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Allard Type Regularity Results for Varifolds

with Free Boundaries.

MICHAEL GRUTER - JURGEN JOST

1. — Introduction.

In this paper, we investigate the behaviour of rectifiable n-varifolds
near the free boundary. Assuming the varifold V intersects a hypersurface
in R#+* orthogonally (in a generalized sense) and that its mean curvature
vector lies in some L? with, p > n, we show that V is a submanifold of R»+*
(with boundary) with tangent spaces varying Holder continuously, locally
diffeomorphic to a half ball provided it is already close to a half ball in the
sense that the mass of V inside small balls centered at the free boundary
is not much larger than half the volume of the n-dimensional ball with the
same radius and the density of V is at least one at almost all points
of its support. For a precise statement of the main result, see Theorem
4.13. Some of our lemmata, like the reflection principle 4.11 (iii), or
the monotonicity formulae, 3.1, 3.4, 4.11 (ii), should also be of independent
interest.

As the title already suggests, our work may be considered as an extension
of earlier results of Allard [AW1], [AW2]. We also use some of the tech-
niques presented in the lecture notes [SL] of Leon Simon.

Recently, free boundary value problems for minimal surfaces have at-
tracted much interest, and with the help of the results of the present paper,
we can actually solve a well-known geometric problem, namely to show the
existence of a nontrivial minimal embedded disk inside a given convex
body in R?® which meets the boundary of this body orthogonally. This is
carried out in our companion paper [GJ].

This work was carried out at the Centre for Mathematical Analysis in
Canberra. We thank Leon Simon for inviting us to Canberra and thus

Pervenuto alla Redazione il 15 Febbraio 1985.
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making it possible for us to work in the very enjoyable atmosphere of this
Centre. We are also grateful to him as well as to John Hutchinson for several
helpful discussions.

2. — Notation and basic definitions.

‘We shall deal with rectifiable n-varifolds in R***, which can be described
as follows. For further information the reader is referred to [AW1], [AWZ2]
and especially to [SL]; the general reference concerning geometric measure
theory is of course [FH].

If M cR~* is countably n-rectifiable and J¢r-measurable, and 6>0 a
locally JEr-integrable function on M we define the rectifiable n-varifold
v(M, 0) as the equivalence class of all pairs (M, ), where I is countably
n-rectifiable with Je»((M ~ M) U (I ~ M)) = 0 and where § = 6, X~- a.e.
on M N M.

As usual we call  the multiplicity function of v(M, ).

If BcR™ is a C*submanifold of dimension m — 1, we use the following
notation.

For be B let

t(b) := Tan, B and »(b):= Nor, B = 7(b)*,

where A+ denotes the orthogonal complement of a subspace 4 c R™.

For convenience we denote by 7(b) and »(b) also the orthogonal projections
of R™ onto these spaces. We assume that x>0 is the smallest number such
that

4
[(0)(d'—b)| <7

Ib/_b|27

whenever b, b’ € B, and if a e R™ we set g(a):= dist (a, B). »~* may be
considered as a radius of curvature for B. If g(a)<x» ! and if there exists
be B with g(a) = |a— b|, then b is unique and is denoted by &(a), so that &
is the projection onto B.

For the proof of the following lemma the reader is referred to [AW2],
Lemma 2.2.

2.1 LEMMA:

(i) & 4s defined and continuously differentiable on an open set.
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(i) Q(a):= Dé&(a)— v(&(a)) is symmetrie, Q(a)or(£(a)) = 0 and
*) 1Q(a)| <xg(a)[1 — x0(a)]*.
(i) |Dr@®)] = [Dz(d)] <.

2.2 REMARK. We use two equivalent norms on Hom (R», R®). If
A € Hom (R™, R™) we set

[ = trace (A%o4)  and | A| = sup |dul;
lul=1

we have the inequalities

4l <l4l<vm|A].

We now assume x<}, 0B, BN B,(0) = B, so that &: B,(0) - B is
well defined.
In this case we set

X := 28(x) — x;

then Z is the reflection of x across B and we note that x =2 if v e B, v = x,
and &(x) = &(Z).
If weR™ we set

i,(0) = iz(w) = T(§@)) w — (E@)) 0.

Then 4, is an isometry with i} = idgn.
If be B we get from (*)

[#— bl < {1 + 2xl— BI[L — wo— DI} — b,
which implies for o<1, l,(c) = 1 4 2x0/(1 — x0), ly(0) = 1 — 3xo.

B, (5)0(b) € B,(b) C By 5,(b),
where

B,()={w:|E—b|<o}.
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If a € By(0), 0> p(a) we have for x € B,(a)

o(r)<4o,
because x<%.

This on the other hand implies (o> o(a))
Bs(a) c By,(a)
as well as

Bs(a) c By,(a).

We denote by w, the volume of the n-dimensional ball of radius one.

In the course of the paper C will denote different constants. The pa-
rameters on which C depends will be obvious from the context.

We often write x € R*+* as

® = (21, ..., " 0, ..., 0) + (0, ..., O, z"t1, ..., x"tF)
and denote this orthogonal splitting of R+* by

Retk = R*@® R*,
Also in this notation

B"(0) = B,(0) N R~

3. — Monotonicity results.

