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Isoperimetric Inequalities in Parabolic Equations.

J. MOSSINO - J. M. RAKOTOSON

0. — Introduction.
Congider the parabolic equation

Mo =1 in@=(0,T)XQ,

1
@ =20 on X = (0, T)x082,

u(0,°) = u, for t=0,

where 2 is a bounded regular domain in R¥ (N = 1),

= za,” a

ti=1

a;; satisfy the uniform ellipticity condition (with constant one)

Z ai;(t, w)&:5;,= |£]*, VEERY;

i,i=1

¢, 4, and f are non-negative functions; their regularity will be precised
later on.
Consider also the equation

%U AT=f in § =0, %%,
1) U=0 on 5= (0, T)x 28,
U(0,:) = %,

Pervenuto alla Redazione il 29 Ottobre 1984.
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where @ is the ball of R¥, centered at the origin, which has the same measure
as 2, and ¥, (resp. f(,-)) is the rearrangement of u, (resp. f(Z,-)) in 0, which
decreases along the radii. This rearrangement is defined as follows.

If v is a real measurable (1) function defined in £2, the decreasing rear-
rangement of v is defined in Q* = [0, |Q|], by

(2) v4(s) =Inf{HeR, [v>0|=s}

where [v > 0] = meas {x € 2, v(x) > 0} (for any measurable set E, we denote

|E| its measure). The spherical rearrangement of v in £, which decreases
along the radii is

(3) v(®@) = v4(ay|al¥), for we !3,

where oy is the measure of the unit ball of R¥. If v is defined in (0, T) X Q,
and is measurable with respect to the space variable x of 2, we consider
its rearrangement with respect to x:

(4) v4(ty 8) = (v(2,*))x(s) = Inf {6 R, |o(t,") > 0] < s},
() oty @) = v4(t, anlz|¥) .
C. Bandle [2] proved that every strong solution u of problems (1) satisfies

8 s

(6) Vie[o, T], Vs e 3%, fu*(t, o) do ng*(t, o) do,
0 0
which leads to
(7) Vie [0, -T]7 Vre [1, o], ”“(ta')lv(!))é ” U(tf) Q) *

J. L. Vasquez [9] obtained the same result, if « is a weak solution of a
degenerate parabolic equation, the equation of porous media:

ou . .
(8) == dplw) in Q= (0, o) xR,

#(0,) =u, fort =0,

where @: Rt — Rt is increasing and continuous, ¢(0) = 0. He used the

() In the whole paper, we consider the Lebesgue measure.
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semigroups theory, and the isoperimetric inequalities for elliptic equations
(see [7] for example).

In this paper, we give a direct proof of (6), (7), valid for every weak
solution of problems (1) (see Section 2).

Our method relies on the calculation of the directional derivative of the
mapping # — uy, that is v, = ]}II(} ((w + Av)y— uy)/A. This calculation was
made first by J. Mossino and R. Temam [6], with a direction » in L*(£2).
In the first section, we extend their result to functions v in L?(£)
(1< p < + o). Moreover we prove that, if » belongs to H(0, T; L?(£2)),
then u, belongs to H'(0, T'; L?(2*)) and

(@
ot~ \0t)e®

Besides, '(au/at)(t,-) is shown to be constant on every set where wu(f,-) is
constant. The last formula is a crucial point in Section 2.

1. — Directional derivative of the rearrangement mapping.
In this Section 1, we assume that £ is a measurable subset of R¥ (|Q|
< oo, N =1). For the sake of completeness, we first recall some properties

of rearrangements (see the proofs in [7] for example), and a result of [6].

1.1. Properties of rearrangements.

Let w be a measurable function: £ — R and «* be its increasing rear-
rangement, defined by (2) and

1.1) U= — (— Uy .
An essential property of rearrangement is that 4 and u* are equi-measurable:
VoeR, |u<0|(=meas{zef,ux) <0}) =lu*<0|,

which implies

(1.2) F(u) de = |F(u*) ds ,
Jroe=]

for every Borel measurable F: R — R". Here are some other properties
of the increasing rearrangement mapping.
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(a) If u,,u, are two measurable functions such that u, < w, almost
everywhere, then u} < u¥ everywhere.
(b) For all constants O, (w + O)*= u* 4 C.

