ANNALI DELLA
SCUOLA NORMALE SUPERIORE DI PIsA
Classe di Scienze

GARY M. LIEBERMAN

The first initial-boundary value problem for quasilinear
second order parabolic equations

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4¢ série, tome 13,

n° 3 (1986), p. 347-387
<http://www.numdam.org/item?id=ASNSP_1986_4_13_3_347_0>

© Scuola Normale Superiore, Pisa, 1986, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique 1’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Numbpam
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1986_4_13_3_347_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

The First Initial-Boundary Value Problem
for Quasilinear Second Order Parabolic Equations.

GARY M. LIEBERMAN (¥)

0. — Introduction.

In a fundamental work [29] Serrin obtained very general conditions
under which the Dirichlet problem for a quasilinear elliptic equation with
arbitrary smooth boundary values is solvable in a given domain; he also
showed that these conditions were sharp in that the problem is not solvable
for some (infinitely differentiable) boundary values when they are violated.
Prior to [29], existence of solutions for uniformly elliptic equations had
been shown by Ladyzhenskaya and Ural'tseva [18] and for uniformly
convex domains by Gilbarg [6]. A natural question to ask is, what sort
of existence theory can be established for the first initial-boundary value
problem for quasilinear parabolic equations? For uniformly parabolic
equations this question was answered by Ladyzhenskaya and Ural’tseva [19]
at the same time as their work on elliptic problems, and following Serrin’s
work came several investigations on nonuniformly parabolic problems: [2],
[12], [33]. Unfortunately all of these works fall short of the comprehensive-
ness of [29]. Edmunds and Peletier [2] consider a slight generalization of
the uniformly parabolic case while Ivanov [12] considers a parabolic version
of Gilbarg’s uniformly convex problems; in both cases we shall see that
their results are not best possible even within the restricted settings. Tru-
dinger [33] fares better in that he proves solvability under conditions
essentially as general as Serrin’s, but he does not examine the sharpness
of his conditions. (We also mention the work of Iannelli and Vergara Caf-
farelli [11], Lichnewsky and Temam [20], and Marcellini and Miller [28] on
the time-dependent prescribed mean curvature equation. These authors
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are concerned with non-classical solutions, in particular the solutions in [20]
and [28] do not generally assume their boundary values even in a weak
sense, 80 their results are not strictly comparable to ours. Moreover they
only consider time independent boundary values.)

The purpose of this paper is to present sharp parabolic analogs of Serrin’s
existence and non-existence results. As we shall see, the elliptic methods
carry over to the parabolic setting with only minor changes. This fact is
apparent in [33] but not in [2] or [12], so we shall repeat many of the details.
Moreover we consider somewhat less smooth initial and boundary wvalues
(corresponding to the regularity of boundary values for elliptic problems
in [21]) than would be used in a strict analog of Serrin’s theory.

Of course the key to our existence theory is the establishment of certain
a priori estimates, and most of our effort is to prove such estimates. After
we present some basic results in Section 1, we discuss the crucial estimate,
on the spatial gradient of the solution on the lateral boundary, in Section 2.
Related to this boundary gradient estimate are some oscillation estimates
which imply non-existence of solutions for certain initial-boundary data;
these estimates and non-existence results appear in Section 3. Estimates
(other than the boundary gradient estimate) needed for the existence
program are given in Section 4. These estimates have all appeared before
(in [2], [12], [16], [19], [22], [30], [32]) so we shall give all but one in sim-
plified form; the exception is a Holder estimate of the gradient near the
boundary. For our purposes the version of this estimate due to Lady-
zhenskaya and Ural’tseva [19] by itself is inadequate so we use also some
results of Krylov [16] adapted to the less smooth initial and boundary values
we are considering. A somewhat different approach appears in [17]. Finally
some existence theorems, extending those in [2], [12] and [33], are given
in Section 5.

1. — Statement of problem.

We denote by 2 a cylindrical domain in R*1 (n>1), i.e., £ has the form
2 =DxX(,T) for some open, connected D c R” and some positive T
(although most of our discussion is applicable to non-cylindrical domains
as well), and we define

BQ=Dx{0}, (Q=0Dx{0}, B8Q=23Dx(0,T),

§0Q2 =BRU CQRU 8Q2.
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The significance of the letters B, C, S, ¢ is discussed in [24]. Points in Rn+1
will be denoted by X= (z,t), Y= (y, s), etc., and we write

D; = 90fox!, D;; = 0*|owiox? for i,§j=1,...,m.

We use a subscript ¢ to denote differentiation with respect to f, and we
define 0%(Q2) to be the set of all functions » such that w, D;u, D;u, w,
(4,4 =1, ...,n) exist and are continuous on (2. Define the operator P on
Cc»1(Q) by

Pu = a'(X, u, Du) Dj;u + a(X, u, Du)— u, .

‘We observe here and below the convention that repeated indices are to
be summed from 1 to n, and Du = (D, u, ..., D, u).
Our concern in this paper is with the problem

(1.1) Pu=01in 2, u=¢ on §Q

for continuous ¢ under the assumption that P is parabolic, i.e., the matrix
(a¥(X, 2, p)) is positive for all (X,z, p)e 2xXRXxR" Additional hypoth-
eses will be imposed on P, ¢, and {2 presently. Associated with P are the
maximum and minimum eigenvalues, /1 and A, respectively, of the matrix
(a*) and the Bernstein invariant [1, p. 456]: & = a¥p,p;.

Various Holder norms and spaces will be used; our notation follows [24]
and should be compared with that in [7] and [19, Sect. I1.1]. We use | | to
denote the usual Euclidean length

n H
ol = ( 3 007)
i=1
on R” as well as the parabolic length
1 X| = (le|> + Je)?

on R, and we denote by H,({2) the set of all uniformly continuous fune-
tions # equipped with the norm

|#]o; 2 = sup |u].
2
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For ae (0,1] and B e (0,2] we define

[l o = sup {ju(X)— w(Y)|/|X — Y[ XY  in O},
[v]e; p = sup {|u(@) — u@)|/lw— y|*:2eD, |  yeaD},
[wly; o = sup {|u(z, &) — u(y, V)|/le— y[*: e D, yedD, 0<t<T},
(g, o = sup {[u(w, t) — u(z, s)|[t—s)*:2eD, O0<s<iti<T},
and we suppress the subscripts £ and D when these are clear from the
context. For @ = k + « where k is a non-negative integer and 0 < a<1,

we denote by H_ (£2) the set of all functions « for which all derivatives of
the form D} D’wu(j + 2i<k) exist and are continuous with

o = > DL Djuly+ 3 (DyDju], + 3 (D, Dju),,,

i+2r<i it2i=k it+2i=k—1
finite. Setting

d(x) = dist(z, 8D), d*(X) = min{d(z), ti} ,
we introduce for 6> 0,

Q;,={XeQ:d*X)>0}, Q={XeQ:d)<?},

Dy = {zeD:dx) < 8} .

We then denote by H®(£2) the set all of u which restrict to H,(£,) functions
for all 6 > 0 and for which

[u|§! o = sup 6°*|u,; o,
>0

is finite.

For >0, we denote by H,(S£2) the space of all functions ¢ on 82 which
are restrictions of H,(Q) functions for some open 2> 2, equipped with
the norm

l(plv;ﬂ = inf{l‘i)ly;S!}: QD g? ¢ =9Q on S‘Q} *

Similarly H,(FQ) denotes the set of all restrictions to $2 of H,(2) func-
tions, and H;,(.Q) denotes the set of all pe Hy(f2) whose restriction to S
lies in H,(882) and for which the function ¢, given by ¢,(z) = @(z, 0) has
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finite norm [‘Po];,D- Other useful collections of functions are
(1) 0YQ), the set of all functions u € Hy(2) with Du e Hy(Q),

(2) W2i,, the set of all functions » such that |u|**1, |Du|+1, |D2y|*+1,
|u,|"t1 are integrable over £ with respect to the measure dxdt, and

(3) C*(FRQ) the set of all functions on $2 which are restrictions of
infinitely differentiable functions (with respect to x and ¢) in R»+.

If D is bounded and if there is a function p € O'(R") such that
D = {zeR": p(x) > 0}

and |Dy| == 0 on 0D, we say that 0D € C* or 02 € C'. If also y € H, for some

y>1, we say that 0De H, or 02€ H,. When 0Q¢c H, for some y>1,

it follows from [24, Sect. 2] that the sets H,(S02), H,(F£), and H; are invar-

iant under H, changes of coordinates and that there is an intrinsically

defined norm on H,(Sf2) which is equivalent to the one we have given.
Next we note that H,(S8Q2) functions have useful extensions.

