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On the Local Behaviour of Solutions of Degenerate
Parabolic Equations with Measurable Coefficients (*).

E. DI BENEDETTO

0. — Introduction.

We will prove interior and boundary Holder continuity for weak solu-
tions of degenerate parabolic equations with principal part in divergence
form, of the type

(0.1) u,— diva(z, t, u, ,u) + b, t, 4, V,u) =0 in D'(Qy)

where Q2 is a region in R¥, 2, =0X(0,T), 0<T< oo, and V, denotes
the gradient with respect only to the space variables x = (2, ©,, ..., 2y).

The functions a: R2*+2—R¥ and b: R**+2— R, are only assumed to be
measurable and satisfying the structure conditions

[A4] a(x, t, u, Vou) Vous Co|Voul?— oo, t), p>2
[A.] |a:(@, t, u, Vou)| < Ci[Voul>* 4 @y, 1) , t=12,..,N,
[As] [b(z, t, w, Vou)| < Oa|Voul? 4 o2, 1),

where C,, i =0,1,2 denote given positive constants and ¢,, 1 =10,1, 2
are given non-negative functions defined on £, and subject to the condi-
tions (%)

[Ad] Poy o7 @2 € Lg3(2r)

(*) Partially supported by NSF Grant DMS-8502297.

(*) Throughout the paper the notation of [11] is employed.

Pervenuto alla Redazione il 20 Giugno 1985 e in forma definitiva il 15 Gen-
naio 1986.
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where 1/p 4 1/p'=1 and ¢, #>1 and satisfy

1 N
0.2) =1,
and
. . ; 1 P . p—1
(0.2) (i) de[1,00]; re[l__”l, p(l—xl)—l]’ xle(O,——p——-)
if N =1,
(0.2) (ii) de[p—(l—N———x,_)’co]’ fe[l_l_nl,oo]; %€ (0,1)

if N>1, p<N,

AN 4 L p—N
(0.2) (iii) gie[' ) ], re[ ], u,e( 7 ,1)

1—2x’

if 1< N<op.

Given the structure conditions [A,;]-[A;], the degeneracy of (1.1) is of
the same nature of

(0.3) u,= div (|V,u[>~2Vu) in D'(Q,), p>2.

When p = 2, major developments, in the theory of local regularity
of (0.1) have been brought about the discovery of the Harnack inequality
of Moser [14, 15], for linear elliptic and parabolic equations with bounded
and measurable coefficients. The Harnack inequality can be used to imply
the local Holder continuity of the solutions. The latter regularity statement
had been proved previously by De Giorgi [3] in the elliptic case and Lady-
zenskaja-Uralt’zeva [11] in the parabolic case.

In the case of an elliptic equation, the extension of there results from
p» = 2 to any p > 1 is quite direct and the theory can now be considered
fairly complete [16,17,19].

The parabolic case is complicated by the dissymmetry of the space
and time parts of the operator in (0.1), and at our knowledge no regularity
results are available if p differs from 2. In particular, non-negative weak
solutions of (0.1) do not in general satisfy the Harnack inequality. To see
this we consider the following explicit solution of (0.3), coenstiucted in [1].

1 _ _]x_] v/(v—n}(v—l)/(p—z) Rt
0.4)  w(z,t)= R(t)N{l (R(t)) y el < R(@)

0 ) |z| > B(t)
)1/(N(n— 2)+)

©05) RO = (V-2 + Lo , >0,
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This solution exhibits a behaviour similar to the solutions of the porous
medium equation; that is, it is of compact support in the space variables
for all¢ > 0. Clearly for a cylinder @ intersecting the free boundary || = R(%),
the Harnack inequality fails to hold (see also Remark B section 7 of [4]
p. 116). Nevertheless the solution w is C*+*(R¥X[e, T1), Y0 <e< T < oo.

By a weak solution of (0.1) in £,, we mean a function u € V,,(2;) =
= C(0, T; L*(R2)) N L2(0, T; H»(Q)), satisfying

ts

]

oo

©6)  futo, 0o, 11as
Q

{— up,+ a(x,t, u, V,u)-V,p + b(w, t, u, Vu)p}dwdr = 0

for all p€e W};”(QT) such that g.€ L,(Q2r), and for all t,, t,, 0 <t,<t,<T.
‘We assume throughout that

[As] ue L°(Qy) .
ReEMARK 0.1. If [A;] is replaced by the more restrictive condition
[A,] [b(, 2, u, Vou)| < Co| Vol 4 gol, 1) ,

then a local L® bound for # can be calculated by a simple modification of
De Giorgi-Moser techniques (see for example [11] page 102-109). The proof
gives an explicit but complicated (due to the mentioned dissimetry) bound
of |u.,q over a cylinder @ in terms of the norm [u], o, over a larger
cyolinder @'. We have chosen to omit such calculation since they result
from a variant of known techniques.

With 02 we denote the boundary of Q and set

(0.7) Sr=00x(0,T]; I'=8ufx{0}.

Clearly I is the parabolic boundary of .

The statement that a constant y depends only upon the data, means
that y can be calculated only in dependence of the various constants ap-
pearing in [A;]-[A,], |%]e, 0, and the dimension N. We can now state our
main results.

I. - Interior regularity.

THEOREM 1. Let u € V,,(2r) N L2(2;) be a weak solution of (0.1), and
let [A,]-[A,] hold. Then (w,t) —u(x,t) is locally Holder continuous in p
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and for every compact set X C 2r, there exists a constant y depending only
upon the data and dist(X, I'), and a constant o€ (0,1) depending only upon
the data, such that

I“(fvl, 1) — u(@,, tz)'<7( |«7/'1— '772|“ -+ |t1— tzlu/p) y
for every pair of points (xy,1,), (z4,1,) € K.

REMARK 0.2. Since our arguments are local in nature to prove Theorem 1,
we do not need to have a solution in the whole Q,. It is sufficient to have
a «local » solution; i.e. we V3(2r) N Liy(2y), satisfying (0.6). Also we
may assume @, ¢, P.€ LE(Q2y).

II. - Boundary regularity.

1I-(a) Regularity at t = 0.

We assume that (0.1) is associated with initial data

(0.8) u(@, 0) = uo() ,

and on %, assume
[As] @ —> uy(x) is continuous in Q with modulus of continuity w(-) .

Since we assume that u € C(0, T'; L*(f2)), the initial datum (0.8) is taken
in the sense of (0.6) where t,>0.

THEOREM 2. Let ue C(0, T; L*(Q2)) N L*(0, T; H(Q)) be a weak solu-
tion of (0.1) which takes on initial data (0.8) and let [A,]-[As] hold. Then
(z,t) — u(x, t) s continuous in .éx[(), T1, and for every compact set ¥ c Q2
there exist a function o — w(p): Rt — Rt continuous and mon-decreasing such
that

(1, 8,) — (@, ta)| <[y — @ + [t,— 84|17)

for every pair of poinis (xy,1), (T4, 1) € XX[0, T]. The function w(-) can
be determined in terms of the data and w,(-).
If in particular

(@) = 0°, 6e(0,1),

then (x,t) — u(x,t) is Holder continuous in .éx[O, T], and for every compact
set 3 c Q there ewist a constant y depending only upon the data and dist(¥, 002),
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and a constant ¢ € (0,1) depending upon the data and G such that
lu(wly ty) — u(x,, tz)‘ <7( Iw1_ lea + ltl__ tzl"/’)

for every pair of points (xy,1,), (2., 1) € KX [0, T].

REMARK 0.3. If @ = Uo(x) is only known to be continuous in a open
subset Q' of 2 then the stated regularity can only be claimed in the set
Q' x[o0, T].

II-(b) Regularity at Sy (Dirichlet data).
The boundary 0f2 is assumed to satisfy

[A,] Ja*e (0,1), B,> 0 such that Va,e 0Q and every ball B(z,, R) cen-
tered at x,, with radius R < R,,

meas[Q2 N B(x,, R)]<(1 — o*) meas B(z,, R) .

We suppose that (0.1) is associated with Dirichlet data f(z,?) on Sy
(taken in the sense of the traces) satisfying

[Ag] (@, t) - f(x,t) is continuous on Sy with modulus of continuity
,(*)

THEOREM 3. Let u € V,,(27) N L°(Q2;) be a weak solution of (0.1) asso-

ciated with Dirichlet data f on Sr, and assume that [A,]-[A,] and [A,]-[As}

hold. Then (,t) — u(x,t) is continuous in QX (0, T]1 and Ve > O there ewist
a positive non-decreasing continuous function o — we(p): Rt — R+ such that

[u (e, 8,) — U(@s, t3)| < ws( |0y — @ + [t — 1;|15)
for every pair of points (@, ty), (24, ;) € X [e, T1. If in particular
wfe)=ef, Be(0,1),
then (w, 1) — u(x,t) is Holder continuous in 2X[e, T] Ve >0, and there

exist a constant y depending only upon the data and &, and a constant § € (0, 1)
depending upon the data and B, such that

[w(@y, t,) — u(®,, 1,)] <?(|‘”1'— @y|f 4 [t — tslﬁ”)

for every pair of points (x,,1,), (%, 1) € 2X[e, T].
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REMARK 0.4. If the Dirichlet data f is only known to be continuous
in a open subset S of § (open in the relative topology of 8;) then the
stated regularity can only be claimed up to §'.

