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Multiplicity-2 Structures on Castelnuovo Surfaces.

K. HULEK - C. OKONEK - A. VAN DE VEN

0. — Introduction.

In this paper we study «nice» multiplicity-2 structures ¥ on smooth
surfaces Y CP,= P,(C). Every multiplicity-2 structures in this sense is
given by a quotient Ny, — wy(l) and vice versa. The existence of such
a quotient for given ! imposes rather strong topological conditions on Y.
Under suitable conditions the non-reduced structure ¥ leads to a rank-2
vector bundle E on P, with a section s, such that ¥= {s=0} (com-
pare [7]).

Here we are interested in the case where E splits, in other words, where ¥
is a complete intersection. We are particularly interested in the case
where Y is a Castelnuovo surface. These surfaces can be characterized
by the fact that, for given degree d, their geometric genus is maximal (at
least if d>6). If d is even, then Y is a complete intersection [3], s0 we only
consider Castelnuovo surfaces of odd degree d = 2b -}- 1. Our main result
(Theorem 13 below) is a precise description of those Castelnuovo surfaces Y
which admit multiplicity-2 structures in our sense; then ¥ is a complete
intersection of type (2,2b 4 1). Many such surfaces exist.

The third author is very much indebted to 4. Sommese for useful
discussions.

1. — Multiplicity-2 structures.

Let Y C P, be a smooth surface with ideal sheaf I,. We consider certain
non-reduced strucutres ¥ on Y, i.e. ideals I.cI,, with the following
properties:

1) ¥ is a locally complete intersection,

Pervenuto alla Redazione 1’11 Giugno 1985.
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2) ¥ has multiplicity 2, i.e. for every point Pe Y and a general
plane E through P the local intersection multiplicity

i(P; ¥, B) = dimg O ppnp = 2 -

DEFINITION. A non-reduced strucutre ¥ on Y with properties (1)
and (2) will be called a multiplicity-2 structure on Y.

LEMMA 1. If ¥ and Y are as above then mear a point PcY there are
local coordinates w,, ..., x; such that Iy = (xo,x,) and I, = (v, 23).

Proor. Let F be a general plane through P. Then we can find local
coordinates a,, ..., #; such that Y= {#, = #, = 0} and E = {w, = z; = 0}.
Now look at the ideal I;CI, = (m,). Itis generated by two functions
say Iy = (f, g). We can write

f=@fo+@hry 9=a0g + 210 .

Because of (2) it follows that at least one of the functions f,, f., 9., 4, is a
unit at P. We may assume f,(P)+ 0 and introducing «,f, + «,f, as a new
local coordinate we find that I; is generated by functions of the form

=%, g=a0

where g, = ¢:(®,, %3, ;). Now ge I, since otherwise ¥ would be gener-
ically reduced which contradicts (2). Hence we have g¢g=a%g, with
g2 = §a(2y, T2, %3). It again follows from (2) that ¢, is a local unit and hence
we are done.

Next we observe that I3 C I; and that we have an exact sequence

0 > I; /13 > I, /I3 > Iy/ly ——>0

| |

> M* 5> N* s JI*
0—> M > N¥p —> I

>0

which can be interpreted as a sequence of vector bundles on Y. In par-
ticular ¥ defines a quotient N}, — L*. Conversely every such quotient
defines a non-reduced structure ¥ by setting

Iy: = ker (Iy— I, |1 = N}, > I*).

Clearly ¥ fulfills conditions (1) and (2). Hence we can state
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LEMMA 2. To define a multiplicity-2 structure ¥ on Y is equivalent to
defining a subbundle LC Nyp .

Since ¥ is a locally complete intersection it has a dualising sheaf w;
which is given by

wy = Baty, (07, wp,) = A*Nyp @ wp, -
From now on we assume the following additional property:
3) w; = 0;(— 1) for some leZ.
LemMMA 3. If (3) holds then
(39 L* = wy(l).

Proor. We have an exact sequence

0—— I,/I; > O; > Oy >0

'v

L*

Applying Ewt?,l,‘ (—, wp,) we get
0= wy—> ws—> L@ wy—>0.