LEMMA 1.1. Let pe Hy(8Q) for some y € (1,2]). Then for any positive
constants M and & with M >sup |p| and any y € 0D, there is a function

§e C(2x[0,1]) N C=(2x(0,1))
and a constant @ = D(e, M, n, |@l,, s0) such that
(1.2¢) ¢y, T, 0)= o(y, T),

(1.20) G(X,0)>¢(X) for all X 8Q,

(1.2¢) (X, a®)= M for all (X,a°)e Qx[0,1] with |[x—y|> ¢,

(1.2d) gl + 3 l@l<P, > 1@l + 1§, < Pl 72,
i=0

i,i=0

where subscripts denote differentiation with respect to i, iy or t, and @ and its
derivatives are evaluated at (X, x,) € 2% (0,1] in (1.2d). Moreover, if there
is a constant D, such that

(1.3) |p(x, t)— @@, T)|<DP(T—1t) for all x€0D
with le—y|l<e, 0<t<T,
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then (1.2) holds, and
(1.4) ‘ 7| < Py -
Proor. Let 2> 02 and let ¢ be an H,(f) function with ¢ = ¢ on SQ

and |ply<2|ply. For ye C*(R") supported in {|z— y| <&} with 0<p<1
in R* and yp(y) =1, we set

(1.5) P, t) = [§(z, T) + lol, (T— )"1p@) + M(1— p(@)) .

An appropriate ¢ is given by
P, ) = [ §lo— o, t—s@)) Lp, 9T, (¥ = (1, 9),
Rn+l

for a suitable non-negative, compactly supported ¢ € C*(R*+!) with J' {dY =1
and {(n, s) = 0 for s>0. Then (1.2a,d, ¢) are clear. A proof of (1.2d) and
a suitable { are given in [23, Sect. 3]. When (1.3) holds, we replace
lp|, (T — t)"® by @(T —t) in (1.5) to obtain (1.4). m

Note that @ actually depends on ||, through the quantities
lp(+, TY], and s%g lp(x, t) — @z, T)|/(T —t)v2.
XE

In addition, by means of a suitable choice of the function g and the use
of p(X) rather than the term

F@, T) + |ol(T—t)"2

in (1.3), we can guarantee that ¢(X, 0) = ¢(X) for all X in a given closed
subset of SQ U {|z — y| < .

We also recall from [23, Theorem 1.3 and 4.2(b)] properties of a
regularized distance.

LemmA 1.2. Let 0D e Hy for some ye(1,2]. Then there is a function
o€ HS " such that

1je(D)<pld<e(D) in D, |o|[S"<eD), |Do|=1 on oD

for some positive constant c(D).

‘We close this section with a comparison principle based on [8, The-
orem 10.1] which seems not to have been stated before in quite this form
although it is similar to [3, Theorem 2.16] (cf. [2, Theorem 3]).
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LeEMMA 1.3. Let u,v be two functions in Hy(2) N C>1(2) with u<v on
72, and Pu > Pv in Q for some parabolic operator P such that a'! is indepen-
dent of 2 and there is a non-negative constant u such that

a(X, 2, p)— a(X, 2, p)<pltr— 2| for all (X,p)e QXR" and 2,>2,.

Then u<v in L.

PrOOF. Set w = exp (— ut) (¥ — v), and let X, be a point in 2 where w
attains its maximum. Since

Du=Dv, a¥X,,Du)D;w<0, (u,— v,)exp(— ut)>uw,
at X,, it follows that, at X,,

0 < (Pu — Pv) exp (— ut)
= [a*(X,y, Du)Ds;w + a(X,, u, Du) — a(X,, v, Du) — u, + v,] exp (— ut)
<[a(X,y, u, Du)— a(X,, v, Du) — u(u — v)] exp (— ut)
<0 if w(X,)>v(X,) .

Hence # < v at any maximum of w, 5o w < 0'in 2. u

2. — The boundary gradient estimate.

We now give the estimates which are central to our existence program.
In order to retain some clarity of expositon, we present details only in some
cases with an indication of how to proceed in general.

‘We begin with some definitions and results essentially in [21], and based
on [9] and [29]. Proofs of these results, often simplied from [21], are included
for completeness and in order to consider comparison surfaces other than oD.

For P as in Section 1 and % an Hy(2) N C>(2) solution of (1.1), we
introduce an auxillary operator P by

Py = a*(X, Dv)D; v+ a(X, v, Dv)— ».
such that

a*(X, Du) = a'/(X, u, Du), a(X,wu,Du)= a(X,u, Du),

a@(X, 2, p) is non increasing in z for fixed (X, p) e @ XR=.
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(More general P can be used but we see no reason to do so here.) Clearly
a(X, p) = a¥(X, uw(X), p); we indicate later a suitable choice for @. Set
M = sup |u|, let X,e 82, and let N contain a set of the form

Q

{X eR1L: |p—mo| < &, lo— 10 <t <1y}

for some positive ¢ and 7; we call N a parabolic neighborhood of X,. If
there are functions wt e Hy(N N 2) N C>Y(N N 2) such that

(2.1a) +Pwt<0 in NnQ,
(2.1d) +wt>+¢ on TQ2NN,
(2.1¢) +wt>M on NN Q,
(2.1d) wt(X,) = p(X,)

we call wt an upper barrier and w~ a lower barrier at X,: The comparison
principle Lemma 1.3 then implies that

wtr>u>w- in N,
so if w* are in H,, we can estimate

sup {Iu(Xo) —u(y, to)'/lmo_y,} .

yeD
In particular if w* and w are in C}(f2), we have

[Du(X,)| < max {IDwi(Xo)l} .

Thus a bound on |[Dw*(X,)| independent of X, gives a bound on |Du|,, 50-
We shall construct only upper barriers, which we call barriers, for brevity;
similar arguments yield lower barriers.

The basic building block of our barriers is a comparison surface
8§ = 8*x(0,7). We assume that S* is a surface in R" containing x, but
disjoint from D. We also assume the existence of a positive constant J,
such that 08* is disjoint from B’ = {w: |vr — x| < d,} and the function
d(z) = dist (z, 8*) satisfies de C*(B'n 2). (If we wish 8* to be 0D, we
modify this definition by setting B’ = .Q;o provided &, is small enough;
in this way we can obtain a uniform boundary gradient estimate directly



THE FIRST INITIAL-BOUNDARY VALUE PROBLEM ETC. 355
as in [21]). Our barriers will have the form (adapted from [9])
(2.2) w(X) = §(X, fod(®)) + Ffod(z)
where f is a function at our disposal, ¢ is as in Lemma 1.1 (with ¢ = §, and

0 replaced by 2N {t<t}), and F = 1 + 3® + [g,];.p + M. Concerning f,
we assume that there is d € (0, §,] such tht

(2.3a) f € ([0, 8]) N C¥0, 9),
(2.30) f0)=0, f&=1, {f@H>1,
(2.3¢) <0 on (0,0).

With N = {X € B’ x(0, T]: d(x) < 6}, (2.3) implies (2.1b, ¢,d) so we need
to determine 6 and f so that Qw < 0, in which case

[Du(Xo)| <P + Pf'(0) + Ff'(0)<2Ff(0) .

As in Lemma 1.1 we use subscripts to denote derivatives of ¢. Also
we omit the arguments of d,f,§ and their derivatives, and we write a‘/
for a*(X, Dw) and @ for a(X, w, Dw). We also define

8,,:——6“D,d1),-d, z;: G(X, ’M, .Dw),
Wi = ¢y + 2@ ¢, Dsd + &G, + (F + @) f 1,

W.= ¥ + ¢)fa’D,d+a,

and observe that Pw = W, + W,— w,, w, = ¢,. Some basic results are
collected in the following lemma (cf. [21, Sect. 2.1]).

LeEMMA 2.1. Let y, M, P, ¢, §, P, S, and w be as above. Then
(2.4) E<4Ff')2 8, + 24D,
(2.5) 3Ff < |Dw|<2Ff", |Dw|>f .
If there are non-negative constants p, and u, such that

(2.6) A<mAlp|*, or 4AP<E and  A<mE, for |p|>p.,
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then
(2.7) ‘ 8<(8 + 8u D) FX(f')2 80 for f'>po,s

and for any positive constants ¢, and c,, we can determine f and & so that (2.3)
is satisfied, f'>c¢, on (0, 6), and

(2.8) Pw<W,— es(f')*f' 728, + Of 2.

If also {p),, 50 = D, is finite, then we can replace (2.8) by

2.8) Puw<W,— o(f ) f 28, + &i.
Proor. We first note that

(2.9) Dow= ¢, + (F 4 ¢, Did.

Therefore
§=avg,@, + 2f'(F + ¢,)@ ¢, D,d + (F + §,)* (f')* &,
<2a9§, @, 4 2(F + §,)* ()28, <24P* + 2(8 F)* (f)* 8, .

Since (3)? < 2, we have (2.4).
To prove (2.5) we have from (2.9) that

371 <(37)1— @ <Dul<(37 )+ o<2my
and
[Dw|>(F — D)f'— > (F —29)f >f .
When A<u, Apl3, (2.7) follows from (2.4), (2.5), and the inequality

A<8;. When 44D2<8, (2.7) follows from (2.4).
To obtain (2.8) and (2.8)" we first estimate W, by

F
(2.10) WS [+ (8 + 8m @) F2(f')* ] 8.