COROLLARY 0.1. Consider the boundary value problem

(0.9) u,— diva(w, t, w, V,u) + b(w, t, u, V,u) = 0 in Qn
{0.10) u(@, 1) = f(x, 1), (1) € Sp
(0.11) u(x, 0) = up() , xef,

where & — uy(x) satisfies [Ag] and (x,t) — f(x, t) satisfies [Ag] and assume
that [A;] holds. Hvery bounded weak solution of (0.9)-(0.11) (in the sense of
identity (0.6)) is continuous in Q,: In particular if u, is Hélder continuous
in Q and f is Holder continuous on Sy, then u is Holder continuous in Q.
I1-(¢) Regularity at Sry (Variational data).

We assume here that

[A,] 00 is a C!' manifold in R¥-1,

and consider formally the problem

(0.12) u,— diva(z, t, w, V,u) + b(w, t, u, V,u) = 0 in Qg
(0.13) a(@,t, u, Vou) ng(2,1) = g(w, 1, u), on Sy
(0.14) u(w, 0) = uy(z) , re,

where ng, = (N, N, ..., Ny,) denotes the outer unit normal to Sy. On
the funetion g(z, t, u) we assume

[As] g is continuous over S8yXR and
(0.15) lg(, , w)| < Cy

for a given non-negative constant Cj.
By a weak solution of (0.12)-(0.14) we mean a function u € V,,(2y)
satisfying

ts ts
(0.16) fuzpdx, —i—ff{—— wp, + a(@, t, u, Vou) Vo + bz, t, u, V,u)p} dedr
Q o o2 4
= J’jg(m, 7, w)pdodr,
t, 02
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where do denotes the HY-'-measure on 00, for all p € Wy°(2;) such that
@.€ Ly(2r), and for all t,, t, satisfying 0<t,<t,<7.

THEOREM 4. Let u € V,,(02;) N L®(Qy) be a weak solution of (0.12)-(0.14)
in the semse of identity (0.16). Then (x,t) — u(x,t) is Holder continuous
in QX [e, T] for all ¢ > 0, and there exist a constant y. depending only upon
the data and &, and a constant A € (0, 1) depending only upon the data, such
that

|“(wu 1) — (., tz)l <'}’8( l-/l"l“‘ mzll + |t1_ t2|"/p)

for every pair of points (xy,1t,), (x5, 1t,) € QX[e, T].

If in addition x — wue(x) is Holder continuous in Q, then u is Hélder con-
tinuous in Qp and the constant y, can be taken independent of &, whereas
the Holder exponent A will depend also upon the Holder exponent of w,.

REMARK 0.5. When p» = 2 the integrability conditions in [A;] coincide
with the requirements imposed in [11], and these are known to be the best
possible [10].

ReEMARK 0.6. If the functions a(z,t,u, V,u) and b(w,t, u, V,u) are
differentiable and satisfy further restrictions then one can prove that
(2, t) — V,u is Holder continuous in £; in fact such a result holds also
for systems (see [6,7]). The point here is of course to prove the stated
regularity only under the hypothesis that @ and b are measurable. An
extension of our results to systems, due to the generality we consider, is
not expected. It isin fact false even in the elliptic case (see [8] for a survey).

REMARK 0.7. The proof presented here shows that the various Hoélder
constants and exponents in Theorems 1-4 are continuous funections of p.
As p — oo these estimates deteriorate, but they are «stable» as p — 2.

REMARK 0.8. One of the applications of the a priori knowledge of a
modulus of continuity of solutions of (0.1) is the derivation of Ly, bounds
for |V,u|, (see [20]).

REMARK 0.9. Existence theory for boundary value problems associated
with (0.1) is based on Galerkin approximations and it is developed in [11].

REMARK 0.10. It should be noted that we have been unable to deal
with the case 1 <p < 2.

Heuristically the results will follow from the following fact. The func-
tion (x, t) — u(x, t) can be modified in a set of measure zero to yield a con-
tinuous representative out of the equivalence class u € V,,(82;) if for every
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(@0, t,) € Q2 there exist a family of nested and shrinking cylinders Q..(x,, #,)
around (w,, {,), such that the essential oscillation w, of % in Q,(w,, t,) tends
to zero as n — oo, in a way determined by the operator in (0.1) and the
data.

The key idea of the proof is to work with cylinders whose dimensions
are suitably rescaled to reflect the degeneracy exhibited by the equation.
This idea has been introduced in [5] and further developed in [7].

In the present situation the arguments are more complicated with respect
to the ones in [5]. This is due to the fact that, unlike the solutions of porous
media type equations (see [4, 7 ]) where the singularity occurs at only one
value of the solution (say for example for 4 = 0), in our case the equation
may be degenerate at any value of wu.

To render the paper as self contained as possible, certain known calcula-
tions have been reproduced.

In part I we prove the interior regularity. We introduce certain classes
B,(Q2r, M, y, 7, §, %), along the lines of a similar approach of [11], and prove
that local weak solutions of (0.1) belong to them.

Then we show that B,(2r, M,y,r, 6, %) is embedded in Cpr?(Q,),
thereby proving Theorem 1.

We prove the boundary regularity by following a similar pattern in
part II. The methods of this part will rely heavily on those of part I and
in fact we will limit ourselves to describe the modifications of the proof
of interior regularity to achieve regularity up to the boundary.

Acknowledgement. This work was completed while I was visiting the
University of Florence, Italy and the Institut fiir Angewandte Mathematik
of the University of Bonn W. Germany. I am grateful to both institutions
for their support.

1. — The classes $B,(2,, M, y, 1, 6, %), p>2.

Let Q2 be an open set in R¥ and for 0 < T < oo let Q= 2x (0, T].
If (w4, 1) € 2r We let B(R) = {z€ Q: v — x,| < R} and

Q(R, ¢) = B(R) X {to_ 0 to} y 0e>0.

We let B, o be so small that Q(R, o) c 2r. Denote by (x,t) — {(=,?)
a piecewise smooth function defined in @Q(R, g), such that 0<{<1 and
t(z,y ) = 0 for @ € 0B(R).

For a bounded measurable function » defined in Q(R, g) introduce the



ON THE LOCAL BEHAVIOUR OF SOLUTIONS ETC. 495
cut functions (w — k)%, k€ R and let H* be any number satisfying

(1.1) I = B)*|eo ap, 0 <H* <

where ¢ is a given positive number.
Define also

(1.2)  w(H% (w—k)% v) = Int {Hi— (quk):t+ v} ; y < min {H*; 1} .

We say that a measurable function u: Q,— R belongs to the class
By(Q2ry My, 7, 0, %) if

(1.3) we 0(0, T; L¥R2)) N L»(0, T; H*(NQ))
(1.4) “u"oo,DT<M
and if for all Q(R, ) c 2, and all { as above, the functions (u — k)* satisfy

the integral inequalities

(1.5) sup f[(u—k VxR (2, t) da + fﬁ (u — Ek)E|plrdadr

o—e<t<tn

Q(R,e)
<f[(u — k)£PRL(x, t,— @) dx
B(R)
+ y{ J [(w — k)*]?|V,C|Pdadr + ﬂ[(u — k)i]z:v—lc,dwdr}
Q(R,e) Q(R,e)

to

+ y{ f[measA,ﬁB(T)]T/er

to—e

}(T)/T)(l +x)

(1.6) sup f@p’(Hi, (u — k)%, v) {2 (w, t) do
ty—e<tSt,y B(B)

<f1p2(ﬂi, (u — k)%, v) {2(@, to— o) do
B(R)

+y”w(ﬂi (u — k)%, v) [p(HE, (0 — k), ) [22|V, [P de dr

Q(R,e)

+ = (1 +1In -——){ f[measA (7)1 edT

}(z)/r)(l +%)
’
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where we have denoted with A, (t) the set
AEp(t) = {w € B(R): (u(x,t) — k)=> 0} .
The various parameters in (1.5)-(1.6) are as follows.
[A] 6 and y are arbitrary positive numbers;

[B] k is an arbitrary real number subject only to the restriction

(1.7) [ (w — B)[| oo, aer,0) < 03

[C] #x is an arbitrary number in (0, 1) and ¢, r are larger than one,
are linked by

1 N N
1.8 o=
(1.8) - +pq P
and their admissible range is
(1.8) (1) q € (P, o], r € [p?, o0); it N=1
N
(1.8) (ii) qe[p,———l—], re[p,oo]; itl<p<XN
N—p
p2
(1.8) (iii) q €[p, o), re(ﬁ,oo]; ifl<N<p.

REMARK 1.1. These classes can be considered as an extension of the
classes By(R2r, M, p, r, §, ») introduced in [11]. Besides the fact that p>2
the new requirement here is the integral inequality (1.6).

They may also be viewed as a parabolic version of De Giorgi classes,
fundamental in the regularity theory for quasi minima [9].