Tensoring with Op (I) we get

0 —> wy(l) —> 0y () —> L wy(l) —>0

Restricting this sequence to Y the second morphism gives us an iso-
morphism

Oy = L® wy(l)

which implies L* o~ wy(l).
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REMARKS:

(i) The converse implication (3)' = (3) is more difficult. It holds
for 1>0 and if H'(wy(l)) = 0 (see [7]). The latter is automatically satisfied
for 1> 0 by Kodaira’s vanishing theorem.

(ii) If there exists a quotient Njp — wy(l), then ¢,(Nyp ® wy(l)) = 0.
This is equivalent to

dz 4 d@z 4+ 51) - (31 + B)HE + 2K* =0

where d is the degree of Y.

(iii) There are only a few surfaces which admit a quotient N3} p — wy (1)
for I>0. They are the complete intersections of type (a, b) with 2a = b < 5,
the cubic ruled surface and the quintic elliptic scroll (see [7]).

2. — Locally free resolutions.

Let Y CP, be a smooth surface and assume that its ideal sheaf I, has
a locally free resolution

(4) 0—E,—»>E,—~>I,—>0.

Dualising this sequence and tensoring it with Op (I —5) we get a resolu-
tion for the twisted canonical bundle wy(l) which reads as follows

(5) 0—> 0p, (1 — 5)—> B} (1 — 5)—> EX(l— 5)—> wy()—> 0.

We are interested in epimorphisms I, — wy(l). Every such epimorphism
defines a quotient N3 p — wy(l).

LEMMA 4. If there is an epimorphism I': E, — Ef(l— 5) such that the

diagram

E, —— E,

ll"'(l—-s) ll‘

B — 5) S8 BH (1 — 5)

commutes, then I' induces an epimorphism y: Iy — wy(l).
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Proor. Let ¢,: = ¢,(E,) and r: = rank E,. From (4) and (5) we get
the following « standard diagram »:

0 0
00— Op(2¢, +r(6—1)) 2= I; I x
1 v g
0—>FB —> > &, - Iy > 0
6 |r'(z~5) r
© i ) ,
0 ——> Op(l — 5) —> B*(1— 5) 2= F¥1—5) > wy(l) =0
Opi(—2¢,+ (r+1)(1—5)) 0 0
0

Here X is the hypersurface defined by the equation g.

REMARK. Assume that H is defined by (4) and that there is an epi-
morphism y: Iy — wy(l). Let F: = Im(s*(l—5)). If

M(ESQ F) = h(E%(l— 5)) =0
then y can be lifted to give a commutative diagram
B, —* >E,
ook
B — 5) 2 B — 5)
such that y is induced by I'. Note that if I" is generically surjective then
ker I'C kery is invertible. This follows from [4, Prop. 1.1 and Prop. 1.9].

We now want to consider surfaces with a special resolution, namely

() 0 —> 0p, 2% 0, (a) ® Op, (b) —> Iy (b + ar) —> 0
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where r>1 and 1<a<b. If r =1 then Y is a complete intersection of
type (a,b). If r >1 then Y is in liaison with a surface Y’ defined by a
resolution

0 > 051 L9 9, (a) —— Iy (ar) —> 0.

The union Y U Y’ is a complete intersection of type (ar,b + a(r+ 1)).
(See [11]).

The map s(b + ar): Op, — Op (a)"D Op (b) is given by an (r 4 1)xr
matrix

A
$(b +ar) :(fl f)

where A is an r X7 matrix with entries a,; € H(Op (a)) and f, € H°(Op (b)).

PropoSITION 5. If A is symmetric then there exists a multiplicity-2
structure ¥ on Y such that ¥ is a complete intersection of type (ar, 2b

+ a(r — 1)).

