Definition 2.4.

The minimum in (2.5) is clearly attained, by the lower semicontinuity of
the functional in the weak topology of Hj(f). If cap,(E) < +oo, then the
minimum point is unique by strict convexity.

If E is p-measurable (in the sense of Carathéodory) then

capu(E) = min_ {@a(u) + ! (u - 1)%du}

If Q is bounded and p = oo (Definition 2.3), then cap, coincides with
the capacity, associated with the operator L, introduced by G. Stampacchia
in [22], Definition 3.1: If, in addition, L is the Laplace operator —A, then
cap,(E) = cap(E) for every E C Q.

Returning to an arbitrary p € Mo(Q2), the set function cap,, coincides with
the capacity capf; introduced in [13], Definition 3.1, provided that {2 is bounded
(see [13], Remark 3.4). If, in addition, L = —A, then cap, coincides with the
u-capacity introduced in [11], Definition 5.1.

The following theorem collects the main properties of the p-capacity for
an arbitrary u € Mo(Q)

THEOREM 2.9. For every pu € Mo(Q) the set function cap, : P(2) —
— [0, +o0] satisfies the following properties:
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cap“(Q) =0,

if Ey C E; C(Q, then cap,(E;) < cap,(E2);

if (Ep) is an increasing sequence of subsets of ! and E = %‘JE;., then

capy (E) = sup cap,(En);

if (En) is a sequence of subsets of } and E C UE}, then cap,(E) <
< h

< Yocap,(En);

cap, (EyUE;z)--cap,(E1NEz) < capu(E1)+cap,(Es) for every Ey, E; C Q;

cap,(E) < k cap(E) for every E C ), where k = max{1, cz}, c2 being
the constant which occurs in (2.4);

(8) capu(E) < u(E) for every E C Q;
(h) cap,(E) = inf {cap,.(B) : B € B(Q), E C B} for every E C (),
(i) cap,(A) = sup{cap,(K) : K compact, K C A} for every quasi open set
ACQ;
(G) cap,(A) = inf{cap,(U):U open, ACU} for every quasi open set
ACA.
PROOF. Properties (a), (b), and (g) are trivial and (h) follows easily from
2.2).

To prove (f), we may assume that cap(E) < +oo and, for instance, that

Q is unbounded. Then there exists v € H}(f2) such that « =1 q.e. on E and

/ |DuPdz + [ wldz = cap(E).
Q

Q

By the definition of u-capacity we have

cap,(E) < ®q(u) + [ (v—1)2dp® <k [[ |Dul?dz + | u?dz] = k cap(E),
/ [t

Q

which proves (f).

By (h) it suffices to prove the other properties when each set Ej; belongs

to B(Q).

Property (e) is proved in [11], Proposition 5.3, when 2 is bounded and

L = —A. The same proof holds in the general case.

E =

Let us prove (c). Let (E,) be an increasing sequence in B(2) and let
l’:lEh. Since cap, is increasing (property (b)), we have only to prove that
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cap,(E) < sup cap,(Ey), assuming that
(2.6) sup cap,(En) < +oo.

For every h €N let u; be the unique function in H}(€2) such that

<I>n(u;.)+/ (up — 1)%dp = cap,(Es).
En -~

By (2.6) the sequence (up) is bounded in HZ(f), hence there exists a
subsequence, still denoted by (us), which converges weakly in HJ({) to
a function u € H}((2). For every k € N the functional

Ui(v) = @a(v) + / (v—1)%dp
Eg
is lower semicontinuous in the strong topology of H2((2) (recall that u vanishes

on all sets of capacity zero). Since Wy is convex, it is also weakly lower
semicontinuous in H} (), therefore

o (u) + / (u—1)%du < lim inf [@a(us) + / (un — 1)2dy]

Ek Ey
< li'{n inf [®q(un) +/ (un — 1)%dp] = hlim capu(En).
—+ 00 —+ 0O
Ey

As k goes to +oo we obtain

Capu(E) < Ba(e) + [ (u-17du < im cap,(Ew),
E

which concludes the proof of (c).

Property (d) follows easily from (c) and (e).

Let us prove (i). Let A be a quasi open subset of (2, and denote by S the
right hand side of (i). By monotonicity it is enough to prove that cap,(A) < S.
For every & > 0 there exists an open set U C ) such that cap(UAA) < €. By
(1.1) there exists an open set V C 2 such that UAA CV and cap(V) < e. Let
(K») be an increasing sequence of compact sets such that UKy = UUV. Then
(Kn —V) is an incceasing sequence of compact sets and A -V = Y (Kn—V).
By (¢) we have

cap,(A-V)= sup cap,(Kn-V) < S,
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therefore (e) and (f) imply that
cap,(A) <cap,(A—-V)+cap,(V)<S+kcap(V) < S +ke.

Since ¢ > 0 is arbitrary, we obtain cap,(A) < S.

It remains to prove (j). Let A be a quasi open subset of () and denote
by I the right hand side of (j). By monotonicity ‘it is enough to prove that
cap,(A) > I. For every € > 0 there exists an open set U C 0 such that
cap(UAA) < €. By (1.1) there exists an open set V C (2 such that UAACV
and cap(V) < e. Therefore

I < cap,(UUV) < cap,(4) + capu(V)
< cap,(A) + k cap(V) < cap,(A) + ke
by (e) and (f), hence I < cap,(A).
(]

We remark that, in general, the set function cap,, is not a Choquet capacity,
because there are measures p € Mo(f2) such that cap, does not fulfil condition
(c) of Definition 1.1 (see [11], Example 5.4).

3. - A Class of Measures

In this section we introduce a class of measures, denoted by Mg(Q),
contained in Mo(f2), such that for every p € Mg(Q2) the set function cap,
is a Choquet capacity on (2. Then we prove that every measure p € Mo((Q)
is equivalent (according to Definition 2.5) to a measure p* € M§(£2). More
precisely, u* is characterized as the largest measure in the equivalence class of
M.

DEFINITION 3.1. We denote by Mg((2) the class of all measures p € Mo(f2)
such that

3.1) p(E) = inf {u(A) : A quasi open, E C A}

for every E C (.

By (2.1) it is enough to verify (3.1) for every E € B(Q).

REMARK 3.2. Every measure p € Mo(f2) which is finite on all compact
subsets of (2 belongs to the class M§(2). In fact, in this case

p(E) =inf {u(U):U open, E CU}

for every E C Q.
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REMARK 3.3. If F is quasi closed in (2, then the measure oop introduced
in Definition 2.3 belongs to Mg(€2). In fact, if B is any Borel subset of 2 such
that cap(BN F) =0, then A = (2 — F) U (BN F) is quasi open, contains B,
and cap(A N F) = 0. Therefore

3.2) oor(B) = inf {oor(A) : A quasi open, B C A}

because both sides are zero. If cap(B N F) > 0, then ocor(B) = +oo and (3.2)
is trivial. ,

Conversely, if B is a Borel subset of () (more generally, if B differs
from a Borel set by a set of capacity zero), and the measure ocop belongs to
Mg5(€2), then B is quasi closed in Q. In fact, since oo (2 — B) =0, by (3.1)
there exists a quasi open set A C 2 such that ) — B C A and cap(AN B) =0.
This implies that Q — B is quasi open, hence B is quasi closed in (2.

REMARK 3.4. Theorem 2.6 implies that two measures of the class Mg ()
are equivalent if and only if they are equal.

