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Linear Parabolic Equations in Banach Spaces
with Variable Domains but Constant Interpolation Spaces.

PAOLO ACQUISTAPACE - BRUNELLO TERRENI

0. — Introduction.

Let E be a Banach space. We look for C'-golutions of the Cauchy problem

(0.1) w'(t) — A@)u(t) = f(¢), ©€[0,T]
u(0) =

where 7' > 0, {A(t)},ew’m is a family of closed linear operators in F with
domains D, @ is an element of F and f: [0, T] — E is (at least) a con-
tinuous function. We suppose that for each te [0, 7] A(t) generates an
analytic semigroup, and that its domain D, is possibly not dense in F,
i.e. the semigroup s — exp [s4(¢f)] may be not strongly continunous at s = 0.
Although the domains may vary with ¢, we assume that for a fixed g ]0,1[
the interpolation spaces D, (o, o) between D,, and F are independent
of .

Many authors have studied Problem (0.1) in the parabolic case under
different assumptions. The simplest sitnation is that of constant domains,
i.e. Dyyy= Dy, for each te [0, T]: then a standard hypothesis is a Hélder
condition on ¢ — A(t)A(0)~* (in the uniform topology). Existence and regu-
larity results in this case are due to Tanabe [33], Sobolevskii [29], Poul-
sen [23], Da Prato - Grisvard [10}, Da Prato - Sinestrari[12], Aecquista-
pace - Terreni [2], [3].

When the domains depend on ¢, in order to obtain existence results
much more smoothness for A(?) is required: a standard hypothesis is now
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the differentiability of ¢ — R(A4, A(¢)) for each fixed A. This however is
not yet sufficient to show existence of differentiable solutions of (0.1); we
quote the existence and regularity results obtained, under different addi-
tional assumptions, by Kato - Tanabe [17], Tanabe [34], Yagi [37], [38],
Suryanarayana [32], again Da Prato - Grisvard [10], Acquistapace - Ter-
reni [1].

Problem (0.1) has been studied in another important situation, namely
the case in which the domains still change with #, but there exists some
intermediate space Y, between D, and E which is independent of i;
this allows a considerable weakening of the smoothness assumptions about
A(t). Sobolevskii [27], [28] and Kato [16] consider the case Y, = Di_ 44
for fixed p € ]0, 1[, with a Holder condition on ¢ —[— A(t)]e[— 4(0)]¢ of
order x€ ]l — g, 1[. In concrete cases the characterizations of the frac-
tional powers’ domains Di_ 4., a8 well as, possibly, their constancy with
respect to f, are known essentially when ¥ is an L”-space (see Lions
[19], [20], Seeley [24], [25]). Another possible choice for ¥, is the (real)
interpolation space D ,4(p, oo): these spaces have been characterized in
several cases (see Grisvard [13], [14], Da Prato - Grisvard [11], Lunardi [22],
Acquistapace - Terreni [3], [4]), and in a large number of variable-domain
examples it turns out that D (e, o) is indeed constant in ¢ for sufficiently
small .

Thus in the present paper we assume D, (g, oo) = Dyq)(0y o) for a
fixed p€]0, 1[; moreover we require that ¢ — A(f)~* is a-Holder contin-
uous from E into D, (g, o0) with a€ ]l — g, 1[, in analogy with the
assumptions of [27], [28], [16]. On the other hand we do not need density
of domains and do not use the fundamental solution: we use a suitable
«a priori» representation formula for the solution of (0.1) (if it exists),
and show that if the data z, f are smooth enough, this formula indeed
yields the unique solution of (0.1). In addition we prove maximal regularity
of the solution both in time and in space, provided « and f satisfy some
necessary and sufficient compatibility conditions: in other words, «' and
A(-)u(-) are 0-Holder continnous in [0, 7] whenever f does, and are bounded
with values in D, (6, co) whenever f does.

Let us describe now the subject of the next sections. Section 1 contains
some notations, assumptions and preliminary results; in Section 2 we derive
uniqueness and some simple necessary conditions for existence; in Section 3
the properties of all functions and operators appearing in our representa-
tion formula are analyzed in detail; Section 4 is devoted to the study of
certain problems which approximate Problem (0.1) and are useful in the
proof of existence; in Section 5 we prove our main results; finally in Sec-
tion 6 we describe two examples.
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1. — Notations, assumptions and preliminaries.

Let E be a Banach space and fix T > 0. If Y is another Banach space
continuously imbedded into E, we will consider the Banach fnnction spaces
B(Y) = {bounded functions: [0, T] — Y} and C(Y), C4Y) (€10, 1[), CY(X)
with their usual norms. We will also use the function spaces B, (Y) =
= {f: 10, T1 - Y: f|;,.;; is bounded Ve> 0}, and C(T), (X)), C(X)
which are defined similarly.

If ¥, ZC E are Banach spaces, £(Y, Z) (or simply £(Y) if ¥ = Z) is
the Banach space of bounded linear operators ¥ — Z, with the usual norm.
Let A: D,CE— E be a closed linear operator. For o€10, 1[ we will use
the real interpolation spaces (D, H), . with their usual norm (for a defi-
nition see Lions [18], Lions - Peetre [21], Butzer - Berens [8]). Obviously
if 0 <f < o<1 we have the continuous inclusions

(1.1) D,C(Dyy B)g oo € (Day By € Dt -

DEFINITION 1.1. When A is the infinitesimal generator of a strongly
continuous (except possibly at 0) semigroup {exp [EA]}E>M we will set

DBy ) := (D4 B);—p,0 VBelo, 1[.

Now we list our assumptions.

HyporHESIS I. For each t€[0, T] A(?) is a closed linear operator in E,
with domain D, C B, which is the infinitesimal generator of an analytic
semigroup {exp [£A4(!)]}ss,. More pre:isely:

(i) there exists 6, € Iz/2, #] such that
o(A4 ()28, := {ee C— {0}: largz| <} U {0} vie[o, T,

(ii) there exists M > 0 such that

".R(l A(t )“ﬁ(E)< V2 ES@O, Vie [0, T] .

1+ MI

ReMARK 1.2. The domains D, are not supposed to be dense in E,
80 that the semigroups {exp [£A()]} are not necessarily strongly continuous
at £ = 0; however if Hypothesis I holds and F is reflexive (or, more gen-
erally, if B is locally sequentially weakly compact) then D, = E for each
te[0, T] (see Kato [15]).
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HyporuEsIs II. There exists ge]0, 1[ such that D (0, 00) 22 D) (0, o),
Yt e [0, T, set-theoretically and topologically; more precisely:

(i) DA(t)(Q? 00) = DA(o)(Qy ), Vte [0, TT;
(ii) there exists K > 0 such that
"w”DAa)(Q,OO)<K”m”m(n)(e.°°) Vie [0? T] ’ VmEDA(o)(@ ©0) .

REmARK 1.3. By Hypothesis IT and by the Reiteration Theorem (Trie-
bel [36, Theorem 1.10.2]) it follows that for each fe ]0, o] we have

DBy 00) 22 D y5(B, o)

set-theoretically and topologically; moreover there exists Hy; > 0 such that

(1.2)  H ] pesi,00 < 2] Dacerp,00) < H | @l Daco 8,000
Vie[0, T], YoeDyy(p, o).