Proor. Let l:=5— 2b— a(2r—1). Since 4 is symmetric we get
a commutative diagram:

0 0

l |

0 Opu—ar) ——> I;—>Q—

l Y A

0 —> Opu(—b—an’ 2

I'*(1—5) r

\

Opi(— 2b—a(r —1)) 0 0

Here I' is the projection map. By diagram chasing one sees that

Q = O(g)'(— 2b— a(r— 1))

—>  Opy(—b—a(r—1))"® Op(—ar) ——> I,—> (

Y
0—> Opu(— 26— a(2r —1)) —> Opy(— b—ar)’ ® Opu( — 2 — atr—1)) =L Op,(— b— a(r—1))’—> 0 O) —>0
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where g = det (4). Hence Y is a complete intersection of det A with a
hypersurface of degree 2b + a(r — 1).

REMARK. Since HY(wy(l)) = 0 for all I it follows from [7], that there
exists a vector bundle E together with a section se H°(H) such that
Y= {s = 0}. Using the sequence

0 > O0p ——> E > I;(2b + a(2r— 1)) —— 0

and the section ge H°(I(ar)) one finds a section ¢: Op — E(—2b—a(r—1)). Since
&(B(—2b— a(r—1))) = 0 this defines a subbundle Op (2b+a(r—1))CE
which must necessarily split off.

We want to give explicit equations for the complete intersection )4
(Compare [13], [14]).

PROPOSITION 6. The complete intersection Y is given by the equations
g=detAd, h=detd
where
A4 h
4= fr
fi-fr O

Proor. We first want to show the equality of sets:
[(g)e Y (R)] = Y .

The surface Y is the set of all points z € P, where

8 k( 4 )
(3) ran fl..-fr<r'

Since A is symmetric it is at any given point equivalent to a diagonal
matrix. We can, therefore, write

1 h
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From this description it is obvious that (8) is equivalent to ¢ = h = 0.
We have already seen that g e H°(I;(ar)). Next we want to show that
heH“(I;(zb—f—a(r——l))). To see this note that the map

B: Opu(b) @ Opu(2b — a) — I(2b + a(r — 1))
is given by

(det A,, —detA,, ..., -detd,, - detd)

where A; is the r Xr matrix which one gets from the matrix

()

by deleting the ¢-th row. Hence

h = detff == Z': (—— 1)i+1fidetAi :ﬂ(fx fr, 0)-

i=1
Since
(fry ooey f) = 8*(1— 5 4 2b + a(r — 1)) (0, ..., 0, 1)
it follows that he H"(II-,(2b + a(r — 1))). Hence g and h define a complete

intersection ¥ of degree ar(2b + a(r — 1)) with ¥ C Y. Since both varieties
have the same degree it follows that ¥ = Y.

3. — Castelnuovo surfaces.

We now consider surfaces with a special kind of resolution i.e. we
consider resolutions of type (7) with r =2, ¢ = 1:

9) 0 — > 0p 22220 L (12 @ Opu(b) —> Iy(b + 2) —> 0.

LEMMA 7. The numerical invariants of Y are

b b
d=2b-+1, 7522(‘)), pg=2(3), =0,

K*— 2b® - 3(—3b24-2b + 3), HE =2b2— 4b— 3,

¢, = 2b%— 3b2 4 2b 1 3.
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Proor. This is a straightforward calculation using the resolution (9)
and its dual.

In [3] Harris investigated so called Castelnuovo varieties. These are
non-degenerate irreducible varieties V%c P, of dimension k¥ and degree d
with d>k(n — k) + 2 whose geometric genus p, is maximal with respect
to all varieties of this type. For surfaces in P, he showed that

max M M
Ps :2(3)+ 2)5

M:[d_l], e=d—1—2M.

where

4

Here [r] denotes the greatest integer less than or equal to x. Harris
showed that every Castelnuovo surface in P, of even degree 2b> 6 is the com-
plete intersection of a hyperquadric with a hypersurface of degree b.
Moreover every Castelnuovo surface of odd degree 2b + 1>6 is together
with a plane a complete intersection of a hyperquadric and a hypersurface
of degree b -+ 1.

PrOPOSITION 8. The Castelnuovo surfaces of odd degree >6 are just the
surfaces defined by a resolution of type (9).

b
Proor. If Y is defined by (9) its geometric genus is p, = 2 (3) = py*.