THEOREM 3.5. Let p € Mg(9). Then
cap,(E) = inf {cap,(U):U open, E CU}

for every E C ).
PROOF. By Theorem 2.9(h) we have

cap,(E) = inf {cap,(B): B€ B(Q?), E C B}
for every E C (2, and by Theorem 2.9(j) we have
capu(A) = inf {cap,(U): U open, A C U}
for every quasi open set A C 2. Theorefore it is enough to prove that
3.3) cap,(B) = inf {cap,(A) : A quasi open, B C A}
for every B € B(Q).
Fix B € B(?) and denote by I the right hand side of (3.3). By

monotonicity we have cap,(B) < I. It remains to prove the opposite inequality,
assuming that cap,(B) < +oo. Then there exists u € H}(Q) such that

cap,(B) = ®a(u) +/ (u —1)%dp < +o0.

By a truncation argument we obtain easily that 0 < u <1 q.e. on 2 (see [13],
Remark 3.2).
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Fix € €]0,1[ and define B, = {z € B : u(z) < 1—¢}. Since (u—1)% > &2
on B,, we have

1
u(Be) < 6—2/ (u = 1)%dp < +oo.
B

Since p € M3(92), there exists a quasi open set A}, C Q such that B, C A, and
p(AL—B,) < e. Since u is quasi continuous, the set AY = {z € 2 : u(z) > 1-¢}
is quasi open, hence the set A, = A, UAY is quasi open and contains B. Define

e ) by we(e) =min{1, 75}

Since 0 <u<u,<1qe.on R and u, =1 on AY, we have

I < cap,(Ae) < @a(ue) +/ (ue — 1)%dp

Ac
< (1=€)22q(u) + (ue —1)%dp
A.—/A',’\
<(1-&)?a(w) + [ (=174

Al

< (1-6)"%8a(u) + / (v — 1)%dp + (A, — By)

< (1-¢)~%cap,(B) +-.

As € — 0% we obtain I < cap,(B). O

The following theorem, which collects the main properties of cap, for
p € M§(92), is an easy consequence of Theorems 2.9 and 3.5 (compare with
Proposition 1.4).

THEOREM 3.6. For every p € M§(Q) the set function cap, is a non-
negative countably subadditive Choquet capacity on ). Moreover it is strongly
subadditive, i.e.

cap,(E1 U E3) + cap,(E; N Ez) < cap,(E1) + cap,(Ez)
for every E,, E; C ().

Ffom Theorem 3.6 and from the Choquet capacitability theorem (Theorem
1.2) we obtain the following result.

THEOREM 3.7. Let p € M3(R2). Then

cap,(E) = sup {cap,(K): K compact, K C E}
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for every analytic subset E of Q, in particular for every Borel subset E of (1.

We now prove that for every measure p € Mo(Q2) there exists a unique
measure p* € Mg(Q) which is equivalent to p. The measure p* is given by the
following definition.

DEFINITION 3.8. For every p € Mo(2) we denote by p* the set function
defined by

p*(E) =inf {u(A) : A quasi open, E C A}
for every E C Q.

THEOREM 3.9. For every p € Mo(Q) the set function p* is a Borel measure
and belongs to M§(1).

PROOF. Let p € Mo(f). Since the family of quasi open sets is stable
under countable union, the set function p* is countably subadditive on P((2).
To prove that p* is a Borel measure, we will show that every open set is p*-
measurable (in the sense of Carathéodory), adapting to our case an argument
of [16], Theorem 5.1.

Let U be an open subset of (2. We have to prove that

(34 p(E)2p*(ENU)+p*(E-D)

for every E C ). We argue by contradiction. Assume that (3.4) is false for a
set E C (2. Then, by the definition of u*, there exists a quasi open set A C 2
such that £ C A and

n(A) < p(ANU) + p*(A-U).

Since ANU is quasi open, by Proposition 2.2 there exists a compact set
K C ANVU such that

B(4) < p(K) + p* (4 - V).

Since A — K is quasi open and contains A — U, we obtain
u(A) < p(K) + u(4 - K)

which contradicts the fact that K is p-measurable. Therefore, (3.4) holds for
every E C 1, which implies that p* is a Borel measure.

For every subset Z of 2 with cap(Z) = 0 we have p*(Z) < u(Z2) =0
because Z itself is quasi open, hence p* € Mo(f2). Since p*(A) = p(A) for
.every quasi open set A C (2, the definition of p* implies that p* satisfies (3.1),
hence p* € Mg(9). a

THEOREM 3.10. Let p € Mo(R2). Then p* is equivalent to p and p* > v
for every measure v € Mo(Q) which is equivalent to p.
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PROOF. Since p*(A) = p(A) for every quasi open set A C (1, the
equivalence between p and u* follows from Theorem 2.6.

If ve Mo(Q) is equivalent to p, then p(A) = v(A) for every quasi open
set A C 2 by Theorem 2.6, hence

v(E) < inf {v(A) : A quasi open, E C A}
=inf {u(A) : A quasi open, E C A} = p*(E)

for every E C Q. a

The capacity capy, is related to cap, by the following proposition.

PROPOSITION 3.11. Let p € Mo(Q). Then
3.5) cap,+(FE) = inf {cap,(U): U open, E C U}
for every E C () and
3.6) capys (A) = cap,(A)

for every quasi open set A C ().

PROOF. By Theorem 3.10 p* is equivalent to u, thus (2.3) implies that
cap,s (U) = cap,(U) for every open set U C (2. Theorefore (3.5) follows from
Theorem 3.5 (recall that p* € M5(2)) and (3.6) follows from (3.5) and from
Theorem 2.9(j). O

We now give a different construction of the measure p*, based on the
notion of singular set of a mesure introduced by the following definition.

DEFINITION 3.12. For every measure p € Mo(Q) the set of o-finiteness
A(p) of p is defined as the union of all finely open subsets A of Q2 such that
#(A) < +oo. The singular set S(p) of p is defined as'the complement of A(p)
in Q.

REMARK 3.13. The set of o-finiteness A(y) is finely open, hence the
singular set S(u) is finely closed in Q.

By the quasi-Lindeldf property of the fine topology (see [17], Theorem
1.XI.11) there exists a sequence (Aj) of finely open sets with p(Ax) < +oo
and a set Z with cap(Z) = 0 such that

Ap) = L’fA,, uZ.

Therefore p is o-finite on A(u).

If AC Qis finely open and AN S(p) # @, then p(A) = +oo by the
definition of S(u). If A C Q is quasi open and cap(4 N S(x)) > 0, then
int;A N S(u) # @ by Proposition 1.5, hence p(A) =
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REMARK 3.14. By Theorem 2.6 we have A(p) = A(v) and S(p) = S(v)
if p and v are equivalent.

REMARK 3.15. If p(K) < +oo for every compact set K C (2, then
S(u) = @. The converse is false. In fact, in dimension n > 2 there exist an
open set U C Q and a point zo € U NQ such that zo ¢ clU. It is then
easy to construct a measure g € Mo(Q2) (even absolutely continuous with re-
spect to Lebesgue measure) such that p(Q—U) = 0, (U — B,(z0)) < +o0, and
p(U N B.(z0)) = +oo for every r > 0. Then S(u) = @, but u(K) = +oo if K
is a compact neighbourhood of z, in f2.

PROPOSITION 3.16. Let p and v be two equivalent measures of the class
Mo (Q). Then u(E) = v(E) for every set E C Q with cap(E N S(p)) =0.

