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Existence Results for Embedded Minimal Surfaces
of Controlled Topological Type, I.

JURGEN JOST (*)

Introduction.

A minimal surface M in a three dimensional manifold X can either be
considered as a parametric representation f: § — X with f(§) = M, where
8 is a two dimensional domain and f is conformal and harmonie, or as a
submanifold of X with vanishing mean curvature.

Whereas the parametric approach furnished the first existence results,
it was later on criticised that solutions produced from this point of view
usually are not embedded submanifolds and even immersed only by ad-
ditional considerations and under an additional hypothesis, namely that
they are minimizing (ef. [A1], [A2], [Gu], [0]). Taking up this criticism,
recently methods from geometric measure theory were able to prove exist-
ence results for embedded minimal surfaces of striking generality (Hardt-
Simon [HS], Taylor [TJ], Pitts [P]), at the expense, however, of having
no control at all over the topological type of their solutions. Whereas
physical considerations make it reasonable to look for the absolute minimum
of area over all topological types (as in [A], [HS], [TJ]), from a ma-
thematical point of view it might also be desirable and useful for applica-
tions to find solutions of a problem with more specified properties.

In the present context this means to search for embedded minimal sur-
faces of a prescribed topological type. Several interesting results of this type
were already obtained.

If I' is a Jordan curve on the boundary of a strictly convex set in R3,
it was shown that I" bounds an embedded minimal disk by Gulliver-
Spruck [GS] (under the additional hypothesis that the total curvature of I"
does not exceed 47), Tomi-Tromba [TT1], Almgren-Simon [AS], and Meeks-
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Yau [MY1]. The methods of [AS] and [MY1] are both of a rather general
nature and worked for general Riemannian manifolds and admitted several
extensions, the first one to minimal surfaces of higher genus in Riemannian
manifolds ([MSY]), the other one to closed solutions of genus O and to a
free boundary value problem for minimal disks ([MY2]) and recently also
to surfaces of higher genus in Riemannian manifolds ([FHS]).

We also mention [SS] and [GJ2] where embedded minimal spheres
in 83 resp. disks with a free boundary on a strictly convex surface were
obtained by saddle point arguments.

It was found out that when trying to prove the existence of an embed-
ded minimal surface of given topological type for some prescribed boundary
value problem it is usually necessary to assume the existence of a suitable
barrier that is convex or at least of nonnegative mean curvature.

On the other hand, recently some interesting parametric existence results
were obtained that arose the question whether they could be improved by
showing the existence of an embedded solution. Tomi and Tromba [TT2]
provided geometric conditions on a Jordan curve I' in R?® that ensure the
existence of a minimal surface of given genus g > 0 bounded by I'. Tolks-
dorf [Td] considered a boundary configuration consisting of a Jordan curve
I'c R® and a free boundary oK with K N I' = § and showed that this con-
figuration always bounds a minimal disk in R\ K with holes, i.e. having I
as a fixed boundary and free boundary curves on 0K the number of which
is not a priori prescribed.

In the present article, we shall use the approach of Almgren-Simon,
namely to minimize area only among embedded surfaces, and prove various
boundary regularity results (for fixed and free boundaries) (§ 3-5) and finally,
with the help of additional approximation arguments (partially making
use of results of [MY1] and [MY3]), deduce in § 6 existence results for
embedded minimal surfaces of controlled topological type. These results
in particular imply that in the situations considered in [TT2] one can pro-
duce embedded minimal surfaces and on the other hand that for the con-
figuration of [Td] one can also construct embedded solutions, provided we
assume the existence of a suitable barrier containing I" as mentioned before.

We want to display some typical examples that illustrate our results.
Let I' be a Jordan curve on some catenoid O in R3, and suppose I"is not con-
tractible to a point on C; let Z be a cylinder with the same axis as C, and
I'NnZ =@. If I' is contained in the interior of this cylinder, then there is
an embedded minimal surface of the topological type of the annulus, having I
as a fixed boundary and a free boundary curve on Z. If on the other hand Z
is in the interior of the catenoid, then there is again an embedded minimal
surface with a fixed boundary I" and one or more free boundary curves on Z
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and this surface is topologically a disk with holes. In this case, it is not
possible to fix the number of free boundary curves a priori. This is more
obvious when looking at the example where I' is a Jordan curve contained
in the unit sphere in R® and K = {z € R*: ||<}}. Although in this case I”
can bound a disk in the complement of K, it might not bound a minimal
disk in R?/K, for example if I" is a great circle. Even if I' = {#z = (2, 22, 4°)
€R®: |#| =1,2%= %} and consequently bounds a minimal disk in RN\ XK,
there exists a minimal annulus with fixed boundary I" and a free boundary
curve on 0K that has less area, and this annulus will be the minimal surface
produced by our method.

An example for the situations considered in [TT2] is a solid torus 7' with
boundary of nonnegative mean curvature (with respect to the interior
normal) in R3, and I" a Jordan curve on 0T that represents twice the genera-
tor of m,(7). We shall show that I" bounds an embedded minimal Moébous
strip contained in the interior of 7.

Of course, these are only very special cases, and for more general results
(in particular also for minimal surfaces in Riemannian manifolds) we
refer to § 6.

All solutions are obtained by a minimizing procedure. In a consecutive
paper, we shall combine the present methods with saddle point arguments.

1. — Minimizing among embedded surfaces in bodies with positive mean
curvature.

Let A be a closed subset of some threedimensional complete Rieman-
nian manifold X. A need not be compact. We assume that 04 is a surface
of class C? and has positive mean curvature with respect to its interior
normal. Let I' be a Jordan curve of class C? on 04. Let K be another
closed subset (possibly empty) of X with boundary surface 0K of class C2.
‘We assume that the angle between 04 and 0K is always less than x/2, when
measured in 4 N (X/K) (i.e. if v, and v, denote the resp. outward unit normal
vectors, v, vg > 0 in 04 N 0K). Moreover, I'N K = §.

Later on, by an approximation argument, we shall also treat the case
where 04 has only nonnegative mean curvature in the sense of [M Y2] and
the angle between 04 and 0K is only assumed to be less or equal to /2.

We denote by AG(g, k) the collection of all embedded surfaces M with
boundary of class C?in X\K° of genus g and connectivity k with oM cl'U 0K
and meeting 0K transversally. The variable g, will also be used to indicate
whether M is orientable or not. Note that %k just denotes the number of
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boundary curves of M, and one of those coincides with I" while the other
ones (if any) lie on K. Likewise, A((g) denotes the collection of such gurfaces
of genus (and orientability) g with an arbitrary (finite) number of boundary
curves that satisfy the conditions required above.

We want to minimize area among surfaces in (g, k) or AM(g) that are
contained in A. This constraint, namely that we consider only surfaces
in A, might lead to complications which however can be avoided with the
help of the following trick.

We denote the distance function in X by d(-,+) and define

Agi= {we X: d(z, A)< 8}

If 8,> 0 is chosen small enough, then for all 8, 0<d<d,, 04s is still of
class 02 and has positive mean curvature. In particular, we choose J, 80
small that geodesic rays emanating from 94 into the direction of the exterior
normal never intersect in A,\ 4. Furthermore, we can also achieve that
the angle between 0K and 04 is less than x/2 (in the same sense as above)
if 0 <8<y

We now choose a minimizing sequence of surfaces in (g, k) (or A(g))
that are contained in 4, and claim that w.l.o.g. we can assume that they
are in fact all contained in A4 itself. Then a limit of such a sequence will
not be affected by the constraint since we can perform all sufficiently small
variations. In particular, as in [AS, § 1], we shall get a stationary varifold
in this way. In case K <0, «stationary » here of course means with re-
spect to variations that move 0K into itself.