If Y is a Castelnuovo surface then there is a plane E such that Y U F is
a complete intersection of type (2,b 4+ 1). The plane E has the resolution

0—0p(—2)=>0p(—1)2—1Iz—0.
Hence it follows from [10, Cor. 1.7] that Y has a resolution:
0—0p(—b0—2)2—=0p(—b—12P Op(—2) =1, —0

which gives the desired result.
We call every surface Y with a resolution of type (9) a Castelnuovo
surface.

REMARK. Okonek proved in [8], [9] that

(i) The only Castelnuovo surface of degree 3 is the cubic ruled
surface, i.e. P, blown up in a point z, and embedded by the linear system
120 — |-



436 K. HULEK - C. OKONEK - A. VAN DE VEN

(ii) For d =5 the surface Y is a P, blown up in 8 points i.e.

7
— Py, ..., #;) embedded by '41— 21— 3 ).

i=1

(iii) Every Castelnuovo surface of degree 7 (where p)** = 2) is an
elliptic surface over P, with Kodaira dimension » = 1.
Let us now return to the resolution (9). The map s(b + 2) is given by

a matrix
(" 1)
o fe

where the entries a,; of the 2 X2 matrix A are linear forms and where
fi€ H*(Op (b)). In particular Y is contained in the hyperquadric @, = {det 4
= 0}. If the degree of Y is at least 5 then this is the only hyperquadric
through Y. For the cubic ruled surface the f; are also linear forms and Y
is contained in a net of quadrics.

DEFINITION. A Castelnuovo surface Y is called symmetric if I, has a
resolution (9) with symmetric matrix 4.

PROPOSITION 9. Y s symmetric if and only if it is contained in a corank 2
hyperquadric Qy. This hyperquadric is unique.

ProoF. Clearly if A is symmetric then @, = {det A = 0} has corank 2.
Now assume that @, = {det 4 = 0} has corank 2. Then there are coor-
dinates x; on P, such that A is equivalent to

)
Xy Ty

where | = 1(xy, @,, @,) is a linear form. By elementary transformations A

is equivalent to
’
Lo Ty
A/: ’ .
L1 Te

The uniqueness is clear for d>5. Every ruled cubic surface is projectively
equivalent to the surface defined by the matrix

Lo Xy
&y Xy

(A Xy
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Hence the net of quadrics is spanned by
Ty — X7 =0, Ley— 0,8 =0, &0, — La3=20

and @y is the only corank 2 quadric in this net.
Our next purpose is to show that there are many smooth symmetric
Castelnuovo surfaces of given degree d = 2b 4+ 1. This will follow from:

PROPOSITION 10. Let Y be the Castelnuovo surface defined by

Ty X
T, @,
h Fh

where f,, f, € H'(Op (b)) depend only on x, and x,. Then Y is smooth if the
complete intersection (fi)o N (f2)o 8 smooth and does not intersect the line
Ly = {w, = @, = @, = 0}.

Proor. Y is defined by the equations

womz—wfy Gfo— Mfry Tfa— fi®s.

We put 0,f;: = 0f,/ox;: Since f, and f, only depend on z, and x, the
Jacobian matrix is

x, — 2@, Ly 0 0
=\ f —h 0 %o 05 fo— @, 031, % 04 f2 — @, Oufy
0 A —h @, 03fs — @, 05y @ 0 f — @, 041

Y is smooth if and only if rank J>2 for all points €Y. For a point
€Y we have rank J<1 only in two cases, namely when

or when (z,,%,, ;)5 0 and

fi=f,=0 and (mo -7"1) (_ grad .fz) o

xy @) \—gradf,

o a:,) has rank 1, this implies that gradf, and

Ty Xy

grad f, are linearly dependent and (f,), N (f.), is singular at .

Since here the matrix (
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4. — The main theorem.
Dualising the resolution (9) we get the exact sequence
0 = Opi(—b—2) > Op(— 12D Op(— b) = Ops > wp(3—b) > 0.