Moreover by (1.1) the closures DA(D coincide with EA(O) for each te [0, T].
It is then justified the following

DEFINITION 1.4. We set
Dy:=D,y, DB, c0):=Dyy(B, o) VBelo, o, Vie[0, T;

formulas (1.8), (1.9) and (1.10) below define a class of norms in D,(f, o)
which are all equivalent uniformly in ¢.

HyproTHESIS III. There exist a«e ]l — p,1[ and L > 0 such that
[A@)*— A(8)g(m, Dato,c0n) < LIt — 8| Yt, se[0, T].
Let us define now the strict solutions of problem (0.1).

DEeFINITION 1.5. Let €Dy, fe C(E). We say that a function ue C(E)
is a strict solution of (0.1) if we CY(H), u(t)e D, Yt [0, T] and

w'(8) — A(8)u(t) = f(t) Vie[0, T], «(0)==.
Thus we have A(-)u(-)e C(H) for any strict solution « of (0.1). If we set
(1.8)  CO(Dyq.y) :={ue C(H): u(t)e Dy, Vi€ [0, T] and A(-)u(-)e O(B)},

then any strict solution w of (0.1) satisfies ue CY(E) N O(Dy(.)-
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Let us recall now some properties of the semigroups {exp [EA(")]};=,
and of the interpolation spaces D, (8, o).
By the well-known representation of the analytic semigroup exp [£4(¢)]

(1.4)  A(t)*exp[EA(1)] =

=2_1_m, oxp [EA1Z*R(4, A(t)dA, VE>O0, Vie[0,T], VkeN,
e

where
7y =y UnUyt,

(1.5) yo :={2€C: 2| =1, |arge|< 6},
yt:= {zeC: |¢|>1, arg.  + 06},

(with fixed 6€ Jm/2, 6,[), we get the usual estimar.

(10)  JAQepEADIm< g VE>0, We[0,T), VEeN.

As {exp [£A(#)]};>, is a bounded analytic semigroup, we can characterize
the interpolation spaces D, (B, o) in several ways (see [8] for the dense-
domain case, [26] and [1] for the general case). Namely we have:

(L7) Dy, o) ={we B: sup {£) (exp [£4(1)]— 1) 2] s: £> 0} < oo}
:{meE: sup {£' 77| A(t) exp [EA(t)]o|z: > 0} < oo}
—{ze B: sup {|AP| AW R(4, At))@]s: A€ Sy} < ook

the corresponding norms

(1.8) o]0 := ols + sup {&~* ] (exp [£4(0)] — 1) a3} ,
(1.9) o] := o]z + sup {£-0|A(t) exp [EA ()]l s}
(1.10) o= lols + sup {|217].A() B(2, 4®) @5}

are all equivalent to the usual norm of D,,(f, o) as an interpolation
space (see [8]). If in addition Se]0, o], by (1.2) these equivalences hold
uniformly in ¢: thus, as claimed in Definition 1.4, each one of the norms
(1.8), (1.9) and (1.10) >an be taken as a norm in D ,(8, oo), with equivalences
holding uniformly in ¢.
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The above characterizations are meaningful also in the extreme cases
f =0 and p=1. In these cases one has D,(0, co) = F and D,,(1, oo)
2D, for each te [0, T] (without equality in general). However we will
adopt the following convention:

CONVENTION 1.6. We set D,(0, co) = E, D (1, o) = D, Vi [0, T1].
Let us recall some other useful properties.
Lemma 1.7. Under Hypothesis I, we have:

o ¢
(i) if 6 €[0,1], then |exp [tA(0)]]g(z, Dy 8,000) < # YVt >0;

(ii) t —exp [tA(0)]we C(B) if and only if xeD;
(iii) of 6€10,1[, t —exp [tA(0)]we C(H) if and only if € D,)(d, o0);

(iv) if 6€[0,1], t—exp [tA(0)]@ e B(Dy,)(d, o)) if and only if
r e DA(O)(a’ 00).

Proor. Parts (i), (iii) and (iv) are easy consequences of (1.6), (1.9) and
(1.8). Part (ii) is proved in [26, Proposition 1.2(i)]. ///

LeMMA 1.8. Under Hypotheses I, II, IIT let 0<t<t<T and A€ S, :
Then:

(i) R(l, A(t)) — R(}., A(T))
=— A(t)R(2, AQ1)) [A()'— A(z)" ] A(7) R(2, A(7));
(ii) f Bel0, ol
IR(2, A(t)) — B(2, A(7))e(patt,o0),m) <
(iii) f Belo, 11,
”R()" A(t)) - R(’L A(T)) "f-(DA(u)(ﬁ.OO),E) <

c(B)(t —7)*
(1 [A])ers’

o(B)(t —7)*
(L+ 2]+

Proor. (i) It is a straightforward computation.

(14 [afmers) .

(ii) It follows by (i), Hypothesis III and (1.10).
(iii) Taking into ac‘ount (i) we can write
R(4, A(t)) — R(2, A(v)) = — A@)R(4, A®))(A@)*— A(v)™)
-[— 24(z)R(, A(7))(A(v)"1— A(0)2) + 1] A(0)R(4, A(0));

the result then follows easily by Hypothesis IIT and (1.10). ///
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LEMMA 1.9. Under Hypotheses I, 1T, I1I let 0<t<t<T. Then we have:
(i) if Bel0, el,

[ A(t)* exp [EA(t)] — A(7)* exp [EA(T)]|e(Dat8,0), E)
_e(B, B)(t— )"

oS Erti-e—p

VE>0, VkeN;
(ii) ¢f Bele, 1],

| A(t)* exp [EA(t)] — A(7)* exp [EA(T)]|e(DacwrB,00).B)
< O(ﬂ, k)(t—7)*

= getil-e—8

TDC
(1+§_—9) VE>0, VheN.
PROOF. The results follow by (1.6) and Lemma 1.8 (ii)-(iii). ///

LeEMMA 1.10. Under Hypotheses I, II, III let B [0, ol; then

c(B, k)

|-A(8)* exp [EA ()] ]lc(pacs,00),8) < E*-A1V o

Yé>0, VkeN, Viel0,T].

Proor. It follows by (1.6), (1.9) and the semigroup property. [//

2. — Necessary conditions.

In this section we derive some easy necessary conditions for the existence
of striet solutions of (0.1), and prove uniqueness of such solutions. Hypoth-
eses I, IT, IIT are always assumed.

PROPOSITION 2.1. Let w€ Dy, fe C(E) and suppose that we C(E)
N O(Dy(.y) 18 a strict solution of (0.1). Then we must have A(0)x + f(0) € D,.

PrROOF. We have as ¢t >0"

D, D4(g, o) 2 W —o

—u/'(0) = A(0)x +f(0). [/

PROPOSITION 2.2. For each we D,y and fe C(E) there exists at most
one strict solution of (0.1).
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Proor. Let w be a striet solution of (0.1) with =0, f=0. Fix
te 10, T1 and set

v(s):=exp [(t— s)A(t)]w(s) , se[0,1].
Then

0'(s) = — A(t) exp [(t — 8) A(#)]w(s) + exp [(t — s) A(t)] A (s)w(s),  sE€[0,1[;

by integrating from 0 to ¢ and operating with A(f) we get

¢
(2.1) A(t)w(t) =J‘A(t)2 exp [(t— s)A(t)](A(t)—l— A(s)—l)A(s)w(s) ds ,
0

Vielo, T1.
By Hypothesis 11T

t
[A@)w(®)| =< C’f(t— 8)*Fe2 || A(s)w(s)| = ds Vte10, 1],

0 that by Gronwall’s Lemma (see e.g. Amann [7]) we deduce w=0. ///

REMARK 2.3. For each ¢ € C(E) set

t
2.2) (@) ==fA(t)2 exp [(t— s)A(1))(A@®)— A(s)"Y)p(s) ds, te[0, T];
0

then equation (2.1) becomes
A()w(+) = Q(A(-)w()) .