The following two facts establish the connection between local solu
tions of (0.1) and the classes B,(2rp, M, y, r, d, %).

ProposiTION 1.1. Ewery essentially bounded local solution of (0.1) belongs
to B,(2r, M, y,r, 0, x).

EMBEDDING THEOREM. $B,(Q2p, M,y,r, 0, %) is embedded in Cpy'"(2y),
for some o€ (0,1).

The proof of Theorem 1 will result by combining these two facts.
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PROOF OF PROPOSITION 1.1. Introducing the Steklov averagings of
we Vz,p(QT)9

t4h

%J.w(x,s)ds, te (0, T—h]
wy(w, 1) = h

0 y t>T—h

t

1

7 fw(m, s)ds, te(h, T]
wy(a, 1) = 2

0 , t<h,

a standard argument (see for example [11]) implies that (0.6) can be equiva-
lently formulated as

ts
(1.9) J- J‘{% un@ + la(z, by u, Vou)l; Vo + [b(, 8, w, un)]i.“p} dzdr =0
ty, Q

for all p€ W;’O(QT) and h<t,<t,<<T —h.
In (1.9) choose the test functions

(1.10) p = + (n— k)=, keR.

Estimating the various parts of (1.9) with this choice of text function
we have

2
W [ [+Zwm—trpaa =3 [w—bpEe e
B(R) ti—e JB(R)
5 [tn—nepow n—ga-% | [t — w1 coane
ab

B(R)
where

Q= B(R)X[ty— 0, ], tE (toy— 0, to] -

Letting h— 0 we obtain for all t € [{,— o, t,]

(1.11) J‘fi: a% Uy — k)ECP da dr— ]; J‘[(u — k)ERCe (e, t) da
Qt

B(R)

~% f[(u — k)£ (@, to— o) da —g H[(u — k)£ dedr .
Qt

R(R)
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We estimate the remaining terms by letting h — 0 first, and then wusing
[A]-[Aq].

(1.12) ffa(ﬂ% 7y %y Vou)[ £ Vo(u — k)EL? + p(u — k)22 V, (ldwdr
Ql
> C’ofﬁV,(u — k)2 {2(x, v)daedr —Jf (@, T) 8% x[(w — k)E> 0]dedr
Qt Qt

— 0, f f V(e — R)Ep3(u — k)= 21|V, Ldadz — p j f (4 — k1|, Cldwdr .
Qt Q¢

Here x(X) denotes the characteristic function of the set 2. By Young’s
inequality

(a) pClﬂ.W,(u — k)E|rY(u — k)EL2YV, |de dr
a‘

<[ Ivau—mprravar + 5100 [tu—m2p 19,01 doar,
Q Qt
and

(b) pJ. Pr(u — k)L |V, L|da dr

¢ <fﬁ(u — k)E]p|V, C|pdedr + yff P xl(w — k)E> 0]dedr .
at Q
Combining this in (1.12) we deduce
(1.13) ffa(w, T, Uy Vo) V,q)dwd't}%fﬁvm(u —k)x|PLrdadr
@ a
—f [t —mspivrasar—f [t o) st — 02> 01a0ar
@ @t
Finally

(1.14) ff[b(w, T, Uy Vou)(u — k)EL?|de dv

<02‘”‘1Vm(u — k)xpP(u — k)E{Pdedr +ff o) (u — k)E|Pdedr .
Q¢ Q
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Now if we impose on the levels k the restriction

(1.15) ke |[(u—k)* 1 94—“,

0= —
o0, Q(R,0) S C,

we deduce from (1.14)

(1.16) [b(zy T, u, Vu)(w — k)=L?|dedT

<%ff|vz(u —k)x|pirdedr —|—ff<p2 yl(u — kx> 0]da dr .
Q b

Combining these estimates and observing that te€[t,— o, %] is arbitrary
we obtain

1.17) sup ~[[(u — k)E]20(x, t) do
B(R)

lh<esist,

+ % f f Vau — k)P Lrdede <f [(w — k)27, ty— ) do

Q(R,e) B(R)

+y { ff[(u — k)EP|V, L P dadr —|—ff[(u — k)£, de d'c}

Q(R,e) Q(R,e)

+ y”[%Jr o + @l xl(w — k)= > 0]dwdr .
Q(R,e)

By Hoélder’s inequality

ff " F af al(w — k)E> 0ldwdr <@+ @1 + @allas or

R,e . | |

{ J.[meas Aig(r)]((“_l)/a(ﬁ(r—l)) dt}('—l)l',
to—e

Set

w18 g=glopudn; r= Tt k=T,

From (0.2) we see that ¢, r satisfy (1.8), and from (0.2) (i)-(0.2) (iii) it follows
that their admissible range is (1.8) (i)-(1.8) (iii).
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Substituting this last estimate in (1.17) we see that u satisfies (1.5) since

obviously without loss of generality we may assume that C,/4 =1,
We turn now to the proof of (1.6). For simplicity we set

p(HE (v — k)% v) = p((w—1)*),
and in (1.9) select the test funection
(1.19) ¢ = [y*((t—R)*)] 7,

where « - (?(z) is a cutoff function in B(R) which vanishes on 0B(R).
It is apparent that p € WL°(£2,) and that

[p2((un— Kk)E)]" = 2(1 + w) p'2e L(Q,) .

Therefore such a @ is an admissible test function in (1.9). Estimating the
various terms we have

0
(1.20) I, Effg'_r uh[wz((uh_k)i)]/é—rdwdr = j szCde— f wacpdx,
Qt B(R) x{t} B(R) x {t,— o}
and letting A— 0 we have
I,— f p(HE, (u — k)%, v) {2(x) doe — f pH=E, (u — k)*, ») {2(2) do
B(R) x {t} B(R) x{t,—0}
for all te€[t,— o, o).

In order to estimate the remaining terms we let h — 0 first and then
use [A;]-[Aq].

(1.21) J Effa(w, 7, U, V,u) Vopdedr
QI

~20, f f (1 + p) p|Voup o dode — 2 f Ja+ v o raas
Qt Qt

— p(]lj]‘lvm'ul”‘l py' {21V, (|dedr —pfflpzp’ @ (7 V, Cldadr .
Q¢ Qt
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By repeated application of the Young inequality we deduce
(1.22) J> G’Jf(l + ) p'2|Vu lrdodr — ij(l + )y 2@, ) L?dowdr —
Qt Qt

— (D) f'l’('/")z“’”leél”dmdr — y(p) fw(w’)ﬁ(p’;' trdadr .
Q¢ Q

For the lower order terms we have

(1.23) f [b(x, T, u, Vou) py' C2ldedr <
0‘

< Cgffleu!”(l + )2y tirdedr —l—fj‘ LYY (Pdxdy .
Q¢ Qt

Next observe that y'—1= H*— (4 — k)E-} v << 20 by virtue of (1.1), and

1
y<In(H/»); w’<;,

Therefore recalling (1.15) we have
(1.24) 2ff|b(w, Ty U, qu)qu'§’|dmdr<CofﬁquP(l + p)yp'2lrdedr
Q e .

+ 2 % In (2;) _U.I%!X[(u —k)E>0]dzdr.
QR,e0)

Collecting these estimates we deduce

(1.25) J. plPde < f plrdr + y fftp]cp’lz"']vx&‘]?dwdt
B(R) x {t} B(R) % {t,—7} Q(R,e)

Y H* ,
+ ;;(1 + ln-;,—) [P0+ @3 + @o| gl (v — k)E> 0]dadr

Q(R,0)

where we have used the fact that »-', »2<y? since p>2. Treating
the last integral as before the result follows.
The proof of the embedding theorem will be the object of sections 2-5.
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PArT I — INTERIOR REGULARITY

2. — Preliminaries.
Let the point (z,,?,) be fixed throughout, and consider the cylinder

(2.1) Q¥*= B(R) x {to—‘ Rr-wivio-) to}-
Set

ut=esssupu; p-=egsinfu,
(.3 aNx
2R 2R

and let w be any number satisfying

2M>w>put— p~ = ess 0sc % .

N
QF

Let s* be a positive integer to be fixed later and set

(2.2) 6 — (-2-‘—‘)’"2.

w

Construct the cylinder Q% given by
(2.3) Q% = B(R)X {ty— OR?, 1,} .
I o> 2" R¥® then OR®< R*~®*(»=2) and we have the inclusion
QrC QR -
Inside Q% we consider subcylinders of the type
(2.4) Q%= BR)x{i—7B 1, 15>0,

where t<t, and { — nR?>t,— OR*. The length of these subcylinders is
determined by the choice of 7

280 r—2
(2.5) n= (;0—) ;o m s,
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where s, is the smallest positive integer satisfying

2M
—2-;.—<(5 .

(2.6)

The structure of the proof is based on studying separately two cases.
Either we can find a cylinder of the type Q% where u is « mostly » large,
or such a subecylinder cannot be found. In both cases the conclusion is
that the essential oscillation of « in a smaller cylinder around («,, t,) decreases.
in a way that ean be quantitatively measured.

‘We will need the following two embedding lemmas known from the
literature.