PROOCF. Let E be a subset of {2 such that cap(E£ N S(x)) = 0. By Remark
3.13 there exists an increasing sequence (As) of quasi open sets such that
p(An) < +oc and E C %JA;.. By Remark 2.2 we may assume that each A is

a Borel set. Fix A € N and consider the measures u, = p4* and v, = v4»
(Definition 2.4). By Theorem 2.6 we obtain

uh(U') = p,(U nAh) = V(U nA;,) = Vh(U)
for every open set U C Q. Since p; and v, are finite Borel measures, it follows
that up = v, for every h € N, hence
H(E) =sup p(ENAn) =sup pa(E)
= sup vp(E) = sup V(ENAR) =v(E)

(recall that each A, is a Borel set, therefore the above equalities hold even if
E is not a Borel set). O

THEOREM 3.17. Let p € Mo(Q). Then

e _ ) #(E)  if cap(EN S(p)) =0,
w(E) = { +o00o ifcap(ENS(p) >0,

for every E C (1.

PROOF. Let E be a subset of (2. Since p* is equivalent to p (Theorem
3.10), by Proposition 3.16 we have p*(E) = p(E) whenever cap(ENS(g)) = 0.
If cap(ENS(p)) >0, and A is a quasi open subset of {2 containing E, then
cap(AN S(g)) > 0, hence p(A) = +oo by Remark 3.13. By the definition of
p* this fact implies that p*(E) = +oo. O

REMARK 3.18. If p is a measure of the class Mg(f2) such that u(E) =0
or u(E) = 4oo for every E C 1, then p = oog(,). In fact, by Theorem
3.17 we have p(E) = +oo if cap(E N S(k)) > 0. If cap(E N S(p)) = 0, then
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p(E) < Y p(ENA,) where (Ag) is the sequence of finely open subsets of
h

Q2 considered in Remark 3.13. Since p(E N Ap) < +oo, by hypothesis we have
p(E N Ap) =0, hence p(E) =0. '

Since S(p) is finely closed in 2 (Remark 3.13), we can conclude that
p is a measure of the class Mg(f2) which takes only the values 0 and +oo if
and only if p = cop with F finely closed in Q (see Remark 3.3).

4. - Properties of u obtained from its p-Capacity

In this section we prove an explicit formula which enables us to reconstruct
a measure p € Mo(f2) from the corresponding p-capacity. Then we use this
formula to prove that two measures of the class Mo(Q2) are equivalent if and
only if their p-capacities agree on all open subsets of (2.

We begin with two lemmas from measure theory.

LEMMA 4.1. Let a : B(2) — [0, +00] be a set function such that o(@) =0
and let X be the least superadditive set function on B(Q) which is greater than
or equal to a. Then for every B € B({1) we have

(4.1) A(B)=sup Y o(B),

€l

where the supremum is taken over all finite Borel partitions (B;)ier of B.

If, in addition, o is increasing and countably subadditive, then )\ is a
Borel measure.

PROOF. It is easy to check that the set function A defined by (4.1) is
superadditive and greater than «. To prove that A is minimal, let 8 be a
superadditive set function on B(2) such that 8 > a. Then

B(B)>) B(B)>) «B)

el €l

for every B € B(Q2) and for every finite Borel partition (B;);cr of B, hence
B> A

Suppose now that « is increasing and countably subadditive. Let us prove
that ) is a Borel measure. Since ) is superadditive and A(@) = 0, it is enough
to show that X is countably subadditive. Let (Bs) be a sequence in B((2) and
let B= l’_‘JBh. By (4.1) for every t < A(B) there exists a finite Borel partition

(B')ier of B such that

4.2) t<)  ofB).

el
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Since « is countably subadditive, we have

(4.3) D> aB)Y<Y. Y oBnB)=)_Y a(B'nBy).

i€l i€l h h i€l

Noting that (Bf N By)ier is a finite Borel partition of By, we obtain

(4.4) D) o(BNBL) <) A(B).

h i€l h

Since t < A(B) is arbitrary, from (4.2), (4.3), and (4.4) it follows that

A(l;) < E A(Bh),
h

hence X is countably subadditive on B(f2). O
LEMMA 4.2. Let o and X be as in Lemma 4.1. Suppose that « is increasing

and

“4.5) a(B) =sup {co(K): K compact, K C B}

for every B € B(Q). Then
(4.6) A(B) =sup {A(K): K compact, K C B}
for every B € B(Q). If, in addition, o is countably subadditive, then

(4.7) A(B) = lim > a(BNQ})
® iezn
for every B € B(Q), where Qi denotes the cube
Qi =] 127", (i1 +1) 27% | x ...x] 9,27R, (i, +1) 277

for every h €N and for every i = (iy,...,1,) € Z".

PROOF. To prove (4.6), fix B € B(f2) and denote by S the right hand side
of (4.6). By monotonicity it is enough to prove that A(B) < S. By (4.1) for
every t < A(B) there exists a finite Borel partition (B;);e;r of B such that

t< Y a(B).
iel
By (4.5) there exists a family (K;);er of compact sets such that K; C B; for

every ¢ € I and
t < E a(K;).
iel
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Let K = _LGJI K;. Then K is compact, K C B, and

t<) oK) <AK)<S
i€l

by (4.1). Since t < S for every t < A(B), we obtain A(B) < S, which concludes
the proof of (4.6).

Suppose now that o is increasing and countably subadditive. To prove
(4.7), for every B € B({2) we set

4.8) B(B)=sup Y o(BNQ}).

iezr

Note that for every h € N

(4.9) 3 oBnQi) <) o(BNQiy)
i€Zn i€zn

by the subadditivity of «, thus the supremum in (4.8) is a limit.
The set function B is clearly increasing. Let us prove that

(4.10) B(B) = sup{B(K): K compact, K C B}

for every B € B(Q). Fix B € B(f1) and denote by M the right hand side of
(4.10). By monotonicity it is enough to prove that §(B) < M. By (4.8) for
every s < 3(B) there exist h € N and a finite set J CZ" such that

s< Z 2(BNQ})
i€l

By (4.5) there exists a family (K;);er of compact sets such that K; C B ﬂQ;'l

an?d
§ < Z a(K;)

tel

Let K = _g{ K;. Then K is compact, K C B, and K; = K N Q}, therefore

s< ). a(KNQ}) <BK) <M.

i€l

Since s < M for every s < B(B), we obtain B(B) < M, which concludes the
proof of (4.10).

Let us prove that g is superadditive. Let B,, B, € B(?) with ByNB, = @,
and let t; < B(Bi1), t2 < B(Bz). By (4.10) there exist two compact sets K;, K>
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such that Kl C Bl) K2 C B2, and t1+12 < ﬂ(K1)+ﬁ(K2). By (4.8) and (4.9)
there exist A € N such that

titta< Y. ofKiNQL)+ ). oK2NQ}).

i€z t€EZ™

By (4.9) we may assume that h is large enough, so that K; NQ} # @ implies
KN Q% = @. Since o(@) = 0, we obtain

ti+ta< Y of(K1UK2)NQ}) < B(K1UK,) < B(B1UB,),
4 [y Ad

hence B(B:) + B(B2) < B(B:1 U By), which proves the superadditivity of 3.
Since @ is superadditive and 8 > o, by the minimality of A we have

B > A. To conclude the proof of the lemma it remains to show that 8 < A.
Let B € B(f2). By (4.8) for every s < B(B) there exist h € N and a finite set

I CZ" such that )
s < Z a(BNQy).
i€l
Therefore (4.1) yields s < A(BN Y, Qi) < X(B), hence B(B) < A(B).

O
THEOREM 4.3. Let p € Mo(Q). Then for every B € B(Q?) we have
(4.11) p(B) =sup ) capu(B),
i€l

Where the supremum is taken over all finite Borel partitions (B;);er of B.