Repeat (just formally) the above argument for the solution « of (0.1) with
non-zero data x, f (if it exists): it follows that

A()u() =QA(")u(+)) + L(f, 2) ,
where
t
(2.3) L(f, x)(¢) := A(t) | exp [(t — 8) A ()] f(s) ds + A(t) exp [tA(t)] .

0

If fe C(E) and « € Dy, the function (2.3) is not meaningful in generil:
but we will see in Section 3 that for slightly more regular data L(f, x)
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makes sense, and it will be possible to get for any strict solution % of (0.1)
the following representation formula:

(2.4) w=A()"(1—-Q)'L(f, »).

3. — The representation formula.

In this section we analyze the properties of the operator ¢ and of the
function L(f, ), respectively defined by (2.2) and (2.3); as a consequence
we will prove the representation formula (2.4) for any strict solution of

(0.1) with sufficiently regular data. Hypotheses I, IT and IIT are always
assumed.

(a) The function L(f, x).

ProposITION 3.1. Fiz €10, + o— 1], and let e Dy, fe C¥E).
Then:

(i) L(f, )€ C%.(B) and L(f, @) -+ fe B, (D3, o));
(ii) L(f, #)e C(B) if and only if A(0)z - f(0)eD.,;
(iii) L(f, )€ Co(E) if and only if A(0)z + f(0) € D4(J, oo);
(iv) L(f, ®) + fe B(D4(3, o)) if and only if A(0)x - f(0)€ D44, o).

Proor. (ii)-(iii) We can write

t
L(f, ) = f A(Y) exp [(t— s)A[®)1(f(s)— (t)) ds
0
+ (exp [tA(#)]— 1) f(¢) + A(t) exp [tA(t)]x;
hence if 0<t<t<T

t
L(f, #)(t) — L(f, «)(z) = f A(t) exp [(t— 8) A(®)](f(s) — f(2)) ds

+[(A(t) exp [(t— 54 ()] — A(2) exp [(t— 8) A(2)]) (f(s)— /(1)) ds

+ (exp [tA4(7)] — exp [(t— 7)A(7)])(f(z) — f(2))
t—s

+[  [A4() exp [04@)](f5) - /(x) do ds
[}]

T—8
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+ (exp [tA(#)]— 1)(f(t) — f(z)) + (exp [LA(})]— exp [tA(7)]) f(z)

t
+[4(v) exp [24(2))({() - /(0)) do

t
+[(4(2) exp [e4(2)] - 4(0) exp [¢4(0)]) /(0) do

+ (A(2) exp [tA(t)]— A(7) exp [tA(7)]) 2
t
+ f (A(v)? exp [0A(7)]— A(0)? exp [¢A(0)]) do

T

-+ (exp [tA(0)]— exp [z4(0)])(4(0)x + £(0)) .

We estimate separately each term on the right-hand side by using Lem-
mata 1.10 and 1.9 (i)-(ii). Tedious but easy calculations yield

(3.1)  L(f, x)(t) — L(f, #)(z) = O((t— 2)°) (|l oy + [ 4(0)] )
+ (exp [tA(0)— exp [tA(0)])(A(0)w + f(0))  as t— 7 —>0%,

and (ii)-(iii) follow by Lemma 1.7 (ii)-(iii). As evidently ¢ — exp [tA(0)]
belongs to C'.(£(H)), (3.1) also implies the first part of (i).

(iv) We can write for 0 <t<T

i
L(f, «)(t) + f(2) =fA(t) exp [(t— s)A(t)](f(s) — f(t)) ds

+ exp [LAW)(f(2) — 1(0)) + (exp [tA®)]— exp [1A(0)])((0) 4 A(0))
+ A(t) exp [LA®)(A(0)— A(t)-) A(0) @ + exp [t4(0)](4(0)z -+ /(0)) .

Again we estimate separately each term, using Lemmata 1.10, 1.9 (i)-(ii)
and 1.7 (i). Therefore we obtain for each te [0, T]

3.2)  |IL(f, 2)(¢) + (8)]— [exp [EA(0)](A(0)z + 7(0))] ]| py(6,009
<O(|floomy+ 1 4(0)]5)

and taking into account (ii), (iv) follows by Lemma 1.7 (iv). As, clearly,
t —exp [t4(0)]€ B,(L(H, D)), (3.2) also implies the second part of (i). ///
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ProrosiTiON 3.2. Fix 6€]0,0 + 00— 1], and let xe Dy, fe C(E)
O B(D (8, )). Then:

(i) L(f, #)e O (B) N\ B, (D4(8, 0));
(ii) L(f, x)e C(E) if and only if A0)reD,;
(iii) L(f, x)€ CHE) if and only if A(0)xe D 4(d, o0);

(iv) L(f, #) € C(E) O B(D(3, o)) if and only if A(0)xe D8, co).

Proor. (ii)-(iii) We can write
¢
L(f, #)(?) =fA(t) exp [(t— s)A(t)]f(s) ds + A(t) exp [tA(})]», te[0, T].
[\]

By splitting L(f, #)(¢) — L(f, )(r) and using Lemmata 1.10 and 1.9 (i)-(ii)
we easily check

(3.3)  L(f, )(®)— L(f, #)(z) = O((t— 7)) ([|f|n(nas,00p) + 14(0)[ )
+ (exp [tA(0)]— exp [7A(0)]) A(0)x as t— 1 —>0",

so that (ii) and (iii) follow by Lemma 1.7 (ii)-(iii); (3.3) also implies the
first part of (i).

(iv) We can write for 0<t<T

t
Lif, a)(t) = [A(t) exp [(¢— ) A1 f(s) ds
0
+ A(t) exp [tA())(A(0)1— A(t)1) A(0)x
+ (exp [tA(#)]— exp [¢A(0)]) A(0)x + exp [tA(0)]A(0)x.

Estimate once more each term separately: by Lemma 1.10 and Hypoth-
esis 11T we deduce for each ¢t € [0, T']

(3.4) | L(f, #)(t) — exp [£A(0)] A(0)2] p,(5,00)< O [l 3(pacs,000) T+ [ A(0) [ )

and taking into account (ii), (iv) follows by Lemma 1.7 (iv); (3.4) also im-
plies the second part of (i). ///
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(b) The operator Q.

ProrosiTION 3.3. We have:
(i) QeL(C(B), C* Y(B));
(i) QeL(C(B), C(B) N B(D(x+ e—1, ).

Proor. (i) If 0<7<t<T we have for any gpe C(E)

Qo(t) — Qo(r) = f A(t)? exp [(¢— s)A(1)](A(2)— A(s)7) p(s) ds

+[ 40 exp [(1— 9) AW A1)~ A(1))ls) ds
0

T

—I—f(A(t)2 exp [(¢— $) A(t)] — A(7)* exp [(¢— 8)A(7)])(A(7)~1— A(3)~?) g(s) ds

+[ [y exp oA (@))(A ()1~ A(s) ) pls) dods.