In order to prove the claim we shall construct out of each such surface
in 4, another surface contained in 4 whose area is not bigger than the
area of the original one.

Let M be such a surface. We first want to modify the situation in such
a way that M intersects 0A transversally.

We first want to achieve that the surface meets 0A transversally at I
For this, we have to impose some topological restriction on our minimizing
sequence. Let n, be the normal of I'in M, and n, be one normal vector
of I'in 0A (this vector can be chosen consistently since 04 as a boun-
dary is orientable). We then require that the curves in 82 that are
obtained as Gauss images of n, and n,, resp., have interesection number
zero mod 2. Under this assumption, after an arbitrary slight perturbation
of M we can assume that it meets 04 transversally along I'. It is
important to note that this topological condition will remain unaffected
under all replacement argument that will eventually be performed on our
minimizing sequence (cf. §§ 3 and 6).



EXISTENCE RESULTS FOR EMBEDDED MINIMAL SURFACES ETC. 19

We choose 7, so small that the nearest point project on onto I'is of
class C® in T, and choose a function R*-—[0,1] of class C* with

9(0)=0
gty =1 if t>n?
9'>0
We put
Zo={weA: dx, 04) = eg(a*x, I))},

i.e. we move 04 a bit into the interior of A4, at least away from I

If & > 0 is sufficiently small and 0 < e<e&,, 2, is a graph over 04 and
has positive mean curvature and intersects 0K at an angle less than z/2.

Furthermore, since M already meets I" transversally, from Sard’s lemma
we conclude that we can also achieve that M intersects X, transversally
for some ¢ € (0, &].

Thus, by replacing A by

{we A: d(z, 04)> eg(d(@, I'))}

if necessary, we can assume w.l.o.g. that M intersects 0A transversally.

If we extend the exterior unit normal of 04 into 4,4 as being con-
stant on geodesic rays normal to 04 we obtain a function »* in 4, \ A4 with
[p*| =1 and divs*>0 (since 04, has nonnegative mean curvature for
0<0<d,). Furthermore, if v, is the outward exterior normal of K, then

p¥epp>0
in 4,\4 N oK.
If N now is a surface in 4, N X\ K meeting 0K transversally and in-
tersecting 04 in a collection of closed Jordan curves and arcs with endpoints
on 0K, if Hc0A and Fc oK n (4,\A4) are surfaces with

ON N 0K = o0F N (4;\4)
ON N 04 = 0E N (X\K)
and

ENnFUN=20G for some open GC 4,4,
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then applying the divergence theorem on G, we get

fv*-v*dJﬁz—l— v e dIC2 < |v* v, dIC?
E ¥ N

where », in the outward unit normal of 0G.
Hence

|B| < |N].

(Here and in the sequel, we denote by |M| the area of the surface JM.)

Thus, we can apply the replacement argument of [AS, Thms. 1 and 9]
to M to obtain a new surface contained in A with area not exceeding the
area of M. We may have decreased the topological type by this procedure,
but later on we shall supply conditions that exclude this possibility and for
the moment we can restore the original topological type by adding handles
or cross-caps with arbitrarily small area.

Therefore, we can assume w.l.o.g. that our area minimizing sequence
is contained in A. After selection of a subsequence we get a varifold

V = limv(M,)

k—> oo

if we denote the sequence by (M;).
V is stationary in X\JI, since

v VICD) > | VI(T)

for any open subset U of 4, and any diffeomorphism y of X that leaves
the complement of U and a neighborhood of I" fixed and maps 0K into
itself. Furthermore, by construction

spt|[V]c4.

2. — The principle of rescaling.

In this section, we describe a general argument how to extend Euclidean
considerations to the context of a Riemannian manifold X of bounded
geometry, i.e. having a bound for the sectional curvature as well as a
positive lower bound for the injectivity radius.
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Let U(0,1) = {# e R": |#| <1} be a coordinate chart for (some subset
of) X with metric tensor g, (x).

We define a new metric on U(0,1) via
0, (@) = g;(Rr) ReR, R>1.

LeMMA 2.1. FEach p € X is contained in some ball B(p,r) where r> 0
can be estimated from below in terms of a bound for the sectional curvature
of X, a lower bound for the injectivity radius, and the dimension of X only, with
the following property:

B(p, r) is contained in (the image of) the coordinate chart U(0,1) with
metric g;; of class C»* and g,, , converges to the Euclidean metric 6;; on U(0,1)
in the C»*-norm for any o€ (0, 1).

PRrROOF. We introduce harmonic coordinates on B(p, r) which is possible
if,r <7, where r, > 0 can be estimated from below in terms of the quantities
mentioned in the statement by [JK]. The claim then follows from the
estimates of [JK] for harmonic coordinates. q.e.d.

This rescaling process of course amounts to replacing B(p, r) by B(p, r/R)
and multiplying the metric by the factor R.

Cor. 2.1. Suppose o(g) is any expression defined in U(0,1) involving &
metric g and its first derivatives.
If
0((8:)) >0  ((d) is the Euclidean metric)
then also
0(g,) >0

if R is chosen large enough.

In particular, if v is a vectorfield on U(0, 1) with positive divergence with
respect to the Euclidean metric, then also its divergence with respect to g,; .
18 positive, provided R is sufficiently large.

As a consequence, all constructions performed in a fixed Euclidean ball
can be extended to the Riemannian case after suitable rescaling, provided
the corresponding Riemannian expressions involve only derivatives of the
metric of first order and we always make sure that we have strict inequalities
in our constructions.

Therefore, we shall carry out most constructions only in the Euclidean
case and make sure that these conditions are always satisfied.
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3. — Regularity in the interior and at the fixed boundary.

In this section, we want to show that the varifold limit V of § 1 is rep-
resented by an embedded minimal surface M with o.M = I, at least in X\ K.
We shall prove the regularity of M at the free boundary oK in § 5. Also,
by construction M c A.

We make the following assumption that will be justified later on by
additional hypotheses

(A) There exist r> 0 and o << co with the property that if any Mg
intersects an open set U, diffeomorphic to the unit ball, with diameter <r and
d(U, 0K)>a|0U|; transversally, then for each component y of Mz N 0U there
is an embedded disk N c My with ON = y.

With this assumption, we can prove the interior regularity of V as
in [AS] (with the modifications of [MSY, § 4] since we treat the general
Riemannian case). Furthermore, by [JK], M\ oM is of class 0, for any
€ (0,1) (M =spt|V]|). Thus we are only concerned with boundary
regularity.

‘We assume [I'e C2.

Let e I'c 0A. We can normalize the situation so that x,= 0 and
the tangent plane of 0A at x, is the x,xz,-plane and the interior normal
points into the direction of the positive x,-axis.

As in [AS, § 6], we let V'= VL (X\I') XG(3,2) and see that

(3.1) I'cspt | V'] .

We let L be the tangent of I" at 0, and €, be any varifold tangent of V'
at 0, 0, = klgg K, V' with 7, — co as k— oo.
Then (cf. [AS, § 7])

(3.2) Lcspt [0,
(33) 16, 1) = 0
(3.6) 210, 1(B(0, 1) = 0(| V'], 0)  Vr>0

We put U+(0, R) = {& = (#,, #,, #;) ER*: 2,> 0, |#|<R} and construct a
sequence (N,) of embedded disks out of (M,) with the following properties

(3.5) N.cUH0,2) UL

(3.6) oN.N T(0,1)c LN U(0,1)
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(3.7) |Ni|<|N|+ 1/k  for all disks N with oN = oN,
(3.8) limo(N,) L (U+(0, 2\L) x4(3,2) = O, L ([7(0, 2INL) X G(3,2).
Finally,

(3.9) C,= S o(H)
i=1

where H,,..., H, are half-planes with common boundary L, contained in
R*N {z: 2,>0}.
We flatten U+ away from UH,; a bit so that we obtain a convex set
U+ with
UtNnH,=U+NnH, fori=1,..,m
(3.10) [oU+ N {@: #,> 0}| < 27—« for some o> 0

Ut N {w: 2, = 0} = U+ N {2: 2, = 0} .