PROOF. By Theorem 2.9 the set function cap, is countably subadditive on
B(Q) and satisfies cap,(@) = 0. Let X be the least superadditive set function
on B(Q) which is greater than or equal to cap,. By Lemma 4.1 X is a Borel
measure and, for every B € B(2), A(B) equals the right hand side of (4.11).
Therefore we have to prove that A = u. Since p > cap, by Theorem 2.9(g),
the minimality of A implies that x > ), hence A € Mo(Q2).

To prove that g < A we fix B € B(). If A(B) = +oo, then the
inequality p(B) < A(B) is trivial. If A(B) < +o0, we consider the measures
uB and AP introduced in Definition 2.4. Note that AP is finite on 0 and
that cap,s(E) = cap,(E N B) for every E € B(Q). Therefore, adopting the
convention 0/0 = 1, we have

capo (B, (z)) _ capu(B.(z)NB) _
\B (B, (z)) MB,(z)NB) -

for every ball B,(z) contained in 2. Since AB is finite on 2, from the derivation
theorem for the p-capacities ([5], Theorem 2.3) we deduce that u® < AZ, hence
p(B) = pB(B) < AB(B) = A(B), which implies p < . O
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If p e Mg(Q2) and we take o = cap, in Lemma 4.2, then A = p by
Theorem 4.3 and o satisfies (4.5) by Theorem 3.7. Therefore the next two
theorems follow immediately from Lemma 4.2.

The first theorem concerns the inner regularity of every measure p of the
class Mg(Q).

THEOREM 4.4. Let p € M}(Q). Then
p(B) =sup {u(K): K compact,K C B}

for every B € B(f).

The second theorem provides an easy way to obtain p from cap, when
B € Mg(Q).

THEOREM 4.5. Let p € M§(Q2). Then for every B € B({) we have

u(B) = lim Y capu(BN@}),
® iezr
where Qi denotes the cube
@, =] 127", (i1 +1) 27 x .. x] 4,.27R, (i, +1) 277

for every h €N and for every i = (iy,...,i,) €Z".

The following theorem is the converse of Theorem 3.6.

THEOREM 4.6. If p € Mo(Q2) and cap, is a Choquet capacity on (), then
B € M3(Q).

PROOF. Let u € Mo(f2) and suppose that cap, is a Choquet capacity on
Q). By property (c’) after Definition 1.1 and by Proposition 3.11 we have

cap,(K) = inf {cap,(U) : U open, K C U} = cap,+(K)

for every compact set K C 2. By Theorem 3.7 and by the Choquet capacitability
theorem (Theorem 1.2) we obtain

capu(B) = cap,+ (B)

for every B € B(f1), hence p = p* by Theorem 4.3. Since p* € Mj(Q)
(Theorem 3.9), we conclude that g € M§(9). |

In the rest of this section we shall prove that two measures of the class
Mo (Q) are equivalent if and only if the corresponding u-capacities agree on a
family of subsets of (2 which satisfies one of the conditions considered in the
following definition.
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DEFINITION 4.7. Let £ be a family of subsets of 2. We say that ¢ is
dense (resp. finely dense) in P(Q) if for every pair (K,U), with K compact
(resp. quasi compact in (1), U open (resp. quasi open in ), and K C U C Q,
there exists E € € such that K C E C U. We say that & is rich (resp. finely
rich) in P(Q) if, for every chain (resp. fine chain) (E;)ier in P((2), the set
{teT: E, ¢ ¢} is at most countable. By a chain (resp. fine chain) in P(Q)
we mean a family (E.)ier of subsets of (2, such that T is a non-empty open
interval of R, E; is compact (resp. cl;E; is quasi compact) in Q for every
teT, and E, C Igt (resp. cap(cfyE, — intyE;) = 0) for every s, t € T with
s<t.

It is easy to check that any countable intersection of rich (resp. finely
rich) families is rich (resp. finely rich).

PROPOSITION 4.8. Every rich (resp. finely rich) family is dense (resp. finely
dense). :

PROOF. Let £ be a finely rich family in P(Q2). Let F and A be two
subsets of 2 with F' quasi compact in 2, A quasi open in (), and F C A. By
Proposition 1.7 there exists a quasi continuous function f: Q — [0,1] such
that f(z) =0 for every z € F, f(z) =1 for every z € 1 — A, and the sets

E={ze€Q: f(z)<t}

are quasi compact in Q for every ¢t € ]0,1[. Let T' = ]0,1[. By Proposition 1.5
the family (E;)ier is a fine chain, and F C E; C A for every t € T. Since £
is finely rich, there exists ¢ € T such that E; € £. This proves that there exists
E € & with F C E C A, therefore we can conclude that £ is finely dense.
The proof for rich families is similar. O

THEOREM 4.9. Let p and v be two measures of the class Mo(Q2). The
following conditions are equivalent:
(a) u and v are equivalent;
(b) cap,, and cap, agree on all open subsets of );
(c) cap, and cap, agree on a dense family in P(S);
(d) cap, and cap,,.agree on a rich family in P(Q);
-(e) cap, and cap, agree on all quasi open subsets of (;
(f) cap, and cap, agree on a finely dense family in P(Q);
(g) cap, and cap, agree on a finely rich family in P(Q);

(h) cap, and cap, agree on the finely rich family & (n) of all subsets E of
such that capys (int;E) = cap,«(E).
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PROOF. (a) = (b). It follows from (2.3).
(b) = (e). See Theorem 2.9(j).

(e) = (h). The family & () is rich because it contains the family

&(a) considered in Lemma 4.10 proved below, for a = cap,.. By (e) and
by Proposition 3.11 we have cap,. = cap,+ on P(Q) and cap,. = cap, =
cap, = cap,- on all finely open subsets of (2. Therefore, if E € & (u),
then cap,+(E) = cap,«(int;E). Since cap,.(infyE) = cap,(int;E) < cap,(E) <
cap,.(E), we have cap,(E) = cap,.(E) for every E € &£ (p). In the same
way we obtain cap, (E) = cap,«(E). Since cap,+ = cap,+, we conclude that
cap,(E) = cap, (E) for every E € & (p).

(h) = (g). Obvious.

(g) = (f). Every finely rich family is finely dense (Proposition 4.8).
() = (c). Every finely dense family is dense.

(g) = (d). Every finely rich family is rich.

(d) = (c). Every rich family is dense (Proposition 4.8).

(c) = (b). It follows easily from Theorem 2.9(i).

(b) = (a). By Proposition 3.11 we have cap,. =cap,. on P({2), the-

refore p* = v* on B(Q2) by Theorem 4.3. Since p and v are equivalent to u*
and v* respectively (Theorem 3.10), we conclude that u is equivalent to v.

O

LEMMA 4.10. Let o : P(Q) — R be an increasing function such that
a(Ey) = a(E;) whenever cap(E1AE;) = 0. Let £(a) be the family of all
subsets E of Q such that cE is quasi compact in Q and a(int;E) = a(ckE).
Then £ (o) is finely rich in P(Q).