By Lemmata 1.10 (i) and 1.9 (i) it follows easily that

199l gase-1my < Cll @] iy Vope C(E) .

(ii) Let pe O(B); we already know that Qpe O(E) and |Qg¢| ¢,
<0|®lom: Now if te[0, T] Lemma 1.10 easily yields for any &> 0

t

|€2-5-e (1) oxp [EA(1)] Qp(t) | < CE2-o— f (E— )~

(ELt—s)e s @ oy < Clo o

0

which implies the result. /[//
(¢) The operator (1— Q).
PROPOSITION 3.4. We have:
i) the operator (1 — Q)= ewists and belongs to £( ()’(E));

(i) if 6€10, x + o — 1] and e O(E) N C°.(E) (resp. pe O(E)
nB+(DA(5, °°))), then the same holds for (1 — Q) ¢;

(iii) (1—Q)2e£(Co(R)) for each €10, x + o—1];
(iv) (1—Q)*eL(C(B) N B(D9, =))) for each 6€10, x4 o —1].
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ProoF. (i) Pick w > 0 and define a new norm in C(E) by

Iflo:= sup [exp[— wtlf(t)]|z, f€ C(H).
110,71
Obviously
(3.5) Iflo<lflem<explwT|fl.  VieC(E).

On the other hand it is easily seen that

I'(e 40—

1
oplo=c e 0y,

this clearly implies that (1 — @) is an isomorphism in C(E) with respect
to the norm |-, (for large w), and (i) then follows by (3.5).

(iii) Let g€ C%(H); by (i), p:= (1—Q)'¢pe C(E) and y =Qy + ¢.
By Proposition 3.3 (i), Qy e C**¢ 1 (E) and

”Q"/’“om-lw) <C|y| o -
Hence p =Qy + ¢ C%(E) and
l9llox < [1@pllow+e-rcmy + [@llooay < Clwllom + [@llowmy < Cll@lloea -

(iv) Let @ € C(E) N B(D 49, )); by (3), y:= (1 — Q)¢ € C(H) and
» =@y + ¢. By Proposition 3.3 (ii), Qye C(Eh N B(DA(oc +o0—1, oo)) and

“Q‘/’ "B(m(w+g— 1,00) << OH v "C(E) .

Hence, as in the proof of (iii) we get

||"P"B(DA(6.oo))+ ”‘/’“cw)<0( “‘P”B(mw,oo))"]‘ "‘P“c(.m)) .

(i) Let g e C(H) N C3(E) (resp. g€ O(H) N B, (D5, ))); then by
(i) p:=(1—Q)pe C(F) and y=Qy + ¢. By Proposition 3.3,

Qye C**YH) N B(Dyla + 0 — 1, =),

so that p has the same regularity as ¢. [//

Now we are ready to give sense to the heuristic argument unsed in
Remark 2.3 to introduce the representation formula for the striet solution
of (0.1). Indeed, we have:
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PROPOSITION 3.5. Fix 6 €10, x + o — 1]; let w € Dy, f € C(E) and sup-
pose that f, x fulfil any of the following conditions: (i) fe C5(E) and A(0)x
+ §(0) € D4, or (ii) fe C(B) N B(D4(d, o)) and A(0)xz € D,. Then if u is a
strict solution of (0.1) the following representation formula holds:

(3.6) u(t) = At)((1— @) L(f, »))(2) , tef0, T7,

where the operator @ and the function L(f, x) are defined by (2.2) and (2.3).

Proor. Proceeding as in the proof of Proposition 2.2 (see also Re-
mark 2.3) we deduce that

At)u(t) = Q(A(-)u(-)) () + L(f, )(t) , telo, 17,

and (3.6) follows by Proposition 3.4 (i). ///

‘We have to show now that the function # given by (3.6) is in fact the
striet solution of (0.1), provided the data x, f are sufficiently regular. We
will obtain w as the limit in CY(E) of a suitable sequence {u,},.:, Where
the functions w, solve certain problems which in some sense approach
problem (0.1) as # — co. Such problems have the same form as (0.1) with
A(t) replaced by the bounded operator A,(t):= nA(t)R(n, A(t)) (the Yosida
approximation of A(#)). This will be done in the next sections.

4. — The approximating problems.

We analyze here the properties of the solutions «, of the approximating
problems mentioned at the end of the preceding section; we prove a represen-
tation formula for , which is analogous to (3.6) and study the convergence
as n —> co. Hypotheses I, II, IIT are always assumed.

We start with a review of the main properties of the Yosida approxi-
mations

(4.1) A, (1) = nA(t)R(n, A1) .

LeEMMA 4.1. Fiz 0€ln/2,0,[. Then:

1 3

. +.
(1) M-I-n[< sin6(1+ 7)) VAieBs, YneNT;

. 1 (1+ tg20)t .
(ii) |}~+"|< itz 0 YieSe, YneNT.

PrOOF. Tedious but elementary. [//
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LEMMA 4.2. Let A,(t) be given by (4.1). If 0€ In/2, O,[, then:

(i) o(4a()28 and

1 ,
R(2, Aut) = A+n(n—A(t))R(l :n,A(t)) Vie Sy, Ve N+, Vie[o, T1;

YieSs, VYneN*, Vie[0,T];

1 An
Tind0E (,1 i (t))A(t)R(z, A1)

YA€ 8, VYneN*, Vie[0,T];

. C
(i) [|R(A, An(®))]ewm < 1‘:(0‘)7'
(iii) R(4, 4a(t))— R(%, A1) =

(iv) ¢f Belo,el,
C(0, k
4400 0xD [E4u(0)] — A(W* exp EAW]Ie09,5) < 7y grprs
YneN*, VkeN, Vie[0,T], V¢>0, Yoe([0,1];
(v) lim sup sup &+ A4(t)* exp [EAL()]y — A(t)* exp [EA()]y|e= 0
' VyeD,, VkeN.
ProoF. Part (i), (ii) and (iii) are straightforward.
(iv) By (ii) we easily find
(4.2)  [A.0)*exp [£4,(0)]y]=< €6, k) |y|x
Vé>0, Vie[0, T], VneN*t, VkeN.

Now by (iii) we have
(4.3) A, () exp [£4.(t)]y — A(t)* exp [EA(1)]y

1 A
== %‘ exp [5'1] mA(t)R(l, A(t)) (t)R(

4

in

iTn (t))ydl VyekE,
with yp given by (1.5); hence if S [0, o] and we choose y € D(f, o), by
Lemma 4.1 it is not difficult to check for each o € [0, 1]

C0,k
4,02 exD [EAL0)]y — A()* 05D [EAW]9]5 < gorgrans 1Y e

(v) Let ye D, and fix any &> 0; choose z€ D,(p, oo) such that
{ly — 2|z<e. Then by (1.4), (4.2) and (iv)
Co, k) e
Ek

c,
+ 2 el

[An(t)* exp [EA,(t)]y — A(t)exp [EA()]y]= <
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hence

limsup sup séli% Ex| AL (t)* exp [EA4,(t)]y — A(1)* exp [EA(Y)]y]|x
<0O,k)e Ve>o0. [/

LevMA 4.3. If 0€ln/2,0, and 0<Tt<t<T we have:
(i) R(Z, A.(t)) — R(2, An(T))
n2 An » ln
VleSo, VneN*;
(i) <+f pelo, ol,

|-4n(8)* exp [A4,4(8)] — An(7)* exP [EA(T)]le(Dai8,00),5) < C(0, k) o

Ertl-e—8

VneN,, VkeN, VE>0.