By Sard’s lemma we can assume w.l.o.g. (after performing a suitable
homothetic expansion with dilation factor arbitrarily close to 1) that N,
intersects 9U*(0,1) transversally in a collection I, I%, ..., I* of Jor-
dan curves.

Furthermore, given ¢ > 0, we can find a sufficiently large k so that by
using the coarea formula and possibly again performing a homothetice dila-
tion of N, with factor €(3/4, 1], say, we can assume

m
(3.11) Jel(r;\{x: dist (z, U H,) > s}) <e forj—1,..,m.
i=1
Then, after renumeration, I'¥ consists of L N U(0,1) and a Jordan arc in
U+0,1) N {&: @, > 0}, IT, ..., It for some p,<m, are curves in 9U*(0, 1)
N {x: 2, > 0} that approach some of the semicircles oU+N H,, while
Iy, ...,k enclose an area A} in 9U*(0,1) with
|4 < ee

for some fixed ec.

As in [AB, § 7], we see that the curves I7 ., ..., I, can be discarded
without changing the varifold limit.

For each curve Iy, ..., I, we have two possibilities:

a) It is a boundary curve of a component of N, N U+(0,1) which is
disjoint to L.

b) It is a boundary curve of the component containing LN U+(0,1),
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To any sequence of components of case a) we can apply the interior
regularity arguments of [AS, § 5£.] and conclude that in the limit we get
an embedded minimal surface M. The tangent plane of M at 0 has to
coincide with the w,x,-plane, i.e. the tangent plane of 0A4.

Moreover, M is contained in A. This contradicts the maximum principle,
however, since 04 has positive mean curvature. Hence case @) cannot
occur for sufficiently large k. :

The curves of case b) can be deleted with the help of the replacement
argument of [AS], using assumption (4) again.

Thus, only I is left. By (3.10), it divides 9U+(0,1) into two compo-
nents one of which has area less than }(3n — «).

From (3.7) and (3.8) we can therefore infer that

3
lo. (v, 1) <Z.
Hence by (3.4)
oIVl 0)<$.

Since this density has to be odd on the other hand (see [AS, §7] again),
(3.12) o(1v'],0) =%

and we conclude from Allard’s boundary regularity theorem ([AW2]) and
the arguments of [AS] that

V = o(M)

where M is an embedded minimal surface contained in A. By the maximum
principle again, the interior of M is contained in the interior of 4; also
oM = 1I.

Altogether, we have proved

THEOREM 3.1. Suppose (4) holds, I' € C2, and (M,) is an area minimizing
sequence in M(g) or (g, k) and

V = lim (M)

k—>co
exists in the varifold semse.
Then
spt [V N XNK =M

where M is an embedded minimal surface of class C»*, with I'c oM. M may
be disconmected, but the component of M containing I" has multiplicity precisely 1.
M\I'n XX is of class C>%, for any o€ (0,1).
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4. — Area comparison and replacement arguments at free boundaries.

We first want to derive an area comparison lemma. Two points are
essential. First of all, according to the rescaling principle of section 2, we
want to perform comparisons only between areas contained in some fixed
bounded set. Moreover, if we minimize in the presence of a free boundary 0K
among surfaces in M(g) we don’t have (a priori) any control over the number
of boundary curves on oK. Thus, our comparison arguments have to in-
clude not only disks but also disks with holes on 0K. Our comparison
results will be similar to Lemma 3 of [MSY] (the statements as well as the
‘proofs).

If UcX is open, we define

dy(x) :=d(z, U) for veX
and
Ut):= {we X:dy(t)y <t} fort>0.
The following considerations will of course always contain K = § as

a special case, and hence are suited for regularity in the interior or at the
fixed boundary as well as at the free boundary.

LeMMA 4.1 (Area comparison). Suppose U c X is open, bounded, of class
C2 and that 0U and o0U N X\ K are simply connected, and that the following
assumptions hold:

a) If y:[0,T] — X is a geodesic arc parametrized by arclength with

(4.1) y(0)€ 08U N XK

(4.2)  P(0) =»,(p(0)), where v, is the exterior unit normal of U

then

(4.3) v ¢ K if 0<t<T
b)

(4.4) Ad,>0 in UTNTU

(this is for example the case if dU(t) has positive mean curvature for 0 <t< T,
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¢) The following isoperimetric inequality holds: If R(t):= {p(t): y as
in a)} and 2 is a system of Jordan curves in R(t) dividing R(t) into two com-
ponents By, E, (not necessarily connected), then

(4.5) min (|E,|, |B,|)<pf(length 2)

for some f>1 and all te [0, T].
(The existence of such a B is readily checked in applications, for example
if U is a geodesic ball)

d) T > 280U N XK.

Then, if M is & C*surface (with boundary) in X\ K intersecting oU trans-
versally and satisfying

MNXNENU=9
and if A is a component of M\ (U N M) with
MNX\KNA=9¢

then there exists a (not mecessarily connected) surface F c oU N X\ XK with
FNXN\K=ANnUNX\K and

(4.6) [F| < |AN U .
Proor. We put
U'(t):= {p(s): y as in a), 0<s < t} cU@t) N XN\ K
and recall

R(t) = {y(t): y as in a)} coU(t) N X\ K
‘We note that
R(0) =0U N X\ K

and that by applying the divergence theorem to grad d; on U'(t)\ U
(4.7) |R(t)] is monotonically increasing for 0 <t<T

W.l.o.g. we replace A by a connected component of A N U'(T), and we:
can assume

(4.8) 4|<}[6U N X\K|

because otherwise the claim is trivial.
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If
(4.9) ANR@)#0,

and if A intersects R(¢) transversally (which is the case for almost all ¢ by
Sard’s lemma) then is divides R(t) into two (not necessarily connected)
sets F1(t), F2(t). We label these sets with the index € {1, 2} in such a way
that they depend continuously on ¢.

We claim, that there exists ¢, e [T/2, T] and i€ {1, 2} with

(4.10) [P <} 10T N XK

Otherwise, for each te [7/2, T] we obtain from the isoperimetric inequal-
ity (4.5) and (4.7)

1

(4.11) length (A N R(t)) = length (0F‘(t) N U'(T)) >2—ﬂ* [0U NNK|*.

On the other hand, putting
Et)=A4ANT'(@)

the coarea formula yields for almost all ¢
t

(4.12) \B(t)| = flength (A N R(s))ds
]

(4.11) and (4.12) give (w.l.o.g. (4.12) holds for ¢ = T)

T
(4.13) |B(T)|> 7 [PU N XNK[}.

On the other hand, |E(T)|<|4], and (4.8) and (4.13) imply
T<28}oU N X\ K|}

contradicting the choice of 7.

This proves (4.10).

We choose ¢ as in (4.10) and then drop the index 1, i.e. write F(t) instead
of Fi(t).

By (4.4) we can apply the divergence theorem to the vector field grad d,
to obtain for 0<t, < t,<T

(4.14) )| — < [ [, gradd,)]
E(t)/E()
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where » is the unit normal vector field of A (N ote that grad d, is tangen-
tial to 0U'(t)\(R(t) U R(0)) so that these boundary components don’t give
a contribution) (4.14) implies that if FE(f,) 7= E(t,)

(4.15) 1B ()] — |F(t)] < |B(t)] — |B(t)]

and in general at least

(4.16) |F(t)| — |F(t)| < |Et)| — |Et) o<t <ta < T).