This shows that wy(3 — b) is generated by 2 sections and hence every Castel-
nuovo surface Y admits a fibration

¢ = P isnm ¥ > Pr.
By construction the class of the fibre F is
F~K-+ 3—0bH.

LEMMA 11. The following two conditions are equivalent

(i) There exists a line L, on Y with L} = 1— 2b.

(i) There is a line L, on Y which is a b-section of ¢.

Proor. Let L,C Y be a line. Since H-L, = 1 the condition F-L, = b
is equivalent to K-L, = 2b— 3. But by the adjunction formula this is
equivalent to L= 1— 2b.

Our main aim is to characterise those Castelnuovo surfaces Y which
possess a multiplicity-2 structure ¥, such that ¥ is a complete inter-
section.

We start with

PROPOSITION 12. Let Y be a smooth Castelnuovo surface of odd degree
2b -+ 1. If Y has a multiplicity-2 structure ¥ with induced canonical bundle
w; then this structure is given by a quotient Ny p — wy(2 — 2b). In this case
Y is a complete intersection of type (2,2b + 1). The hyperquadric through ¥
18 unique and is singular along a line L,CY.

Proor. By lemmas 2 and 3 every multiplicity-2 structure with induced
canonical bundle comes from a quotient N;“,,P‘ — wy(l). The integer I must
fulfill the quadratic equation

da: -+ d(l*+ 5l)+ HK@3l + 5) + 2K2= 0.
Using lemma 7 this equation becomes

122 4+ 1) + 1(6b2— 2b— 4) + 4(b*— b2— b + 1) =0 .
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There are two solutions

It is easy to check that I, ¢ Z unless b = 1 in which case I_ =1, = 0.

One can now use the remark after lemma 4 to construct a diagram
similar to (6'). The only difference is that I™*(I— 5) has to be replaced by
some arbitrary map I”. Nevertheless it follows from this diagram that ¥
is a complete intersection of type (2,2b 4 1). In particular ¥ is contained
in a hyperquadric. This is clearly unique if d>5. For the case d = 3
gsee [7]. We now have to show that @, has corank 2. Again we can restrict
ourselves to the case d>5. Let us assume that corank @, <1. Let C =Y N H
be a general hyperplane section. Its genus is b(b — 1) > 0 if b>>2. The curve
C lies on the smooth quadric @y = @y N H. On the other hand we have
an exact sequence

0 M Ny ——> 0y(2 — 2b)|0 — 0

|
Ly
We claim that this sequence splits which gives a contradiction to [5,
theorem 1]. To show the splitting it is enough to see that
MMy ® Ly) = b(My Q@ Lz ® wg) = 0.
But this follows from

deg (My® Ly ® o) = deg My — deg L, + 2¢(C)— 2

= deg N§z— 2deg Ly + 29(0)— 2 =—2.
Hence we have seen that corank @, = 2. Let L, be the singular line. Then
L, must lie on Y, otherwise projection fron a general point of L, would

immediately give a contradiction to the fact that the degree of Y is odd.
Now we are ready to prove the main result of this paper.

THEOREM 13. Let Y C P, be a smooth Castelnuovo surface of degree 2b -+ 1.
Then the following conditions are equivalent:

(i) Y is symmetric.

(ii) Y s contained in a corank 2 quadric Qy.
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(iii) There is a line L,CY which is a b-section of the fibration
@: Y—>P,.
(iv) Y contains a projective line L, with self-intersection L} = 1 — 2b.

(v) There exists a multiplicity-2 structure ¥ on Y such that ¥ is a
complete intersection of type (2,2b 4 1).

ProOF. (i)<=(ii) is proposition 9; (i) =>(v) follows from proposi-
tion 5 and (v) = (ii) is proposition 12. (iii)<=>(iv) is nothing but lemma 11.

(ii) => (iii). Assume that Y is contained in the corank 2 quadric Q.
The singular line L, must necessarily lie on Y. The quadric @y defines a
section in N3 p (2) which vanishes along L,. Hence we get a diagram

Oy(Lo)
0 M*(2) > N¥p.(2) —> wy(4— 2b) —> 0.