Let BcR"t*(n,k>1) be a C(*submanifold of dimension n 4+ k—1
having the following properties (compare section 2 for notation):

(1) %<3,
2) 0eB,
(3) BN B,(0)=B (ie. B has no boundary inside B,(0)) .

Then for each a € B,(0), &(a) € B is defined and thus B,(0) ~ B consists
of two open components B;(O) and B:(O).
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In this section we assume V= v(M,0) is a rectifiable n-varifold such
that

(4) sptuy = spt (X" L 6) c By(0) ,
(5) 0 € spt uy,

(6) Hy(Bi(0)) < oo,

(7) fdiv,, Xdu, = —fX-Hd,uV,

whenever X € (%(B,(0), R~*) with X(b) € 7(b) for b€ B and where
H e I, (By(0), R+, 1) .

From now on we write u=u,.

The aim of this section is to prove monotonicity results for V (up to
error terms involving integral norms of H and curvature bounds for B).
Compared to the interior regularity theory, here an additional difficulty
arises from the fact that the balls we are looking at in general intersect
the free boundary but are not necessarily centered on it. Since for several
reasons it is not convenient at this stage to reflect the varifold across the
free boundary, our idea is to reflect the balls across this boundary and add
the mass of V in such a ball and its mass in the reflected ball and prove
monotonicity formulae for this sum.

‘We now fix aeB;(O)u B and choose for (7) the vector field

X(@) = y(r)@— a) + y(F)(i,(& — @),
with r = |x — al, 7 = |& — a| = |2é(x) — # — a] and where y € C1(R) is such
that
y'()<0 Vi, y(t)=1 for t<p/2,
yt)=0 for i>p,
and where ¢ > 0 is such that dist (spty N (Be(a) ) Ee(a)), 8B,(0)) > 0.
Note that because of the definition of &, ¢. this vector field is admissible

in (7).
Using the properties of the previous section we get by a simple calculation
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analogous to the one in [SL, § 17] for any x € M for which 7, M exists
divy X (z) = n[y(r) + p(F)] + ry'(r) [1 — [(Dr)*]*]

)T

} T Y(F) ex(2) — 7Y/ () &5()

+ ' (¥) [

where P, = Py, ()'= P;() and where
&(w) = 2 tr (P,oQ(2)) + <P.o(7(é(@) + Q(@), (DT — Dv)(&(@)), & — ap,
) o (5°),
¥

{,, > has to be interpreted appropriately.
Thus (7) leads to the following integral identity.

ea(e) = —20Q (2) (”c

(8) nfy(f) + (A dp A+ |ry'(r) + 7Y (F) dp

—_ f H-[y(r)(& — a) + (7) i@ — )] du

() o |((59)

— | 7(7) e(@) du + | 7' (F) &) dpa .

2

+ |ry'(r) au

Now take ¢ € O(R) such that ¢(f) =1 for t<$, ¢(t) = 0 for ¢{>1 and
¢'(t)<0 for all ¢ and use (8) with y(r) = @(r/¢). Noting that ry'(r)
= — 0(0/00) $(r[e) We get

nI(0) — oI'(0) = — {L(0) + 0J"(0) + Li(0) + oL,(0)} ,

where

1(0) =f¢(7”/@) + ¢(F/e)du ,

Lio) = f H-[§(r]o) (& — a) + $(Flo) ix(& — a)]du ,

s =footo) |52 [+ w0 i (B39

L,(o) :f¢(f/0)3i(x) dy , 1=1,2.

2

au ,




ALLARD TYPE REGULARITY RESULTS ETC. 135

Multiplying by o~** we get
d
(9) 7 [e=I()] = o~"[J"(0) + La(e)] + e~ '[L(e) + La(e)].

By letting ¢ increase to y_ .. ) we obtain (y always denotes characteristic
functions)

10) g [e(uBi@) + u(&(a)))]
- de[ f a)) aw ]

+ p—n—t [ f(w —a)-Hdu +J‘(%(5’7— a)-H + El(w))dﬂ]
Be(a) Bo(a)

d,u + f (5 (w —
Bo(a)

d
+0 % fsz(w) du.
Boa)
This is the fundamental monotonicity identity which reduces to the well
known corresponding formula used in the interior regularity in case o < p(a)

= dist (a, B), because then u(B,(a)) = 0.
By the inequalities of section 2 we have the following estimates

lex(@)| < e{o(@) + #(1 + xo(@))},

(11)
lea(®) | < exp() .