(¢) More generally, if ¢ is an increasing function from R into R, then
(p(w))* = @(u*) almost everywhere.

(d) The mapping »— u* applies L?(Q) into L?(2*) (1 < p <oo). It is
contracting and norm-preserving.

(e) If w is in L#»(Q), v in I*(Q)(1/p + 1/p'= 1), then

(1.3) Juv dw %fu*v* ds:(bfﬁﬁdm).

This inequality is due to Hardy and Littlewood.
We shall use a slight extention of (d):

LeMmA 1.1. Let u: 2 — R be measurable, v in L?(2) (1= p < oo). Then
(u + v)*— u* belongs to L*(2*) and

[ + 0)* — u*| oon = [ zoay -

This lemma was proved in [7]. For convenience, we reproduce the proof
here.

(i) If p = oo, we have
U—[ofpoy=u +v=u+ [t)zog, ae..
By properties (a) and (b) above,

w*— 0] gy = (u + 0)*=< w* + 0] p0(q) s
that is

(e + ©)* — w¥| pogan) = [ 9] peo(e) -
(ii) If p < oo, we use the truncation

—n ft—mn,
f(8) =1 ¢ if —n=st<n,

n ift=n.
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Then f.(u) and f.(» + v) are in L*(Q). By (¢) and (d), (f.(w))* = fa(u*),
(fa(w + v))* = fu((w + v)*), these functions are in L*(£*), and
[£.((w + )*) — fal@*)||zoaey = [[(Fale + 9))* — (Fal))*|zoan)

= [faw + v) — fa(@)]| oy = (9] 200y

(as f, is contracting). Then, using Fatou lemma,
ol lim [Iff(u + ) — fulu) ds
fn—>00 A
= 1im [fu((w 4 0%) — folwt) s
9.

:f|(u + v)*—u*rds.

0*

1.2. Directional derivative of the rearrangement mapping. Relative rearran-
gement.

First, we shall recall a result due to J. Mossino and R. Temam [6].

Congider a couple of functions (u,v), u: 2 — R is measurable, v is in
Lr(2) (1 =< p < o), and a parameter 1 > 0. By Lemma 1.1, (u + Av)*— u*
belongs to Lr(£2*), and we can define

(1.4) wa(8) = f ( + ’1’/’1)*“ LAy

Thus, dw:/ds = ((w + Av)*— «*)/A. By Lemma 1.1.,

dw;

(1.5) T

= |o]zna) -
LP(02*)

We are going to show that dw:/ds tends (in the sense of distributions) to
dw/ds, where

vde if ju = u*(s)| =0,
u<u*(s)

(1.6) w(s) = s=|u<u*(s)]
vdw + f (v|pg))* do,  otherwise,
0

u<u*(s)
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| p) 18 the restriction of v to P(s) = {u = w*(s)}. The following was proved
in [6].

THEOREM 1.1. If u is a measurable function from 2 into R, v is in L°(Q),
then w s lipschitz,
dw
ds

= vz,
L®(02*)

and, when A decreases to zero,
(i) w,—w in €°([0, |2]]) that is uniformly;
%k __ g%
dwlz(u—{—}m) U _>dw

11 D¢ AL A A halad . © %
(ii) s 7 A in L°(02*) weak * . m}

We shall extend Theorem 1.1 to funetions v in L?(2) (1 < p < oo).