LeMmA 2.1 (De Giorgi [3]). Let we WH(B(R)) and let 1, keR, I>k
Then

CRY+1
_— +
(2.7) (I—k) meaSA"“<mea,s{B(R)\A{B} J. |Vuldz ,

AL e\4lg
where C depends only upon the dimension N.

REMARK 2.1. A similar lemma holds more generally for convex domaing
(see [11]).
For notational convenience we set
Vo(2r) = L=(0, T; Q) n (0, T H*(Q)),
V,(2:) = I=(0, T; I7(Q)) N L*(0, T; HA(RQ)) ,
:,Q + " qu":,ﬂr

[, o = €58 sup fu(-, 1)

and define |[u|} o= [%]7,c0n-

LEMMA 2.2. Let ue V,(2y), then

”u" a2 < CU“”%(QT)

where C does not depend on u nor on Qr, and where ¢, r are subject to the con-
ditions (1.8)-(1.8) (iii).

The proof results from a straightforward adaptation of the arguments
of [11] page 74, carried for p = 2.
From Lemma 2.2 we deduce two corollaries.
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COROLLARY 2.3. Let ue V,(9y), then

[l o(av + 21129, 20 < Cll ]l -y -
COROLLARY 2.4. Let u e V,(Qyp), then
Jul5,00 < O(meas [u = 01N Q)" ull} o)
REMARK 2.2. These Corollaries still hold if u € V,(2;) and does not

necessarily vanish on 00.
In such a case C depends on 2, via

Twi» 1/N+p
GZ(’{“(@@) }

With C we will denote a generic non negative constant depending only
upon the various parameters in the classes B,(£2,, M, y, r, §, w) and inde-
pendent of B, w, s*. For a measurable set X we write also meas X' = |2].

3. — The first alternative.

LeMMA 3.1. There exists a number o€ (0,1) independent of w, R, s*
such that if for some subcylinder Q%

(x,0) € Qht ula, 1) < p+ 57| <l
then either
(3.1) R”"'">(;‘f.)l+(u+"m_m)+(”_2:
or
(3.2) w(@, 1) >p-+ 2——wﬂ , Y@, 1) e Q.

PROOF. We assume that (3.1) is violated so that Q%c @%* and fix a
cylinder Q}M. for which the assumption of the lemma holds. Let

ER R 5 R,+ R, B 3E
Rn:§+273 R,.=———2—+—1:§+2—,,g, n=1,2,...
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We will write (1.5) over the pair of culinders Q%.. and Q}’h, by choosing the
funetion £ so that {(x,t) = 1 for (z,1) € Q%" and vanishing for ¢t = { — nR?.
In this case

9nt1 2u+1

9nt1
IVzC|<_E‘§ O<C£<OW—R—‘;:C e

(w][2%)"7% .
As for levels k we take
w w
l‘nzﬁ—f—é—;’r", n=1,2,....

In this setting (1.5) can be rewritten as

(3.3)  sup  [(w—ka)|5 m@a(®) + [ Vel —ka)~[3 g
—nRy <<t
< C’%—;{ff[(u — k)" PPdwdr + (w/z:.)»—:ff[(u — ko) Jrde dt}
o, ag

+ 0( f |45, z.(7)[ " dv

s—nRY

)(D/r)(l +x)

The choice of levels k, is justified since
_ )
[0 — k)03, <57, <0
We estimate the various terms in (3.3) as follows. First

f f [(4 — k)P dwdr + (o]2%)?2 f f [(% — k)] dwdr
L ag,

<(2) [ il

t—nR%

Next for all t e [f — nR?, 7]

H(u - kn)—l

2 8,\P—2
b (03> () 10— kB meno®) = 14 — o) 5,3t
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Using these remarks in (3.3) and dividing by 7

1 »
(3.4) sup  [(u — ka)~ 3, 3800 + = | Va(u —ka)=| ) 52
C—nRE <<t n An
t
27?2 (o \? (1 _
<UE;(§;:) {7—7 f‘Akn,Rn(T)ldT}
i—nRY
1 ] @/r)(1+2)
+ C (5 J. |A;n, R,.(T)Ir/da) 77(27/7)(1+’¢)“1.
i—nR?

The change of variable z = (¢t — #)/n, transforms QR" and Qﬁn respectively
into
@n=BR.)x{—E;,0}; Q.=BE)x{—E;,0}.

Setting also o(x, 2) = u(x, t -+ 72), inequalities (3.4) can be written more
concisely as

Ny - _2_”f 2 »
(3.5) [0 —Ea) ", <C T (2.0) |4,] O
(0/r)(1-+2)
+ 0( f]A”(z)Ir/qdz) n(p/r)(1+n)_1’

where we have set
0
A,(2) = {we B(R,): v(x,2) < kn} ; |4.] :ﬁAn(z) |dz .

—R?

Let « — @,.(x) be a piecewise smooth cutoff function in B(R,) which
equals one on B(R,,;) and such that |V,@,|<2*?/R. Then (v — k,)~¢.€
€ V,(Q,) and by Corollary 2.4.

(3.6) 10— k)13, 00 <[ (0 — Fa) =, 5,6, <ClALI¥2 (0 — ka)=gr g -
9 p(n+2)
<oaprra ok g+ T 0T ).

Since

10 = k) 2,000, oo — Fuial? sl > (@[22 5004,
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we deduce from (3.6) by making use of (3.5)

| Anl1+p/(1v+p) g (DIr)(1+%)
G0 Munl <0 {FLZZE o pa presn ([las01ea0)

—R?
2%\?
[y it (o/r)(1+x)—-18
() e}

0
= I:ill ; == “'—l"— rlq )plr
=l 7 ,B(Rn),( f |4, (2) [rledz ot

—R?

We set

Then from (3.7) in dimensionless form we have
(3.8) Yﬂ+1<04ﬁp{yi+ﬁ/(N+ﬁ)_{_ Y:/(Ni—l))z:-{-n ,

mhere we have used the inequality

2%\?
(—w_) 77(z»hr)(l +0)—1 RNx 1

which follows from the definition (2.5) of 5 and the fact that we have assumed
that (3.1) is violated.
On the other hand, by the embedding lemma 2.2

Zyir(By — Kp1)” < |B(EBpy1) |_1 “ (0 — )% auts < |B(Rn+1)\_1“ ('U— kn)’%\\f},v, Qn
=orljo— kot T o — k13

Then using (3.5)
(3.9) Z, < C4"™{Y,+ 2,77} .

From lemma 5.7 of [11] page 96, Y,, Z,— 0 as n — oo, provided
Y, <Ay 277" <y

where A, is a small constant depending upon C, p, » only and independent
of B, w.

Therefore the lemma is proved if we choose a, sufficiently small depending
only upon 4,.

We suppose that the assumptions of lemma 3.1 are verified for some
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subcylinder Q}’, and construct the cylinder

o-sE) -1 (3.4

The length of such cylinder is at least n(R/2)? and at most n(R/2)®
+ (0 — n) R*<OR?, so that setting for simplicity ¢ = R/4 we may write

Q = Q% = B(20) X {t,— 0(20)", to}
where

- \pr—2
(3.10) 0 = 2’(%) ) Se <S8k,

LEMMA 3.2. Assume that

(=t 535)

Then for every o€ (0,1), there ewists a positive integer s, = $,(cty, ¥, %, 0, 7)
independent of w and R such that either

H‘:

2:°+2 °

,Q

w \1 (A +%)/r—1/p)*(r—2)
(3.11) RNW}(E) ,
or
1)
(3.12) meas {w € B(o): u(xr,t) < u~+ 2—31} < oy|B(0)]

for all te [to— B(R[2)?, t,].

ProoF. We will employ inequality (1.6) over the cylinder Qgg. As a
cutoff function (x,t) — {(x,t) we take a function independent of ¢, such
that {(x) =1 on B(g) and |VZ|<g~'. We observe that for ¢=t,—6(20)»=
=1 — n(R/2)?, by lemma 3.1 %> u~ -+ ©/2%*+ and therefore Yn>1

w(H-, (u — (,u‘+ ;“—’;)) 2“’7) (to—0(20)) = 0 .

Next for » = w/2%t", from the definition (1.2) of u(+) we have, since

H—<w/2“+1
1/’(-H—-y (u—(ﬂ—+ 5:(%_"{)) ) é-%—")<(n——1)ln2 .
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Moreover a quick calculation gives

w\\ o
Yu (H*, (“—(.u“—f- W)) ) 57}_")

Using these remarks in (1.6) we have

I I o O e e

B(e)x {1}

2—-p

@)

<L —1>( )"‘2|Qz |+ On(

) G(p/r)(1+ ")RN"IB(Q) I
0

Let n be a positive integer to be selected and set s,= s,+ n. Then recall-
ing (3.10) if (3.11) is violated the right hand side of (3.12) is bounded above
by

*)n|B(p)| .

‘We bound the integral on the left hand side of (3.12) from below by extending
the integration to the smaller set

{meB(g) w(w, t) < u- —l—m+n}.