Since (2.10) is obvious for @ = 0, we assume P = 0, so

2f' @G, D, d<T G Byl (BF' ™) + PP *(f)* 8
<AG + B ) Es.
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Combining this inequality with

3

ali@y; <APfr-, F+ ‘f’o?g

(2.11) W, <2 A4 [5’-f”+ 245(1")’1”-2] 8.

The proof of (2.10) is completed by using (2.6) to infer that A<u,s, and
then using (2.7).

To prove (2.8) and (2.8) it therefore suffices to show that for any
positive constants u, and u,, there is a positive constant 4, such that for
any 6 € (0, d,], there is a function f satisfying (2.3a), f' >u, on (0, é), and

(2.12a) {4+ w2 =0,

(2.12b) f0y=0, fé)=1.

For a given §, the solution of this boundary value problem is given implic-
itly by
1
d=SH(MIHW), H(f)= [oxp (ug"*/(y—1))dg.

0

Since H is independent of ¢ and
f'=exp (— usf"~(y— 1)) H(1)[6> exp (— ps/(y — 1)) H(1)/6,

we have also f'>u, if 0 is small enough.
We remark that (2.6) is a consequence of the usual conditions:

A=0(Alp|*) or A=o0(8) as |p|—>oo.

Also (2.6) can be replaced by A = O(§) if |Dg| is small enough.

From this lemma, it follows that Pw < 0 (for suitable f and d) provided
& or — W, is sufficiently large and positive. In particular if 1 = O(8) (so
that (f')28; is bounded from below by a constant as f'— oo) or if ¢ is
independent of time (so that the term @f*~% is not present in (2.8)), then
the calculations of [21] (see also [9] and [29]) carry over without essential
charge to the parabolic setting.

THEOREM 2.2. Let pcH, for some ye(1,2] and suppose that for each
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@, € 0D, there is a ball of fized radius whose closure meets D only at x,. If also

(2.6)' lplA = 0(8),
(2.13) 1=0(8) or ¢=0 onR8Q,
(2.14) la| = 0(8),

then any solution u € C{(Q) L C>1(Q) of (1.1) obeys the estimate

(2.15) |Duly, o< K

ProOF. We take as comparison surface 8* the surface of the ball in
the hypotheses, and we choose d, = 1. With a(X,?, p) = a(X, u(X), p)
and w given by (2.2), it is readily checked that W, = O(§). The proof is
completed by using (2.13) to estimate @f’~2 and then using Lemma 2.1 to
obtain Pw<0. m

We note that here and in the rest of this section, condition (2.13) can
be localized to

(2.13) 1 = 0(8) in a neighborhood of any point where ¢, 0.

If y = 2, we can use a comparison principle based on Krylov’s maximum
principle [15, Theorem 3.1] for W2, solutions and the assumption that ¢
is defined in £ to relax (2.13) to the pointwise estimate

(2.13)" o] = 0(8) .

Moreover the O(§) term in (2.6), (2.13), and (2.14) can be replaced by
O(|p|h(|p]) &) where

h is positive and non-increasing on (0, co),

Iplr(lpl)>1  for |p|>1,

1
fmdf—“”

1

since in this case the differential equation (2.12a) is replaced by
f+ u(fVRGFF) 2 =0,

which is also solvable under our hypothesis (see [26, Section 2] for details).
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Thus our Theorem 2.2 includes [2, Theorem 8] and [33, Theorem 6]
as special cases. (In fact the version of (2.13) used in [2] is more restrictive
than ours.) In comparing our results to those in [2], [12], and [33], we shall
not mention these additional considerations again although the results
in those references are stated in terms of the more general structure.

If the ball in Theorem 2.2 is replaced by any H, surface with 1 < <2
and if we strengthen (2.6)' to

(2.6)" lpP~"4 = 0(8),

then, by introducing the regularized distance o of Lemma 1.2 in place of
the ordinary distance d, (2.12a) is replaced by

(2.12a "+ () =0,

where 6’ = min {y, 6} and this equation is solvable under our hypotheses
(see [21, Sect. 2.1 and 2.2] for detainls). Similarly (2.14) can be replaced by

(2.14)' la| = O(L+ |p|°~2d°"%) &,

gsince we are again led to (2.12a)’. Moreover the hypotheses (2.6)", (2.13),
(2.14)" are invariant under a change of variables

(@, 1) — (i(wi 1), t)

for z € Hy, so we infer a boundary gradient estimate in this case for non-
cylindrical Hy, domains also.

For convex domains a boundary gradient estimate follows under weaker
hypotheses.

THEOREM 2.3. Let ¢peH,', for some y € (1, 2] and suppose L2 is convex.
If (2.6), (2.13), and (2.14) hold, then any solution u of (1.1) satisfies (2.15).

Proor. Now we use a supporting hyperplane for $* and take 6, = 1.
With @ as in Theorem 2.2, we infer from (2.14) and the linearity of d that
W, = 0(8). |

This theorem generalizes [33, Theorem 5]. An alternative proof is
provided by introducing a concave regularized distance in D from [23,
Theorem 1.4] and proceeding as in [21, Sect. 2.3].

By strengthening the geometric restriction on £, we can relax the growth
restriction on a. We say that D satisfies an enclosing sphere condition of
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radius R at x,€ 0D if there is a ball of radius R containing D such that z,
is on the surface of this ball. If D satisfies an enclosing sphere condition of
radius R at every point of 0D, we say that D is R-uniformly convex.

THEOREM 2.4. Let D be R-uniformly convex and let (peH,', for some
R>0, ye(1,2]. Suppose (2.6), (2.13), and

lpI“G

(2.16) la| <-4 0(8),

where G is the trace of (a'’). Then (2.15) is valid for any solution w of (1.1).

Proor. Fix x,€0D, let 8* be the (surface of the) enclosing sphere,
and set d, = R/2. From (2.9) we have

(2.17) [IDw| — (F+ @) f'|<®,
and by direct computation we have

E"D(;d = (84 nd %)/lw— yl
where y is the center of the ball. Thus, since R/2< | — y|<R, we have

Wo<— (F + @,)f G/ + |Dw|B/E + (F + ¢,)f' &/lz— y| + O(F)
<DB/R + O((f')* &) = O((f')* &) -

By virtue of Lemma 2.1 this estimate gives the boundary gradient estimate. m

Let us observe that when ¢ is Lipschitz with respect to ¢, we can
incorporate the Lipschitz quotient @, = {¢),,s, into (2.16) by using (2.8)’
in place of (2.8).

COROLLARY 2.5. Let D be R-uniformly convex and let q)eH; for some
R >0 and ye (1,2]. If (2.6) holds and

[p|G

(2.16)’ D, + |u|< + 0(8)
or if y=2 and
(2.16)" @+ o)< 2E 1 0(8)

for some R' > R, then (2.15) is valid for any solution u of (1.1).
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Proor. When (2.6) and (2.16)' hold, we replace (2.8) by (2.8)’ in the
proof of Theorem 2.4. When y = 2 and (2.16)" holds, we have

W,< |Dw|T/R + OTIR + O((f')28&,) + D, + @

and hence (by using (2.11) in place of (2.10))

Pw< |Dw|B (1-12—, —;—2) + PB/R+2TD< 0

for f' sufficiently large. m

Corollary 2.5 with (2.16)" generalizes [12, Theorem 2.1] in which (2,16)"
was strengthened to

la] = o(|pl4) + 0(8),
p,=0 or 1=0(§) or [p|d—> .
The geometric restrictions on D we have considered so far are simple
conditions on the curvatures of the surface 8*. More general conditions on
the curvatures were given by Serrin [29, Sect. 9]. We use the modification

[8, (14.43)] of these conditions (see also [31, pp. 850-852]). Suppose for
|p] = 0 the coefficients of P can be decomposed so that

(2.18a) a¥(X,z2,p)= ad (X7 ]%I)A(X’ 2,P) + 43’(X, 2, p),

p

(2.180) a(X,2,p) = 0c (X9 %, m

)IPIA(X, 2 p) + ao(X, 2, p)
(2.18¢) (a¥) is positive semidefinite on Q2 x 8",
(2.184) a, is non-increasing in z for fixed (X, )e @x 8",
(2.18¢) a¥ and a. are continuous functions of (x,()e Dx8*?,
where 8" ' = {{ e R*: |{| = 1}, and define
a(X, p) = |p|4o(X, uw(X), p) + |as(X, w(X), p)|,
A, being an upper bound on the magnitude of the eigenvalues of (a¥).

For x, € 0D, we now write 8*(x,) and J,(2,) to make explicit the depen-
dence on ,, and we denote by 0’D the set of all ordered pairs (y, «,) € 0.D XD
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for which |y — x| << do(w,). For (y, z,) €0’ D, we define »(y) = Dd(y),

(2.19a) "i(y’ 1;2) = “Z(y’ l, + "’(?/)) D,;d(y) 4 aoo(?/? Loy, 1), - V(y))y

(2.190) x,=— sup »*(y,1,x,).
d’'D x(0,T)
Choosing
a(X, 2, p)= “m(‘Y7 2y %) IPIA(Xf uy (X), P) + a(X, u, p)

leads to additional boundary gradient estimates.