If |F(t,)| = 0 for some t, € [T/2, T], (4.15) and (4.8) (note |E(t,)| < |4]) give

1F(0)| < [4]

which proves the lemma, putting F = F(0).
In general, we have at least from (4.15) and (4.16)

(4.17) [P(0)] — |E@®)| < [F®)| (0<t<T)
Since |E(t)|<|4], (4.16), (4.8), and (4.10) (choosing t,= %,) imply
(4.18) B ()] <30T A X\K|<$|R()]

for 0<t<T/2 (using (4.7) for the last inequality).
Hence the isoperimetric inequality (4.5) gives

(1.19) [#0] <4p14 0 ROl = 48( 1B0])

for almost all e [0, T/2].
(4.9) and (4.19) imply

(4.20) 1#0) - B0 <48 (3, (170)| - B0 )

for almost all te [0, 7/2], and after integration, since |F(0)|— |E(0)| is
monotonically decreasing

(4.21) (IF(0)] — [B(0)])} — (|F(0)] — |E(T[2)])} >2£,3*
if

(4.22) F(0)] > |B(T/2)] -
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In this case again (from (4.21))
T<280U N XNK|}
contradicting the choice of 7. Therefore, (4.22) cannot hold, and
|F(0)|<|B(T/2)| < |B(T)| (otherwise the argument after (4.16) applies)

and since |E(T)|<|4]|, the lemma is proved with F = F(0). q.e.d.

If we want to use Lemma 4.1 in a replacement argument, the following
difficulty might arise: We cannot immediately replace A by F because the
fixed boundary oM N X\ K is « trapped » between A and F. We have to
consider only the case where at the same time

(4.23) 4] < 10U N X\K]|
and
(4.24) |[F| <%|0U N X\K]|

because otherwise we can replace F by its complement in oU N X\ K-

Since we assume that /A intersects oU transversally, 4 and F yield a
surface N which (after smoothing out the coners) can be assumed to be of
class O%, with oN c 0K and

(4.25) IN|< 30U N X\K]|.

In all applications, we may assume w.l.o.g. that |0U N X\ K| is arbitrarily
small. Hence we can use the following lemma of [MSY]

LEMMA 4.2. There exist ro, > 0 and 6 € (0, 1) (depending only on X and K)
with the property that if N is a C*-surface in X\ K with 0N c 0K and

(4.26) [N N Bz, 1) < 62r5  for each x e X

then there exists a wunique compact C(N)c X\K which is « bounded by N
modulo 0K ». i.e. 0C(N)Nn X\K = N and

(4.27) vol (C(N) N B(w, 1,)) < 8%y  for each xe X
as well as
(4.28) vol (C(N))<c|N |}

where ¢, again depends (only) on X and K.
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Proor. The proof of Lemma 1 of [MSY], given for K = ¢, easily covers
the case of Lemma 4.2 as well. q.e.d.

If we apply Lemma 4.2 to the surface N constructed before (4.25), than
either
CNYNTU=2¢6

or
Un X\KcOQN).

In the latter case, we consider C'(N) = C(N)\ U instead. It is then bounded
by A and the complement F' of F in 0U N X\ K. We want to show that
in this case also .F’ satisfies the conclusion of Lemma 4.1.

LEMMA 4.3 (Area comparison). Suppose that in addition to the assumptions
of Lemma 4.1

(4.29) |00 N X\ K| <}

where € (0,1) and r,> 0 are given from Lemma 4.2.
Suppose that (in addition to d) of Lemma 4.1) also

T > 12(3)ie|0U N X\KJ}

(co again from Lemma 4.2).
If A as in Lemma 4.1 saatisfies

(4.30) 4] < |oU N X\EK]|

(which we can assume w.l.o.g. for replacement arguments), then there exist
F coUnN X\K and a compact set C'c X\(K U U) with

(4.31) OFFNX\K=ANnoUNX\K
(4.32) 90N X\K=AUF
(4.33) vol €' < ¢,(3)}0U N XN\K !
(4.34) |F'| < |An U(T)|

Proor. Take F as in Lemma 4.1. If (4.24) does not hold, take F' as the
complement of F in 60U N X\ K and aply Lemma 4.2 to get C with (4.33)
and take ¢'= O\ U. If (4.24) holds, then F and A bound a set C with
(4.33) by Lemma 4.2.
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If CNnU=0, we take F'=F and O0'= C.
Otherwise, we choose F' as the complement of F in 0U N X\ K and
C'= O\ U. (' then also satisfies (4.33).
In the proof of Lemma 4.1 we choose the sets F(t), F'*(t) (defined after
(4.9)) such that
F1(0) = F'
By the coarea formula

T
[0 <vol ¢’ <) 0T N X\K]!

T/2

(by (4.33)). Therefore by the assumption on T, there exists t,e [T/2, T
with

(4.35) [F1(t,)| <} |00 N XN\K]|.
Then the proof proceeds as the one of Lemma 4.1, using (4.35) instead
of (4.10). q.e.d.

With the help of Lemma 4.3, it is now straightforward to extend the
replacement arguments of Thms. 1 and 9 of [AS] (cf. also [MSY; p. 638])
and to obtain

LEMmA 4.4 (Replacement lemma). Suppose that U satisfies the assump-
tions of the Lemmata 4.1 and 4.3, and

6>0.

Let M e Mg, k) intersect 0U transversally.

Suppose that oM N X\ K is not contained in any set C', where ¢'c X
(KU D) satisfies (4.32) and (4.33) and A is a component of M.

Then there exists I € M(g', k') with ¢g'<g, k' <k, satisfying the following
properties:

(4.36) oM N X\K = oM N X\ K
(4.37) NI N U)YNM\(MNT)
(4.38) M NU,cMNTU, with Uy:={weU:dx,0U0)>0}

M intersects OU transversally

(4.39) | + [N\ N Uy|< | M|
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If for each component ¢ of M N oUN X\K there is Ac M with oA N oU
N XN\ K = o which is topologically & disk with holes on 0K, i.e. A € M(0), then

k
(4.40) MU= DN, with N;eM(0) (j=1,..,%)

i=1
If in addition
(4.41) |[M|<|P|+ e

for every P e M(g, k) with 0P N X\K = oM N X\ K, then ther ¢ are
i

E1yeeey 60 with > &;<e and
i=1

(4.42) [N <|Ps| + &

for any P;e M(0) with 0P, X\K = oN,;N X\ K and P; having at most
as many boundary components on 0K as N;.

If (4.41) holds for P e Ms(g), then P; in (4.42) may have arbitrarily many
boundary components on oK.

LEMMA 4.5 (Boundary filigree). Suppose {¥ },., ., is an increasing family
of convex sets, where each Y, satisfies the assumptions of the set U in Lem-
mata 4.1 and 4.3 (with B and T independant of s).

Assume furthermore that Y, is given as

Y,= {weX: flx)<s},
where f: X—R* is of class C? on Y\ Y,, Df£0 on Y\ Y,,

sup |Df|<e
Y1/Y,

Suppose M € M0, k) and that oM N X\K 4is not contained in any set
C'CX\(I% U Y,) satisfying (4.32) and (4.33) with Y, instead of U (for any s).
Finally, we assume that for some ¢ >0

[ M|<|N|+ ¢ for all NeM(0,k) with k'<k

and
INNX\K=0MNX\K.