On such set, since H-> w/2%+2 we have

RO | o[22
p? ( T (u—(ﬁ_+ 2;°+1)) ’ 28°+n)>1n (Lo//7’+" 1) = (n—3)2In22 .

Therefore for all t € [t,— O(R/2)?, 1,]

(3.12) IA;_r+w/2‘o+",p I<C(«S*)

To prove the lemma we have only to choose n so large that
(C(s*)n)/(n — 3)2 <oy

REMARK 3.1. The number s, = s(«) claimed by lemma 3.2 depends
upon k, %, , r and s*. The number s* is not fixed as yet. It will be fixed
later independent of w, R and therefore we can say that s, is independent
of w and R.
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‘Without loss of generality we may assume that s, > s*.

LeEMMA 3.3. Suppose the assumptions of lemma 3.1 hold and assume that
H-> @[2%+2, Then there exist an integer s > s* independent of w, R such
that either

- w\1 (A +%)/r—1/p)*(p—2)
®/D o
(3.13) R >(2,)
or
w R R\?
(3.14) u(x, t) > u+ a7 V(r,t)eB (g) x{to—n (g) y to} .
Proo¥r. Let
0 - n+ n 4 3
@n:§+£_n’ Qn:Q 2¢Q+l:§+2nga’ n=12..,

and consider the cylinders

- ~ (R\?
Dr?EB(Qn)X{to“‘e(a‘),to}

—= ~ (R\?
D! = B(g,) x{t0~— (] (;) , to} .

We observe that these cylinders decrease in the space variables but
their length is unchanged with respect to #n. This is due to the fact that
lemma 3.1 gives information on the level to—g(R/2)”:l—n(R/2)’, and
such information we want to exploit.

‘We assume (3.13) is violated and write (1.5) over the pair of cylinders D,‘:’
and D? as follows.

We choose a cutoff function { independent of ¢ such that £ =1 on
B(g.) and |V,{|<2"2[p. Then the term involving {, in (1.5) is eliminated.
As for level & we choose

[0 w :
hp= _'_-Tq%i_{";m’ n=1,2,..,

‘where s, is the number claimed by lemma 3.2.
By lemma 3.1,

A R\?
u>,u*—l—§—i for t=t0—6(§)=t~n(—2—),
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and therefore we have

[t ka9 (2 ) =0

B(en)

From (1.5) with the indicated choices we deduece
(3.15) _sup  [(w — Ea)7[5, 3n (1) + | Va(w — ko) 58
to— O(RI2)P <<,

onp ~ (w171 +%)
20wkt o [ Mneopear)

to— O(R/2)P

For all t € [t,— O(R/[2)?, t,]

T () 10— 8,002 Bl — 5,0

We carry this estimate below, divide by § and make the change of variables

t—1,
g = = .

0

The cylinders D? and D? are transformed into

D= Blow) X{_ (;j) 0} . D, =B x{_ (g) 0} .

Setting also v(x, 2) = wu(x, t, -+ 5z), inequalities (3.15) can be rewritten as

. ) - g2ne _
(3.16) (v — k)P < o (v — k)" 13,0a
0
@I +2) [98\PI(L+2)lr—1/p1Hp—2)
-+ C’( f ]An(z)lflﬂdz) (—(;) ’
—(B/2)®

with the obvious definition of 4,(z).

Using (3.16) we may repeat an iteration process in all analogous to
lemma 3.1 and conclude that there exist 4,> 0 independent of R and w,
such that if

w

R
24

(3.17) meas{(w, 2)eDy: v(x,2) < p+ }<}tl]1)1| ,
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then either

-y w \1+(A+2)r—1/p)*(p—2)
X[
'R > (21{0-1)

or
R
o(w, ) > p -+ 59;; , V(@1 eDo=B (g-) x{—(-é)", 0} )

Scaling back to the cylinder Dg’l and choosing oy = 4, in lemma 3.2
we see that we can choose s, = $,(4,, s*) so that (3.17) holds. This proves
the lemma.

We summarize the results obtained so far.

ProPOSITION 3.1. There exist x,€ (0,1) and a positive integer s indepen-
dent of w, R, such that if for some cylinder of the form Q% with n given by (2.5)

(3.18) meas {(m, t) e Q%: u(z,t) < p—+ 23} < 0| Q|
then either
(3.19) w <28 RW#Iv) E= [1 + (1 —i— x_%)+(p _ 2)]-—1
or
1
(3.20) ess oscugw(l ———') .
Qs 2

Proor. If a cylinder satisfying (3.18) exists, then by lemma 3.1 and
lemma 3.2, the set where u<<u~ -+ /2¢ relatively to B(R/4) X {to—~5(R/2)”, to};
can be made arbitrarily small provided

o \Y o
o0, B(RI4) X Yo— O(BI2?, 8o} 2 0

Then by lemma 3.3
R - (R\?
(3.22)  w(w,t) > p-+ Z‘“—H . Y(z,0)eB (-8-) x{t,,—&(——) , t.,} .

Since < <0 from (3.22) we also have

essinfu > u- -+ 2

; 8§ = 81+1
Qs 2
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and hence

. () 1
€88 OBCU = €8s SUp % — ess 1nfu<,u+——;r—; =wll—]).
Qs s s “ 2

On the other hand if (3.12) is violated, since obviously H- <2+, we
have

. L w ® o
ess;nfu}y +'2T‘_*:“1~—?7‘_T2>/£ +:—‘2—s’
/8

from which the conclusion follows.

REMARK 3.2. The various constants in (3.18)-(3.20) are independent
of w and R. The number s, depends upon 8* as shown by lemma 3.2. The
number s* will be fixed later independent of w, E.

4. — The second alternative.

‘We assume in this section that the assumptions of lemma 3.1 are violated,
i.e. for every subcylinder Q%

(4.1) meas {(a‘, 1) eQ%: u(z,t) < u+ 2%—.] > ao|Qh] -
Since if 8,>2 we obviously have

w w
wr—oren + o

2% 2%
we will rewrite (4.1) as
(4.2) meas {(w, t) € Q%: u(z,t) > ut— 5“-:-} < (1 —a)|@3] -

valid for all cylinders Q;’;CQ%. The parameters 0 and # are those fixed
in (2.2) and (2.5). In this section we will determine the value of s*.

LEMMA 4.1. Let Q4c Q% be fived and let (4.2) hold. Then there exist

t*e[f—nR", f-—-%-onR’]
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such that

1—oa X
‘:70/?) [B(R)] .

At <
ProoF. If not, for a.e. t €[t — nR?, T — (x/2)nR?]

l'f'ao
1 — o/2

[ Ak —wjae, r(E)] > ( ) |B(R)]|

and
t—(xo/2)nRP
meas {(m, t)e Ql: ulw, t) > put— ;;%}> [A e —wjzn,r(T) | dT > (1 — “o)@;’e[
f—nR®
contradicting (4.2).
As before we let

00, Q) -

LeMMA 4.2. Let QrC Qr be fived, and assume that H+> w[2%+', There
exist a positive integer m independent of w and R, such that cither

- w \1+((1+02-1p)(p-2)
(4.3) ” v>(2sa+m)
or
p %\?
(4.4) | —opsnem )] < [1 - (7)] |B(R)|

for all 1€l — (x/2)nR?, T].
Proor. We will employ inequality (1.6) over the cylinders
r=B(R)X[t%1];  QF_.z=B(E—oR)X[t*1].

Here t* is the number claimed in lemma 4.1 and o€ (0,1) is arbitrary.
We take also

where m has to be chosen. The cutoff function ¢ will be independent of ¢
and such that { =1 on B(R — oR) and |V{|<(eR)™.
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With these choices (1.6) can now be written for all t e [t¥, ] as

+
(4.5) f p* (H+, (u —(M*~§%)) ] H,wm) dx
B(R—oR) x {t}
w +
< f sz (H+ (u——(yﬂ‘__:)—s:)) y 93+m) dx

B(R) x {t*}

T on) f f (m (“_(" - ))_ 7‘:»:;)
ol o2 529

dzdr
Qsgtm\p  F+9Qstm (p/r)(+x)
+ C( P )] (fl‘Al‘+_“’/2'° R(T)l”qd’[) .

The various terms in (4.5) are estimated as follows. First we observe that

+
b4 (H+7 (u _(/"+—:)(—l:—.)) ’ ‘)sa—)l-m)<m In2
»
()
<f—
2%

Next from the definition (1.2) of v we see that p = 0 on the set
[u < uyt— w/2%]. Therefore by using lemma 4.1 the first integral on the
right hand side of (4.5) is estimated above by

(s (= () ) e (L2 e

B(R) x {t*}

Since ¢ — t* <nR? = (2%/w)?~2 R?, the second integral is estimated by

C
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Finally for the last term we have the estimate

9 stm\ p[1+((1+%)/r—1/p)*(p—2)]
= ) RANx®

Cm]B(R)]( P

If (4.3) does not hold, this last term is majorized by
Cm|B(R)]| .

Putting together these remarks, from (4.5) we have for all ¢ € [i*, ¢]

+
(4.6) f ¥ (H+,(u—(u+—§a—:—.)), 2%) dx

B(R—oR) x {t}

(11— ¢
<ms 1n22(1—_~“%/é) IB(R)| + —m|B(R)|.