THEOREM 1.1bis. Let u, v be two measurable functions from 2 into R, v
in L*(2) (1< p < o0). Then w belongs to Who(0*),

dw
1. — = »
(1.7) 5 i = o]z
and, when A decreases to zero
(i) wi—w in €([0, |2]]);
H gk
(ii) %ﬁ = W %% in the sense of distributions:
dw;, dw
E3 —_— —
Vo e D(2%), fds @ ds — ds(pds.
o o

(In particular, dws/ds — dw|ds in L»(Q*)-weak if 1< p < oo, tn L*(£2%)-
weak % if p = o0). O

Proor. Consider v, in L®(2); w,,,, w, are associated to (u,v,) as in
(1.4), (1.6). We have

|wa(s) — w(s)] = Jwa(s) — wan(s)] + |10,,(8) — wa(8)] + |wa(s) — w(s)] .

By Lemma 1.1,

0| = |va— vl ,

f(u + Av,)*— (u -+ Av)* P
A
0

[02,(s) — 10(8)] = l
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and, clearly,
[0a(8) — w($)| = |02 — V] 11(0) -
Then
Slslp [wa(s) — w(s)| = S‘:P [4,1(8) — wa(8)| + 2[vn— V]2 -

By Theorem 1.1. (i), w,, tends to w, in €°([0, [22|]]). When A decreases to
zero,

Lim Sup |ws(s) — w(s)| < 2]|vn— v|x0) -

A0 s

We deduce (i). Evidently (ii) follows, as, with ¢ in ®D(£2%),

d;”'q)d — mi’fds»—f (by (i)
0*

‘Zw pds.
o

Now, we shall prove that dw/ds is in L»(£2*), and satisfies (1.7). Taking
again @ in D(Q*), we have by (1.5)

o[ e

(1/p + 1/p'=1). From (i), it follows

Jeire

If p > 1, L*(Q*) is the dual of L*(£2*), and we get immediately (1.7). In
any case (p = 1), we can use the following argument. Let v, be a sequence
in L>(2). As previously, one can prove that

< |vlpo@) [ @lro vy

= |olze@ @l ey -

dwm dw,
ds ds

(1.8) = [V — Vallza

L2(2*)

for any p > 1, and, consequently, (passing to the limit) for p = 1. Now
congider v, v, in L?(2) (p = 1), v, (¢ =1, 2) in L™(Q), v, — v; in L?(2);
w;, W;, are associated to (u, v,) and (u, v;,) respectively as in (1.6). By (1.8),
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dw;,/ds is a Cauchy sequence in L?(2*). As [w;n(8) — wi(s)] = [[0ia— 04110y
w;, tends to w, in €°([0, [2]]), dw,./ds — dw,/ds in L»(2*), and, by passing
to the limit in

dw,, dws,
_ < _
I ds s |zoas— |91 — 2n|lzo0) 5
we get
dw, dw,
1.9 —_—— < lo,—w .
( ) ds ds sz(ga)— H 1 2][Lp(g)

With v, = v, v,= 0, we get evidently (1.7). 0O

Relative rearrangement.

DEFINITION. According to J. Mossino and R. Temam [6] the function
dw|ds is called the rearrangement of v with respect to u, and is denoted by v7.

The usual rearrangement of a function is also the rearrangement of
this function with respect to a constant (¥ = u*) or with respect to itself
(¥ = w*). More generally, if a Borel function F: R —> R, and a measurable
function u: 2 — R, are such that F(u) is in L?(2), then F(u*) is in L2(L*)
(by (1.2)) and (F(u))¥= F(w*). In fact (F(u)); = dw/ds, with

F(u) dx if |u = u*@s)| =0,
u<<u*(s)
’LU(S) = 8—Sx
f F(u) do + [ (F(w)|p,)* do otherwise ,
u<o b

with o = u*(s), Px= {u = a}, |Pa] # 0, $a= |u < a,

fF(u*) do it |u=u*s) =0,
1]

J‘F(u*) ds + F(x)(s —8a) :fF(u*) do otherwise
[1] 0

(by (1.2))

=ofF(u*) do .
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However, generally, v* is not an increasing function, the property of equi-
measurability and properties (c), (¢) above, for the usual rearrangement, do
not seem to have their analogue for the rearrangement of a function with
respect to another one. But we have, if visin L?(2) (1 < p < o0), u: 2 —R
is measurable

(@) v, <9, a.e. implies (v,)*< (v,)* a.e.