Then
[MNY,|<2
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to=1—2¢,¢}|M N Y,[}>0

Proor. The proof which is basically on easy modification of the proof
of Lemma 3 of [AS] can be bound in [GJ2]. Of course, we have to perform
the modifications mentioned in [MSY; p. 639]. q.e.d.

5. — Regularity at the free boundary.

THEOREM 5.1. Let (N,) be an area minimizing sequence in M:(0), and suppose

W = lim ()

k—>co

exists in the varifold sense. Then for each point xocspt |W| N 0K there are
neN, o> 0 (both depending on z,) and a minimal surface M meeting 0K
orthogonally with

W L B(@, ) X (3, 2) = no(M)

ProoF. The first part of the proof is a modification of [AS; § 5 £.]. As
in [AS, p. 463], we see using the boundary filigree lemma 4.3, that W is
stationary, rectifiable and there is some ¢ > 0 with

(5.1) 0| W], z)>c

for all zespt |W].

Also W is integral.

Let z,espt |W| N oK.

We assume for a moment that W has a varifold tangent C at x, with
spt |C| contained in a half plane H.

Since W is also stationary w.r.t. to variations of its boundary on oK,
C has to contain the interior normal of 0K at x,.

W.lo.g. ,= 0 and (0, 0, 1) is the exterior normal of 0K (using a suitable
coordinate chart.).

Let

R, 5:= (Dy~ 0D,) X (— 0,0)) N I\ K .
By rescaling, tilting the « top » D, X {o} and the « bottom » D,X{— o} sligh-

tly agains 0K, and smoothing out the corners 0D, x {o} and 0D, X{— o}, we
obtain a set K, satisfying the assumptions of Lemma 4.4. Let y,(o, 0),
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7:(0, 0) be curves on K,, that are close (e.g. obtained by nearest point
projection) to the corners 9D, {o} N X\K and 0D, X {— o} N X\ XK,
resp. These curves y,(p, o) and y,(p, o), then divide 0K, "\ X\ K into a
cylinder (C N X\K)Z,s (corresponding to 9D, X (— o,0) N X\K) and a
union Hp,; of two half disks (corresponding to D,x {o,— a}).

(5.2) u, W — O Dby definition of C.

for some sequence (r;) — oo as k — oo.

Let o0,€(0,1) be given.

(5.1) implies that we can find r €(r,) with
(5.3) K,,Ospt |uaW|CK, , .
W.lo.g. also

[spt w4 W| N (0D XR)| = 0

(5.4)
|spt |us W| N C,| =0, where C,= ou . (X\K),

By assumption

(5.5) e ()| < |N| + 1

for all N e M with 0N N C,= ou(N,) N C,.
Since v(u,(Ny)) — u, W, (5.3) and the coarea formula yield for almost
all o€ (0p2,1) and &k — oo

Jel(,ur(Nk) N (EI,O')) 0.
Thus for sufficiently large &, we can find o€ ($0,, 0,) and g, (3, 1) with
(5.6) we(N) O (71(@1:7 o) Y 7a(0xy 0%) U (C, N Eeho’k) =0.

From now on, we shall write E, instead of E,  , etc.

Furthermore, by Sard’s Lemma, we can assume that u.(XN,) intersects
E, and Z, transversally. Moreover u.(N,) intersects C, transversally by
assumption.

We now want to apply Lemma 4.4 for M= u,(N;) and U= K,.

We find integers 0 < R} < R;< R and discs (with holes) Py, ..., Pf;e%(O)
with

P, ..., 0P%C Z,U (0, N K;) =: B,

oPEY, . 0PENE, ((note (5.6))
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and oP;, ..., 8Pf"c are homotopically nontrivial in B,, while anc“, ey aP;’:

bound dises in Bj:
Moreover,

5.7)  |PY|<|P|+ &, VPed with oP=P, 1=1,.., RS

and
R}

z &, <128
1+1

and using (5.4) and [AW1; 2.6 (2) (d)],

R
(5.8) WL Ky x6G(3,2) = lim > v(PLN Ky,).

k—>co 1=1

Then, first of all, PH*, .., PZ can be discarded as in [AS], p. 465 f., without

changing the varifold limit in (5.8).
We now want to delete Pgt’, ..., Pix.

Let A, be the intersection of the disc bounded by P; B, with Z,

(l=R; +1,..., RY).
Clearly

IAlc,lI <2700
Choosing P = A, in (5.7) and k sufficiently large, hence

(5.9) |P!| < 2705+ &; (= R.L+1,...,R}).

Choosing ¢, sufficiently small and using the boundary filigree lemma 4.5
for the family of cylinders (again after tilting top and bottom slightly)

Y, = {x = (@, &y, B3): VI - @2 < t0; lw3l<10}
1 —

f(@) :Z)_\/a;f + a2 for |m|<b
k

6 =0

we get
IP;(\K}’1|<38;C,,~, l:R;‘+1, ceey .R;

and thus also these P; can be discarded without changing the varifold

limit in (5.8).
Thus

Ry
(5.10) pa WL K3, XG(3,2) =1lim 3 o(PiNKy,).

k—>oc0 l=1
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For I =1, ..., R, we have
(6.11) $me¥(1 — 0(r))<|P; N Ko,y (e€(0, 0:]),
where §(r) — 0 as r — oo, since K e C2.
!

Furthermore, comparing P; with either of the parts into which 0P}
divides BKW,O, and using (5.7)

|P£I<%ﬂ912¢ + 270100 + &, -
We now choose & so large that ¢, < mo,: (Note that the o, employed here
can be chosen independantly from the one leading to the deletion of P}

for I = R; + 1, ..., R}).
Thus

(5.12) |P;| <}y, + 3mo,

(5.10) and (5.11) imply that R} is bounded independantly of k.
After selection of a subsequence, we find a positive integer n and

0~ 00€[},1] as k— oo
and for 1 =1, ..., n

v(p,-+ P;) converges to a varifold W,

with (using (5.11), (5.12), (5.3))

(5.13) 37m0*(1 — &(r)) < | W[ (Ko,) for each ¢ €[0,1]
(5.14) [Wil(,,0) <5 + 370005 <5 + 2005
(5.15) spt | Wi c K,
(5.16) (1 W) L K11 X 63, 2) = S Wi L KX 63, 2).
=1
Since K, _, . c U(0,1), (5.13) and (5.15) imply
(B17) WU, 1)> Wi Ky, = [ Wil Kigpn>5 (1 — 0()((1 — 00)> .

2
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Since U(0,1) N X\ K Cc K, ,, (5.14) yields
(5.18) W] U0, 1) <g + 200, .

Since we can make g, and d(r) as small as we want by choosing r sufficiently
large (satisfying (5.3)), we obtain, using the monotonicity at the free bound-
ary of [GJ1],

(5.19) O(| W, @) =

(ST

‘We now apply the first part of the proof to (‘uQ;:(P;)) instead of (N;)
(=1, ...,n). This, together with interior regularity, implies that each W,
is a stationary integral varifold with density 1 |W,|-almost everywhere.
Taking g, in (5.18) sufficiently small, the free boundary regularity of [GJ1]
implies

WL K, , xG3,2)=voM), I=1,..,n

where M, is a minimal surface which can be represented as a graph over
Dy 0 g (XNK)

M,= {(‘1’17 Day T3): Bz = Uy(Z1, ), T E D}n /‘rg;‘(X\K)}
By (5.19) (remembering z,= 0) and (5.16),
w0)=0 (=1,..,n).

Since for I, m € {1, ..., n} either u,<wu,, Or w,>u, by construction of W,
and since we can apply the strong maximum principle to the difference of
two solutions of the minimal surface equation also at the free boundary
points, u; = U,,.