Since (ii)<=(v) it follows that @, H°(I;(2)) hence ¢ factors through
M*(2). Since q is injective outside L, there must be an integer ¥>1 such
that

Oy(kL,) =~ M*(2).

This implies

kLo~ (—5H — K + 4H)— (K + (4 — 2b)H), kL,~ (2b— 5)H — 2K .

Since
((2b—— 5)H — 2K)-H =1

it follows that ¥ = 1 and hence
Ly~ (2b— 5)-H — 2K .
From this it is straightforward to compute
F-Ly=b.

(iii) = (ii). We assume that there is a line L,C Y which is a b-section of
the fibration ¢: Y — P,. Since

H-F=(K+@3—bH) -H=b
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the fibres F are curves of degree b which intersect the line L, in b points.
This implies (look at all hyperplanes through L,) that each fibre F is con-
tained in a unique plane F through L,. In this way we get an injective
map

y: P, - PJ* = {planes E2 L} .

Pulling back the universal bundle we get a threefold W which is a P,-bundle
over P, and a map from W onto a threefold V' which contains Y. Moreover
there is a surface Y CV which is mapped isomorphically onto Y. Let
W cV be the inverse image of L, in V. The fibres of W—>IL, are all iso-
morphic to a rational curve R. Since V is a P,-bundle over P, we have

PicV =ZHDZP, .

Hence the class of Y in ¥ is of the form
Y~m-H-+nP,.

Since the intersection of Y with each plane P, is a curve of degree b we
find m =b. Moreover, since Y meets each curve R transversally in one
point we find » = 1, i.e.

Y ~bH + P,.
Then
20+ 1= YH?= (bH + P,)H*=bH®+ 1.

This implies H2® = 2 and V must be a quadric. Clearly V is singular along L,.

5. — Castelnuovo surfaces of degree 5.
According to Okonek [8] every Castelnuovo surface of degree 5 is a P,

blown up in 8 points:
Y =Py, ..., 27)

embedded by the linear system

7
41 — 2w, — > @;|. Let H,..., B, be the
i=1

exceptional curves on Y. Then E, is a conic, whereas F,, ..., E, are lines.

PROPOSITION 14. The Castelnuovo surface Y is symmetric if and onjy
if the points @y, ,.., x, lie on & smooth conic C.
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Proor. We first note that if such a C exists it must necessarily be
smooth. Otherwise at least 4 of the points z,, ..., 2, would lie on a line L
and H-L<0. It then follows from

(41 —2E, —élEi)(zz — ?;E;) =1

that C does not pass through z, and that it is mapped to a line L,CY.
Since L = — 3 the surface Y is symmetric by theorem 13.

Now assume that Y is symmetric. The singular line L, of @y lies on Y.

It intersects the lines F,, ..., B/, as can be seen by projecting from a general

point of L,. This also implies L,#F; and L, E;,=1 for i=1,...,7.

Let E, be the exceptional conic. Since L, -E,<2 and H-L, =1 there are

two possibilities:

7 7

Ly~31—2B,— > E; or L~2—YBE,.

i=1 iz

i=1

In the first case L = — 2 whereas in the second case L} = — 3. We know,
however, from the proof of theorem 13 that L} = — 3 and hence we are
done.

REMARK. The number of moduli for Castelnuovo surfaces of degree 5 is

2 # points blown up — dim PGL(3,C) =16 — 8 = 8.

The condition that x,,...,2, lie on a conic is 2-codimensional hence the
gsymmetric Castelnuovo surfaces depend on 6 moduli.

6. — Castelnuovo manifolds.

We call a codimension 2 manifold YcP,,, a Castelnuovo manifold of
dimension n if Y has a resolution of type (9), i.e.

003, —0p (1)D0p, (b) >Igb+2)—>0.

Here we want to point out the following remarkable fact.