As a first consequence of (9) we get

3.1 TerorEM. If a€B;(0)uU B,

1/p
ot [H|?d <I'y R>0,
i

5,{0)
where
p>n and dist (spt u N (Byla) U By(@), 0B,(0) > 0,
then
1/» r
(12) [0 o (u(Bola)) + p(Bota)) ]|+ o= o

<[w:* e"(1(Be(@)) + u(Be(@))]” + p—_’—j—; Pl
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whenever ¢ < g<min {R, o(a)}; and if p(a)<o < p<R we have

1p 1 I
(13)  [wito=(u(Bo(a) + p(Bol@))]" (1+cm(1+ p_n))+ S

<[wite(1(Be(@) + u(Be(a)))]"”(l + o (1 +5 L n)) +5 r — g

PrOOF. We only have to show (13), because (12) is just the statement
of [SL], 17.7.
From (9) we get, using Holder’s inequality,

d ,
7ol @10 Lile) + e () — w¥? I'(g)*-¥7 .

By (11) we have

lo= L(e)| < @~ exa(l + x0) [$(7/0) du < ex™ I(o)
and
|g—"1};(@)[ <exp"I'(p).

Thus we get the differential inequality

T Lo L@ — (o wl* I + ag-r1eL(g) e 4 oxg=is (@) I'(0)}

Integration from o to p yields

e~ I(o)]?— [0~ I(0)]"* >

[4 [
I cx d
— ¥ = (pi-nlp _ gl-alpy _ Z | g—nl 1/ — 1-nlp — (] Usdr .
;) P—n (o2 — gi=nv) » g [(T)Vrdy cxf-c dv:( (v))V?dv

4 c

Integrating by parts we may estimate

[ Q) — [o Lo o — e L (grosin— o)

—cx (1 4+ p—i_ﬁ) (el—n/vl(e)llﬂ — O—l—nlpI(o-)llp) .

Rearranging terms and letting ¢ increase to y_., ,, we get (13). O
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3.2 CorOLLARY. If He L% (By(0), R™*, u) for some p>m, then the
density

On(‘u, .’D): — hmM
elo wW,0"

exists at every poimt x € B,(0), and

0"(u, ) , z¢ B,

B (s, @) —
W=\ 2guu,0), zeB,

is an upper-semi-continuous function in By(0).

Proor. For z € B;(0) we have 67(u, ) = 0.
If ze B[(0) we get by (12) (note that u(Bs(z)) = 0 for o < g(m)) that

r
p—mn

[ o (Bola) )] -+~ i

is non-decreasing for o < o(x), and thus lw} ,u(Ba(w))/ (w,0™) exists and equals
0" (u, ).
Now if x € B we argue as follows.
First we note that by (13)
lizr; [w;l a—"(y(B,(x)) + ,u(ﬁo(x)))]”p
exists.
With [,(o) and Iy(c) as in section 2 we get

Bi,(6)o(®) C Bs(x) C By, (6)o(®) -

Using 111%1 lic) =1, i=1,2, we can now eagily check that 07(u, x)
exists and that

tm [ o~+{(Bo(@) + (Bt )| = 120%, )1

It remains to show the upper-semi-continuity of 0~"(,u, «). This is well
known if x ¢ B.

Now for z€ B, y € Bu B;(0) (as 60, we only have to consider such y)
and for o < ¢, | — y| < ¢ and g and ¢ small enough we get from (12) and (13)

[072 o(u(Bo(w)) + n(Botw)))|"”
< [0 e (u(Be(®) + w(Boe@))|” (1 + ex0) + co*"12

n/p

<[ + o172 (u(Besa(@) + (Bageta) [ (14 )0+ om) -+ cgrr.
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Letting o0 we get on the left hand side of this inequality [5"(/;, y)Ve.
Now let 6 >0 be given and choose first p > 0 and then 0 <e<p so
that the right hand side of the inequality can be estimated by

[Gn(uy @)1 + 8.
This yields

[0y )1 <[67(pty @)1 + 6
provided |y — x| << &(6). Thus the corollary is proved. O
3.3 REMARKS:
(i) If 6>1 u - a.e. in B,(0), then §(u, #)>1 for each x € B,(0) N spt u.

(i) It [w]? { \HP qu]»<T, p > n, a€ By(0) with 6°(4,a)>1 and
B,(0)

1

R >0 such that dist (spt u N (Bgr(a) U By(a)), bBl(O)) > 0, then we have for
o<E

(14) [\H1ds + [|H dp < o ((Be(a) + (Bef@))) ™

By(a) Bola)

provided (I'/(p — n)) 0" "?< %, where ¢ = c(n, k, p).
In fact by Hoélder’s inequality we have

f H| dp +f|H | dpe < 202 T'(4(Bo(a) + ,u(Bg(a)))H""
Be(a) Fola)

On the other hand letting ¢0 in (12) and (13) we get

.“(Be(a)) + M(Be(“)) >w, 0"

r I\ -
.{(1._p—n01—n/nX1—}—cxg (1+p—n)) }>wng"‘0-

Another application of the monotonicity identity (10) is

3.4 THEOREM. If a€B,(0)U B, 0<a<1, A>0 and if

(15) [V @ + [ 1B s < w0/ B ((Bof@) + p(Bea)

Bo(a) Bola)
for all 0 < o<R, where dist (spt u N (Ba(@) U Br(a)), 9B,(0)) > 0, then

exp [exo + AR'™*¢%] o'—"(,u(Ba(a)) + ,u(B,,(a)))
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i8 non-decreasing on (0, R] and furthermore we have

(16) exp [AR™=g%] o"‘(‘u(Ba(a)) + p(Bg(a)))
<exp [AR"=0]0="(u(Bo(a)) + p(Be(a)))

Bo(a)~Bo(a) Bela)~3,(a)
whenever o < p<min {R, o(a)}; while if gla)<o < o<R we get

2
f‘"dﬂ},

(17) exp [exo + AR*"*¢%] o“"(‘u(Bg(a)) + u(Ba(a)))
<exp[oxg + AR*0*]0™(u(Be(@)) + u(Be(a)))

¢ { (w:a)l iy j (@(i:a))L

Be(a)~Bs(a) Bola)~B,(a)
Here ¢, ¢’ are positive constants depending only on n, k.