In fact, with ¢ in D(£2*), ¢ = 0,

f"’ (u + zvz)*; (ot Io)*

f[('vz)u (vy) *]‘P ds = lim
Alo

by property (a).
(') For all constants C, (v + C)F =} + C.
In fact, with ¢ in D(£2*),

f‘” + O)ipds = limf(u + Alv + 0))*—u*¢ds
10 2

eld o

Q*

(by property (b))
=J.(’Dt + 0)(p ds .

n*

(@) If u: 2 — R is measurable, the mapping v — v is a contraction
from L?(Q) into L?(Q*) (1 =< p < o) as we have seen in (1.9).

(f') Besides, the mapping v — v} (L(Q) — L(2*)) preserves the in-
tegral:

f'v ds——f—ds—w 12]) — w(0) = w(|R2]) =|vde. O

Q

One can also define another rearrangement v,, which is relative to the
directional derivative of the mapping % — u, (the decreasing rearrangement
of u):

roue B iz 4
T ds T a0 ds
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(the limit is taken in the sense of distributions),

d_wf_—(“_*"A”)**“*_—(~%—M))*—|—(_u)*
ds 2 = 7

(by (1.1)). Thus
(110) Vs = — (— v)iu .

1.3. Symmetrization of a family of funmctions.

In this Section, u: [0, T]x 2 — R will be a function defined every-
where in [0, T'], and almost everywhere in £2 c R¥. For all ¢ in [0, 7], we
denote by wu(t): 2 — R, the function u(t)(x) = u(¢, #). (For a fixed ¢, if no
confusion is possible, we shall sometimes write « instead of u(t).). We as-
sume that u(f) is measurable for every ¢ in [0, T]. Then, we can define the
function u*: [0, T] x 2* — R, the increasing rearrangement of  with respect
to the x variable in £, that is:

(1.11) Vie[0, T], Vs e 2%, w*(i,s) = (u(t))*(s)(= w*(t)(s)) .

We consider now another real function » defined almost everywhere in
Q = (0, T)x 2, such that, for almost every ¢ in (0, T), v(t) is in L?(Q)
(L=< p< + o0). Then, we can define as in Section 1.2, (v(t))},, which is
in L?(Q¥)

(1.12) He®)uolzran= [0®)] 1) -
We denote by v* the function defined almost everywhere in @* = (0, T') x 2%
by
(1.13) a.e. te(0,T), ae. s€ 2%, it s) = (v(t))sy)(s) -
The aim of this Section 1.3 is to study the regularity of w* with respect

to ¢ (assuming a certain regularity of % with respect to t), and to compute
ou*/ot. We have

THEOREM 1.2. If u belongs to H'(0, T'; L?(2)) (1 < p = oo), then u* belongs
to HY(0, T; L*(2%)), and

(1.14) ¥ zsg0, 7: zocaen = |40, z: 1oiy) -
Moreover
ou* ou\* ow . o
o e — [ — —_—
(1.15) 5 (at)u 35 (in the sense of distributions)



ISOPERIMETRIC INEQUALITIES IN PARABOLIC EQUATIONS 61

where
ou .
= o u(t) = w(t)*(s)] = 0,
w(t) <u(t)*(s)
(1.16) w(t,s) = s—u() <u(t)*(s)]
ou dx + o )do‘ otherwise
ot Ot |u(t)=u(t)*(s) '
u(t) <u(t)*(s) 0

PROOF. As | u(t)*|ogey = |u(®)]|z00y (bY (1.2)), we have
"u*”L’(O,T; 2(Q*) = | u”L’(O,T; L7(2)) *

Besides, by (1.12), (1.13)
Ju\*
'(a—’:) 0
)
0t )y

Thus, we have only to prove (1.15), (1.16). Our proof uses the following
lemma (see its proof in the Appendix).

ou
m (®)

’
L7(2)

s
ZICON

o
ot

*(0, T;LP(.Q‘))= L%(0, T; LP(Q)) ’

LeMMA 1.2. Let u be in H'(0, T; L?(2)) (1 = p = oo),

w(t+ h) —ut) ou

= i T

Consider a fived number ¢ > 0. When h tends to zero, r, tends to zero in
L*(Q¢), with o = Min. (p, 2), Q@:= (e, T — &) X Q.