Hence

ot WL Ky X 6(3,2) = no(d).

In order to finish the proof, we have to show that at each x,ec 0K
N spt | W], there is a varifold tangent C of V of the form nv(M) with M
a half plane and n e N.
W.lo.g. ,= 0 again.
Let
C € Var Tan (W, x,)

0 = limy, W for some sequence (,)—>oco

y—>oc0
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‘We choose a sequence (M,;) in M(0) with

(5.20) M= p, (Ny)
(5.21) v(M;;) >C as k— oo
(5.22) |ML|<|N|+ & VNes)

with 0N N ,u,k(X\K) =o0M,.N /u,#(X\K)
E—>0 asl— oo

Therefore, ¢ is stationary. By the reflection principle of [GJ1; 4.11],
we can reflect C across T, (0K) to obtain a stationary 0. We then apply
the interior arguments of [AS; § 6] to € and deduce that it is contained in
a plane. Hence C either is a halfplane containing the normal of 0K at ,,
or it is the tangent plane T, (0K). The first case was already treated above.

Therefore, we only have to exclude that

(5.23) spt [C| = T, (0K) .
We put (for any given small 5 > 0)

(5.24) D= B((0,0, — ), V1 + 72) N p, (X\K) .

Recalling the normalization that z,= (0,0, 0) and (0,0,1) is the exterior
normal of 0K at z,, we see that after suitable rescaling, D, satisfies the
assumptions of Lemma 4.4 Therefore, we can assume that M, intersects D,
in a collection of disks with holes. Also, D, intersects ¢ (assuming that
(5.23) holds) in a unit disk.

Moreover, given &> 0, we can find a sufficiently large k (using (5.21)
and the coarea formula and possibly suitably rescaling with a controlled
factor oe[4,1], say) with

(5.25) Y M, N oD, N {z: d(z, 0) < e}) < e

Hence with the help of the ioperimetric inequality we see that there is an
annalus 4,c oD, N X\ XK with

0A,c (M. n oD;) U oK
and
(5.26) |4y <ce

where ¢ is a fixed constant.
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Choosing N= A, in (5.22) we see that

I.Mkl'—>0 as k — oo

and hence from (5.21)
c=0.

Thus, (5.23) is excluded, and the proof is complete, since Var Tan
(W, z,) %#0. q.e.d.

THEOREM 5.2. Suppose that 0K has positive mean curvature with respect
to the exterior normal of K.
Let (Ni) be an area minimizing sequence in M0, k) and suppose that

k—>co
exists in the varifold semse.
Then the conclusion of Thm. 5.1 holds.

ProoF. The proof is the same as the one of Thm. 5.1, exeept that we
have to exclude (5.23) this time in a different way since (5.22) only holds
for comparison surfaces N €AG(0,h) (The other replacement arguments
based on Lemma 4.4 never increased the number of holes, and in case it
was decreased the original number can always be restored by adding arbi-
trarily thin tubes with holes that will then disappear in the limit).

We choose D, as in (5.24). Applying Lemma 4.4 again, we can assume
that M, intersects .D; in a number of disks with holes. Each component
that has a free boundary inside D, can be replaced by a region on 0D, with
arbitrarily small area and is hence excluded as in the proof of Thm. 5.1.

This process is not possible for a component P, with P,N D,
N op, (X\K) = @, since then such a replacement would increase the number
of free boundary curves.

In this case, we argue as follows.

We define

2

egexpl——"-«—
gu(@) 1= p(dﬂ(w, @) — ¢
0 otherwise .

) if d(x, 2,) <e

If 0 <e<e and ¢, is sufficiently small, the C2-norm of g, becomes ar-
bitrarily small. We let m: pu, (X\K) — op, (X\K) be the nearest point
projection and define

X, .= {weu (X\K): d(z, op, (X\K))>g,(n(2))} -
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Since X\ K has positive mean curvature with respect to the interior
normal, we can find g, > 0 so that for 0 < s<¢, and fixed k (g of course
depends on k) X, , likewise (is of class (2 and) has positive mean curvature
with respect to the interior normal of 0.X,,.

As in §1, by projection and replacement we then construct a minimiz-
ing sequence M, in X, .« (of course, it creates no difficulties if there are several
Py’s, since we can move their projections onto X, , a bit apart so that we
still have an embedded sequence.

By interior regularity, M, converges to an embedded minimal sur-
face in X, .

On the other hand, also M\ (M, N D,) converges in the interior to an
embedded minimal surface. By construction, these surfaces have to coincide
in X, Hence, by unique continuat they have to coincide everywhere.

k,2¢°
This implies that X,, since not contained in X, _, does not lie in the support

k,e?

of W, because spt | W| has no isolated points. »
Therefore, (5.23) again is excluded, and the proof is complete. q.e.d.

REMARK. The considerations of Thms. 5.1 and 5.2 also apply if we mini-
mize in AG(g) or AM(g, k), resp. provided the following hypothesis (which will
be justified later on in § 6) is satisfied

(B) There ewists r > 0 with the property that if any N, (where (Ny) is
a minimizing sequence in M(g) or Mg, k)) intersects an open set U, diffeo-
morphic to the unit ball, with diameter not exceeding r, transversally, then for
each component y of N, N oU there is a disk N with holes on 0K, N C Ny,
with ON = y.

6. — Existence theorems.

We make the following assumptions about the geometric setting:

i) X s a threedimensional manifold of bounded geometry, i.e. the sec-
tional curvature is bounded and the injectivity radius is bounded from below
by a positive constant.

ii) 0A has mnonnegative mean curvature in the sense of Meeks-Yau
(IMY2]), namely is consists of a finite number of C*-surfaces Hy, ..., H,, with

a) H; has nonnegative mean curvature with respect to the interior
normal

b) H; is a compact subset of a smooth surface H; in X with

H.NnA=H;, oH,cXx\4 (6 =1,..,m)
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iii) K c X is a closed subset. 0K consists of a finite number of twodimen-
sional pieces with bounded C2-norm. (K may be empty.)

iv) I' is a Jordan curve on 0A, I'N K = §.

v) If vs and vy denote the resp. unit normal vectors

(6.1) VA'V}{}O 7:”' a.A N a.K .

At points where two or more pieces of 0A or 0K come together, (6.1) is required
to hold for the normal vectors of all these pieces.

THEOREM 6.1. Suppose M(0) 0. There exists an embedded minimal
surface M in X\K which is continuous up to the boundary, having I' as a
fized boundary curve and possibly free boundary curves on oK. At all points
of M N 0K where a unique exterior normal vector of 0K exists, 0K is met
orthogonally by M. M is of class C** in the interior and as regular at the
boundary as I' and 0K permit.

M topologically is a disk with holes corresponding to the free boundaries
on 0K, i.e. M € M(0). Furthermore, M minimizes area in this class. In par-
ticular, it is stable.

ProOF. We first assume that 04 and 0K are of class €2, 04 has positive
mean curvature with respect to the interior normal, and I'e C2.

We minimize the area in A((0). Using Lemma 4.4, we can satisfy (4)
of §3. By the results of § 3 and § 5, after selection of a subsequence, a
minimizing sequence converges to a varifold V whose support is represented
by an embedded minimal surface. We take M as that component of this
minimal surface that contains I". Using (3.12) and the constancy theorem,
we infer that the multiplicity of this component of spt | V| is one at in-
terior points.

From the arguments of [MSY: § 3, in particular Remark (3.27)], we
deduce that M topologically is a disk with holes (in particular, M is orien-
table, because otherwise it would have multiplicity 2 at interior points).