2

Fn dy} .

3.5 REMARKS:

(i) In the situation of 3.3 (ii) we see that (15) is true with e =1 — n/p
and A = (p/(p— n)) CI'R™, C as in (14).

(ii) As in [SL], 17.6, we get the reverse inequalities corresponding
to (16) and (17) if we replace

exp [exoc + AR-*¢*] by exp[— 2¢xc — 24AR**¢"],

provided cx<3}.

ProoF. Because of [SL], 17.6, it is sufficient to prove (17). Denote

M (o) := p(Bo(@)) + u(Bo(a))

o 7 o o)

Be(a) Bola)
Then (10) and (15) imply together with (11)

and

2

au .

;1% [o- M(0)]>0-" N'(0) — aA(o/R)* g M(g) — oxg= M(g) — oxg™=" M' (o)
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which implies

% [0 M(0)]> (1 + exo) o N'(g) — 0= M() ((n + 1) ex + ad(o/R)")
>c,07"N'(0) — 07" M(p) (co2 + ad(o/R)*?) .

Multiplying by exp [¢,xp + AR**p*] and integrating from ¢ to p we
deduce (17). O

Before concluding this section with a technical lemma concerning den-
sities we have to make a different choice of the vectorfield X in (7).
If h e CY(B,(0)) with h>0 we use

X(@) = h(@)[y(r)(@ — a) + p(F)i;(z— a)]
in (7) if dist (spt g N (Be(a) U Be(a)), 9B,(0)) > 0.

As
divy X = h divy [...]+ [...]'Vub,

we get (compare the derivation of (10))

e
(18) a""fhd,u<g‘"fhdy —}—ft‘"_lfr(mH] + [Vyh|) dudr,
" Bota) Bola) ¢ Bia)

whenever 0 < o < p<p(a); while for p(a)<o < ¢ we have

1+ cxo')o—"[ J.kd,u —+ hd,u]

Bo(a) Bo(a)

e
<1+ cx@)g‘"[ Jhd,u—{— hd[u]—]—nc;\tfr”[ fhd,u—l— hd,u]d‘c‘

Bo(a) Bola) o Bz(a) B(a)

+ r{ f r(BH] + [Vah]) du + ff(thl + lVMhl)d,udT}~

o Bz(a) B.(a)

3.6. LeMmA. Suppose 0 <l<l, 0< <3, a€By0)

1/: 1

Ri-nlv < —

»
<r,
p—mn 2

*) [ost 1t au]

B,(0)
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such that dist (spt @ 0 (Bg(a) v By(a)), 8B1(O)) > 0, and suppose y, z€ Bgp(a)
with |y — 2| = BB, 0n(u, y), 07(u,2)>1 and lgly — 2)|>1ly — 2|, where q is
the orthogonal projection of R*+* onto R*. Then

0n(uy ) + 67(y 2) <{1 + 0(1f)~ [xB + T'R*-»/2]}
((1— )i B {u(Ba(@)) + u(Ba(@))}

oaprem+( [1pa—plau-+[lp.—vl as).

Bg(a) Brla)

where ¢ = c(n, k, p), p = q*, Po=Pr,y-

The statement of the lemma can be illustrated in the following way:
If, for simplicity, » = I' = 0 and the mass of V in Bg(a) is close to the mass
of a half ball, then we cannot have points in the support of ¥V with parallel
tangent planes whose connection is almost vertical to these planes.

Later on in 4.2, when we want to represent V as a graph over a tangent
plane, Lemma 3.6 will be used to control the gradient of this representation.

Proor. In the proof, we shall apply the monotonicity formula twice.
Once we use 3.4 with radii 7 <o and § =y,#2 and let 7 — 0 to get the
densities on the left hand side. On the other hand, we use (19) (or (18))
with radii ¢ << ¢ and a cut-off function h which equals 1 on the cylinder
over Bj(&) and 0 outside the cylinder over Bj(£). The gradient of h then
contributes the integrals f|| p.—Dp|. A careful choice of ¢ and p finally
gives the desired inequality.

Here are the details.