We estimate the left hand side of (4.6) below by integrating over the
smaller set

B(R — oR) N [u > ut— ‘):im] ).

Then on such a set, since Ht> w/2%+1 we have

o\}' o /201
Y (H+,(u~(/t+—~9—s)) , m)>ln(ﬁm_—,) = (m—2)In2.

Carrying this estimate in (4.6)

1—e C
(m —_ 2)2 ln32]A;+_,,,,2.,+m’R_R,,(t)| <m2 Inz?2 (1—:“—‘)/‘?’5) IB(.R)I + 'O:" mIB(R)I y

and dividing by (m — 2)21In22

21—, C
TR IRV —— <(m’ﬁ 2) (1 - “f/Z) |BE)| + — m=1{B(R)].

On the other hand

A2+ anrm a0 < 4 oppiom pea)] + [BEINB(R — oB)|
< |4 _apgnem z—or(t)| + No|B(R)| .
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Combining this with (4.7)

2 — o C
(48)  |Afe—wmema®)] <|(-2=) (=22 )+ — + No| [B(R)|
2

m— 1 —o/2) o*m

for all t e [t*,1].
Choose ¢ so small that oN <(3/8)«; and m so large that

m \2 ¢ 3
(7g) <0 w2+ whs <z ok
Then for such a choice of m
a“ 2
(4.9) Y —_—l <[1 — (-é-) ] |B(R)| .

REMARK 4.1. Since «, is independent of w, R, the number m is inde-
pendent of w, R. The number s* which determines the length of Q% is still to
be chosen. We will choose it later subject to the condition s*> g, | m.

We will get

=8+ m.

The arguments of lemma 4.1 and 4.2 are carried under the assumptions
that (4.2) holds, and we know that (4.2) holds for every cylinder of the
form Q%c Q5.

Since s*> s, we have Vp>2

ay 1
. 1 —=)2%00—2)c —— __ 98*(»—-2)
(4.10) ( 2) <7 a3 2

COROLLARY 4.3. Assume that H*> w[2%+. Then either

w \t +{+2)ir—1/p)*(p—2)
(4.11) RN"“’>(2—,) )
or
+ %\*
(4.12) | A wjzrtm, 5(E)] < [1 — (-2-) ] |B(R)|

for all t € [to— (at/3) OR?, 1,].

PROOF. Every cylinder of the type Q% satisfies (4.2) and lemma 4.2
holds for every such cylinder. Therefore the conclusion of the lemma holds
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|

Because of (4.10) and the definition of 6 and #%

%
N ISR

and the Corollary follows.
From now on we will focus on the cylinders

for all ¢ satisfying

Q4(ae) = B(R) x {t.,——oR to}

LeMMA 4.4, Assume that (4.12) holds. Then for every f,€(0,1) there
exists a number s* (which determines the length of Q%), independent of w and R
such that either

w \t H{@+x)/r—1/p)*(~2)
(4.13) RN"/">(2,.) )
or
(4.14) meas {(w, 1) € Q%(xo): u(z,t) > put— 2"}<50]QR(%)]

PrOOF. We write inequalities (1.5) over the cylinders Q3(c) and Q34(a)
as follows. We choose a cutoff function ¢ such that { =1 on Q%(«,) and
E(, to— (2o/3)O(2R)?) = 0, 0<L,< C(ayOR?)~, |V.Z|<2R.

As for the levels &k we take k = u*— /2" where s*>n>s, and s, is
the number claimed by Corollary 4.3.

Neglecting the first term on the right hand side of (1.5) and using the
indicated choices we have

("‘(’““ —))
ff [(u—(w——))]mw o J[ [l b2 o

23 (o)

(4.15) dzdr

(/7)1 +x)
+ C ( f ,.A.Wr-w/z",g t) l"’ dt) .

to—(oxo/8)0(2R)?
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We estimate the right hand side of (4.15) as follows

T | (e 10 o

023(”‘0)
(ii) Recalling the definition of 0

1 2 p—2
| [(“—(ﬂ*—?)) ] andr < (2 (5) locon
ciz

(oin)1+%) ()
(i) f IA;+-w,2n,R(t)1~«dt) < g5 [Qh(er) | RN gt -0,
to—(%0/8)0(2R)?
Carrying these estimates in (4.15)
w\Y!|"
(4.16) f V. (u—(,u+—§;)) dadr

Qg(“o)
C o \? W 2 w p—2 .
<R'{(z—) - (2*) (2—) - RN"} b

Next we use lemma 2.1 over B(R) for all the levels t € [f,— (a,/3) OR?, 1,].
As for levels I, k we take

w
- on—1"

l=pr—5;  h=pt
Notice that for all € [t,— (o/3)OR?, t,] by virtue of Corollary 4.3 we have
meas {B(R)\A;b_,,,,z,.,g(t)}>(gf)2|B(R)| .
Therefore (2.7) in this setting gives Vi e [t,— (/3) OR?, 1,]

(4.17) (22) | A% wm 5(t)| < OR J' Vo ulde .
g ONV B O]
We majorize the right hand side of (4.17) by

1/
|V <( f |Va(u — k)—i—lp) |4 r(t)\AR(t) |2Vl

A} BN R0 B(R)
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Integrating (4.17) over [t,— (a/3)6R?, t,] and setting

Lo

4,= f | A%+ —wyjem, m(T)|dT

to—(4/3)0R?

we have for all n>s,}+1

o eecer [l

We take the p/(p — 1) power, estimate the integral on the right hand
side by using (4.16) and divide by (w/27)*>-D to obtain

?

1/p
dx d-r) [Ap1— A ]V,

20')::[1 +((1+x)/r— 1/p)*(p—2)]}ll(n- 1)

A"/(”‘l)((){l + 2(z’—~2)(n—.-)+ RNx (_
" w

QR (eo) VoV [A, 1 — 4]

Since 8*>n>s,, if also (4.13) is violated, the quantity in brackets is
bounded independent of w, R, 8* and we deduce

(4.19), A2 < C1Q% () [PV (g — 4]

Thesge inequalities are valid for all n > s, and n<s*. We add (4.19),
for n =s8,+1, 8,+ 2, ..., 8%

The right hand side can be majorized with a convergent series and there-
fore we obtain

(4.20) (8% — 85—1) A2V < CIQ%(%)I’/(”—”,
and

c
[ — (s F D=

A< lQ%(“O)I .

To prove the lemma we take s* so large that

C
[8* — 8y — 1](1;—-1)[1»

(4.21) <PBo-

Notice that if g, is independent of w and R, also s* is independent of w
and R.
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REMARK 4.2. The process described by lemma 4.4 has a double meaning.
On one hand, given f,, determines a level k= u*— w/2*" and on the other
hand (recalling the definition (2.2) of 0) determines the cylinder @%. That
is, given f,e (0,1), the measure of the set where u > u+— w/2*" can be
made smaller than Bo only on a particular cylinder Q%(c,) related to the
level u+— w/2*.

LeEMMA 4.5. Suppose the conclusion of Corollary 4.3 holds. Then s* can
be chosen so that either

o \1+(@+0r—up)Ho—2)

(4.22) RN"”>(§;—,)

or
w

(4.23) u(z, t) <pt— Set1? V(z, ) € Qkr(a) -

Proor. Set
R R =~ R, R, R 3R
Rn=§—+§; R,=——ﬂ;——=§+2u+,, n=1,2,...

We will write inequalities (1.5) over the pair of cylinders an(ao) and Q;‘Zu(ao).
The cutoff function ¢ will be taken so that { =1 on Q% (a), (2, t,—
— (0%/3)0R?) = 0 and

IV.Cl<2*2R;  0<(,.<O24/0R".

The levels %k are taken to be

w w
kn=ﬂ+‘“2—,‘.¢i“m9 =12,
In this setting (1.5) can be written as
(4.24) sup  f(u — k) [Eama(®) + [ Vet — R[50 (o

i.—(ngS)OR: Ity

29» ?
< O—E;{HW - k”)+"v,02_(a.)+ - (w — kn)+":,og”(a,)}
te

(
+of | [ (@) o)

fe—(4/8)0RE

ir)(1+ x)
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We estimate the various terms in (4.24), recalling the definition of 6
as follows. First for all t e [t,— (ao/3)0R2, t,]

[( — k)3, 5@ ()= 0] (w — )3 Fan ) -

Next

{0 =)t 15, 08 oo+ o—lum—1:n>+|12,o,e,,,m>}<2(f’-)” f |4, za()dT .

D .
23

to— (%0/3)0R2

Then from (4.24) dividing by 0

(4.25) sup  [[(w—ka)*
to—(xa/3)ORE <t <ty

B (t) + 07| Vil — Fn) [, 00

to

2" (w)?1
<o (2)5 [ raml

to—(xo/3)0RD

to
)(Dlr)(l +%)

tofp [ tamrna) g

to—(s/3)0RE,

The change of variable z = 3(f — t,)/a,0, transforms Q% () and Q% (c)
respectively into

Q,= B(R,)x{— R, t}; Q,=B@R,)x{— Ry, 0}.