Let ¢ be in D(Q*), and let ¢ > 0 be such that the support of ¢ is included
into @F = (¢, T—¢) x 2*. Consider 0 < h < ¢&. We have

J‘u(t + h);:—— WO iy ds dt — f (u+ h(@u}éat))*—— W ds i
Q. a‘

N J‘(u o+ h(Eufot 4 1))* — (u + hEWOO)* g gy
&

h
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T

The first integral in the right hand side is f A, (t) dt, where
0

wet, Ay =[ (HLE ROV ) gy f (31) 0t as

0*

(by Theorem 1.1 bis), and

[4x(t)| =

ou
— (¢
ot ( )‘LP(_Q

)llfp(t) Lo 2%y

with 1/p + 1/p’=1 (by property (d’) above). Using Lebesgue theorem

T
f A,(t) @t G f (at) @ ds dt.
0

The other integral is majorized by

T—e¢

[1® i@ ¢ Ol e 88

with « — Min (p, 2), (/e + 1/’ = 1)
= Irallzxey 19l oty

which tends to zero with k, by Lemma 1.2. Thus

w(t -+ h)* — u(t)*
[*5

Q*

@(t) ds At 55> f(at) pdsdt.

But, classically,

* *
ult +h) ult) () ds dt — — Ju* a_q) ds dt.
h ot
Q* Q*

We conclude that, in the sense of distributions,

ou* ou\*
o (W) - o
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A direct consequence of Theorem 1.2 is the following

PROPOSITION. Assume u belongs to H(0, T'; L'(2)). Then, for almost
every t in (0, T'), ou/0t(t,+) is constant (almost everywhere) on any set where
u(t,-) is constant (almost everywhere).

Proor. If, in the proof of Theorem 1.2, we consider A << 0, we get

L= J’(u(t) + h(aulzt)(n)* —¥O* 1) as
Q.
_ _J‘(u(t) + (= h)(: ?;u/at))*— u(®)* P(t) ds
Q.

which tends to —f (— Ou/ot)tp(t) ds. Thus, one has, in the sense of dis-
tributions, a@

ou* ou\* ou\* ou
== (5 ). aw)
and
ou\* ow . ou\*  ow'
(797),,='a'§ (10 defined in (1.16)), ‘(““a?),,_ et
with
%—?dw if |u(t) = u(t)*(s)| =0,
u(t) <u(t)*(s)
w'(t,8)= 5 3—u() <u(t)*(s)| 3 *
_a%dm_;_ — _8_1: D ) do, otherwise.
<900 u(t) =u(t)*(s).

The last integral is also

3— lu(t)<u(t)*(s)!
[

= do  (by (1.1)).

u(t) = u(t)‘(s))*

Now, fix ¢ in (0, T'), such that dw/ds = ow'[0s (in L1(£2*)) (this is true for
almost every ¢ in (0, T')), and consider a flat region of u(t): P,(t) = {u(t) = 0},
|Py(t)] # 0. Set s,= |u(t) < 6], s, = |u(t) < 6]. Asw(t, 0) = 0 = w'(t, 0), one
has

3  ou’
wit, ) =[5 01 do =[5 t,0) o —w'(t, ),
0 [1]
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for all s in Q*. Moreover, for all s in [84, sé], one has, by definition of w

and w’,
2w =(5,,) 6=
= 9%' (tys) = (%—’: m»)* (s — 85) .
In particular,
CIMCELTS
- (aa_’? Pa(t))* 0= In}fog;ss % ’

that is (ou/0?)(¢,-) is constant almost everywhere on Py(t). O

We shall give now the application to parabolic equations.