THEOREM 2.6. Let (pEH;, for some y € (1, 2], suppose P can be decomposed
according to (2.18), and suppose (2.6) and (2.13) hold. Define x, by (2.19)
and suppose that

(2.20a) a¥ and a., are Lipschitz functions of (x,() uniformly in (3,2),
(2.200) %#,>0, o=0(%),

or

(2.20)' #,>0, o=o(p|4)+ O(8).

Then any solution w of (1.1) satisfies (2.15).

Proor. Fix x,€ 0D, and for v € D with |[v— x| < d, denote by y the
nearest point to 8* on the intersection of 0D and by » the normal to §*
through x. Note that y is uniquely determined and that »(y) = Dd(y) = Dd(x).

From (2.17) we have

(2.21) |Dw— |Dw|d|<|Dw— (F + &,)f Dd| + |[Dw| — (F + @) f|<29,

80 (2.5) implies that

D pal <22 2
[Dw| [Dw| = "~

To obtain our boundary estimate, we compute:

W, = (F + @) f' Ad?, D;d + |Dw|da,, + (F + &) af D;;d + a,
<|Dw|A[a¥ D;d + a.] + ®A|a¥ D,;d| + ¢,0

n
for ¢, =sup > |Dsd|+1. The key step is an estimate of the term in square

iyi=1
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brackets:

Dw Dw
Y
S =at (X Dw I)D,,d(w) +a, (X w, IDW|)

Dw Dw
<a2,(x D I)D,,d<y)+a (w w, ,m;l) by [6, (14.99)] .

If (2.20a) holds, then there is a constant ¢, such that

Dw

S<a,ﬁ,(y, 12 1’(?/))-Diid(:’/) + “m(yr 1, w(X), "’(f’/)) -+ cz( Dw ‘ Ddl + lw '—yl)

<— %+ a’m(?h t, w(X), "’(y))—am(?/: ty (y, 1), "’(t)) -+ ¢, (T‘ -+ |w‘_?/l) .

Now |z — y| = d(z) — d(y)<d(w), s0

(2.22) w(X)= ¢(X, fod(x)) + Ffod(x)

<P, 1, 0)— Pl — y| — Pfod(z) + Ffod(x)<§(y, 1, 0) = ¢(y, 1) -
Also f(d)d<f(d)<1 since f'<< 0. Using this inequality, (2.22), and the
monotonicity of a, with respect to z yields

S<— x4+ ¢(29 + 1)/f .
Thus

Wo<— |Dw|Ax, + DA|a? D, d| + ¢,(2® + 1) A|Dwl|/f'+ ¢,0 = O(F)

which leads to a boundary gradient as before.
On the other hand if (2.20)" holds, we can imitate the preceding calcula-
tions to infer that

S<—u,+0(1) a8 f— oo,
and hence

Wo<— |Dw| A%, + o(|Dw| A) + O(F).

Since x, > 0, we therefore have W,<O(8) for f' large enough. m

When y = 2 and 8* = 0D, Theorem 2.6 coincides with [33, Theorem 7],
As with Corollary 2.5, Theorem 2.6 holds without assuming (2.6) if y = 2
and (2.20) is satisfied. Also we can eliminate (2.13) from the hypotheses
(fory e (1, 2]) if @), 5o is finite and if (2.20) (or (2.20)’) is suitably augmented.
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COROLLARY 2.7. Let g € H, for some y € (1, 2], suppose P can be decom-
posed according to (2.18), and suppose (2.6). If {p),, 50 = D, is finite and
if either (2.20) and

(2.23) D, <wlp|A + O(8)

or (2.20)" and

(2.23) D, <x liminf |p|A(X, 2, p)
Xeslx)?l,_l’zjogM

are satisfied, then (2.15) ¢s valid for any solution w of (1.1).

Again, when y = 2 and (2.20)', (2.23)" hold, this corollary is true with-
out (2.6).

We also point out that a simple variant of the decomposition (2.18),
described in [8, Problems 14.2-14.4], allows us to recover our previous
results as special cases of Theorem 2.6 or Corollary 2.7. In particular,
Theorem 2.2 corresponds to Theorem 2.6 with (2.20) holding and a?, a_
all zero.

Elliptic analogs of the theorems in this section appear in [8], [21], [26].
[29], and [33]; the basis of all the results in these works is, of course, [29],
Moreover all the boundary gradient estimates of these works have simple
analogs in the present work when (2.13) holds as well as more subtle ones
like Corollaries 2.5 and 2.7 when (2.13) is not assumed.

The barrier constructions of this section generalize easily to non-Hélder
moduli of continuity. As in [26] a boundary gradient estimate is valid for
Dini moduli of continuity and a boundary Hoélder estimate with arbitrary
exponent in (0,1) is valid for non-Dini moduli. Also, by virtue of the
local nature of our arguments, we can obtain boundary gradient estimates
for equations with behavior appropriate to diDerent theorems of this
section at different points of S£2; see [29, Sec. 11].

We also point out that if |a|<ut™ 2’2 for some positive constant u, a
boundary gradient estimate can be obtained by adding

(2”/),)“7/2_ tz/z)
to our (upper) barrier and applying Lemma 1.1 to
¢ + Culy)E*— %)

when determining ¢. Moreover, by virtue of the local nature of our argu-
ments and the comments after Lemma 1.1, a boundary gradient estimate
is valid if we only assume that ¢ is smooth and u is bounded whenever
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t>e> 0 with the hypothesized bounds depending on &; of course the
boundary gradient estimate is also dependent on e.

The estimates of this section apply to fully nonlinear equations using

the methods and ideas of Futev [4]. We indicate briefly the necessary
modifications when

Py = —u, + F(X, u, Du, D*u) .

The parabolicity of P is expressed in terms of positive functions 4,(X, 2, p, r)
and Ay(X, 2, p, r) such that

Jotr (M) < F(X, 2, p, 7+ n)— F(X, 2 p, 7)< tr(n)
for all positive semidefinite matrices . We then set

8(X1 z,p): ?(X,z,p,p®p)—— fF(X’ 2, Py 0)?

(X, 2, p) = F(X,20p,0),
and we assume there is a function A(X, 2, p) such that
Ao(X, 2, p, - mp ® p)<A(X, 2, P)
for m and |p| sufficiently large. Fixing ¢, > 0 and defining
Py =—v, + F(X, u, Dv, D*v),
we infer from the proof of Lemma 2.1 and (2.21) that

@.24) PB<— G, + O(plA + o] + 4*) +
+ F(X, u, Dw,— ¢, "~ * Dw ® Dw) — F (X, u, Dw, 0)

for a suitable choice of f in our barrier w. Under the hypotheses of
Theorem 2.2, we therefore have

Pw<uf'~%8 + F(X, u, Dw,— ¢, {2 Dw® Dw)— F(X, u, Dw, 0)
If we make the additional assumption that

(2.25) F(X, u, p,—mpRp)— F(X, u, p, 0)<— Kmé
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for some position constant K and all large m and p, we obtain Pw < 0 with
¢, = 2u/K. Moreover we can replace Km by K(m), with K an unbounded
increasing function in (2.25) when y = 2. Similarly Theorem 2.3 holds
in this case because the term |p|A is not present in (2.24). For the remaining
theorems in this section, we refer the reader to [4].

We close this section by observing that in one space dimension, only
Theorem 2.2 (or 2.3 which is equivalent because A = 4 and D is convex
in this case) is applicable. Thus we have boundary gradient estimates for
one-dimensional problems provided 1 and a are not too large relative to
A=A = a', or ¢, = 0 and a is not too large. A supposed counter-example
to this last assertion was given in [12, Theorem 5.2] but we have been
unable to make sense of the construction in the English version of that
work.

3. — Non-existence results.

We now show that (1.1) ceases to be solvable for arbitrary ¢ € H, when
our structure and geometric conditions are violated. From the proof of
these results it follows that (1.1) is not solvable in this case even for arbi-
trary ¢ € C=.

As with other results of this type, our starting point is a simple variant,
Lemma 3.1, of the comparison principle used in Section 2. Our comparison
functions are, in fact, taken almost directly from [8, Sect. 14.4], which is
based on [29, Chapt. I1I]; the only difference between the functions there
and here is that we add on a suitable multiple of {. Thus our results can
hardly be considered new. Nonetheless they seem not to have been noticed
before except in a few simple situations ([2, Theorem 17], [12, Theorem 5.1],
and [28, Sect. 3]) where the precise relation between the time-dependence
of ¢ and the solvability of (1.1) is obscured.

Throughout this section P is as in Section 2 with @(X, 2, p) = a(X, u, p),
and L, M, 0,8 denote positive constants with g = 6/(1 4 0).