Because of (*), Remarks 3.3 (ii), 3.5 (i) we may apply Theorem 3.4
with £ = ¥ or 2 instead of a¢ and with (1 — B) R instead of R. We thus get
that

exp [exo + el'a* 7] r”(,u(Bu(é')) + M(Ba(f)))

is non-decreasing on (0, (1— B)R]. Since ¢'<1 + ¢t for i<t, ¢ = c(fy) we
get for 0 <r<o<(1—p)E

) o r(u(B,(E) + u(B,(9))
<[1 + e(xo + I’ol—"/")]w;la‘”(y(Ba(f)) + .u(Ea(E)))

where ¢ =¢(n, k, p) and £E=y or £=z.
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We now combine (18) and (19) choosing h(x) = f(|g(x — &)|), where
f € CYR) with

i

f&)=1 for |t|<ISR/4, j@)=0 for [|Y>IBR/2,

If'@®)|<B(BR)* and O<f<1.

Noting that for o < o(&) we have u(Bs(&)) = 0 and for o> p(£) we have
Bs(&) c Byo(£) (cf. section 2), we get for c<IBR/36 and o<(1— )R, 0 <p

o, o[ u(Bs(&)) + p(Bs(8))]
<1+ o) o [u(ByE) N o : lalw— &) < IBR[2})
+ u(Bo(&) N {o: gz — &)| < IBR/2})]

+ w7 ceo| [|H]du + [|H) du]
Bo(§) Bo(&)

+ @) oxo"[u(Bo(®)) + p(Be(8))]

+ o’ oer"(lﬂR)“[ fﬂpz —plldp+ f |p=— 2l dﬂ] ’
Be(£) Bo(8)

where we have used the fact that

[VE(g(x — &))| < |peoq| = |(Pe— p)og| < [Po— | <V + E |p.— D]
for j=1,...,n+ k.

Combining (**) with this estimate, letting 7|0 and using (14) of Re-
mark 3.3 (ii) we get for ¢ = IfR/36 and ¢ = (1 — f)R after adding up

0*(u, y) + 0°(, 2) <[1 + o(R -+ TR"™2)]
@+ R) 1 — )0 Bl (Bat@) + p(Bala)]
+ @, e(B)"T'R*"'s[u(Bx(@) + u(Ba(@))]
+ w7 1By~ RE-"[p(Bala)) + p(Ba(a)]
+oapy1B| [Ip,— ol du+[Ip.— vl au]}-

Br(a) Bgla)

Collecting terms we deduce the desired result. [
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4. — The regularity theorem.

In addition to the assumptions made in section 3 we assume the following
for the next theorem

0 €sptu, R>0s.t. dist(sptu N (Bx(0) N Ba(0)), 8B:(0))>0,
r

p—n

_ 1/p 1
(4.1) (wn‘fIHl”dﬂ) <T ST

B,(0)
6>1, p-a.e., (U;IR_"(H(BR(O))—’— ﬂ(BR(O)))<2(1— a) ,

where a € (0,1). Furthermore we define

B=R{ [Ip.— pl*a +[Ip.— pl*d} + %R + T2Roa-sio,

Br(0) Br(0)

4.2 THEOREM (Lipschitz Approximation). Suppose »(0) c R*. Under the
assumptions of section 3 and of 4.1 there exwists y = y(n, o, k, p) € (0, %) such
that if 1€ (0, 1] there ewists f = (f' ..., f¥) : B},(0) — R* with

@) Lip f<l, sup |f|<cEV=:R,

(2) Je»([(spt u ~ graph f) U (graph f ~ spt x)]

N [B,(0) N B;(0)]) <cl-*"2ER~,
where ¢ = c(n, a, k, p).

4.3 REMARK. As before p = pgr., ¢ = p*, o = Pr.u-

ProOF. We first apply 3.6 with a =y =0 and 2z e Bg,(0) N sptpy,
where we define § = [2|/R and h = |g(2)|/R, so that we may take Il = h/8
(we may assume B, h € (0,1)). Using 4.1 and Cauchy-Schwarz we get
2<2{1 + ch"E} (1 — f)"(1 — a) + ch—1E*

<2(1— o)1~ f)" + of[(L — f) + 1] (b2 B)3} .

We now pick y, = y,(n, «) so that for <y, we have

201—a—pr<2(1-2),
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which implies
2<92 (1 — g) + of[(1—p)" + 1] (B2 )}
Now we would get a contradiction if we had
Eh—2m=2< (¢, oty Y1, 1)
for some small 6. Thus for some ¢ as in (1) we get

h < 0E1/2n+2 ,
which finally implies for any z€ B, ,(0) N spt u
(3) IQ(z)l<0E1/2"+2R .

Let now 6§, 1€ (0,1) be arbitrary. Then we may assume

(4) KR _I,_ I"2R2(1—n/0)< 6l2n+2 ,

because if R*Kl-**—2 is not small the claim follows trivially by setting
f =0 and choosing ¢ suitably, as long as é = d(n, a, k, p). Now let S e (0, })
and consider the set

= {E €8P N Bpgyz(0) : G‘”{ fllpx — pl*du +f 7. — pl2du}
Bq(§) Bo(8)
<812 Yo e (0, R/lO)} .