2. — Isoperimetric inequalities for linear parabolic equations.
Let us consider first the parabolic equation

) +eu=] in @=(0,T)xQ,

(2.1) w=0 on == (0, T)X 002,

u(0,+) = u, in 2,

where 2 is a bounded regular open set in R¥,

ou
S (a.~,~<t, 2) 87) :

We denote by A(= A(t, x)) the matrix (a;(t, x)), as well as the bilinear
form on R¥ associated with A, and we assume that A satisfies the unifomr
(with respect to (¢, #)) ellipticity condition:

N
A &) = z a;(t, »)EE,= €2, VEERY.

i,i=1
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Furthermore, we assume that the data satisfy:

¢, f, u, are non-negative functions; ¢, a,; are in L*(Q);
0a,;/0t are continuous in @, f is in L*(Q), and wu, is in Hy(Q).
Then, the solution « is in L*(0, T'; Hy(f2)), ou/ot is in L*(Q) (see [5],

pp. 113-114, and [4] if a,;5 a;;).
Let us introduce the problem

%_AU=~f in § = (0, )x 3,
(2.1) U—o on 5 = (0, T)x 34,
U(0,") = o in 2,

0, , 4, are as in the Introduction.
We are going to compare the solution u of (2.1) with the solution U of
(2’_\1). More precisely, we have

THEOREM 2.1. With the assumptions above,

8 8

(2.2) Vte[0,T], VseQ*, Ju*(t, o) do ng*(t, o) do gfg(t, o) do
0 0 (V]

t
where ¢(t, s) =ff*(r, 8) dv + (Uy)«(8). We deduce
0

(2.3) Vtel0,T], Vre[l, o],
|Iu(t7°)

=T )= 9 )@y(ES + o),

Proor. For a fixed te[0,T], we denote for convenience = = wu(t),
f=f@#) ... We argue as for the elliptic problem (see [8], [7]). By the
maximum principle, we have v = 0. For any 6 > 0, we get from (2.1),

(2.4) éfA(Vu, V(u—0),) do =J(f —cu— %—1:) (u— 6), . dx.

Thus, as in [8], [7], a simple derivation gives:

(2.5) — ‘—1‘% fA(Vu, Vu) dx =f(f —ou — %%) dz .

u>0 u>0
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The uniform ellipticity condition and the Cauchy-Schwartz inequality
lead to

d 2 d
[_d_() f [Vu| dx] = w0 fA(Vu, Vu) do
u>0

u>0

where u(0) = |u > 0|, and, by (2.5),

(2.6) [_0% f]Vu|dx]2§——y’(0)f(f—ou-%—1:) i .

u>0 u>0

Using a result of Fleming-Rishel, and the isoperimetric inequality for the
perimeter in the sense of De Giorgi, we find

(2.7 N o™ u(@)="" < — d% f]Vu] do .
u>0

Hence, combining (2.6), (2.7),

(2.8) N0y — @) (1 = ou— 1) av.

u>0

By the inequality (1.3) of Hardy-Littlewood,

u(6)
(2.9) [ —ew do< [t do <(t, as = 7 (s, wio)
u>0 u>0 0
if we set
(2.10) F(t, s) — f fu(t, 0) do .
0

For almost every 0, |u = 0] = 0, and w,(u(6)) = 0 because u, is continuous
in 10, |2[] (as v is in H(2), u non-negative, then % is in H({J), see [7], for
example). By Theorem 1.2

ou "
n dzr = f e dx = w(t, u(0)) ,

u>0 >t (1(6))
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with
0 )
w(t, 8) = a’: it |u(t) = u(t)s(s)| = 0,
u(t)>u(t)«(s)
ow _ (ow) _ Ouy
0s  \0t)w Ot °
Thus
8u
f e g = 2 1, uit)
u>0
if we set
(2.11) k(t, s) — f ux(t, o) do