Proor. Part (i) is straightforward; part (ii) follows by using (i) and
Lemma 4.1 (i), exactly as in the proof of Lemma 1.9 (i). ///

Fix now xe€ Dy, f€ C(E), and consider for each ne Nt the problem

U (t) — An(t) ua(t) = (1), te[0,T],

44),
(*.4) u,.(O):a?,,-——x—;—tA(O)w,

where A4,(t) is given by (4.1).

PropPOSITION 4.4. Let we Dy, f€ C(H); then for each ne N* problem.
(4.4), has a unique solution u,c CY(H), given by

(4.5). un(t) = An(0) (1 — Q)72 La(f, 2.))(2) tef0, T7,

where the operator Q, and the function L,(f, x,) are defined by

46, (@p)0) fA t)2 exp [(t— 8) A, A W) — A(s) ) pls) ds

peCE),

(47)n  La(f, wa)(t) :ZfAn(t) exp [(¢t— §)A.(1)]f(s) ds + An(?) exp [t4,[t)]2,
0
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Proor. For fixed ne N¥, by Lemma 1.8 (ii) we get
| 4n(®) — Au()]emy< CnZCjt—s|* Vi, s€[0, T].

Thus the method of successive approximations yields a unique solution
of (4.4),. Formula (4.5), follows as in the proof of Proposition 3.5. [//

‘We study now the regularity and convergence properties of the funec-
tions L,(f, #,) and of the operators @,, defined respectively by (4.7),
and (4.6),.

(@) The functions L,(f, x,).

PrOPOSITION 4.5. If w€ D, and f € C(E) then L,(f, #,) € C(H), Vne N*.

Proor. It is quite easy since, for fixed n, (t, s) — A.(¢) exp [(t— s).4,(t)]
and t —exp [t4,(?)] are continuous functions with values in £(E). [//

PROPOSITION 4.6. Fix €10, x + o— 1]. If we Dy, f€ CE) and
A(0)x + f(0)eD,, then

L,(f, ,) — L(f, x) in C(E) as n — oo.
Proor. We have for each te [0, T]
L.(f, 2.)(t) — L(f, #)(t)

= f a(t) exP [(¢— 8) A,(1)] — A(t) exp [(t— ) A(®)])(f(s) — 1(8)) ds -+
+ (exp [t4.()] — exp [LA(®)]) /()
+ (A,(2) exp [t4.(t)]2.— A(t) exp [LA@)]2) = I, + o+ Js.

Now by Lemma 4.2 (iv)

i

48)  |Ti|g<COn-oe[ —%

| Tl o< w el ¥ee(0,1;

to estimate the other two terms we fix any ¢ € [0, T] and distinguish two
cases: (a) te[0, €], (b) tele, T
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If tele, T] we have, by Lemma 4.2 (iv) and (4.1)

C
2]z < —[fllew
(£.9) 1 |7:) & <[ (An(®) exp [t4,(1)] — A(2) exp [tA(2)]) @]z

[ Au(t) exD AL AO)2 ] < -0l + 2 [A(0)a]s

this, together with (4.8), implies

(4.10) lim sup | La(f, #.)(t) — L(f,2)(t)[z= 0 .

n—>oo tele,T]

If te[0, ], as A,(0)x, = A(0)xr we can write

J2+ Js = (exp [tA4,(t)]— exp [tA(t)])(f() — 1(0))
+ (exp [tA4(t)] — exp [£4,(0)]) /(0) — (exp [£A(#)] — exp [¢4(0)]) /(0)
+ (Aa(2) xp [£4,(£)] — A,(0) exp [t4,(0)]) 2,
— (A(t) exp [tA(t)]— A(0) exp [tA(0)]) » .
+ (exp [£4.,(0)]— exp [tA(0)])(A(0)x + f(0)) =iZL-

Now by Lemmata 4.2 (iv), 4.3 (ii) and 1.9 (i)-(ii) we have easily

C
[z < pov’ 1fleocy »
(4.11) IL 4L 5 < Cete1 | f o
| L] 5 < Cete | 4(0) 25 ;

on the other hand, noting that 4,(0)x, = 4(0)x and using Lemma 4.2 (vi)
we find

(312)  [Llz<Cee[4(O)a]s,  sup [Llz=o(1) as n—>co.

Hence we get

hmsup sup |J. + J5| 2 < Cete1([|f o + | A(0)2| ) .

tel0,¢e]

Summing up, recalling (4.8) we have shown that

(4.13) limsup sup | La(fy 2a)(8) — L(f, 2)(t) [ s < Certe~t Ve >0,

n—>oco e[l

and the result follows. /[//
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ProposiTION 4.7. Fiz 0€]0,a+4 o —1]. If xeD,,, fe€C(E)
N B(D (8, o)) and A(0)ze D,, then

L.(f, ®,) = L(f, x) in C(B) as n — oo.
Proor. We have for each te [0, T]

La(f, ,)(t) — L(f, )(t)

[
= [(4u(t) exp [t —5) Au(] — A1) exp [t — ) A@)]) f(5) ds
o
+ (4a(t) exp [t4,(t)]x,— A(t) exp [tA@)] @) = J1+ J».

Now by Lemma 4.2 (iv)

¢

C ds c
W1 ke < s [ = gyl < ol atous.on-
0

Again to estimate the second term we fix any e€]0, T[ and distinguish
two cases: (a) te [0, €], (b) te]e, T1.

If teJe, T], wr still have (4.9), so that we still get (4.10). If ¢ e [0, ¢]
we write (as A,(0)z, = A(0)z):

Jz == (An(t) exp [tAn(t)] - An(o) exp [tAn(O)]) Tn
— (A(t) exp [tA ()] — A(0) exp [tA(0)])x + (exp [t4,(0)] — exp [tA(0)]).4(0)x ,

and as in the proof of Proposition 4.6 we obtain (4.11) and (4.12); on the
other hand by Lemma 4.2 (vi)

sup |[(exp[tA44(0)] — exp [tA(0)]) A(0)x]|z= o(1) as n—> oco.
tef0,¢]

Hence by taking into account (4.14) we deduce (4.13). ///
(b) The operators Q..
PROPOSITION 4.8. (i) @, € £(C(E)) and

(4.15) ” Q" HQ(C(E)) <C VYne Nt 5

(i) @,—@Q in L(C(E)) as n — oo.
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ProoF. (i) It is easily seen that, for fixed =, @, € £(C(¥)), since the
kernel of @, belongs to C(£(E)). Moreover (4.15) easily follows by (4.3)
and Lemma 4.1 (ii).

(ii) If p € C(E), by Lemma 4.2 (iv) we readily obtain

C
19,90 — Qo) |z < o | Plew - /1]

(¢) The operators (1 — Q).

PROPOSITION 4.9. (i) The operator (1 — @Q,)~* exists and belongs to £(C(E)),
and moreover

(416) ” (1 — Qﬂ)_IHQ(C(E)) <C YneN* 5

(i) 1—@,)1—(1—@Q)* in £(C(E)) as n — oo.
ProOF. (i) Exactly as in the proof of Proposition 3.4 (i); estimate (4.16)
is a consequence of (4.15).