M is bounded, because otherwise, using I c M, there would be infinitely
many disjoint convex balls B(x, §) with » € M, where § > 0 ¢an be chosen
uniformly because X is of bounded geometry, and hence the area of M would
be infinite by the monotonicity formula.

Moreover, the number of boundary curves on 0K is finite (it may be
zero, of course). Namely, otherwise, there would exist distinet boundary
curves y,, ¢ = 1,2, ..., and points x;€y, with ;,—x, a8 ¢ — oo.

Since 0K € €2, we can find a ball B(x,, 8) with 6 > 0 which satisfies the
assumptions of Thm. 4.13 of [GJ1]. W.l.o.g. x; € B(x,, 6/2) for all ¢. Let M
be the component of M N B(x,, 6) containing x,(x, € M, since M is closed).
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For small enough ¢
(6.2) | M| <o, (8/2) (1 + e)

(e as in [GJ1; 4.13]) and the result of [GJ1; 4.13] applies which implies in
particular
Myny;,=9 for all 7.

On the other hand, also (M N B(x,, ))\M,=: M’ represents a non-
trivial stationary varifold V’'. The support of this varifold is closed, hence

xSt | V'] .

Althogether, the multiplicity of M at x, has to be n-}, with n>2. This
is not possible, however, since M is a minimal surface of multiplicity 1.

‘We now treat the general case by approximation, making use of argu-
ments of [MY1] and [MY3]. First, we pass from 04 € C? with positive mean
curvature to 0A satisfying only ii). Since we have already supplied an ar-
gument yielding an a-priori bound for d(x, I') where x € M and M is an
area minimizing surface with I'c 0M, we can assume w.l.o.g. that A is
compact. In[MY3; §1] it is proved that A can be approximated by a
sequence of compact manifolds 4, with boundary 04, of positive mean
curvature with respect to the interior normal that converge to A in the
gense that the metrics and their derivatives and the boundaries 04, converge
to the corresponding objects of A uniformly. Also, I' is approximated by
smooth curves I, c 04,. A, and 04, can be chosen as smooth as desired.

‘We minimize the area in A4, among surfaces from A(0) with fixed bound-
ary I',. As shown above, we obtain an embedded minimal surface M,
minimizing area in its class. We want to show that (M;) converges (after
selection of a subsequence) to an embedded minimal surface M in A that
satisfies the conclusions of the theorem. In order to achieve this, we have
to get uniform estimates for (M,). M, is conformally equivalent to a
domain 8, the unit disc in the plane with m;>0 interior disks removed,
cf. [J1; § 3]. Therefore, we can consider this minimal surface as an injec-
tive conformal map

fe: Sp— Ai

mapping the outer boundary {zeR?: || =1} monotonically onto I%:
Furthermore, f. can be normalized by a three-point condition on the outer
boundary. Of course, f, also satisfies the minimal surface equation for the
metric of A,:
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Since the metrics converge it does not matter whether we measure area
with respect to the metric of A or of 4,. In particular, the area of M, and
hence the Dirichlet integral of f; can be assumed to be uniformly bounded,

(6.3) [whiz<D,  say.

Given >0 and 2,€8,, by the Courant-Lebesgue Lemma, we can
always find re (d,4/8) with

(6.4) A(fu(@1), fu(2:)) < 2 D¥(log (1/3))*

for all @,, @, € 0B(xy, r) N S (cf. e.g. [J1; Lemma 3.1]). If § > 0 is chosen
small enough, y,:= f,(0B(zy,7) N S,;) is therefore contained in a set U
satisfying the assumptions of Lemma 4.4 (for the metric of 4,; & can be
chosen uniformly in k, however, since also the derivatives of the metrics
converge, see [MY3; p. 154]; cf. also § 2).

First assume |z,| + v < 1.

Let o, be a curve in oU that is homotopic to y; in M, N U. It bounds
a disk with holes on M, (or §;). By Lemmata 4.3 and 4.4 this disk also is
contained in U, since M, is minimizing. Because of the three-point condi-
tion on the outer boundary of 8., a similar argument applies at I". Therefore,
(f«) is equicontinuous.

It is then standard to derive uniform C“*-estimates for (f;) at least away
from the free boundary. Therefore, (f,) converges uniformly to some
C*mapf: § — A, at least after selection of a subsequence. Here, § is
the limiting domain of (S;). So far, it may be degenerate in the sense that
some of the interior boundary circles of 8, have shrunk to a point or become
tangent to each other in the limit. Since (f;) equicontinuous, however, and
I'Nn K = @, no interior boundary circle can approach the outer boundary
circle in the limit. Moreover, f is of class C»* and a weak solution of the
minimal surface equation in interior subdomains of §. Hence it is also a
strong solution and of class C** in the interior (for a proof, that i) is suf-
ficient for fe 0*% cf. [JK]).

Moreover, it is regular in a neighborhood of I'. It is also monotonic on
the outer boundary by the argument of [HH].

On the other hand, after slight modifications near I', (M) is also a mini-
mizing sequence for the area (computed with respect to the metric of 4)
among disks with holes on 0K and fixed boundary I. Therefore, by the
arguments of [AS] and § 5, it converges to an embedded minimal surface M
in A, possibly with free boundaries on 9K, at least away from I'. But near I,
we know regularity already.
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M is topologically a disk with holes by the same argument as above.

Therefore, we have produced the desired minimal surface. How to pass
from a smooth Jordan curve on 04 to a general Jordan curve ¢ on 04 is
demonstrated in [MY1; p. 426] (Note that it is important that o lies on
some surface; this implies in particular that ¢ bounds a surface with
finite area).

Likewise, if 0K is as in iii), we take an approximation K; with 0K, e C2.
In order to get the equicontinuity of the corresponding sequence M, also
at the edges of 0K, we only have to note that we can still find sets U that
satisfy the assumptions of Lemma 4.4, for example by taking the inter-
section of X\ K with suitable balls having their center in the interior of K.

Finally, it is trivial how to pass from strict to weak inequality in (6.1)
via approximation.

For higher regularity at the boundary, we refer to [HH] and [GHN].

That M meets 0K orthogonally follows because M is stationary with
respect to variations of its trace on 0K. q.e.d.

REMARKS. i) Similar results can be obtained when [I' is empty. We
need an hypothesis to guarantee that the limit of a minimizing sequence
cannot disappear at infinity. We could assume that X\ K is compact, or
that we have again a barrier 04 of nonnegative mean curvature, where A
is compact. Also, in general one cannot exclude anymore that the limit
of a minimizing sequence is a nonorientable surface with multiplicity 2,
cf. [MSY; Remark (3.27)].

ii) As mentioned in the introduction, if we drop the requirement of
embeddedness and look for a parametric solution, then Thm. 5.1 is contained
in the result of Tolksdorf [Td]. Since he is not looking for embedded solu-
tions, he does not need a barrier like 04. However, in his approach branch
points are not excluded.

THEOREM 6.2. Assume in addition that K has nonnegative mean curvature
with respect to the exterior normal.

Let h >0 be the smallest integer with the property that there exists an embed-
ded surface N of genus 0 with I'c 0N and 0N\ c oK.

Then there exists an embedded minimal surface in M(0, k) satisfying the
conclusion of Thm. 5.1.

Proor. Again, we first treat the case 04 € 0%, I'e C? and 04 and oK
having positive mean curvature (with respect to the interior resp. exterior
normal). Then we get an embedded minimal surface in AG(0, k) as before,
using Thm. 5.2 instead of Thm. 5.1. The general case again follows by
approximation.
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REMARKS. i) A similar result should be accessible to the methods of
Meeks-Yau ([MY1] and [MY2]).

ii) We can also prove a corresponding result if & is not topologically
least possible, provided the following Douglas condition holds
(6.5) inf {|{M|: M € M:(0, h)} < inf {|M|: M € M0, h — 1)} .