ProPOSITION 15. The only Castelnuovo manifold Y of dimension n>3
which admits a multiplicity-2 structure ¥ such that ¥ is a complete intersection
18 P, embedded linearly.
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ProoF. It is enough to prove this for Castelnuovo 3-folds Y c P3. Just
a8 in lemma 2 we see that every multiplicity-2 structure comes from a
subbundle LC Nyjp,. If ¥ admits a multiplicity-2 structure ¥ which is
a complete intersection, then ¥ must be the intersection of a hyperquadric
@ with a hypersurface of degree 2b + 1. The quadric @ must be of corank
3 and the singular plane V of ¢ must be contained in Y. This can be seen
by taking hyperplane sections and applying proposition 12 and theorem 13.
Our claim now follows from

LemMMA 16. If Y CP; is a smooth threefold such that
(i) Y contains a plane V

(i) There exisis a subbundle LC Ny p [V then Y is P; embedded linearly.
ProoF. Let N, = Op(a). From the sequence

0 —~>Nyy > Nyp, > Nyp, |V >0
we find
OI(NY/P,IV) =3—a, CNyp|V)=1a>—3a+ 3.

Now suppose Ny;p |V has a 1-subbundle Oy(b). Then
¢ ((Nyp,|V)(— b)) = b*— b(8—a)+ (a*— 3a + 3) =0
and looking at this as a quadratic equation for b, this implies
(83— a)*— 4(a*— 3a + 3)>0

which implies ¢ =1. Since H}(Oy) =0 by Barth’s theorem ([1, Th. III]) we
see that |V| is a linear system of planes on Y of (projective) dimension 3.
Now choose two different points z, y€Y. There is (at least) a 1-dimensional
linear subsystem |V|°C |V| of planes which contain the line L spanned by »
and y. Let V,, V,ec |V|° be two different planes containing L. They span
a space P,. By construction P, is tangent to Y along L. Hence all planes
in |V|° are contained in this P,, i.e. their union equals this space. Hence
P, C Y and we are done.

7. — A remark on normal bundles.

In this section we want to say a few words about the normal bundle
of Castelnuovo and Bordiga surfaces. We first consider a Castelnuovo
gsurface YC P, of odd degree.
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When we speak of stability, we always mean stability with respect to
the hyperplane section H.

PROPOSITION 17. Let YC P, be a smooth Castelnuovo surface of odd degree d.
Then the following holds:

(i) If Y s the cubic ruled surface then its mormal bundle Nyp is
semi-stable but not stable.

(ii) If d>5 then the normal bundle Ny p is properly unstable.

(iii) The normal bundle of Y is always indecomposable.

Proor. (i) If Y is the cubic ruled surface we have an epimorphism
N3p, - wy. Since

¢ (Nyp,® wy)H = (5H + 3K)-H =0

it follows that Nyp cannot be stable. On the other hand the generic
hyperplane section C of Y is a rational normal curve of degree 3. Since
Nep, = Op,(5) D Op,(5) is semi-stable, it follows that Ny must be semi-
stable too.

(ii) Every Castelnuovo surface lies in a quadrie, i.e. there is a section
0~ se H'(Nyp,(2)). Since

e,(N%p.(2)H=—(H+ EK)H=2—23>0

for d>5 the normal bundle Ny, is properly unstable.

(iii) If Y is not symmetric then the generic hyperplane section
C= Y N H is a smooth curve lying on a smooth quadric . Since C is
neither rational nor a hypersurface section of @ if follows from [5, Theorem 1]
that Np and hence also Nyp, is indecomposable. Now let ¥ be symmetric
and consider the sequence

(10) 0 > M* - N}p — wy(2— 2b) >0

We claim that Ny p splits if and only if (10) splits. If Y is the cubic ruled
surface this follows from looking at the rulings of ¥. Let us now assume
d>5. For every smooth hypersurface section ¢ we saw in the proof of pro-
position 12 that

Nig = M*CD wy(2 — 2b)|C
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and this is the only way Ng, can decompose. Hence if N} p = L,® L,
we can assume that IL,|C >~ M*|C and L,|C =~ wy(2 — 2b)|C. Since ¢(Y)
= 0 n we can apply a result of A. Weil, (compare [12, prop. 0.9]) to
conclude that L, >~ M* and L, ~ wy(2— 2b) and we are done. Hence
it remains to show that (10) does not split. For this purpose we restrict (10)
to the line L, with L =1 — 2b. Then (10) becomes

(11) 0—>0,(—20—1)—> Nyp|L,—> 0, (—1) 0.
If this sequence splits then
NY/P. lLo = OL.,(]- +20)® OLo(l) .