We now state our comparison principle, which is essentially [2,
Theorem 16] (see also [8, Theorem 14.10] and [29, p. 459] for elliptic
versions).

LeEMMA 3.1. Let I'* be a relatively open C* portion of 0D with inner normal
v, and set I'=I*x(0,T). If ueH(2)Nn C>{(RUI) and veHy(Q)
NO>YQ) satisfy Pv< Pu in 2, v>u on T, and 0v/ov = — oo on T,
then v>u in Q.
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Let 6 = diam D, «€ (0, §/2), and yeoD. For pe C%x, d) and m, x
constants to be chosen, set

(3.1) w(X)=m + p(lo—y|) + #t .

Suppose that p(8) = 0, y'(x) = — oo, and y > 0 on (a, 8). If Pw < 0 = Pu
on the set where |z — y|> « and |u|> M, then we choose

m = sup {u(X): X € $Q, lv— y| > o
and » = w in Lemma 3.1 to infer that
(3.2) sup{w(X): Xe®Q, |r—y|= o} <max {M,m + p()+ »T} .
Suppose there is a non-negative constant 7 such that
(3.3) —n+a<—|pl’6 for |¢|> M, |p|> L.
(Note that if also a<0 and > 0, then for any %' € (0, ) we have
—n' +a<[p"*(—y+ a)<— [p["*§ for [o|> M, [p|>L+ ()" +1.

Thus, in this case, we can assume 7 to be arbitrarily small.) Then a suitable
v is given by
p(r) = K[(0 — «f — (r— )]

for sufficiently large K provided we take » — 7. Hence (3.2) is valid for
this v and ».

Now suppose there is a ball with center x, and radius R lying entirely
in D with y on the boundary of the ball. For ¢ € (0, R) and y, € 0%(0, R — ¢)
set

3.1y wH(X) = m* + y,(jo— @) + x*¢.

Suppose also that y,(0) = 0, y.(BR— &) = oo, and %. >0 on (0, R —¢). If
Pw* < 0 = Pu where |u|> M, [r—y|<a, |r— 2| < R— ¢ and if

m* = sup {u(X): XeQ and [r—y|=«a, or XeBR and |z— y|<a},
then Lemma 3.1 with v = w* yields

(3.2) sup{u(X):Xef, |—y|<a, |r—mz|=R—¢
<max {M, m* + y (R—¢)+ »*T} .
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When also y (B— &)<y, for some constant y, independent of ¢, we can
send ¢ to zero so

(3.2)" sup u(y, t) <max {M, m* 4 y,+ »*T} .

o<i<T
In particular if there are constants @, >0 and R’e (0, R) such that

lpl

(3.3) — @D+ a+—<—|p|°8 for |¢|> M, |p|>L

then a suitable y, is given by
(3.4) 2.(1) = K[(R— &) — (R— & — 1]

for K sufficiently large provided »* = &,, R— R’ > ¢, and a > ¢. (There
seems to be some confusion over this point on p. 349 of [6].) Hence (3.2)"
holds with y, = KRA. Since (3.3) implies (3.3) (with # arbitrarily small
it &,>0 and =0 if @, = 0), it follows from (3.2) and (3.2)" with
o= (R — R')[2 that

u(y, t)<max {M, m + K[(6 — R)® + RF]1 + (®,— )T} for te(0,T).

Thus ¢(y,?) cannot be prescribed arbitrarily. Moreover by repeating the
arguments above with — # in place of u, we can relax (3.3)" to

lpl

(3.5) @+ |a|> 5 + Ip|°8 for 2| > M, |p|>L

provided a does not change sign on this set.

These considerations lead to our first non-existence result, which corre-
sponds to the elliptic results [8, Theorem 14.11] and [29, Theorem 16.1] and
which extends the parabolic results [2, Theorem 17] and [12, Theorem 5.1].

THEOREM 3.2. Let D be a bounded domain and let R be the radius of the
largest ball contained in D. If there are constants @, and R'e (0, R) for which
(3.8) holds and if a does not change sign when |¢|> M, |p|> L, then there
is @ € C* for which (1.1) is not solvable. Moreover for any ¢ > 0 this ¢ can
be chosen so that |p,|<®, + ¢ on 8. If @, = 0, we can choose ¢ to be time
independent.
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Thus Theorem 2.2-2.4 are sharp in that & cannot be replaced by
{p|°& in (2.6)', (2.13), (2.14), (2.16) and R cannot be replaced by a smaller
number in (2.16). Also in Corollary 2.5, |¢,|, cannot be increased beyond
the bounds given by (2.16)' and (2.16)".

Note that we could have used the corresponding comparison functions
from [29, Chapt. III] in place of w and w*, and hence |p|? in (3.5), and in
the corresponding conditions to come, can be replaced by h(|p|) for any
positive, non-decreasing h with

1
J‘Th(r)d‘r<oo.
L

We also note an immediate corollary for the case n = 1.

COROLLARY 3.3. Let D cCR! be an interval. If
(3.6) D, + la|>|p°*2ar  for || > M, |p|> L

and if a does not change sign, then there is ¢ € C* for which (1.1) is not solvable.
Moreover for any € > 0 we can take |p,|< P, + ¢ and, if &, =0, we can
take ¢ to be time independent.

For the time-dependent prescribed mean curvature equation

"y = %Abu + ()

where
Mu = div ((1 + |Dul?)"} Du),

Marcellini and Miller [28, Sect. 3] prove a version of Corollary 3.3 for time-
independent boundary values.

Suppose now that the decomposition (2.18) for P is valid with a_
inhependent of z and ¢ = o(|p|4). (The following argument can be mod-
ified as in [29, Sect. 18] to allow a, to depend on z.) Suppose also that

3.7 a<0, §<A|p"® for |2|> M, |p|>0.

It is a simple calculation to check that Pw < 0 if w is given by (3.1) with
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» = 0 and

[
p(r) = B~ [[log(x/o)] " d

0 (3.2) holds. We now define »~ by (2.19a) with S as in Section 2 except
that 8*c D. For R be chosen and x. as for (3.1)* we set

w** = m** Ly (R— d(x)) + »**t.
For a fixed t, we see that
Pt <— g, Al (y, ) 4 o(1) + 7, () 7> 1 — w**

where the o(1) term tends to zero as R 4 1/x;—> 0. If g, is given by (3.4),
then, for any % > 0 and K sufficiently large depending on 7,

Pur*<— g, A(s(y, 1) — 1) — o** .
Setting
A,=lim sup |p|4,
|p]—00

we infer that Pw** < 0 if
(3.8) Ao~ (yyt) + @, >0 or x(y,t)>0  for all te (0, T)

by taking x»** = @; or 0, respectively. Hence we obtain (3.2)" with »x*
replaced by »**. We thus have an analog of [8, Theorem 14.12] and [29,
Theorem 18.1].

THEOREM 3.4. Suppose P can be decomposed according to (2.18) with
o = o(|p|A) and a. independent of z, and suppose (3.7) holds. Define x~
by (2.19a) (with 8* c D) and suppose (3.8) holds for some y € 0D. Then there
i8 @ € C* for which (1.1) is not solvable. If the first inequality of (3.8) holds,
then we can take |p,|< D, + &, while if the second inequality holds, ¢ can
be made time-independent.

Theorem 3.4 remains valid upon replacing ¢ by —a in (3.7) and »~
by »* in (3.8). Also if one of the inequalities in (3.8) is valid only for ¢ in
some interval (f,,?,), then Theorem 3.4 still applies because we can repeat
the proof with #, in place of 7 and {X € §2:t<{,} in place of BR2 (and simi-
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larly for Theorem 3.2). Thus we cannot increase x, in Theorem 2.6 beyond
the bound given there. Moreover conditions (2.23) and (2.23)" of Corol-
lary 2.7 are sharp in that when |p|4 has a limit as [p| — oo, |p,|, cannot
be increased beyond the bounds given there, even for positive x,.

4. — The other estimates.

For our existence program, we need several estimates in addition to
the boundary gradient estimate of Section 2. The simplest ones are bounds
on the size of the solution and its gradient. Since these bounds, especially
the gradient bound, have been proved under farily general conditions else-
where (e.g., [2, Sects. 3 and 5], [12, Sect. 3], [22], [30, Sect. 6]), we give
them here only in simplified form.

In our first lemma, C(2 xR xR") denotes the set of all functions g on
0 xR xR~ such that g, d,, 9, (but not necessarily g,) exist and are contin-
wous on QxR xR", and & is the operator given by dg= g, -+ |p|2p*g,-

LEMMA 4.1. Let ue Hy(2) N 0>1(2) be a solution of (1.1), and let u,,
Uiy Moy M3 De non-negative constants.

(a) If

(4.1) a(X, 2, p)2/l7|< (,ll1lp| + /uz) 8(X, 2 p)lp>+ ﬂs(lzl + 1)

for |pl, Izl #0,
then

(4.2) [ulo<exp (4 T) (Iplo + g2 €xp (s + 1) diam D)) .