0

(as (ok[at)(t, ) = f (duy/00)(t, 0) do).
Thus

ou ok
(2.12) % dr = e (¢, w0)) , a.e. 6>0.

u>0

From (2.8), (2.9), (2.12), we get

ok
(2.13) 1< — N7 u(6)*™ [F(t,u(f))) —= (& ﬂ(ﬂ))]u’(ﬂ)

67

As F(t,-) — ok[ot(t,+) is continuous in Q% then, the function H(t,-) defined

in Q* by

H(t,s) = s®™2 [F(t, 8) — g:— (t, 3)]

-

is continuous in ]0, |2|]. By integrating (2.13), we get, for any 0 <0 <6',

()
(2.14) 0—0=<— N‘za;"’”js‘zl”"z [F(t, s) — %Itﬁ (t, s)] ds
u(6)

Thus, as in [7], one has for almost every s in 0%,

0%k

(215) 0<— 5o = (u(t))* < N2 g2l g2 [F(t, s) —%’tf t, s)].

0s?



68 J. MOSSINO - J. M. RAKOTOSON
Hence, k satisfies

g’: Ng 2/N g2/ gsf <F a.e. in Q* — (0’ T)XQ* ,

ok
(2.16) k(t,0) =0, = (t,|2) =0, Vte[o,T],

(0, s) =f(uo)* do = ko(s), VseQ*.
b :

Let K(t, s) fU*(t o) do, where U is the solution of (2 1). We are

going to show that the equality is achieved in (2.16) for K instead of k.
By the maximum principle, U(f,-) decreases along the radii in £, and
(2.1) can be written

oU, ©
ot  0s

YL A Y
S

By integrating between 0 and s, using the fact that s*-@/M(3U,[os) = O(s)
when s tends to zero (see the remark below) we obtain

aai:—Nz oY g2 ?}sk F in Q*.

REMARK 2.1. Using Cauchy-Schwartz inequality in the first line of
(2.16), we get

0 — 5 G = Nt () + "aaif ®

| o
L}(D)

Now, setting y = k — K,
az
_—?t[ — N2gi¥ g2 —asf <0 a.e. in Q*,

(2.17) 2,0) = 0, Z%(t, 2)=0  Vie[o, I,

7(0,8) =0, VseQ*.

The first inequality in (2.2) will result from a maximum principle for y
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LEMMA 2.1. Let y(t,s) = (k— K)(t, ) = [(us— Us)(t, 0) do. One has y<0
everywhere in Q*. °

ProOF OF LEMMA 2.1. Multiplying the inequality in (2.17) by s@/™M-24
we get

2
(2.18) 3‘2/”"2% 1= N2QY %;Z—C;Q_ a.e. in Q* .

For fixed t, we shall denote u, y ..., for simplicity, instead of u(t), x(?) ....
We shall also denote by [ ] a function of ¢, independent of s. First we prove
that (0%y/0s?)y, is in L'(2*). In fact, by Remark 2.1,

ad% é[ ] S(z/zv)—(a/z),
(2.19
) Qz_x % 4 % <[ ] sem-wm
o0st| — | Os os |~ ’

On the other hand

] <[ sl dor < 5172 )= [ 157
0

(2.20)
2+l = 121 = |k] + K|
el = Jsv2.
Thus,
0? _
fo_*_ é[ ]s(zllv) 1,

which belongs to L'(£2*). By integrating by parts, we are going to prove
that gf (02x/0s?) y,. ds is non-positive. For a >0, as y belongs to W>>(a,

|2]) by (2.19), the following integration by parts is justified

12| 12|
0’y _ Ox+\* ox
(2.21) e X A8 = ——f (W) ds — == (@) y4(a)

a

(we used the fact that (9y/ds)(|2]) = 0 by (2.17)). When a tends to zero,
the two integrals tend respectively to f (02x/0s?) x, ds and f (0x4/0s)% ds (2,
a a

as x, belongs to H(£2*)). Now we prove that (9y/0s)(a)x,(a) tends to zero
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with a. One has