(ii) Set y,= (1—@Q,) ¢, vy = (1— @) 'p: then it is easily seen that
Yo— v = (1—Q,)" 1 (Q,— @)y, so that the result follows by (i) and Proposi-
tion 4.8 (ii). ///

5. — Strict solutions.

We are now ready to show that the function «(f) defined by (3.6) is in
fact the strict solution of (0.1); we will prove here also its maximal regu-
larity properties. As usual, we always assume Hypotheses I, IT and III.

THEOREM 5.1. Fir 6€10,a+ o— 1], let w€ Dy, f€ C4E) and sup-
pose that A(0)x + f(0)e D,. Then:

(i) the function u defined by (3.6) is the unique strict solution of (0.1);
(ii) u'e C°.(B) N B, (D9, ) and A(:)u(-)e C°(E);

(ili) u' e CoB) N B(D4(8, o)) and A(-)u(-)e C¥E) if and only if
A(0) + f(0) € D(3, oo).

Proo¥. (i) For each ne Nt let u,c CY(E) be the strict solution of
problem (4.4),. By Proposition 4.4 u, is given by

(B.1)n  wa(t) = An(t)[(1 — @u) " Lalf, @,)1() te[o, T7,
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where A,() = nA(t)R(n, A(t)), v, = x— (1/n) A(0)x and Q,, L.(f, z,) are
defined by (4.6), and (4.7),. By Propositions 4.6 and 4.9 (ii), and taking
into account that A,(t)-! = A(#)-*— 1/n, we deduce that #, —u in C(E)

as m — oo, where u is the function (3.6) (which belongs to C(D,(.,) by Pro-
positions 3.1 (ii) and 3.4 (i)). On the other hand

U, (1) = An(t)ua(t) + f(0) = [(L — @u) ' Ln(f, @)1(0) + 1(2) telo, T,

and hence, by Propositions 4.6 and 4.9 (ii), u,—v in C(E) as n — oo,
where

o(f) := [(1 — @)~ L(f, #)1(¢) + (1) = A(®)u(?) + f(?) , te[o, 7.
This implies that u e C(E) and
w(t) = o(t) = A@t)u(t) + f¢),  te[o, T].
As u(0) = A(0)1[(1— Q) L(f, #)](0) = A(0)'L(f, )(0) = &, we have shown

that « is a strict solution of (0.1).
Uniqueness follows by Proposition 2.2.

(ii) By Proposition 3.1 (i), L(f, #) € C%.(E), which by Proposition 3.4 (ii)
implies A(-)u(-)=1—@Q)*L(f, x) G’i(E); as w'=A(-)u(-)+f, we also get
u' € C%(E). Next, Proposition 3.1 (i) also yields L(f, #) + f e B, (D4(d, o)),
so that by Proposition 3.4 (ii)

(5.2) (1— Q)Y (L(f, #) + f) € By(D4(6, o0))
On the other hand we can write
(6.3)  w'=(@1—-@)L(f,2)+f=1—Q YL, ») +f)— Q1 —Q)f;
a8 (1—@Q)-'fe C(B) (Proposition 3.4 (ii)), we have
Q1 —@Q)fe B(DA(OC +o0—1, °°))
(Proposition 3.3. (ii)) and therefore (5.3) and (5.2) imply that

'€ B, (D48, ).

(ili) We have A(-)u(+) = (1— Q)1L(f, ) € C*(B) if and only if L(f, )
€ C°(E) (Proposition 3.4 (ii)), i.e. if and only if A(0)x 4 f(0) € D4(J, o)
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(Proposition 3.1 (iii)); as «' = A(-)u(-)+ f, this is also equivalent to
w'e C%(E). In addition by Proposition 3.1 (iv) A(0)z - f(0) € DA(8, oo) if
and only if L(f, ) + f€ B(D4(d, o)), which by Proposition 3.4 (iv) is
equivalent to (1— Q)~Y(L(f, #) + f) € B(D4(d, o0)); by (5.8) and Proposi-
tion 3.3 (ii) it follows that this is true if and only if u' € B(D4(4, o)). ///

THEOREM 5.2. Fixz 6€]0,a+ o—1], let we Dy, fe C(E)N B(D 44, o))
and suppose that A(0)zeD,. Then:

(i) the function u defined by (3.6) is the unique strict solution of (0.1);
(ii) %' €B, (D48, o)) and A(-)u(-)e C° (E) N B (D4(d, ));

(iii) w'€B(D4(d, o0)) and A(-)u(-)e C¥(E) N B(D4(d, o)) if and only
if A(0)xe D40, oo).

ProOF. (i) As in the proof of Theorem 5.1, let u, be the strict solution
of problem (4.4),; then wu, is given by (5.1),. By Propositions 4.7 and
4.9 (ii), %, —w in C(B) as m — oo, where u is the function (3.6) (which
belongs to C(D,.,) by Propositions 3.1 (ii) and 3.4 (i)); similarly we have

W, = (1= Qu)Lu(f, @) + f = (1 — Q) L(f, ) + f = A(-)u(-) + f
in C(F) as n—> oco.
This means that we CY(F) and %= A(-)u(*)+ f; as
u(0) = A(0)~*[(1 — @) L(f, #)](0) = A(0)~*L(f, #)(0) = =,

we have shown that » is a striet solution of (0.1). Uniqueness follows by
Proposition 2.2.

(ii) By Proposition 3.2 (i), L(f, #) € B,(D4(8, o)), which by Proposi-
tion 3.4 (ii) implies

A(-)u(+) = (1— Q) L(f, ) € B, (D8, o0));

as w'=A(-)u(-) +f, we also get '€ B (D4(J, 0)). Next, Proposition 3.2 (i)
also yields L(f, #)e C°.(B), so that by Proposition 3.4 (ii)

A(+)u(+) = (1— Q) L(f, x) € C%, (E) .

(i) We have A(-)u(-)= (1—@Q)1L(f, #) e B(D 4, o0)) if and only

it L(f, ) € B(D4(d, o)) (Proposition 3.4 (iv)), i.e. if and only if A(0)x
€ D4(8, o) (Proposition 3.2 (iv)); as w'= A(:)u(-)+ f, this is also equi-
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valent to '€ B(D,(, o0)). In addition by Proposition 3.2 (iii) A(0)z
€ D (0, o) if and only if L(f, ) € C%(E), which by Proposition 3.4 (iii) is
equivalent to A(-)u(-)e CoE). |||

6. — Examples.

We apply here the results of the preceding sections to partial differential
equations of parabolic type in a bounded open set QC R+ in the cases
E = I»(Q), with 1 <p < oo, or E = C(2). In these cases, as remarked
in the Introduction, concrete characterizations of the interpolation spaces
D,(B, oo) are known (see Grisvard [13],[14], Da Prato - Grisvard [11],
Lunardi [22], Acquistapace - Terreni [3], [4]).

First example.