We also set v(x, 2) = u(@, 1o+ (0/3) 02} and,

1]
A,(2) = {x € B(R,): v(®, 2) > ku} A, = f |[4.(2)|dz .

—R?
Then (4.25) can be rewritten more concisely as
C w\?
w20 o=k <z 2 () 4n
: (/)1 +%)
* 0( f lA»(z)r’"dZ) gola+olo= )",
—R?

Let @ — £,(#) be a cutoff function in B(R,) which equals one on B(R.,.,)



ON THE LOCAL BEHAVIOUR OF SOLUTIONS ETC. 523

and |V,{,|<2%?/R. Then (v—k,)*{,€ V,(@.) and by Corollary 2.4

(427) O — k) I3 qn < (0 — ka)*E u:,a,<0A"‘“” uw ) Caly a0
< CA»/UH»)("(,U — k)| 2@n + }[('v k)3, 0..).
Using (4.26) we find
; w -p/(N+Dp,
(4.28) [©— ) 12, g < O 2 i (2) Ayl

(p/r)(1+x)
+ CA’G:/(N-H:)( flAn(z)]'/qdz) Gr((1+)r— 1p)*_
~R?
Since

1/w)?
”(Q) - "n)+ 'n,anﬂ 2 ('27) -Au+l ’

recalling the definition of 0, from (4.28) we obtain

4 ¢ (D)1 +%)
(4‘29) A"+1 <C F A:+9/(N+D) + 041"3_‘4:(9/1!) ( f [An(z)]flqdz)

9 8\ 9[1+((1 +x)/r—1/p)*(p—2)]
() -

Set

0
A 1 »/r
n— = H " T Dy An 7le
L= =g [ eeree)

—R2?

Then proceding as in the proof of lemma 3.1, if (4.22) is violated we
have the recursion inequalities

Yn+1<04pu{yi+ﬁ/(N+v)+ le(N+v)z:+n} Zn+1<04”{yu+ Z},"'"} .

It follows from these, with the aid of lemma 5.7 of [11] page 96 that Y,,
Z,—>0 as n— oo if

Y1<ﬂo; Zi+”<ﬂo
where

(4.30) ﬂo = min {(40)_(N+D)/P4—(N+ﬂ)/d; (40)-(1+x)/x4—nlxd}

— mi P . _%_
d—nlln{N+p, 1+”}.
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Therefore to prove the lemma we choose f, according to (4.30) and then s*
so large that (4.21) is verified for this choice of §,.

Arguing as in Proposition 3.1 we can now summarize the results of this
section.

PROPOSITION 4.1. There exists a positive integer s* independent of w, R
such that if (4.2) holds for every cylinder Q%c Q%, 0 = (2% w)*~2, then either

X l +
(4.31) w< 2 RIS e ( T ”~%) (p—2)

‘

1
(4.32) ess 0scu<w(1 — )

yse+1]?
@fa(e0)

where oy is the number claimed by Proposition 3.1 and

N0 A
sl = B(R[2) x{to— (3, to} .

4

5. — Proof of the embedding theorem.

First we remark that the proof presented only uses the fact that the
essential oscillation of # in Q%, 6 = (2*'/w)* 2 is less than w. Since this
is not a priori guaranteed we used the device of introducing the cylinder @¥*

(see (3.1)) to claim that if Q;’z is not included in @¥*

e88 08CU < < 25 R¥¥?
ax

Keeping this in mind we now iterate the process described, over a sequence
of nested and shrinking cylinders.

Let 3 = max {s; s*+ 1} where s is the number claimed by Proposition 3.1,
and set

All these numbers are independent of w, R. Setting

R {2a.<»—z>; go 2:*(»—2)} ,
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both Proposition 3.1 and 4.1 can be combined by stating that in either
case we have the following alternative. Either

(5.1) o< CR%

or

(5.2) €88 0SCU <Ny = W,
Q%

where

R 20,\r—2 [ R\?
6= R|= = i .
E)4-E) 6
Obviously (5.2) remains valid if we take the essential oscillation of «
over a cylinder contained in Q.
We set B,= 2R, and
R, 1

oo~ 0, 1

1 ==
Then the cylinder

DAV ]
Q% = B(R) X {t,— 0, R3, 1} ;  0,= (w)

is contained in @° and we have

€88 08CU < Wy == Y, .
o}

1

Therefore the process can be continued starting from the cylinder Qfgl.
By iteration we define sequences

DXL 9—2
R,=2R; We = eS8 08CU ; 0, = (-—)

axx @o
1 Js\p—2
R, = @Ro y Wy =19 Wn_13 on: o,

and the cylinders Q% = B(R,) X {t,— 0,2, t,}.
For them the following iteration holds.

Either
(5.3) ©,<Cy R
or
(5.4) €88 08CU < Wy == Mg Wn_1 -

ol

The theorem is now a straightforward consequence of lemma 5.8 of [11]
page 96.



526 E. DIBENEDETTO

PARrT IT — BOUNDARY REGULARITY

We say that a function u: £2;— R belongs to the class B,(Q2, N I, M,
¥, 7, 0, ») if u satisfies all the requirements listed in section 1, with the only
difference that the cylinders Q(R, o) may intersect I', and the various
integrals in (1.5)-(1.6) are extended over Q(R, g) N 2p and B(R) N Q. We
impose an extra requirement.

The cutoff function (x, t) — {(«, t) vanishes on 0B(R), or on the parabolic
boundary of @Q(R, g), but it does not vanish on I. Because of this, a func-
tion u belongs to B,(2rN I, M, yp, r, 8, %) if (1.5)-(1.6) hold for all the
levels k for which

(w—k)xlr=0 on I'.

Given such a requirement it is immediate to see, by following the same
arguments of section 1, that a weak solution w of (0.1) defined in 2y, belongs
to B,(2,N T, M, y, r, 0, x).

The proof of regularity up to the boundary is based again on inequalities

(1.5)-(1.6). In fact it is much simpler since we may simplify such ine-
qualities by making use of the information coming from the boundary data.

6. — Proof of Theorem 2.

Let woe.é be fixed and let B> 0 be so small that B(R)c 2. We con-
sider also the cylinder

Q(R) = B(R) X [0, R*].

As before we set

pt=esssupu; p~=essinfu; W = €88 08CU .
Q(R) Q(R) Q(R)

If the initial datum wu, satisfies [Ag] we set

Ms = ess sup , ; Mo = essinfu,; Wo = €88 08CY, .
B(R) B(R) B(R)
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Let s, be the smallest positive integer satisfying
(6.1)

where 0 is the number introduced in (1.15). We consider the following
two cases.

Case 1. The inequalities

w -
(6.2) ut— 95, o< Mo; u -+ T,’;;> Ko

both hold, or

Case 2. At least one of (6.2) is violated.

In case 1, subtracting the second inequality from the first we obtain

(6.3) €88 0SCuU <2 €88 08C U, .
a®) B(R)

To examine Case 2, suppose for example that the second of (6.2) is
violated. Then

(6.4) (u — (/,r—|~ 23‘:—0))—(90, 0)=0, VreB(R), Vs>s,.

Let # — {(x) be a smooth cutoff function in B(R) which equals one on
B(R—oR), 6€(0,1) and such that |V,{|< (o). Then, procceding as in
section 1 and making us of (6.4) we deduce that the following two ine-
qualities hold.

w\\ |2
(6.5) sup (u — (,u' -+ ‘;))
0<I<R? < 2, B(R—oR)
G G = [
0 B(R—oR) Q(R)

(D14 %)
+ vy (fIA# +o/24,R T)|"”d'f)
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o\~
(6.6) sup f p? (H‘, (u —-(,u——}— —;)) , v) dr
0<I<R? 2

B(R—oR) x {{}
4 _ Y
<cap [ (1 (o~ 5) )
Q(R) p
Pu (H K (u - (/"— + ;0',))—1 'V)

dx dz
H = (DIr)(1+2)
! plr 1+ 2
+ Z‘ (ln —'—’) (J-IA;"—‘.*NIW,R(T) l'lq d't') .

X

P v
[)

These inequalities hold (in view of (6.4)) for all s>3,.

The proof can now be completed as follows. First, using (6.6) and the
procedure of lemma 3.2, given any o€ (0,1) we can find a positive in-
teger s, such that either

(6.7) RIS oty =1 +(1 -: x_%)Jr(p —2)
or
(6.8) (xy t) EB(R/2) X[O, _Ri’]: u(;r, 1) < ‘u,—-+ « <“11B(R/2) « [0’ R”]l.

[y
2%,

Second, using (6.5) and the procedure of lemma 3.3 we deduce that either
(6.7) holds or

(6.9) w(z, 1) > pu=+ 22?1 . V(x,t) e B(R/4) [0, R*].

These facts are much easier to establish than the corresponding ones
in the quoted lemmas. In particular in establishing (6.9) no shrinking
oceurs in the t-direction. This is due to (6.4), and the relatively simple
form of (6.5)-(6.6).