(b) If we CYQ2) and if there are functions a and ¢ such that

(4.3a) (a¥) is positive definite with minimum eigenvalue A*,
(4.3b) @ = ay ip; ¢ + p; ¢'),
(4.3¢) ai, ¢, and a are in C'(2 xR xR"),

(4.34) (Ip[*/42%) 3, (0ad)* + da<p,,
(%]
then

(4.4) [Duly; o <exp (o T[2) |Duly, g, -
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Proor. For (a), we assume first that y, > 0 and that D lies in the slab
0 < a'<d, = diam D. Defining

Py = a'i(X, u, Dv) Dy;v 4 a(X, u, Dv) + pg(v — u)— v,
v(X) = exp (us?) (|plo + 1 + moexp ((u, + 1) dg) — exp (g, + 1)2")]) — 1,
it is readily checked (cf. [8, Theorem 10.3]) that

Po<Puin Q+={XeQ:uX)>0, ov>uon JQ,

P(—v)>Pu in Q= {(Xe:u(X)<0}, —ov<uon F0-.

Hence by Lemma 1.3, we have |u|<wv in £, which implies the desired result
for u, > 0. For the case u, = 0, we let u, tend to zero.

For (b), we apply the operator D, uD, to the equation Pu = 0 and set
v = |Dul®. Following the proof of [8, Theorem 15.2], we see that v is a
weak solution of the inequality

Di(ai'D;v) + b'D;v + pev— v,>0;
hence ¥ = exp (— u,t)v is a weak solution of
Dya"D;v) + b:D;7—7,>0,

and thus [7],< |0y, 5o by [19, Theorem IIL.7.2]. (]

We mention that a global gradient bound can be obtained without
assuming % € C* by combining the [«]; estimate from Section 2 and a suitable
interior gradient bound as in [26, Sect. 4]. As the interior gradient bounds
have not yet appeared explicitly in a suitable form, we shall not pursue
this matter further.

The final estimate needed is a Holder estimate for Du. For ¢ € C>1(5Q2)
such an estimate was proved by Ladyzhenskaya and Ural’tseva [19,
Theorems V.5.2 and VI.2.3] under certain assumptions on the coefficients
of P, of which we single out a Lipschitz condition with respect to ¢{. More
recently Krylov [16, Theorem 4.2] proved a Holder estimate for the normal
derivative of the solution on 802 (again for C2! data) under slightly different
hypotheses, in particular without the Lipschitz condition. Using Krylov’s
result in Ladyzhenskaya and Ural’tseva’s method gives the full Holder
gradient estimate without the Lipschitz condition for 0*(Q) solutions with
C=! data. We use a variant of this combination (cf. the remarks following
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[27, Theorem 2.4]) to relax the hypotheses to H, solutions with bounded
gradient, H, data, and even some unboundedness of the coefficients of P
as mentioned in Section 2.

In order to apply Krylov’s ideas, we make some observations. First
by virtue of the global gradient bound, the matrix (a*/(X)) = (a'/(X, u, Du))
satisfies

(4.5) MéP<ati& & ;< AlE|*  for all £eRn
for all X € 2, with known positive constants A and 1. Setting
(4.6) L =a"D;— D,

we see that |Lu| is bounded by a known constant. For our purposes, it is
useful (and in fact crucial) to generalize this bound to |Lu| (d*)*~? being
boinded. (Recall that d*(X)= min {dist (z,2D),t!}.) We now use the
regularized distance ¢ of Lemma 1.2 and the function ¢ of Lemma 1.1
(obtained by taking = 1 in the proof) to obtain an extension ¢ of ¢ to
all of Q with ¢ e H™” and ||S"” < C(n, |p|,) by setting G(X) = §(X, o(®)).
Replacing by « — @ and locally flattening 0D (with p as the x"-coordinate),
we may assume that

| Lu| < AF,(min {=, $})""2,  |u|<Ha" for |g|<1, >0, 0<t<T

with known constants F, and H.
Also for positive constants 7, g, R we introduce the sets

Bt = {lg|<1, "> 0, 0 <t < 7},
G, R)={l'| <R, 0<a"<gR, 1— R*<t<T},

(o, B)= {|o'| <R, eR<a"<20R, v— R2<t <1},

where &' = (2%, ..., 2" !). Under these hypotheses, we begin our proof ot
the Holder gradient estimate. Our first step is a comparison result based
on [16, Lemma 2.1] and the idea of Caffarelli for elminating Krylov’s added
independent variables.

LeEMMA 4.2. Lety, Fy, A, A, R, T be positive constants with A> 1,1 <y <2,
10R*<min {1, 7} and set o = A[[2 + (2n + 4)A]. (So G(g,2R)cC B+ and
o™ < t* in G(g, 2R).) Define L by (4.6) and suppose (4.5) holds. If u e C»Y(B*)
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satisfies

(4.7) Lu<AFy(@") % u>0 in G(g,2R),
then

(4.8) inf w/z» <4 inf w/z"+ 4(20R)»1F,[(y —1) .

@' (0,2R) G(e,R N
Proor. We set

w, = (1— "/(20R)) 2" + |¢'FR™*a" + (v — t) R™*a",
w, = [(2eBR) ™' — (@)~ ']a"[(y — 1),

A = inf wufz,
@ (e,2R)

w=u— A" + Aw,[4 + F,w,.
A simple calculation shows that

Lw<0 in G(g,2R), w>0 on TG(p,2R),

so the maximum principle imples that w>0 in G(g, 2R). Since G(g, R)
C G(p, 2R) and w,<32" in G(p, R) we have

u>[A[4— (20R) " F,/(y— 1)]a" in G(g, R)

which leads easily to the desired result. m

From Lemma 4.2 we infer a preliminary oscillation estimate for u/xz"
(cf. [16, Theorem 4.2]).

LeMMA 4.3. Let p, 4, A, 9, 7, F,, L be as in Lemma 4.2. If ue C>(B+)
satisfies

(4.9) Lu|<AF (z")""'  |u|/z* bounded
1

on the set of all X € B+ with x» < t!, then there are positive constanis f and C
depending only on y, A, A, n such that

(4.10) osc u/w"<0(r—5/2 o8¢ ufxm -+ Fl)Rﬁ
' &(e,R) &(e,(z/2)})

for any R such that 0 < R®*<} min {1, 7}.
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Proor. It suffices to prove the inequality when R*<1/10 min {1, 7}.
Fix such an R and for ¢ = 1,2 set

m; = inf ufz", M, = sup ufx",
G(e,iR) G(e,iR)

2= {j#'| <R, eR<ao"< 3R, 71— 4R*<t<7t— 2R%,
2= @', 2R), X"={XeG(g,2R): x"> }oR}.

Since |Lu|<AF,(¢R/2)""?in 2", we can apply the weak Harnack inequality
[10, Theorem 3.1] to u — m,2" in 2”. Thus there are positive constants C
and x depending only on A, A and n such that

1 1/%
(— f (40— myam)* dw) <C’(inf (4 — myam) + gv~2RvF1)
11y =

< O(wolmy —ma) + (w(20)7/(y —1) + ¢7*) F,R») B
<CO(n, &, A, y)(my—m,+ F,R) R

by Lemma 4.2. Adding to this inequality the corresponding one for
M,x*— u (which is proved in the same way) and observing that

f @y dX = o(n, x) B*|Z|,
P
we conclude that
M, — my,<CO(n, 4, A7 Y) (Mz“ my— (M, — m,;) + FlRy_l) .

Applying [8, Lemma 8.23] completes the proof. m

Next we estimate v7#2 osc w/x". When 7>}, this quantity can be
(e, (z12))
bounded in terms of H. When 7 < }, we proceed as in [16, Lemma 2.2}

using a barrier argument similar to the one in Lemma 4.2.

LEMMA 4.4. Let y, Fy, A, A, T, L be an in Lemma 4.2 with v < }. If
u € C»Y(Bt) and if there is a non-negative constant H such that

(4.11a) Lu< AF,(min {&~, #*)}*"2, w>— Ha" in B+,
(4.11b) u(x, 0)>0 for |2]<1,

then

(4.12) w(X)>— C(n, A, A, y)(Fy 4 H) 77~ V2g"

whenever (x")2<t<rt, |¢|<$, a">0.
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ProoF. We begin by showing that for any Re (0, 7*] and @, with 2} = 0
and |z,| < %, we have

(4.13) u>— C(n, 4, A, y)(F, + H)R”

on the set X = {|z — x| < R, 0 < ¢ < R? 2"> 0}. To prove this estimate,
let ¢ € (R, 4] and introduce the functions

[(y 4+ 1) Byt — (x®)v—1Ja"[(y — 1) —2Atv/2 if z"< R,
U= By Rrran(y —1) 4 2ptoe it 2">R,

wy = |@ — m,[2fe + (20 + 2) Atfe.
Defining
C={lz—a|<e x>0, 0<t<RY,
we easily check that w = w 4 F,w, |+ Hw, satisfies
Lw<0 ae. in X, w>0on 3%.
Since we W2}, (Z), the maximum principle [15, Theorem 3.1] implies that
w>0in 2. (Alternatively we can approximate w, by suitable C*! functions
and apply the classical maximum principle as in [16]). Therefore w>0
in Xy, and so
u>— C(ny 4y A, p)(Fy + H)(R" + R*[e) in Zy.
We now choose ¢ = 2'"7R*"” and observe that R<<s<}, R%le=2""'RY
to infer (4.13).
To complete the proof, we denote by H, the coefficient of R” in (4.13).
By taking R = t* = 4" in that inequality, we infer that
w(X)>— Hy(a")y if " =tt<t.
For Re (0,7'] and &€ (R, }) we define
wy = [R"'— @) a(y—1), Zt={XeZ:a"<th.