Fix m e N+, and let 2 be a bounded connected open set of B* with
boundary 02 of class 2. Consider the differential operator with complex-
valued coefficients

(6.1) E(t, @, D):= 3 ay(t, x)D7, (¢, 2)e[0, T1xQ,

lvl<2m

under the following assumptions:
6.2)  a,eC([0, TIX Q) Vy eN» with |y|<2m;

(6.3) (strong uniform ellipticity) > Re ay(t, x)&” > N|&|*m
[v|=2m _
V(t, ) [0, T]x 2, VEcR®;

(root condition) there exists 6, € Jn/2, 7] such that if A = p exp (i)
with 0>0, |0|]<0, then for each pair (£, {) of linearly independent
vectors of R%, the polynomial in the complex variable 7

(6.4)
n = 2 ay(t, )(€ + )"+ 4

lyl=2m

has exactly m roots #;" (¢, », & (, ) with positive imaginary part.
Consider also the boundary differential operators

(6.5) (¢, 2, D) := z b,-ﬁ(t, m)Dﬂ y
|Bl<my

(t,2)e[0, TIx02, m<2m—1, j=1,..,m,



98 PAOLO ACQUISTAPACE - BRUNELLO TERRENI

under the following assumptions:
bipe O([0, T1X082) and bp(t,-) € C>»™(082) with

o (i 2 ity ')“CZ"'-M;(aQ)) < o0

tel0,T1 “i=1 |B|<ms

(normality condition) m,<m; if +<<j, and
(6.7)

wz byt @) v(@)? # 0 Vg, )0, TIx 3R, Vi=1,...,m,
s

where »(z) is the unit outward normal vector at z € 002;

(complementing condition) if 4= p exp (i6) with 0>0, |6|<0, then
for each x e 02 and for each vector z(x) tangent to 02 at =, the
polynomials in the complex variable 7

6.8) 7 _l;lzu b;s(t, @)((x) + mv(x))?, j=1,..,m

are linearly independent modulo the polynomial (compare with

(6.4))

7 *>kI_T [n— i (4 @, 7(@), v(2), 1)] .

We want to study the parabolic initial-boundary value problem
w(t, #)— B¢, z, D)u(t, ) = f(t, 2) , t2)e0, TIx 2,
(6.9) (0, x) = p(2) , reQ,
I'y(t, », D)u(t, ®) =0, (t,2)e[0, TIx02, j=1,..,m,
where @ e L?(Q2) and fe C([0, T], L»(R2)) are prescribed data.
Set F = L?(22) and for each te [0, T] define
DA(t) = {'L‘EHM’?(Q): I'i(t, -, D)u =0 on 08, j=1, .., m}7

(6.10)
A(t)uw = E(t, -, D)u,
where for s>0H"?(Q) is the usual Sobolev space.
We will verify that there exists w > 0 such that {A(f) — w},q, 1, satis-
fies Hypotheses I, IT and III of Section 1.
A basic tool is the following result (Agmon - Douglis - Nirenberg [6],

Agmon [5]):
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PROPOSITION 6.1. Under assumplions (6.1)-(6.8), there exist 0, € 1n/2, 7
and o >0 (independent of p) such that if A— we S, then the problem

lu— E(, -, D)u = fe L*(Q),
I, -, Dyu = gj€H2m—mJ~lm’p(aQ) ’ i=1..,m,

has a unique solution wu(t) € H2m?(£2). Moreover there exists C, > 0 (inde-
pendent of t) such that

2m

(6.11) > (14 |A— @) 7FH [ VFu(t)] oo
k=0
m 2m—mj

< Cw(“f | zocey + zl IZO (1 + [A— o)t -zt g, ”H’“’(Q)) .

where G; is any function in H>"~"»?(Q) satisfying G;l,o = g;.

Proor. It follows easily by Tanabe [35, Lemma 3.8.1] and Triebel
[36, Theorem 5.5.2(b)].  ///

By Proposition 6.1 it is clear that Hypothesis I is fulfilled. Concerning
Hypothesis IT, we need the characterization of D, (B, o0) = D _o(B, o)
proved by Grisvard [13], [14]. First of all we have:

DEFINITION 6.2. For s > 0 the Besov-Nikolsky space B%P(Q) is defined
as follows:

() if sel0,1[,

B3P (Q) := {u e L»(Q): sup [ [ule jl‘%)lm_“(”) i dw]wz: [#]psr(a) < oo} ,
€R™

where Q,:={xe Q: v+ he Q};
(i) if s =1,

BLr(0) .= {u e L?(): sup [ f

heR®

|u(@ + k) + u(@ — h) — 2“($)|”dw]”p
L

2

S [u]B‘l,sP([.)) < OO} ?

where Q,:={zxeQ: x+ he Q};

(iii) if s = k + o with ke N, o€ 10, 1],

B22(Q2):= {ue H**(Q): D’ue BL"(Q) for |y|<k}.
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A norm in B}J(R2), where s = k + o with ke N and ¢ €]0, 1], is given by
(6.12) 1] agp(0y = 1]y +| IE IEDV'“]B&;”(Q)'
=

It is known that if s > 1/p the functions of B%?(Q) have a trace on 20.
The characterization of the spaces D, (8, o) is the following:

PROPOSITION 6.3. Under assumptions (6.1)-(6.8) let {A(t)};c;0,1; be defined
by (6.10). Then for each te [0, T] we have

D, (B, o) = {ue BX*?(Q): I}t -, D)u= 0 for m;<2mpf— 1/p}

provided 2mfB — 1[p 5= m; for j =1, ..., m. In particular if 8 <1/2mp (ac-
tually, if < (my-+ 1/p)[2m), we have

D 4By o0) = B2mhr () Vte[o0, T]

with equivalent morms; moreover such equivalence is uniform in t.

PrOOF. See Grisvard [13], [14], Triebel [36, Theorem 4.3.3 (a)]. The
equivalence of norms when g << 1/2mp is uniform in ¢ since all assumptions
concerning E(t, #, D) and {I(t, #, D)};<;c,, are uniform in . ///

By Proposition 6.3 Hypothesis II follows easily with any o <<1/2mp;
if €10, o] a norm in D,(B, oo) = D,_,(B, o0) is given by (6.12) with
8 = 2mp.

To verify Hypothesis III we need a further assumption. Extend the
coefficients of I7(¢, #, D) to funections 5,./3: [0, T1x 2 —C such that

bipe O([0, T1x2) and  Bp(t, ) € C>»m(2) with

(6.13) m
sup (z

3

[Bis(t, )| omemea) < oo
tef0,T]1 \i=1 [y[<2m
next, assume that

there exists ae ]l — 1/(2mp),1[ such that ay(-,z), D%bjs(-, x)
€ C+([0,T]) and

(6.14) sup( 3 la,(:y @) |exo,my

ze ‘lVIS2m
+> > S [ Dobyg(-, @) |[6'“([o,r1)}<°° .

i=1|B|<ms|d|<2m—m;
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Then we have:

PROPOSITION 6.4. Under assumptions (6.1)-(6.8), (6.13) and (6.14), let
{A)}ier0,m be defined by (6.10) and let w be the mumber introduced in Pro-
position 6.1. Then

I (R(“” A(t)) — B(o, A(s))) Hlamoiay< Oplt— 81% [l zocay
Vt,se[0, T], Vfe L»(2).