PROOF. Let (E;)¢er be a fine chain in P(02), and let f: T — R be the
function defined by f(t) = a(E;). Then f is increasing and

lim f(s) < a(int/E;) < a(ckE,) < al_igl+ f(s)

s—i—

for every t € T, therefore E; € £(a) for every t € T where f is continuous.
This implies that the set {t € T : E; ¢ ()} is at most countable, hence
¢(e) is finely rich in P(Q). o

REMARK 4.11. If F; and F; are quasi closed in €, and cap(U N Fy) =
cap(U N F,) for every open set U C (), then oo, and ocop, are equivalent by
Theorem 4.9, hence cap(F;AF,) = 0 by Remark 2.7. This is a well known
result with an easy direct proof (see, for intance, [19], Lemma 2.6).
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5. - 4-Convergence

In this section we prove that the 4-convergence of a sequence of measures
in Mo(Q) implies the convergence of the corresponding u-capacities in a finely
rich subfamily of P ().

The ~-convergence is a variational convergence for sequences (p) in
Mo (©2) which is defined in terms of the I-convergence of the corresponding
functionals

Dq(u) +/u2duh.
o

We refer to [11] and [3] for the motivation and the main properties of the
~-convergence and for the applications of this notion of convergence to the
study of the asymptotic behaviour of Dirichlet problems in domains with many
small holes.

For the more general definition of I'-convergence (also called epi-
convergence) and for its applications to the study of perturbation problems
in calculus of variations, we refer to [15], [14], [1], and the bibliography
therein.

In this paper we need only to recall the definition of +- convergence and
the compactness property proved in [11], Theorem 4.14.

DEFINITION 5.1. Let (us) be a sequence in Mo((2) and let p € Mo(Q).
We say that (up) y-converges to pu if the following conditions are satisfied:

(a) for every u € H}(Q2) and for every sequence (uy) in H}(Q) converging to
u in L%(Q2) we have

<I>n(u)+/u2dy, < li’Iln inf [<I>n(uh)+/uﬁdp,h];
Y

(b) for every u € Hj(Q) there exists a sequence (uz) in H}(Q) converging to
u in L?(Q2) such that

Pq(v) + / uldp > lim sup [®q(un) + / updpn).
0 0

REMARK 5.2. If properties (a) and (b) hold on (2, then they also hold
for every open set (' C (2. Conversely, if (a) and (b) hold for every open
set () cc (), then they hold on 2 (the non-trivial proof of this facts can be
found in [3], Proposition 2.8). Therefore, if L is the Laplace operator — A and
1 = R, our definition of y-convergence is equivalent to Definition 4.8 of [11],
and for an arbitrary L our notion of ~y-convergence coincides with the. v Z-
convergence introduced in [5], Definition 5.1.
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REMARK 5.3. The definition of y-convergence depends, of course, on the
operator L which enters in the definition of ®g. However, it is independent
of the choice of g and p in their equivalence classes in Mo (2). Therefore,
(pn) -converges to p if and only if (u}) y-converges to p*.

REMARK 5.4. The ~-convergence on Mq(Q2) (more precisely, on the
quotient of Mo((2) under the equivalence relation of Definition 2.5) is metrizable
([11], Proposition 4.9) and Mo (Q2) is compact under v ([11], Theorem 4.14).
Since M§(f2) contains one (and only one) representative for each equivalence
class in Mq(Q2), it follows that Mg(f2) is metrizable and compact with respect
to -convergence. '

The ~-convergence of a sequence (pj) implies the convergence of the
sequence of the corresponding capacities (cap,,) on a rich family of subsets of
P(2). When Q is bounded, this can be obtained as a conseguence of Theorem
5.11 of [11], which relies on more general results about I'-convergence and
obstacle problems proven in [8].

We prefer to give here a direct proof of this fact which relies on the
following lemmas.

LEMMA 5.5. Let (pn) be a sequence in Mq(Q) which ~-converges to
B € Mo(2). Let U and V be two open sets such that U CV C ). Then

4.1 Qv(u) +/u2dy, < li’{n inf [<I>V(u;.)+/uidph]
U U

for every u € HY(V) and for every sequence (us) in H*(V) converging to u
weakly in L?(V).

PROOF. We assume that () is bounded, the proof in the unbounded case
being analogous. Let w € H'(V) and let (u,) be a sequence in H(V) which
converges to u weakly in L2(V). We may assume that the right hand side of
(5.1) is finite and that the lower limit is a limit, so that the sequence (uz)
converges to u weakly in H(V) by the coerciveness of the quadratic form
®y. Let K be a compact subset of U and let o € C§°(U) with 0 < o <1 on
U and o =1 in a neighbourhood of K. Then the sequence (pus) is in H}(Q2)
and converges to pu strongly in L2(f2), so by condition (a) of Definition 5.1
we have

@a(pu) + [ (pu)? du < lim inf [@a(ous) + [ (oun)dual
Q Q
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hence

n n
[ E a;;DjpD;pludz + 2/ [ E a;;DjpD;ulpudz
v ®i=1 U =1

+/ [Z a;jD,-uD,'u]gpzdz+/<p2u2du

v 4=t U

< llm mf {/[Z aij ,(pD,tp]uhdx+2/[ Z a;;D;pD;up|pundz

,Jl ,]1

+/ [E a;,-Dju;,Diuh]gpzdz+/tpzuﬁdph}.
U £,7=1 U

Since (us) converges to u weakly in H*(U), the first and the second term on
the left hand side are equal to the limits of the corresponding terms on the
right hand side, hence

- a;;DyuD;ulp?dz + u?dp
]

U i,7=1 K
< lil{n inf {] [ E ai; Djup Diup)p?dz +/ uhdm,}
142 7.’ =1

By lower semicontinuity we also have

/ [i a;;DjuD;u)(1 - p?)dz

v t,7=1

< lim inf ['Zl a;; DjunDiup)(1 - ¢?)dz.
\ % 1=

By adding the last two inequalities and by taking the limit as K 1 U we obtain
5.1). O

LEMMA 5.6. Let (p3) be a sequence in Mo (Q) which ~-converges
to p € Mo(Q). Let K be a compact set and let U and V be two open sets
such that K CU CV C Q. Then for every u € H'(V) there exists -a sequence
(up) in H*(V) such that uy —u € H§(V) for every h,

(52) <I>V(u)+/u2du > lll”.n_’ilolp [<I>V(uh)+/uidy.h],
U K

and (up) converges to u strongly in L*(V).
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PROOF. We assume that () is bounded, the proof in the unbounded
case being analogous. Let v € H(V). To prove (5.2) we may assume that
u € L2(U, p). By a diagonal argument it is enough to show that for every £ > 0
there exists a sequence (uz) in H(V), with u, —u € H}(V) for every h, such
that (u,) converges to u strongly in L?(V) and

By (u) + / wdu+ & > lim sup (B () + / ).
74 K
Given ¢ > 0, let W be an open set such that K C W C W C U and
Oy _x(u) <e Let p € CP(U) with 0 < p<1lonUoand p=1ina
neighbourhood of W. Define v = pu, so that v € H}(Q)NL?((, p). By condition

(b) of Definition 5.1 there exists a sequence (vs) in H}(2) converging to v in
L2(Q)) such that

Bao)+ [ vdu 2 lim sup [@a(on) + [ vEdunl
[9] 9]

Then, putting A = Q — W, we have

O (u) +/u2dp,+(I>A(v) +/v2du
W A
> 111’31 sup [QW (‘U},,) +/‘U}2.dﬂh] +1i}{11 inf [QA(‘U;,) + / vidp,h].
w A