| f-2

By (2.20),

) i < [ ]Ia(mv) (1/2) _ Igltz/m—(llz)l (by (2. 19))

g__sx (a) x+(a) < 2/N __ |QI(BIN)—(112)a1I2|

which tends to zero with a. From (2.21), we get

0°x _ x4\’
f—a*gz“ X+ ds = —f(—a?) ds é 0.
0* 0+

From (2.18),

0= 2ff (a/m-2 X ¥ L+ ds dr —f fs‘z’”’ 2 e (%) ds dv —f @M=2 %

0 Q*

It follows y, =0 in @* O

Now we shall prove the second inequality in (2.2). Let us consider the
equation satisfied by K in Q*:

F— a____K — Nzalzvlzvsz—(e/zv) 0

*>0.
ot s =

Thus

3 5 s
ff*(t9 o) do= T fU*(t, o) do.
0 0

By integration, we find

8

8 8 t
fU*(t, o) do — gy do gfdo'ff*(r, #)dv. 0O
0 0 0 0

Now, (2.3) is a simple consequence of a lemma in [2] (p. 174), for all »
in [1, oo[, and then for r = oo.

REMARK 2.2. If f,(f) is absolutely continuous in [0, [2|], for almost
every ¢t in (0, T'), then we can obtain an isoperimetric energy inequality:

wreTe - .
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we get from (2.1)

f(aa—i: u + A(Vu, Vu) + cu”)da: =ffu dx
Q2 Q

éff* us ds  (by Hardy-Littlewood inequality)

0*

Of «
=_f -af_s kds + f4(12) k(1))

= -—f% K ds + f4(|2[) E(]2])  (by Theorem 2.1)
g.

o
:J’(B_U U+ IVUP) dx .
ot
2
Using the uniform ellipticity:condition, we have

d oU
f(a—’t‘ w+ |Vu|2)dw§f(a—t U+ |VU[2) aw,
Q Q

and, by integration

%fu(T)zdx—l—fqulzdwdtg%fU(T)zdw—l—ﬁVUlzdwdt.
2 Q o Q"

Appendix.

In the proof of Lemma 1.2, we shall use the following lemma, whose
proof is easy (see [1] for example).

LeMMA A. Let v in WH(0,T) (1= a=oco). If 0 < |h]|<e, we have

T—e

/

®

at=

o

dv

o(t + h) — (2)
di

h

L#(e—|n],T—e+]n])
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ProOF oF LEMMA 1.2. If u belongs to H(0, T'; L?(2)), then  and ow/ot
belong to L2(0, T'; L*(2)) c L*(Q);

a.e x, u(x) and %? (x) e L*0, T,

that is
ae x, wulx)e Wux0,T).

We can apply Lemma A, with v = u(z). For 0 < |k| < e, we have, with
oty #) = (u(t + k) — (1)) /h,

®

ou

T—e
a.e. @, f |ty @)[* At < |

L*(e— ||, T—e+[h])

By integrating over £, we get

du

(A1) T

L*(Qe) ’

1) If p > 1 (then o > 1), it is easy to prove that ¢, — ou/ot in L*(Q:),
weakly. Then, classically, by (A.1l), ¢,— ou/ot in L*(Q¢) for the strong
topology.

2) If p = 1, then « = 1. There exists a sequence u, in H'(0, T'; L(2))
such that u, —w in HY(0, T; L(£2)). Let

T = h ot

We have, with the L!(Q:) norms,
[7all = [[7an]l + [7an—17al| -

We have just seen (case p > 1) that 7,,— 0 in L*@.) (and consequently
in L'(Q.)). Besides, by Lemma A,

(Un— ) (¢ + B) — (ua—u)(®)

o(u, — u)
b @0~

ot

LY(Q) ’
Thus
0(uy—u)

— 1)< 2
“ Tan— T "L Q)= ot

L'(Q)

which tends to zero with n. It follows that r, — 0 in L!(Q:), and Lemma 1.2
is proved.
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