Next observe that by the monotonicity formula 3.4 and by 4.1 we have
for any &espt u N Bgp(0) and any 0 <o<(1— p)E

b<oit o (u(Bo(€)) + u(Bo(8)))
<(1+ e0%) ;! [(1— B B-(u(Bu-pz(®) + #(Ba-na(é)))]
<(14 ¢d4)(1— )y w;* B(u(Bx(0)) + p(Bx(0)))

<2(1 4 M) (1— ) (1—a) <2(1_ g) ,

if 8, B are small enough. Note that the appropriate choice of  indeed depends
only on =, «, k, p by 4.1.

Now let ¥, 2€ G. We again apply 3.6 with a =y and R'= -y — 2|
instead of R and I/(1 4 1) instead of I, and conclude (note that R'<R/10
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<(1— B)R) for B, § small enough, using an easy argument by contradiction,

4

(6) IQ(?/—z)Kl—ﬂ ly — 2|
or
(7 la(y) — q(2)|<Up(y) — p(2)| .

By Kirszbraun’s Theorem we get a function f: Bjg,(0) —R* with
Lip f<! such that

(8) G c graph f.

Thus, taking (3) into account, we get (1) for any y<min {y,, #/20} and
it remains to prove (2).

We now want to control spt u~ G. The idea is clear: Since on the
complement of @,

6"‘{ f”px—pll"du +fl]1’x—?l|2dﬂ}

Bq(8) B,(5)

is large, this set has to be small, or, more precisely, its measure is controlled
by E.

By the definition of & we have for each & € spt u N Bygp0(0) ~ G a radius
o(&) € (0, R/10) such that

ogyr<ot{  [Ip.— pl*du + [1p.— pl*au)

Bao(£) FING)

and by (5) we therefore get (note that 50(f) < B/2 < (1 — B)R)

©  alBue@)<esrt| [1p.— pl*du+[Ip.— pl*du}.

Bae () Bon)(®)

If however &€ (BﬂR,20(0)~G)~spt U, then (9) is trivially true for some
small o(&).

By a well known covering argument we can now select points &,
&3y ... € Bppi0(0) ~ @ such that {B,,(&,)} is disjoint and {Bj,q, (&)} still
covers Byps(0) ~ G.

Summing over j we get

(10)  (Boman(®) ~ @) <ol [1p, — pl*au+[Ip. — pl*du}.

Br(0 ) B(0)
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Since 0"(u, £) > % for & € spt u N B,(0) we get using (8) and incorporating
07! into the constant ¢
Jen((spt p ~ graph f) N Bygs(0)) <cl** 2R K.
To estimate the measure of the remaining set we take any
7 € (graph f ~ spt u) N Bpp100(0) N BI(0)

and pick o€ (0, R/80) such that By,;,(n) Nsptu =90 and Bjy,(7)
N spt = 6 (note that 0 € spt x!). This implies u(B,1,(n)) + p(Byu(n)) = 0
and 3.4 in connection with 3.5 (ii) yields (F' = graph f)

2

b (|x_21) .

(o) + Bt <eor| [ o=l

Bao(n)~Boy11(n)

—p|n 2~7—’l’] 2d
o (s (E) ”}
Bo(M™~Bol11(n)

Yaut]

o [l )
{ ﬂ ( )rdﬂ +fllpx—p||2dﬂ

Ba(n)

+f ‘ )I ap +fl!p —pll2dﬂ}

2
d‘u}

Bom Botm
<0{ f ‘q(—;—g)‘ dp + u(Bo(n) ~F)
Bs(n)n F
+ f q (@ (w — n))’ du + u(Bs(n) ~ T)

Bsmnr

1o — 1o + [l

Ba(n) Botm

Now, using the fact that »(0) cR* and that [, — 4| <exR, Lipf<l
we get

H(Bo(m) + u(Botm) <e{lu(Bo(m) + (@* + w2 R)u(Bo(n)
+ w(Bal) ~ F) + p(Bal) ~ F) [ |22 — pl2dps + [ — p*dps.

Bo(n) Byt
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Here we used the fact that

(5 — ) = ¢& — 1) + ¢(i; — )& —n)
as well as

g&— 1) = gl@ — 1) + 9@ — @) = glo — 1) + 2¢0(»(0) — ¥(£(@))) (& — £(=)) -
By the properties listed in section 2 we have Bos(n)C Bys(n),

[#(0) — »(£(x))| <exR, and the above inequality follows easily.
Since we can assume ¢(I2 4 »*R?)<1 we may conclude

(1) (Bolm) + w(Ba) <elp(Botop) ~ F) + ps(Bol) ~ F) +

+[Ip.— p12d + [Ip. — pl*du}.

Ba(n) ﬁa(ﬂ)

Now the condition B,,,(r) N spt u 7 0 together with (5) ensures that
2) #(Bs(n)) + u(Bs(n)) > con.
Writing 7'= p(y) we see that (11) and (12) imply
£n(Bn')) < (B3 XR¥) O Byge(0) ~ F)
+ p((p(Botm) X R%) O Bygy10(0) ~ F)

- [ Ip—plrdu+ [ 22— pl*du} .