Combining these remarks and recalling the definition of Q(R) we deduce
that

(6.10) ess oscu <max {7 ess oscu; CRI*D:; egg 08¢ U}
Q(B14) aw) B(R)

where

14 %

r

1\+
n=1—gr5; C=2u 5"=1+( _13) =2
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Since this estimate can be reproduced over a sequence of cylinders

Q(R/4*), n=1,2,..., with the same constants , C, £, standard arguments
imply Theorem 2.

7. — Proof of Theorem 3.
Let (#,, t,) € 8y be fixed and consider the cylinder

Qsr = B(2R) X {t,— (2R)?5, t,}

where
N ~ +
e=—bp—2; =1 +(~—»;——--——

We let R be so small that {,— (2R)?~¢> 0 and define

(7.1) p™= esssupwu; u- = essinfu; w=put—yu = ess 08Cu .
Q§pnar Q§pnQr Q§pn Ry

If the boundary datum f satisfies [As] we let

(7.2) Ui =-esssupf; py = essinff; w,= ess oscf.
Q.r0 ST Q,rn 87 Qer 0 ST

Define also the cylinders
QZEB(Q)X{to—‘ery to} ’ 0<o<2R
QZ(O‘“ g;) = B(p — 0,0) X {to“— 0(1 — o) 07, to}

where o,€(0,1), 2 = 1,2 and

(7.3) 0 = (2 ")H
w

and s* is a large positive integer to be chosen.
If 6> (2R)¢ we have

(7.4) ® <27 (2R)%I(0—2) = 25*(2R)WxID) |
If (7.4) does not hold, then 6 < (2R)-¢ and

0
Q2rC Yo -
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We will assume that such inelusion holds, in what follows.
Defining s, as in (6.1), we may also assume that at least one of the two
inequalities

«w w —
(7.5) e A T

¢
2%

does not hold. In fact if both are satisfied we have

(7.6) ess oscu <2 ess oscf .
an QanST

Let us assume that for example the first of (7.5) is violated. Then
Vs> s,

+
(7.7) (u—(u+—%))=0 on SN Qin.

Proceedings as in section 1 and using (7.7) we see that the following
inequalities are valid Vs>s, and V0 <p<2R.

2

+
o oo b o
la—(1—o)feP i<ty - 2,Ble—oe n2
| +l»
b itk -2)
D’Qg("l,o‘z)ﬁ!—)r (619)11 2¢ P,Qgﬂ!)r
to
Y ( . ((u))+ 2 ( J‘ y (D/r)(1+ %)
U—\¥ 5 + v [A e~ wpes,o(T) |0 dT .
g, 001’ 2] 2,0500r s ¢ 4 l

Since (u— (u+—w/2%))* vanishes on 8;N @5y, we may extend (u— (ut—w/2°)*
with zero outside QZ, 0 < p<2R, and therefore the domains of integration
in (7.8) may be considered to be Q3(c,, as), @2, B(o — 0,0).

By virtue of assumption [A,], for all e [t,— 0p®, t,]

w

€
‘)‘s

x € B(o): u(w, t) > ut < (1 — a4)|B(o)] Vo<2R.

Consequently the assumptions of lemma 4.4 are verified, and given
Bo€ (0,1) we may find s*e N such that either

14+ % 1"
(7.9) O < RO g1 +( j"—;) (r—2),
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or

w

YA
=

(7.10) (2, 1) € Q%: w(w, 1) > pt— = < fol Q-

REMARK. The choice of s* will determine also the size of the cylinder @%
(see (7.3)). As shown in lemma 4.4 such a choice can be made a priori,
independent of @ and E.

Finally by the method of lemma 4.5, and using inequalities (7.8), we
conclude that either (7.9) holds or

w
w(x, t) <,u+——;23—,+-; ’ Viz,t) e Q%/z .

Combining the various alternatives presented, we have

(7.11) ess oscu <max {i ess oscu; CRI#ME; css ose f}
ez 0 Or Qp Q5p 0 St
where
: 1 y ot _ 14 1\*
n=l—gon;  O=2"" E‘:1+( . —2—)) r—2).

Interation of (7.11) yields Theorem 3.

REMARK. The proof of Corollary 0.1 follows from the previous arguments
except for proving regularity at points (z,, 0) € 02X {0}. The latter case
can be demonstrated by a straightforward adaptation of the previous
methods. '

8. — Proof of Theorem 4.

The proof is essentially the same as for the interior regularity and it
is based on the arguments of sections 2-5, except that rather than working
with cylinders of the type Q(R, o) = B(R) X {t,— g, t,y we will be working
with eylinders C(R, o) = B(R) N 2X {ty— 0, 1o}

First we indicate bhow to derive inequalities analogous to (1.5)-(1.6).

Let x,€ 02 be fixed and consider the portion of the boundary 02 given
by

Sy(R) = 02 N {|z — x| < R} .

Bince 082 is of class C! and our arguments are local in nature, we may assume,
without loss of generality that Sy(R) lies on the hyperplane xy=0 and that
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for example
B(R) N Q¢ {zy> 0} .

If (,, t,) € Sy, consider the cylinder
(8.1) C(R, o) = {B(R) N 2} X {ty— 0, to} ,

where ¢ > 0 is so small that t,— o> 0.

Let (@,t) —{(x,t) be a piecewise smooth function defined in Q(R, o)
such that 0 <{<1 and &(x, -) = 0 for x € 0B(R). We observe that { vanishes
on the lateral boundary of Q(R, p) and not on the lateral boundary of C(R, o).
We write (0.16) is terms of the Steklov averaging and take test functions
of the type

£ (u,— )+ L7
where k € R satisfies the restriction
(% — B)* o, om0 <0

and ¢ is defined in (1.15). Performing exactly the same calculations and
limiting processes described in the proof of Proposition 1.1, we arrive at
inequality (1.5), with the domains of integrations being now B(R)N £
and C(R, o), and with, on the right hand side the extra boundary integral

to
A= j f + g(z, 7, u)(u — k)= {*dodr .

ti—e S4(R)

This last integral is estimated by making use of assumption [A;,] and
the fact that e L*(2;) as follows.

A<l ff div[(u — k) ?]dadr ,

C(R,0)
<¥ ff {(w—B)* (&7 + (0 —1) 1|V L|) + Vol — k)*[07} dadr .
C(R,e)

By Young’s inequality, Ye > 0

A<e J.f |Vo(u — k)Pl dedr 4

C(R,0)

to
+y ff [(w — k)P |V, L dadr + p(e) f [meas A Fz(7)]dr .

C(R,e) to—e



ON THE LOCAL BEHAVIOUR OF SOLUTIONS ETC. 533
where
Af p(t) = {we B(R) N Q: (u— k)X(x, 1) > 0} .

Combining these estimates, we see that the following inequalities are
valid

(8.2)  sup f [(u— R)EPC(a, t)do + f flwu—k)ilvcvdwdr
to—e<i<ty
B(R)nQ C(R, @)

< f [(u — k)¥]* C7(@, to— @) dw +y ff[(u — k)EP|VeL|P do dr

B(R)n R (R, 0)
¢ /X1 + x)
+ ff[(u — k)EJper1 L dwdr + ( J‘[meas A%’R(T)]rlqd,r)
C(R, @) to—o

+ 7| [meas Afr(7)]dr .

to—e

In order to derive an inequality similar to (1.6) we proceed as in the proof
of Proposition 1.1 and in addition we treat the boundary integral

to
f f g(z, 7, u) W/" {rdodr ’

to—e So(R)

by transforming it into an interior integral over C(R, p) as indicated above.
As a result we obtain the inequalities

(8.3) sup f Y} HE, (0 — k)%, v) (2 (x, t) do
fomTist, B(R)nQ

< J‘ 1/,2(1-[:!:’ (w — k)*, 7’) &o(x, tp— o) dx
B(R)nQ2

+y ﬂw(H*, (u — k)=, ) [pu(HE, (u— k)%, v)|*#|V, P do dt
C(R, @)

b (DIr)(1+2) 3
+ = (ln —) {( f[meas A g(T)]rle dr) —+ f[meas Aigr(7)] d-r} .
li—e

t—e
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With these inequalities at hand, the proof can now be completed exactly,
step by step, as in the proof of interior regularity. The only significant
modification regards the proof of the recursion inequalities (3.8)-(3.9) in
lemma 3.1 (and similar inequalities in lemmas 3.3 and 4.5). For these we
used the embedding of Corollary 2.4 valid for functions u € 19/',(0(13, 0))-
In our case (u — k)={? does not vanish on the lateral boundary of C(R, p)
and therefore we must use (2.8) with the constant ¢ given by (2.9). We
observe however that for domains of the type {B(R) N 2} X {— R, 0}, the
constant in (2.9) is independent of R.

Finally the last modification occurs in the use of De Giorgi’s inequality
(2.7) (employed in lemma 4.4).

Now such inequality holds for convex domains (sec Remark 2.1) and
therefore (2.7) holds with B(R) replaced by B(R) N 2 = B(R) N {xx> 0}.
The remainder of the proof stays unchanged.
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