It is readily checked that

w = u + (¥, H,)w; + Hw, + H,(x")"
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gatisfies Lw<0 in X+, w>0 on §X+, so preceeding as before and recalling
the definition of H, yields

w>— Cn, A, A, p)(F, + HY(R' + R%e) in 2+ Zx.

The proof is now completed by fixing X and then taking R = (z{¥~"/2g")'/”
and & = 2177 R?7, u

Since f<y— 1, applying this lemma to % and — « gives the required

estimate on 77%% osc wu/z* when 0 < v < min {7, }}. We therefore ob-
&(e, (zi2)})
tain a Holder estimate (with exponent §) on u/z" by virtue of Lemma 4.3

and 4.4. Back in the original domain (and with the original boundary
values) we have a Holder estimate on (v — @)/p. This estimate implies
that the normal derivative D, u exists on 8@ (in fact the existence follows
from Lemma 4.3) and that D,« is Holder continuous on S2; we shall
use the sharper estimate.

COROLLARY 4.5. Let y, I', K, A, A, T be positive constants with A> A4
and 1 <y<2. Let 02 H,, define L by (4.6), and suppose (4.5) holds for
all X e Q. If ue Hy(R2) N C>(2) satisfies

(4.14a) |[Lu|< F(d*)*"%, |u|+ |Du|<K in 2,

(4'14b) luly;ﬂ’Q<K7

then the mormal derivative D,u ewrists on S£2. Moreover there are positive
constants f = p(n, A, A,y) and C= CF,K,T,n, A A,y) and a function
ve HP~1(Q) such that

(4.15) lu—o|< 0@y’ in 2, PP P<C.

Proor. The existence of D,u follows from the preceding remarks.
For (4.15) we take g from Lemma 4.3. A simple modification of the proot
of [23, Theorem 4.2(b)] (see also [24, Lemma 2.3]) implies that there is a
function ve H{ P~ with |[o|S#~Y< ¢ and

v=wuon §Q, D,v=D,u on 82

because |D,uls, 5o<C. From the remarks preceding this corollary, we
infer the first inequality of (4.15) provided d(x) <t} so it remains to
establish the inequality

[u—v|<CtP™D2 on ¥ = (X e Q:d(z) > t}} .
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However for the function v, we have

|L(uw— v)|<OtP=V2 in ¥ |u— o|<CtP*D2 on §X.

(B+1)/2

The maximum principle applied to + (v — v) + 20t gives the desired

result. m

The Hoélder gradient estimate now follows by combining Corollary 4.5 with
the interior Holder gradient estimate of Ladyzhenskaya and Ural’tseva [19]
in the sharp form given in [32]. We carry out the details for operators in
the divergence form

(4.16) Py = div (A(X, u, Du)) + B(X, u, Du)— u,,

in which case a'/ = 04%/0p; .

THEOREM 4.6. Let 002€ Hy, ¢ € H) (T2) for some y € (1,2], and let P
" have the form (4.16) in Q. If uc Hy(R) N C>Y(Q) is a solution of (1.1) and
if there are positive constants I, Az, ux such that

(4.17a) lulo + |Dul< K,
(4.17b) a*i (X, uy, Du) &, &> Ag|E]? for all X € Q, E€R?,
(4.18) [4,] + @) 2 (14, + 14, + |Bl) <pg in 2,

then there are positive constanis
C= 0Oy, K, A, pg, n I‘Ply’ Q) and o= aly, Ag, pg, M)

such that
(4.19) [Du],, o< C .

Proor. (In this proof we denote by ¢, ¢,, ... constants depending only
on the same quantities as C in (4.19).) Setting L = a*(X, u, Du)D;; — D,,
we have

| Lu| < ey (d*)r—2.

Thus for § and v from Corollary 4.5 and w = u — v, it follows that

lw|<ey(@* )+,  |Dw|<e,.
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Moreover u, = D,u, k=1, ...,n, is a weak solution (see [19, p. 436] or
[32]) of the equation

D,(a” D;w, + f})— Dyw, = 0 in Q

with fi satisfying |fi|<es(d*)" 2.
For > 0 and X, e R+, denote by Q(r, X,) the cylinder

(Xilw— o <7y tg—r2<t<to},

and for r, R, R’ constants satisfying 0 <r < R<R', let Q(r) = Q(r, X,)
and Q(R) = Q(R, X,) be (concentric) cylinders in Q.. Since [fj|<e(R')*~2
in Q(R), [28, Theorem 2.2] implies that there is a constant ¢ = o(4z, yx, n)
€ (0,1) such that

08C Uy, < (c,/n)[osc Uy + R(R’)v—’](r/R)"
a(r) a(R)
and hence

(4.20) 08¢ Du<c4[ osc Du -+ R(R’)ﬁ*l](r/R)‘.
) a®)

Furthermore we have O(S()‘, Dv<e;p8 for p=1r or R and therefore
ale

(4.21) osc Dwgce[osc Dw + R"‘](r/R)“
Q(r) Q(R)

for « = min {8, ¢} and ¢; = (¢, + 1)(2¢; + 1).

Now let 2 = Q(R", X;) be an arbitrary cylinder in 25, and let X, Y
be in X, for some ¢ (0, R'). If |[X—Y|<e¢, then (4.21) with r = [X —Y|
R = ¢ gives

&*|Dw(X) — Dw(Y)| |X — ¥|~*<(2¢) (|Dwly, z, + &%) ,

an inequality which is obvious if | X — Y|>e. So if we multiply this
inequality by ¢, take the supremum over ¢ > 0, and set

[w]§+1:2 = sup 8a+l[Dw]a:Z, 9
>0

we obtain

(4.22) [wIf, 1. = <2¢(|Dw|(s + (B')H7) .
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To proceed we note the following interpolation inequality, which is
proved just like [8, (6.86)]:

(4.23) ID“’I{)I,)I-'< (2/u) wly, £ + 2 p*[w]3 4 4, 5
for all e (0,1]. Combining (4.22) and (4.23), with suitable u, gives
(4.24) [Dw|Vs < eq(|wly, » + (R7)) .

Now for X, and X, in 2, we set R’ = } min {d*(X,), d*(X,)}. If | X, — X,|
< R'[2, we use (4.24) with R" = R’ and X = X, to infer

Ile(l < e R/)Hw
Next we set B = R’/2 and note that X = Q(R, X;), so

|[Dw|§) >3 R ose Dw.

<kl

Hence

osc Dw <8¢y R7,
4(R, X,)

and therefore (4.21) with r = |X, — X,| and X, = X, yields
|Dw(X,) — Dw(X,)| < cs(8¢s + 1) | X, — X,|* .
On the other hand if |X, — X,|> R’'/2, (4.24) implies that
|Dw(X,) — Dw(X,)| < |Dw(Xy)| + |[Dw(X,)|<4de,(es + 1) | X, — Xa|* .

The combination of these last two inequalities gives (4.19). m

The proof of Theorem 4.6 is based on [21, Chapter III] which, in turn,
is based on [8, Lemma 6.20] in its use of the rate at which a solution of a
differential equation goes to zero near the boundary. A slightly different
but equivalent approach is given in [34, Theorem 6.1]. Note that the
techniques of [5] cannot be applied directly in the parabolic case without
assuming some smoothness of a*/ with respect to ¢; however, these techniques
can be combined with the methods described here just as in [26, Sect. 5].

As we have already remarked, (4.19) can be obtained more easily if
|4,], |4,| and |B| are bounded and if » € C*(2). In this case the estimate
on [D,ul o implies that Due Hy(F2) and [32, Theorem 4.2] gives the
estimates. Our approach proves the continuity of Du.
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When P is in general form the Holder gradient estimate is proved in
the same way with [32, Theorem 2.3] replacing [32, Theorem 2.2].

THEOREM 4.7. Let 02 € Hy, ¢ € H)(FQ) for some y € (1,2]. Let u e C(Q)
NC2Y Q) be a solution of (1.1). If there are positive constants K, yy, py such
that (4.17) holds and

(4.25) la¥] + |a¥] 4 (@)% (la¥] + la¥| + |a]) <px in 2,

Then (4.19) holds with o also depending on K.

Note that the estimates on the derivatives of a’/ are only used to obtain
(4.20) from [32, Theorem 2.3].