In particular we have a quotient Nyp (— 1)L, — O, and we can argue
as in [6] to conclude that there is a hyperplane H which contains all the
tangent planes of Y along L,. But this cannot be, since these tangent planes
form the corank 2 quadric ¢ which contains Y.

Let us now turn to Bordiga surfaces [8]. These are rational surfaces
Y C P, of degree 6. They can be constructed by blowing up P, in 10 points

Y= r’z(wu seey @10)

and embedding this surface with the linear system

10

‘41-;:0,..

i=1

These surfaces have a resolution
003 —0p (1) —>1y(4)—0.
One checks easily that
K-H=—-2, K:=-—1.

LeMMA 18. If Y has a multiplicity-2 structure Y which is a complete
intersection, then Y is given by a quotient N3p, = wx(— 2). In this case Y
is a complete intersection of a cubic and a quartic hypersurface.
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Proor. Every multiplicity-2 structure ¥ which is a complete inter-
section is given by a quotient N;';,P. —wy(l). The condition

6(Nyp, @ wy(l)) =0
reads
36 + 612+ 51)— 231+ 5)— 2 =0
or equivalently

((42)2=0.

Hence ! = — 2. On the other hand if we have a quotient Nl";,l,‘ — wy(— 2)
it follows from the remark after lemma 4 and the proof of proposition 5
that ¥ is a complete intersection of type (3, 4).

PROPOSITION 19. Let YCP, be a smooth Bordiga surface. Then the
following conditions are equivalent:

(i) There exists a multiplicity-2 structure ¥ on Y such that ¥ is a
complete intersection of type (3, 4).

(i) There ewists a quotient N3 p — wy(— 2).

(iii) N3 p, is not stable.

Proor. The equivalence (i)<=-(ii) is lemma 18. (ii) = (iii) follows since
¢,(Nyp,® wp(— 2))*H = (H 4+ 3K)-H = 0.

To prove (iii) =~ (ii) we look at the normal bundle N,p of smooth hyper-
plane sections C =Y N H of Y. C is a curve of degree 6 and genus 3. The
normal bundle of such curves was investigated thoroughly by Ellia in [2].
Now assume that Nyp is unstable. Then there is a map N}p, — L to a line
bundle L which is surjective outside a finite number of points such that

¢,(Nyp,® L)-H<O .

If we restrict this map to a generic hyperplane section we get a quotient
N}y — L|C which makes N, unstable. By [2, prop. 7] this implies that
L|C = wy(— 3) = wy(— 2)|C. Again we can use Weil’s result [12, prop. 0.9]
to conclude that L = wy(— 2). Since ¢,(Nyp ® wy(— 2)) =0 it follows
that the map N;';,P‘ — wy(— 2) must indeed be surjective everywhere and
we are done.
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REMARK. Since Ny is always semi-stable [2], it follows that Ny,
must be semi-stable too.
We want to conclude with the following

COROLLARY 20. The normal bundle of a Bordiga surface Y CP, is
tndecomposable.

PRroOF. Assume that Ny p splits. Then the same is true for all hyper-
plane sections C = Y U H. If, however, ( is smooth and N, is decom-
posable then Ngp = wy(— 3)@D wy(— 3) by 2, prop. 8]. Using once more
Weil’s result it follows that Nyp = wy(— 2)D wy(— 2). But this is a
contradiction, since

o(NEp) = 36 5 31 = (wy(— 2) D wy(— 2)) .

REMARK. We don’t know if there exist smooth Bordiga surfaces with
the properties of Prop. 18.
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