(B3(n’) x R¥) 0 Bgryeo(0) ((Botm) X R¥) 0 Bory40(0)

This is true for any # € (F ~ spt u) N Bgg100(0) N B;(O) and the covering
lemma gives

ﬁ”(p((If’ ~ Spt/j,) N BﬁR/loo N m))
<0{H(Bﬁnl4o(0) ~ F) + H(Bﬁxlw(o) ~ F)

e R T R

Bgry40(0) Bory4o(0)

Here (10) was used together with B;p,(0) ~F C Bgpgs(0) ~ G. Since
Lip f<1 the theorem is proved with y = $/100. [
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4.4 DEFINITION. The tilt-excess E(&, o, T) is defined as usual by

B¢ 0, T)= 9_"f,pTzM— Prltduy,
Bo(£)

where V = (M, 0) is a rectifiable n-varifold, o > 0, £e€R** and T an
n-dimensional subspace of R»*%,

It measure the mean L2-deviation of the tangent planes of M from some
fixed plane.

‘We have the following lemma concerning tilt-excess and height.

4.5 LEMMA. Under the general assumptions of section 3 we have: If
EeBy(0), o<<1— |&] and T is an n-dimensional subspace of R*** such that
v(0) C T, then

B, of2, T)<efo~[dist (0 — & T)*dp
Be(§)
+ or [ dpe + 22 7 w(Be(@)) (1 + o1}

Bo(£)

for some constant ¢ = e(n, k).

PrROOF. We may assume 7 = R» and consider the vector-field
(wlz 0, z"*1, ..., a’”+k))

X (#) = {3(x) 7(()) (@'— &),
where { € C;’°(B1(O)) with 0<{<1, {=1 in B,,(&), spt{c Beé) and
|grad £|<4/e.

As &(b) = b for be B we see that X is admissible. By the definition of
div,, and because of R*c 7(0) we get for u-a.e. re M

divy, (2(€@))(@'— &) = divyy (@'— &') + divy [(v(€(2)) — 7(0))(2'— &)]

n+k n+k n+k
=3 et S 3 oD, (60) D)@ — 8
i=n+1 i,d,0=1 m=n+1
n+k n+k
+2 2 (Tﬂ(f(x))—"'a‘z(o))e“-
i=1l=m+1

Here and in the following (¢”) and (tv;) are the components of the
matrices of p, , and 7.
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Now we observe that ((¢/) being the matrix of PRrn)

n+k n+k
D ei=1%3 (6 — ") =}|ppuy— Prol?,
i=n+1 Jyi=1

so that by (7) of section 3 we have

flpx——pl Czdﬂ——f(P (&(@)) (@' —&')-H

n+k n+k
+20 3 S oo — 94 D,¢ + 2LRs + PR
where
nt+k na+k
3 3 D(nE@) - 7(0) @ — &)
i=n+1 d,l=
and
n+k n+k
= 3 3 (mlt@) - w(0) e
i=n+l j= n+k n+k
+ 3 3 ¢'D,7y(6@) Dyén(@)(@— &)
i=n+1ij,lm=1
Using the estimates for Dt from section 2 we get (13). m|

The following « Tilt-excess-decay-Theorem » is the main step in the proof
of the regularity theorem.
‘We consider the following assumptions
1<l<1+e, w-ae. in B,(0),
Eesptpn B, By cBy0),
o o [w(Bol€) + m(Be@) <21 —a), x>0,

Ey(& 0 T)<e,

(4.6)

where »(£) c T, T an n-dimensional subspace of R"*t*, and where Ey(&, o, T')
is defined by

2/p
E (& 0, T) = max {E(§7 0, 1), ehl( f]H]”d‘u) e2-n/»), ”Q} .
Bo(8)
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4.7 THEOREM. For any o€ (0,1), p > n there are constants 7, ¢ € (0, 1)
depending only on n, p, k, « such that the assumptions (4.6) imply

Ey(&, no, S)<"727E*(‘57 e I),

for some n-dimensional subspace S C R™* with »(§) c S, where

y = min {%1 r— '"'/p)} .
4.8. REMARKS:

(i) Such S automatically satisfies

|ps — Po2<c(n)Exés 0, T),

as one sees from 4.7 and 3.3 (ii), using

(o) f |Prar — PrlPdu<n™E(, 0, T).
Be(€)

(i) The condition 6<1 4 ¢ can probably be dropped. This was
recently shown in the case of interior regularity by J. Duggan
in his thesis [DJ].

ProoF oF 4.7. We may of course assume & = 0 and T = R". By the
Lipschitz-Approximation-Theorem 4.2 there is § = B(n, k, o, p) > 0, and a
function f: Bj,(0) — R* satisfying

(13) Lipf<1’ sup Ifl<cE=1k/(2n+2)g <081/(2ﬂ+2)9 ,
BEo(0)
and

(14)  Je~(((sptp ~ graphf) U (graphf~ sptp)) N (Ba(0) N Bi(0))) <cBye"

where E, = Hy(0, o, R").