If Q is a noncylindrical domain with 042 € H, in the sense of [24, Sect. 2],
the proofs of Theorems 4.6 and 4.7 are applicable without change. Moreover
a global Holder gradient bound for solutions of fully nonlinear equations
follows by using an interior Holder gradient bound based on the parabolie
version of [32, Theorem 5.1] (and the difference quotient arguments of [27]
to relax the smoothness of % to u € C»1) in place of [32, Theorems 2.2 and
2.3]. This bound includes the corresponding result in {17, Theorem 3] with
the rest of that result contained in the remarks after Theorem 2.2  and a
parabolic version of [34, Theorem 7.2]; the parabolic version of this theorem
proceeds via the observations in [30, Sect. 6].

5. — Existence theorems.

We now infer solvability of (1.1) under appropriate conditions from the
estimates of Sections 2 and 4. Only a few selected existence results will
be given. Suitable parabolic versions of the elliptic results of e.g., [8,
Sect. 15.5] and [29, Sect. 14 and Chapt. IV] are also easily obtained.

The basic tools for these results is a consequence of the Leray-Schauder
fixed point theorem.

LEMMA 5.1. Let 0Q2€ H, and ¢ € Hy(FQ) for some y e (1,2). Suppose
(5.1a) a¥,a lie in H (2XRXR") for some o€ (0,1),
(5.1b) a‘i depends Lipschite continuously on (z,z,p) uniformly in Q,
(5.1¢) (a')>0.

Suppose also that there are fumctions bii, b defined on £ xRxR"X[0,1]
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such that

(5.2a) bii(-; 1), b(-;7) lie in H:(2XRXR") for each v [0,1],

(5.2b) bi depends Lipschitz continuously on (x,z,p) uniformly in 2 x[0, 1],
(5.2¢) (b¥) >0,

(5.2d) bi(-;1)=a'", b(-;1)=a,

(5.2¢) as functions of T, b¥(-; t) and b(-; ) map [0, 1]
continuously into H (2 XRxXR").

Set
P v =>bX,v, Dv; t)D;;v + b(X, v, Dv; T) — v,

and suppose also that the problem Pyv =0 in 2, v=0 on FQ has only
the zero solution. If there is a constant M such that for every v € [0, 1], and
solution ve HS.?) of P.v =0 in Q, v= 1p on PQ obeys the estimate |v|,< M,
then (1.1) has a solution we HS "),

ProOF. Since this result is fairly standard (except for the H{ ) setting),
we skecth the proof, based on [8, Theorems 11.4 and 11.8] and [21, Lemma 1.2].
For de(1,y) to be chosen, we define a map T': H,; %[0, 1] H; by saying
u = T(v, v) if u is the unique solution in H{ % of

b4 (X, v, Dv; 1) Dyu + b(X,v,Dv;7)=0 in 2, u=71p on T2.

The existence of u follows from [25, Theorem 11.3]. It is readily checked
that T is continuous, and [24, Lemma 5.2] guarantees that T is compact.
Also by hypothesis T'(v, 0) = 0 for all ve H;. If (v, 7) € Hy X [0, 1] satisfies
v = T(v, 7), it is readily checked from [25, Theorem 11.3] that ve H{,?
and also that |v|;<M. Hence by Theorem 4.7 [v|; < M, for some J € (1, y;
and some constant M, independent of v and 7. Hence by [8, Theorem 11.6],
there is v € H, for which 4 = 7(w, 1) and therefore w is the desired solu-
tion. m

Using now the classical Schauder theory of Friedman [3, Chapt. 3],
we can improve the regularity of the solution for smoother data.

COROLLARY 5.2. Under the hypotheses of Lemma 5.1 if also 0Q2€¢H,_,,
peH, ,(T2), and Pp =0 on 0L, then (1.1) has a solution we H, .
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Note that the condition Pg =0 on C£ is necessary for « to be in H, .
An earlier version [2, Theorems 1 and 2] of this corollary was proved using
only Friedman’s Schauder theory; this version required that the map T
in the proof of Lemma 5.1 had as range space H,, ,; and hence a much
stronger condition than just Pp =0 on Cf2 was needed. Ivanov [12,
Theorem 1.1] (see also [13, Theorem 2.1.3]) essentially proved Corollary 5.2
using Friedman’s Schauder theory and also the L” Schauder theory of
Solonnikov [19, Chapt. IV]. (Also Ivanov did not have available the Krylov
boundary estimates we used in Section 4, so his hypotheses are somewhat
stronger than ours.) As well as allowing H, initial and boundary data,
our approach has the advantage of only using Schauder theory in Holder
spaces.

For our purposes, it suffices to choose b (X,z,p;7) = (1— 7)d*
-+ 7a¥(X, 2, p), where 6% is the Kronecker d, and b(X, z; p; v) = ra(X, 2, p);
then P,v = 0 in Q, v = 0 on 2 has only the zero solution by [3, Theo-
rem 3.7]. Other choices for P,, suitable to other structure conditions, can
be found in [2, Sect. 1], and in [8, Sect. 15.5] and [29, Sect. 14] for elliptic
problems.

We now present our existence theorems.

THEOREM 5.3. Let 02 € Hy and ¢ € Hy(F2) for some y € (1, 2). Suppose
P satisfies the structure conditions (4.1), (4.3), (.1), and

(5.3) 1= 0(&) or ¢ is time independent
(5.4) pl4 + |a] = 0(8) .

If D satisfies a uniform exterior sphere condition, then (1.1) has a solution
we HTY.

Proor. In Lemma 5.1, we observe that the estimates provided by
Theorems 2.2 and 4.1 will be valid with constants independent of 7. ®

In light of the remarks following Theorem 2.2, we see that this theorem
(augmented by Corollary 5.2 and a suitable extension of Lemma 4.1) includes
[2, Theorem 14 and 15] and hence [12, Theorem 4.2] and [19, Theo-
rem VI.4.1] as special cases. Elliptic analogs of our result include [8,
Theorem 15.13], [21, Theorem 4.2], and [29, Theorem 14.1].

THEOREM 5.4. Let 02€ H, and ¢ € Hy(TQ2) for some y e (1, 2) with Q
R-uniformly convex. Suppose P satisfies the structure conditions (4.1), (4.3),
and (5.1). If either
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(a) P satisfies the structure conditions (5.3),

(8.5a) A =0(Alpl) or 4 =o0(8),
(5.5b) o] <—=5— Ipl’G + 0(8),
or

(b) P satisfies (5.3), Dy = {@)y,g0 8 finite and

(5.5 o+ 2, <28 o(g),
or

(¢) p€ H, and there is R’ > R such that
(5.5)" ol + 2, <2 ogg),

then (1.1) has a solution we H,Y.

Theorem 5.4(¢) is a stronger version of [12, Theorem 4.1]. An elliptic
analog is [8, Theorem 15.14].

Our final result is a parabolic version of Jenkins and Serrin’s sharp
criterion [14] for the solvability of the Dirichlet problem for the minimal
surface equation. To state this result succintly we define

= {pe H,(5Q): (Plo;sa<M} .

THEOREM 5.5. Let 0Q¢€ C? let ye(1,2) and denote by H the mean
curvature of 02. Then the problem

(5.6) w =1 Mu=div((1+ [Du)Du)  in @, u=p on 92
is solvable for arbitrary @ € H)' if and only if

(5.7) M""hing.
n oD

Note that we have used (2.22). When ¢ € H,, (5.7) can be replaced by
a pointwise inequality between |p| and H; the sufficiency of this form of
(5.7) for the solvability of (5.6) is due to Trudinger [33, Corollary 4].
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We also consider the family of related problems
(5.6), U, ———%(1 + |Dut)*Mu  in Q, u=¢ on F2

for 7 a real parameter; always assuming that H>0 on oD. For 7 <0,
(5.6), is solvable for arbitrary <per,’ if and only if M =0; for 7= 0,
(6.6), becomes (5.6) and hence is solvable for arbitrary qpeHly" if and only
if (5.7) holds; for 0 < 7 < 4, (5.6), is solvable for arbitrary qoeH;';’ provided
M is finite; and finally for 7>}, (6.6), is solvable for any ¢ H,. Note
that the elliptic analog of (5.5),, for any 7, is

(5.6)’ Mu=0in D, wu=g¢ onoD,

so the parabolic problem has the same solvability characteristic as the
elliptic one if 7>} (which corresponds to 1 = 0(§)) or if ¢ is time inde-
pendent.

We close by mentioning that the techniques of [8, Sect. 14.5] can
be used to modify our boundary gradient estimates so that modulus of
continuity estimates at the boundary for solutions of (1.1) result when ¢
is merely continuous. In conjunction with suitable interior gradient and
interior Holder gradient estimates, these boundary estimates can be used
to show that (1.1) is solvable with continuous boundary.values. Unfor-
tunately various technical complications (e.g., the restrictions on ¢ when
1 O(8) in Section 2) arise which sometimes prevent the consideration
of arbitrary continuous boundary values. For this reason we shall not
pursue this matter further.
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