Proor. Set u(t) = R(w, A(t))f, t€[0, T]. Then u(t)— u(s) solves
[w— E(t, -, D)J[u(t) — u(s)] = [E(, -, D)— E(s, -, D)Ju(s) in 2,

I\, -y D)[u(t)— u(s)] = — [I5(t, -, D)— I'(s, -, D)]u(s) ,
j=1,...,m on 08Q;
hence by (6.11)

(6.15) [u(t) — u(s)| gamacay< Cp(| [E(2, -5 D) — Es, -, D)]u(8)| 1o(ay

+ z " (@, «, D)— s, -, D)]u(s)Hmm-mj-up.p(ag)) .
i=1

Denoting by I7(t, z, D) the differential operator whose coefficients are 5,-6,
we have

21” [I(¢, -, D)— Iis, -, D)]’“’(s)Hﬂzm—mj—llp,p(ag)

< szl “ Lﬁ(t, Yy D)—I5(sy - D)]“(s)ugzm-mj.p(g)

hence by (6.15) we easily deduce that
[[(t) — u(8) | gremnay < Oyt — 8| [l(s) "HZ"'»P(Q) ’
and the result follows since
%) |zamaer < Coll flzmay - 111

Now Hypothesis III clearly follows by the continuous ineclusion H>™?(Q)
C B%?(Q), Vs€e]0, 2m[.
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Thus we have shown that under assumptions (6.1)-(6.8), (6.13) and (6.14)
the operators {A4(¢) — a)},e[o,m defined by (6.10) fulfil Hypotheses I, II and
IIT with any p € ]0, 1/2mp[ and any « € ]J1 — g, 1[; therefore Theorems 5.1
amd 5.2 are applicable to problem (6.9): we omit the explicit statement
of the results.

Second example.

Choose m = 1 and let £ be a bounded connected open set of R» with
082 of class C2. Consider again the differential operator E(t, z, D) defined
by (6.1), under assumptions (6.2), (6.3), (6.4). Concerning the boundary
operator Iy(t, x, D) =:1I'(¢, z, D), we take an oblique derivative operator,
ie.

(6.16) I'@, 2, D) = y(t, ) I + (B(t, ©)|V) ., (t, z)e [0, T]1x 082,

where
vs Bi€ O([0, TIX3R) 5 y(t,), Bilt, ) € C2(3Q2)  with
(6.17) n
sup (ﬂ?’(t, o) + 2 1B:(t, ')[Im(ag)) < oo.
te[0,71 <1
and
v, B: are real-valued, and
(6.18)
Y, 2)>0, (B, 2)p(@).>0 V(t, @) [0, T]1x 002,

(here y(x) is the unit outward normal vector at ze 00).
We want to study the problem

u (8, 2) — B, @, D)u(t, ) = f(¢, v) ; (t, w)e[0, TIx 2,
(6.19) u(0, 2) = @(2) , zef,
I'(t, ®, D)u(t, ) =0, (t, z)e [0, T]x 082 .

Set F = C(2) and

Dyp={ue N H>Q): B, -, D)ue 0O(2)
@€ll,00[

(6.20) and I't, -, D)u=0 on aQ},
At)u=B(t, -, D)u .

Let us verify Hypotheses I, II, III. Hypothesis I follows by a result of
Stewart [31, Theorem 1]:
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PROPOSITION 6.5. Let m = 1 and assume (6.1)-(6.4), (6.16)-(6.18). There
exist O,€ 1n[2, n] and w >0 such that if A— we 8, , then the problem

lu— E@, -, D)u=fe C(Q), Irg,-,Du=0 on 99,

has a unique solution wu(t)e (| H>(L); moreover there exists >0 (inde-
pendent of t) such that ael1, ol

(1+ 1A= o)) [e®lo@ + (1 + 12— o) [ Ve oz < Clfloa -

Proor. See [31]. [//

The characterization of D, (B, oo) needed to get Hypothesis II is proved
in Acquistapace - Terreni [4, Theorem 6.2]. Namely, we have:

PROPOSITION 6.6. Let m = 1, assume (6.1)-(6.4), (6.16)-(6.18) and define
{A@®)}sci0,m by (6.20). Then for each te [0, T] we have (with equivalent norms):

Czﬁ(g) ’ if B€10,3[;
DBy o) =1 Ofiy(2), if f=1%;
{ue CV¥~YQ): I't,-, D)u= 0 on 00}, if e}, 1[;
here the Zygmund class C*1(2) is defined by
o*(D)

o {uea(ﬁ): sup{|u(:v) + u(y) — 2u((= + 9)/2)], 2ty

lw_yl v, Y, 9 eg,w;‘éy}

== [u]ct,n(ﬁ) << OO}

and mormed by
lwlgeaa = lulo@ + [wlgescay

whereas the space Cply(2) is defined by

(t @) — u(@)|
- :

x— of(t, x) € Q) =: [U]s,1,50,) < 00}

Opt(2):= {u € 0*%1(): sup (|u(ac —ob c>0, xR,

and normed by
lu

IO;(’,I,,) = ”u" c*1(Q) + [u]*,l,ﬂ(t,-) .
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Moreover the equivalence of norms is wnmiform tn t. In particular, if
B €10, [ D,,)(B, oo) does mot depend on t.

PrOOF. See [4]. The uniformity in ¢ of the equivalences follows as in
Proposition 6.3. ///

Hence Hypothesis I holds with any g € ]0, [.
To get Hypothesis III introduce, as in (6.14), the additional requirement
that

there exists « € ]}, 1[ such that a,(-, 2), B.(-, )€ C*([0, T]) and
(6.21) i‘:}; (IVIZ<2HGY(. ) @) “G"‘([O,TJ))
n
+ sup [y, ) oo, + zlllﬂe('a ) [learo, 1y < ©° .
Set u(t) = R(w, A(?))f, t€ [0, T], where fe C(2). Then

u(t) —u(s)e | H>YRQ)

@€ll,c0[
and solves
[w— E(, -, D)][u(t) — u(s)] = [E(, -, D)— E(s, -, D)]u(s) in Q,
'@, -, D)[u(t)— u(s)] =—[I'(t,-, D)— I'(s, +, D)]u(s) on 92,

so that choosing p > » and using (6.11) we check

l4(8) = w() .m0y < Oy o= * [l oy »
and by Sobolev’s Theorem
[u(®) = ()| gr-niniiy < Cplt — 1" [l -
Thus for each g€ J1 — «, 3[ we get
I[R(w; A () — B(w; A(5)] flpate,0)< Colt— 81 [ fllocay

which is Hypothesis III.

Hence if m = 1, under assumptions (6.1)-(6.4), (6.16)-(6.18), (6.21) the
operators {A(t) — w} 77 introduced in (6.20) satisfy Hypotheses I, IT and

III with any ¢ €]0, [ and any « € J1 — g, 1[, so that Theorems 5.1 and 5.2
are applicable to problem (6.19). We omit the details.
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REMARK 6.7. The above argument applies to Dirichlet boundary con-
ditions (when m = 1 and 9Q is of class 02). In this case Hypothesis I fol-
lows by Stewart [30, Theorem 1] (if 02 e C**) and Cannarsa - Terreni -
Vespri [9, Theorem 6.1] (general case); the characterization of D, (B, o),
which is due to Lunardi [22, Theorem 2.7] (if 02 € C** and aye C*(Q2) for
ly] = 2) and to Acquistapace - Terreni [4, Theorem 6.3] (general case), is
the following:

{’M € Gzﬁ(g): ’u'lag = 0} ’Lf ﬁ € ]07 %[ 9
{u € C*’l(g): ulag = 0} if ﬁ = % ’
{ue oL~ 1(Q): oo = 0} if feld, 1[.

DA(t)(ﬁ7 00) =

Thus D,,(B, oo) is constant in ¢ for all € 10, 1[ (whereas D, does depend
on t). Finally Hypothesis III follows exactly as before.
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