By Lemma 5.5 we have

B4(v) + / v?ds < lim inf (24 (o) + / 2dul,
A A

hence, recalling that v € L?(A, p), we obtain

(5.3) @W(u) +/u2dp > llI’P sup [@W(vh) +/v}2.dllh]~
W w

Let ¥ € C§°(W) with 0 < ¢ <1 on W and % =1 in a neighbourhood of
K. For every h € N define up = ¢vp + (1 —9)u, so that up € H(V), up—u €
H}(V), up = v, in a neighbourhood of K, and (u) converges to u in L?(V).
By convexity, for every e €]0,1[ we have

n - ¢ n
E a.-ijuhD,-uh S 1_—_6 Z a;]-Djth,-vh
i,5=1 i,7=1

— n _ 2 e
1-¢ Z a;;DjuD;u + (—v’-l-—;i Z a;z DY D;vh.

i,5=1 t,7=1
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Since (vs) converges to u in L?(W), from (5.3) we obtain

lim sup [®v (ua) + / ujdpn]
K

. 1
lim sup (2w (on) + [ vRdin] + T Bv-x(u)
w

1-¢

1

<
“1-¢

(@) + [ wd+ @y _x(u)]

w

1
1% [<I>v(u)+/u2du+€]-
U

Since € > 0 is arbitrary, the proof of the lemma can be concluded by a diagonal
argument. O

PROPOSITION 5.7. Let (uy) be a sequence in Mq(Q2) which ~-converges
to p € Mo(Q). Then

(5.4) cap,(U) < li'r.n inf cap,, (U)
—00

and

(5.5) cap,(U) > lixgx sup capy, (K)

for every open set U and for every compact set K with K C U C Q.

PROOF. Let U and K be as required in the proposition. By Theorem
2.9(c) we may assume U cc . To prove (5.4) we may assume that the right
hand side of this inequality is finite and that the lower limit is a limit, so that
there exists a bounded sequence (v,) in Hj(2) such that

capy, (U) = ®a(va) +/ (vn — 1)%dpn.
U

By passing to a subsequence, we may assume that (vs) converges weakly in
H'(Q) to a function v € Hj(2). Therefore the inequalities

capu(U) < 8ao) + [ (v - 1dp
U

< lim inf [@q(vs) + / (va = 1)*dpa] = lim inf capy, (U)
— 00 —+0o
U

follow from the definition of cap,(U) and from Lemma 5.5, applied with
V=0, u=v—yp and u, = v, — p, where p € C§°(f2) and ¢ =1 on U.
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To prove (5.5), let w € H}(Q) such that

(5.6) 4 cap,(U) = ®q(w) +/ (w —1)%dp.
U

By applying Lemma 5.6 with V =Qand u=w—p (p € CP(NN), p=1o0n
U), we obtain a sequence (wp) in Hj(2) such that

67 ®a()+ [ (w-1%ds 2 lim sup [@a(un) + [ (wn - 1))
U K

(it is enough to take wy = up + w in Lemma 5.6). Since
®a(wn) + / (wn — 1)%dps > capy, (K),
K
(5.5) follows from (5.6) and (5.7). O

The previous result can be extended to quasi open and quasi compact
sets, as shown in the following theorem.

THEOREM 5.8. Let (pn) be a sequence in Mo () which ~-converges to.
p € Mo(R). Then

(5.8) cap,(A) < li’rln inf cap,, (A)
and
(5.9 cap,(A4) > liI"{l sup capy, (F)

for every pair of sets A and F, with A quasi open in Q, F quasi compact in
QN and FCACQ.

PROOF. We prove only (5.9), the proof of (5.8) being analogous. Let
A and F be as required in the theorem. For every ¢ > 0 there exist an
open set U C () and a compact set K C {2 such that cap(UAA) < ¢ and
cap(KAF) < e. By (1.1) there exist two open sets V and W contained in
Q) such that UAA C V, KAF C W, cap(V) < ¢, and cap(W) < e. Then
K-WC UUYV, hence

cap,(UUV) > ligx sup cap,, (K — W)

by Proposition 5.7. By properties (¢) and (f) of Theorem 2.9 we have

cap, (U UV) < cap,(4) + cap, (V)
< cap,(A) + k cap(V) < cap,(A) + ke
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and '
capy, (K — W) > capy, (F) — capy, (W)
> capy, (F) — k cap(W) > capy, (F) — ke,
hence
cap,(A) + ke > lil};n SUp capy, (F) — ke.
Since € > 0 is arbitrary, we obtain (5.9). O

The next theorem follows easily from Theorem 5.8 and Proposition 3.11.

THEOREM 5.9. Let (pn) be a sequence in Mo () which ~-converges to
p € Mo(Q2). Then

cap,.(A) < li}x‘n inf cap,, (A)

for every A quasi open in (), and
capy« (F) 2 lim sup cap,, (F)
for every F quasi compact in ().

The inequalities of Theorem 5.8 and 5.9 are improved in the following
theorem.

THEOREM 5.10. Let (ps) be a sequence in Mo(S) which ~-converges to
p € Mo(R2). Then

(5.10) cap,(A) = sup {li’rln inf cap,, (K): K compact, K C A}
= sup {m;? sup capy, (F): F quasi compact, F C A}
for every A quasi open in ), and
(5.11)  capy+(F) =inf {li'IIn inf cap,, (A): A quasi open, F C A}
= inf {lixgl sup cap,,(U): U open, F C U}

for every F quasi compact in ().

PROOF. We prove only (5.10), the proof of (5.11) being analogous. Let
A be a quasi open subset of {) and let

S = sup {li’xtn inf cap,, (K): K compact, K C A}.

By (5.9) it is enuogh to prove that cap,(A) < S. By Theorem 2.9(i) for every
€ > 0 there exists a compact set K C A such that cap,(A) —¢ < cap,(K). Since
A is quasi open, there exists an open set U C 2 such that cap(UAA) < ¢, and
by (1.1) there exists an open set V C 2 such that UAA CV and cap(V) <e.
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Since K C U UV, there exist an open set W and a compact set H such that
KCWCHCUUYV. By (5.4) we have

cap,(A) — € < capu(K) < cap,(W) < liﬂggf capy, (W).

The set H —V is compact and contained in A. By properties (e) and (f) of
Theorem 2.9 we have

capy, (W) < capy, (H) < capy, (H — V) + cap,, (V)
<cap,, (H-V)+k cap(V) < capy, (H - V) + ke,

hence
capu(A) — (k+1)e < li’{n inf cap,,(H-V)<S.
— 00

Since € > 0 is arbitrary, we obtain cap,(A) < S. O

We now associate with every measure p € Mo(Q2) a finely rich family
&2(p) such that, if (pp) vy-converges to p, then cap,, (E) converges to cap,(E)
for every E € &(p).

THEOREM 5.11. For every p € Mo(Q) let £;(p) be the family of all subsets
E of Q such that ctE is quasi compact in Q@ and cap,s(int/E) = cap,s (CKE).
Then &;(p) is finely rich in P(Q) and

capu(E) = han:o cap,, (E)

for every E € &(p) and for every sequence (p,) which ~-converges to p in
Mo (Q2).

PROOF. For every p € Mo(Q2) the family &£;(p) is finely rich by Lemma
4.10. By Proposition 3.11 we have cap,.(int;E) = cap,(int/E) < cap,(E) <
cap,(cE) < cap,.(clE) for every E C , hence cap,(E) = cap,.(int/E) =
capye(clkE) if E € &;(p). The conclusion follows now from Theorem 5.9. O

We conclude this section by proving the following fine localization
theorem, which was obtained by probabilistic methods in [3], Lemma 5.1.

THEOREM 5.12. Let (ps) and (vh) be two sequences in Mo(Q) which
~-converge to p and v respectively, and let A be a quasi open subset of (1. If
un and vy, agree on all quasi open subsets of A for every h € N, then y and
v agree on all quasi open subsets of A.