We shall be concerned with a Douglas type criterion in more detail in
the next theorem.

In order to avoid additional technical complications we shall assume for
the rest of this section that K is empty.

THEOREM 6.3. Let X, A, I' be as before, in particular assume that A
has monnegative mean curvature

Mo(g) := {M: M c A compact oriented embedded surface of
genus g with oM = I'},
a,:= inf {|M|: M € M(g)} .
If MA(g) = 0, we put a,= oo
If

(6.6) o, <o,y (we assume in particular o, << o),
then there is an embedded minimal surface M c A of genus g with oM = I and
(6.7) | M| = «, .

For the proof of Thm. 6.3, we need the following result of Almgren-Simon
(cf. [AS; Lemma 5]).

Lemma 6.1. Suppose M € M(g), | M| < a1, 0 <} ((ots-a— |M])\(87 + 3))*,
U is a convex open set of class C* with diameter <o.

If oM N U = 0 and M intersects 0U transversally, then for each compo-
nent ¢ of M N 0U there exists an embedded disk N c M with ON= o.

(Actually, in the Riemannian context, we might have to rescale in
order that the above restriction on p is sufficient; cf. § 2).

ProoF of Thm 6.3. We first assume again that 04 is C* with positive
mean curvature. Then the result follows as in [AS; §10], using Thm. 3.1
for boundary regularity. (Of course, Lemma 6.1 implies that (4) is satisfied).
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Again, cf. [MSY; Remark (3.27)] the produced minimal surface has
multiplicity 1 and is hence in particular orientable and of genus at most g.
Lower genus than g of course is ruled out by (6.6).

For the general case, we let A,, I, be as in the proof of Thm. 6.1 and
M, € M(g) be the corresponding embedded minimal surfaces in A, with
oM,= I}.

We shall now use some of the arguments presented in [J2].

Again, we can consider the parametric representation f: 8, — A,
fe(8:) = M, 8; is a surface of genus g and a metric of constant curvature.
08, is geodesie, f; conformal and harmonic (for the metric of 4,, since M,
is & minimal surface), cf. [J2; Thm. 1].

W..0.g. we consider the case g>2, where S, has a hyperbolic metric,
because this is the most difficult one. We want to apply Mumford’s compact-
ness theorem [Mu] to (8;). We have to exclude that the lengths of closed
geodesics can tend to zero, as k — oo. In that case, however, we can use
the arguments of [J2; § 2] to find homotopically nontrivial curves y, in S,
for which the image curve f.(y,) become arbitrarily short as k& — oo.

On the other hand, since the metrics converge also the area of M, with
respect to the metric of A approaches o,. Hence, w.l.0.g.

M| <otg— % (2tg— ot,~) for all k

<a-, by (6.6)

and we see that the conclusion we have derived from the existence of ar-
bitrarily short closed geodesics on §; (with respect to the hyperbolic metric)
is not compatible with the assertion of Lemma 6.1.

Therefore, by Mumford’s theorem, (S;) converges to a hyperbolic sur-
face § of genus g. W..o.g. 8,= 8§ for all k.

fe: § — A then satisfies uniform C“*-estimates as in the proof of
Thm. 6.1 and hence (after selection of a subsequence) converges to a
0%*— mapf: § — A which is weakly harmonic and therefore of class 0*°,
It is also conformal and hence a parametric minimal surface. f|o8 again
is monotonic by [HH].

M := f(S) on the other hand also is the varifold limit of (M;) and hence
is embedded in the interior by the arguments of [AS], since (M;) is an area
minimizing sequence in AG(g) (after making slight modifications near I" again).

Thus, M is an embedded minimal surface of multiplicity 1 and oriented
and of genus at most g as before (cf. [MSY; § 3]). On the other hand

IM|<“0
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by lower semicontinuity. By (6.6), M then is precisely of genus g and
(6.7) holds.

That we need no regularity assumptions for I' follows again from
[MY1]. gq.e.d.

REMARKS. i) For the case where 94 is strictly convex and I'e C?, this
result is already proved in [AS].

ii) A not necessarily embedded minimal surface of genus g was
produced in [J2], provided a Douglas condition like (6.6) is satisfied. Of
course, if one does not require that the solution is embedded, a barrier like
0A is not needed.

COROLLARY 6.1. Let X, A, I" be as before, Let I'c 0A bound an embed-
ded oriented surface N c A of genus g.
Assume that the induced map on the fundamental groups

(6.8) Byt m(N) = 7, (A)
18 imjective.

Then I' bounds an embedded oriented minimal surface M of genus g in A
which minimizes the area among all such surfaces.

Proor. Here, (6.8) guarantees that the genus of the limit of & minimizing
sequence cannot drop and that (4) in § 3 is satisfied. The rest follows as
before. q.e.d.

REMARK. If we do not require that the minimal surface is embedded
then this result is due to Tomi and Tromba [TT2] (at least for X = R3).
Topological arguments to show the embeddedness of an area minimizing
surface were indicated by Freedman-Hass-Scott ([FHS, § 7]), generalizing
the work of Meeks-Yau ([MY1], [MY2]) on the genus 0 case. In the case
where I' = §, a minimal surface of genus g was produced by Schoen-Yau [SY]
and shown to be embedded in [FHS], in case this is topologically possible.

Furthermore, Tomi and Tromba also treated the following important
special case, again without showing that their solution is embedded.

COROLLARY 6.2. Suppose A is a compact solid body in R* with boundary
04 of nonnegative mean curvature. Suppose 0A is an oriented surface of
genus 2g9. Then m,(A) is generated by 2g generators A, ..., 2g.

Suppose Z is in m,(A) homotopic to

A A, ATV AT AL A ATE L A

29—1 2g—1 **

Then I' bounds an embedded minimal surface of genus g.
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ProoF. Tomi and Tromba observed, based on a result of Zieschang,
that I” bounds a surface M’ of genus g for which the induced map

iy = my(M') — m,(4)

is injective. Hence Cor. 6.1 applies. q.e.d.

The following result is again based on the work of Tomi and Tromba.

' COROLLARY 6.3. Suppose A c R?® is a solid torus and 0A again has non-
negative mean curvature, and I'c 0A, a Jordan curve, is homotopic in A to
2a where a is the generator of m,(A). Then I' bounds an embedded minimal
Mibius strip in A.

ProoF. If we minimize the area among embedded Mobius strips then
we get an embedded minimal surface M c A with oM = I' as before.
Teannot bound a disk in A because otherwise a would be homotopically
trivial in A.

On the other hand, as in [AS, § 10], for each 4 > 0, we can find an
embedded Mobius strip Ns in a J-neighborhood of M. In particular, we
can choose & so small that the projection z: {z: dist (v, M)<d} — M is
continuous. If y is any curve on M, we can lift it to s and denote the
lifted curve by »’. Then 2y’ is homotopic to zero in Ns. Hence also n(2y’)
is homotopic to zero in M. Thus, the first Betti number of M vanishes,
and M has to be a Mobius strip. q.e.d.

7. — Concluding remarks.

Of course, one can think of more general situations than the ones con-
sidered in § 6, for example nonorientable surfaces of higher genus, surfaces
of higher genus in the presence of free boundaries, several fixed boundary
curves, ete.

We tried to present the technical arguments of §1 and § 3-§ 5 in as
much generality as possible so that they can also cover such more general
situations. On the other hand, since it seems possible to invent situations
of arbitrary complexity, we did not strive to achieve utmost generality in
the final results presented in § 6, but rather restricted ourselves to some
particularly interesting cases.
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