PROOF. The hypothesis of the theorem implies that p; and v, agree on
all subsets of A (Definition 3.8). Since (u;) ~-converges to p* and (v}) -
converges to v* (Remark 5.3), Theorem 5.10 implies that cap,+ and cap,
agree on all finely open subsets of A, therefore cap,+ and cap,. agree on all
subsets of A by (3.3) (Theorem 3.5). By Theorem 4.3 p* and »* agree on all
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Borel subsets of A, thus the conclusion follows from the fact that p* coincides
with pu and »* with v on all quasi open subsets of 2 (Definition 3.8). O

6. - 7-Convergence and Convergence of u-Capacities

In this section we prove that a sequence of measures of the class Mo((2)
~-converges if and only if the sequence of the corresponding g-capacities
converges on a dense subfamily of P({2). We use this result to associate with
every p € Mo(Q) a finely rich family £s(g) such that, if (us) ~y-converges to
p, then the sequence of the restrictions (pF) (Definition 2.4) y-converges to
the restriction u® for every E € &(p).

THEOREM 6.1. Let (pp) be a sequence of measures of the class Mq(Q).
Define for every E C )

o (E) = li’an inf cap,, (E), o"(E)= Iil’p sup capy, (E).
-+ 00 —+00
Suppose that for every open set U C Q)

6.1 sup {a'(K): K compact, K C U}
= sup {a"(K): K compact,K C U}.

For every open set U C Q) define o(U) as the common value of both sides of
(6.1), and extend the definition to arbitrary sets E C {} by

6.2) a(E) =inf {a(U): U open, E C U}.

Let )\ be the least superadditive set function on B(Q) which is greater than or
equal to a, so that for every B € B(()

(6.3) A(B)=sup Y a(B;),
i€l

where the supremum is taken over all finite Borel partitions (B;)ier of B.
Then X is a measure of the class My(Q), the sequence (py) ~-converges
to A, and o(E) = cap,(E) for every E C Q.

PROOF. First we note that (6.3) follows from Lemma 4.1. Since the ~-
convergence on Mg(2) is metrizable and compact (Remark 5.4), and o does
not change if we pass to a subsequence of (p), we may assume that (pa)
y-converges to a measure pu € Mo((2), and we have only to prove that A = p*
and o = cap,+. By (6.1) and by Theorem 5.10 we have a(U) = cap,(U) for
every open set U C (2, hence a = cap,. on P(Q2) by (6.2) and by Proposition
3.11. Therefore we conclude that A = g* by (6.3) and by Theorem 4.3. a



458 GIANNI DAL MASO

REMARK 6.2. If the measure X defined by (6.3) is finite on all compact
subsets of (2, then Theorem 6.1 can be obtained also from a derivation argument
(see [5], Theorem 5.2, applied with v = ). If, in addition, A has (locally) a
bounded potential, and each p; has the form pp = oog, for a suitable closed
set Ej, C (1, then the same result was obtained in [2] by probabilistic methods.

THEOREM 6.3. Let (py) be a sequence in Mo (Q) and let p € Mqo(Q). Then
the following conditions are equivalent:

(a) (pn) y-converges to p;

(b) the inequalities
cap,(K) < li’?l inf cap,, (U)

cap,(U) > 111'31 sup cap,, (K)
hold for every compact set K and for every open set U with K C U C Q;
(c) for every open set U C (2

cap,(U) = sup {li’rln inf cap,,(K): K compact, K C U}
= sup {lig‘n sup cap,,(K): K compact, K C U};

(d) the family of all sets E C Q) such that
capu(E) = hlim capy, (E)

is dense in P(Q);
(e) the equality
cap,(E) = lim  cap,,(E)
holds for every set E in the finely rich family &;(u) of Theorem 5.11.
FROOF. (a) = (e). It follows from Theorem 5.11.
(e) = (d). Every finely rich set is dense by Proposition 4.8.

(d) = (b). It follows immediately from the definition of dense set
(Definition 4.7) and from the monotonicity of the p-capacity.

(b) = (c). Let U be an open subset of {2 and let
S =sup {liI{n inf cap,, (K): K compact, K C U}.

By (b) it is enough to prove that cap,(U) < S. By Theorem 2.9(i) for every
e > 0 there exists a compact set H C U such that cap,(U) — e < cap,(H). Let
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V be an open set and let K be a compact set such that H CV C K C U. By
(b) we have o
cap,(U) — e < cap,(H) < 11,131 inf cap,, (V)

< 1i}{11 inf cap,, (K) < S.
Since € > 0 is arbitrary, we obtain cap,(U) < S.

() = (a). By (c) the sequence (up) satisfies hypothesis (6.1) of
Theorem 6.1 with a(U) = cap,(U) for every open set U C . By (6.2) and by
Proposition 3.11 we have a = cap,+ on P({2), hence A = p* by (6.3) and by
Theorem 4.3. The conclusion follows now Theorem 6.1. O

REMARK 6.4. E. De Giorgi and G. Letta introduced a notion of weak
convergence in the space A(f2) of all increasing set functions defined on P((2)
vanishing on the empty set ([16], Definition 7.3). This notion depends on the
choice of two families of subsets of (2, denoted in their paper by U and K. If
we choose U equal to the family of all open subsets of (2 and K equal to the
family of all compact subsets of (2, then Theorem 6.3 implies that a sequence
(en) ~-converges to p in Mo(Q) if and only if (cap,,) converges weakly
to cap, in A(Q2), and Theorem 6.1 implies that the set of all p-capacities is
compact in A(Q2). Compare this result with the density in A(Q2) of the class of
all Choquet capacities ([7], Theorem 4.5) and with the compactness in A(Q2) of
the class of all strongly subadditive Choquet capacities ([7], Proposition 4.9).

REMARK 6.5. Let F and F,, (h € N) be closed subsets of 2, let cor and
ooF, be the corresponding measures (see Definition 2.3), and let K = H3(Q2-F)
and K, = H}(Q2—F3) (considered as subspaces of H3((2)). Then (K}) converges
to K in H}(Q) in the sense of Mosco ([21], Definition 1.1) if and only if
(oor,) - converges to oor With respect to the Laplace operator L = — A ([11],
Proposition 4.13). By Theorem 6.3 the last condition is satisfied if and only if
there exists a dense family € C P(Q) such that

cap(ENF) = hlim cap(E N Fy)
for every E € £. Compare this result with Theorem 3.3 of [10].

We now attack the problem of the continuity, with respect to ~-
convergence, of the restriction operator introduced in Definition 2.4.

THEOREM 6.6. For every p € Mo(Q) let £s(pn) be the family of all subsets
E of Q) such that cap,. (U Nint E) = cap,« (UNCIE) for every open set U C (.
Then &s(u) is finely rich in P(Q) and (pE) ~-converges to u® for every
E € &(p) and for every sequence (py) which ~-converges to p in Mo(£).

PROOF. Let p € Mo(Q?) and let V be a countable dense family of
open subsets of 2. For every V € V we can apply Lemma 4.10 with
a(E) = capus(V N E), therefore for every V € V there exists a finely rich
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family & such that cap,.(V NintE) = cap,+(V NckE) for every E € &,. Let
&= (1 & . Since V is countable, the family € is finely rich. Let us prove

that ‘é{eé &s(n). Let E € £ and let U be an open subset of (2. Since V is
dense, there exists an increasing sequence (V;,) of elements of V whose union
is U. Since cap,s (Vs NintE) = cap,. (Vi NclkE) for every k € N, by Theorem
2.9(c) we obtain cap,. (U NintE) = cap,+ (U NckE). Since U is arbitrary, we
have E € £s(p), hence € C &s(p). This implies that. £5(p) is finely rich.

Let E € €3(p) and let (ps) be a sequence in Mo(Q2) which ~-converges
to p. We have to prove that (uf) ~-converges to u®. Since cap,s(B) =

cap,, (BN E) and cap,s(B) = cap,(B N E) for every B € B((1), by Theorem
6.3 it is enough to prove that

(6.4) cap,(KNE) < Ii’r.n inf cap,, (UNE)
and
6.5) cap,(UNE) > lix:x sup cap,,(KNE)

for every pair (K, U) of subsets of 2 with K compact, U open, and K C U.

Let (K, U) be such a pair. Then cap,(K N E) < cap,.(U NckE) =
cap,+ (UNintE) = cap,(UNintE) by the definition of £5(x) and by Proposition
3.11. Therefore Theorem 5.8 implies that

cap,(K N E) < cap,(U NiniE)
< li}xln inf cap,, (U NinyE) < li}l;n inf cap,, (UNE),

which yields (6.4).

To prove (6.5) we observe that cap,(U N E) > cap,(U NintE) =
capy+ (U NinttE) = cap,«(U NclkE) > cap,«(K NclkE) by the definition of
&s(p) and by Proposition 3.11. Therefore Theorem 5.9 implies that

cap,(UNE) > cap,. (K NcE)
> lh;P sup cap,, (K NckE) > lihm sup cap,, (KNE),

which yields (6.5). ]

The following proposition characterizes the family £5(u) in terms of the
measure p*. This shows that the definition of &3() is independent of the
operator L occurring in the definition of cap,..

PROPOSITION 6.7. Let p € Mo(Q) and let Es(n) be the family of sets
introduced in Theorem 6.6. Then a set E C () belongs to &s(p) if and only if
p*(ANinkE) = p*(ANCKE) for every finely open set AC (1.

PROOF. Let E be a subset of {2 and let_u; and p; be the measures of
the class Mo(f) defined by p;(B) = p*(BNintE) and pz(B) = p*(B NcLE)
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for every B € B(f). Since cap,,(B) = cap,+(B Nint;E) and cap,,(B) =
cap,. (BNcKE) for every B € B(Q), the set E belongs to &(p) if and only if
capy, (U) = cap,,(U) for every open set U C 2. This condition is satisfied if
and only if p; and p, are equivalent (Theorem 4.9), that is only if p; and p»
agree on all finely open subsets of 2 (Theorem 2.6). Since the last condition
is satisfied if and only if p*(ANintE) = p*(ANclE) for every finely open
set A C Q (by the definition of p; and u»), the proof of the proposition is
complete. O

The following proposition characterizes the family £5(p) in terms of the
measure p and of its singular set S(p) introduced in Definition 3.12.

PROPOSITION 6.8. Let p € Mo(Q2) and let £3(p) be the finely rich family
introduced in Theorem 6.6. Let E be a subset of Q, let Ey = intE, and let

E* = afS([l.) n af(A(u) n Eo) - 3f(S([1.) )] Eo).
Then E € &3(u) if and only if all the following conditions are satisfied:

(@) u(A(p) NGE) =0,
(b) cap($ () N (8/E — /o)) =0,

©) p(AN A(p) N Ey) = +oo for every finely open set A C Q) such that
cap(ANE*) > 0.

PROOF. Assume E € &3(p). By Proposition 6.7 we have
(6.6) p (AN Eg) = p*(ANCKE)

for every finely open set A C €. Therefore p(ANGE) < p*(ANJE) =0
for every finely open set A C 2 such that p*(A) < +oo. Since A(p) is the
union of these sets (Proposition 3.11 and Definition 3.12), (a) follows from the
quasi-Lindel6f property of the fine topology ([17], Theorem 1.XI.11).

To prove (b) we take A = Q—cl;E,. Since A is finely open and ANE, = @,
by (6.6) we have p*(9rE — 9rEg) = p*(ANclE) = 0, which implies (b) by
Theorem 3.17.

To prove (c), let A be a finely open subset of 2 such that cap(ANE*) > 0
and let A’ = A —cl{(S(p) N Eyp). Since A'NckENS(p) 2 A'NE* = ANE*, we
have cap(A' NclkE N S(p)) > 0, hence p*(A' NcltE) = 400 by Theorem 3.17.
Since A’ is finely open and A' N Ey = AN A(p) N Eyp, from (6.6) we obtain
p*(AN A(p) N Ey) = p*(A'NcE) = 400, hence p(A N A(p) N Eg) = +oo,
which completes the proof of (c).

Conversely, assume (a), (b), and (c). By Proposition 6.7, to prove that
E € &(p) it is enough to show that (6.6) holds for every finely open set
ACQ. Let A be such a set.
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If cap(A N E*) > 0, then (c) implies p*(A NckE) > p*(A N Ep)
p(AN A{p) N Eg) = o0, which yields (6.6).

If ANS(p)NE;, # @, then Remark 3.13 implies p*(A NCcLE) >
p*(AN Eo) > p(AN Eo) = +oo, which yields (6.6).

If cap(ANE*)=0and AN S(p)NE; =0, then ANcl{(S(p)NE) =D
and the identity

v

S(p) NckE = clf(S(p) N Eo) U (S(p) N (67E — drEy)) U E*,

together with condition (b), implies that cap(4 N S(p) NckE) = 0. By (a) and
by Theorem 3.17 we obtain

p*(ANCKE) = p* (AN A(p) NCKE)
= p* (AN A(p) N Eo) + p* (AN A(p) N OE)
= p* (AN Ep) + p(AN A(p) N&E) = p* (AN Eyp),
which proves (6.6). a

REMARK 6.9. If cap(E*) = 0, then condition (c) of Proposition 6.8 is
trivial, therefore conditions (a) and (b) imply that E € &(p).

Since E* C 9rS(pu) N drE,, it follows that the set E belongs to &s(p) if
the following conditions are satisfied:

(@) w(A(w) NO/E) =0,

(b") cap(S(w) N (3/E ~ 8/Eo)) =0,

(¢") cap(8;S (i) N 3fEo) = 0.

Compare this result with Lemma 5.2 of [3].

REMARK 6.10. Let F be a quasi closed subset of {2 and let yu = ocop.
Then oop = ocos(y) by Remark 3.18, hence cap(FAS(u)) = 0 by Remark
2.7. Therefore a subset E of {2 belongs to &3(p) if and only if the following
conditions are satisfied:

(6.7) cap(F N (8;E — 8E,)) =0,

(6.8) cap(8;F N 8y(Eo — F) — 8(Eo N F)) = 0.
In fact condition (c) of Proposition 6.8 is equivalent to (6.8) because u(A(p)) =
=0.

REMARK 6.11. The rich family R, introduced in Definition 5.6 of [11] is
contained in the finely rich family &3(x) of Theorem 6.6. In fact, by applying
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the inequality (5.6) of [11] to u*, for every E € R, = R,+ we obtain

/uzdp*= /uzdu*

int,E leE

for every u € H}(f), hence the measures p; and p, considered in the proof
of Proposition 6.7 are equivalent, which implies E € &(p).

In general, the inclusion R, C &s(p) is strict. For instance, if p € Mo(Q)
is finite on all compact subsets of 2, then R, is the family of all B € B(Q2)
such that B cc Q and p(dB) = 0 ([11], Proposition 5.7), whereas &3(p) is the
family of all sets E C Q such that u(d;E) = 0 (Remark 6.9).
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