The scheme of the proof now is as follows:

We let H?(0) denote the half ball B:(0) N {zx:z-»(0)> 0} where »(0)
is chosen to point into B;(O). E* then controls the integrated difference
between V¥fi and grad f, and we derive

e f lgrad f'[*<cE*
H3 (0)
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and that f/ is close to a harmonic function in the sense that for a test func-
tion ,

lo~" f grad fi-grad | <ce B}|grad &,
Hj,(0)

(cf. (28) and (27)). Therefore, f/ can be approximated by a harmonic func-
tion %/ with vanishing normal derivative on {z:-»(0) = 0} the mean
Dirichlet integral of which is likewise controlled by H,.. Standard estimates
for harmonic functions then imply that on smaller half balls %’ is close to a
constant. This in turn yields enough information about f to prove the claim.
Note that this is the old device of De Giorgi.

The details are as follows. Because of the height estimate (3) in the
proof of 4.2 we get for j =n + 1,....,n 4+ &k

(15) sup Ixal <c£11(2n+2)0 ,
Bpe(0) nspt u

80 that by assuming ceVe"+2<g/4 we have

(16) sup |a7|<po/4.
Bpe(0) nspt 4

This implies
an (R X B3,/5(0)) N 5Pt o M 8B, (0) = 9.

Now let (€ Cj(Bj,5(0)) and note that Eu(@Yy oy ) 1 = Cy (@Y ..y 27)
agrees with a function { e Cy(Bg,(0)) in a neighbourhood of (Bj,,(0) xR¥)
N spb u N Bgy(0).

Consider the vector-fields

X(@) =¢C(2)e,,; and X(@)=/<{()r(é@))e,,

We get

[V ¢ ay = [divy X du + D0) = — [H-Zau + D),
M M M

where D,(() = [divu(X — X)dp.
M

Since Vi, ;= ¢,.; V" = p,(€,,;) V" = (V¥ =, ;) - V¥ this can be written as

[(7% 0,0 Ve au = —[H-Zap + D,(0).
M M
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Now u - a.e. on M = M N graph f we have anti= f"(w), where
fi(@yy ..., %, .5) = F(@1, ..., @), and therefore

(18) V¥, =V¥f@), p-aa xzell.
Thus we get
f (VM) -VHE ap = — f (V) Vg dp — f H-Xdu + Dy(0).
A M~ M

The terms on the right hand side are now estimated as follows. By (14)
we get

o (V) V3¢ dp| < sup lgrad ¢ By < e sup |grad ¢le! B

M~M

and 4.6 implies

Q_TI

1/p
<sup g plBo0)) (1B au) " <o sup eloe B
Bo(0)

fH'Xdy
1

A
In order to estimate D;({) we observe that
|4iva(X — X)| < exo(sup |grad ¢| + ¢t sup [¢]),

because of ¢, ; = 7(0)e,,; and the usual estimates for D7. Combining these
estimates we arrive at

(19) o <05*E5,i sup |grad & ] .

f (VMFi)- VM ¢ du

M

k
Since |p, — p|*=2 Y |V¥x"+i|2 we see that (18) yields
i=1

(20) o " f |V¥Fil2du<cBy .

3 0 Bgo(0)

Using pg. grad & = grad &, and Pre grad fi = grad f we get

|Vafi-VuE, — grad fi-grad &< |p, — p|*lgrad f,| |grad &
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and hence (19) and (13) imply

(21)

o fgrad fi-grad ¢, dyl <ce! EY sup |grad £,].
i

By the same argument we deduce from (20)
(22) " f lgrad ;|2 du < oy .
ﬁang(O)

By the area formula we see that (21) and (22) imply in view of (13)
and (14) (B,(0) : = p(graph f N Bye(0) N BY(0)))

(23) IQ—” f grad fi-grad ¢,00 FJ (F) dLr| < ce Ei sup |grad ¢, |
S0
as well as
(24) o f lgrad /200 FJ (F) dt» < oy ,
35
where F(z) = (w, f(z)), @€ Bj,(0) and J(F)=[det ((dF,)*odF)]*. Since

1<J(F)<1 + clgrad f|* and 1<0<1 4 ¢ we conclude

(25) o f grad f/-grad £, g

350
<c{s*Ei + Ey+ ¢ f lgrad fi| dﬁ"} sup |grad &;| < ce* BE sup |grad ¢4,
BE,(0)
and
(26) o [ lgrad fi2atr< e, .
550

Now let »(0) = {i¢: A€ R, |¢| =1, e e R}, where ¢ is chosen in such a
way that it points into B;(0), and define the half-ball H},(0) : = Bj,(0)
N {x:x-¢>0}. For ye€ B N Bp(0) we get

dist (y, 7(0)) = [»(0)(y —0)| < IJ12< f2e?

Mlx

8o that
dist (B, r(O)) <xf2p%2.
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This yields
Bjo(0) ~ Hio(0) N Hpo(0) ~ Bjo(0) C Bo(0) N {ﬂm [»(0) x| <g ﬂ“ez}
which implies
(26a) £7(Bj,(0) ~ H},(0) U Hp,(0) ~ Bj,(0)) <cx(Bo)™*.

Thus (25) and (26) respectively imply

27) lg"" f grad fi-grad ¢, dL» <ce*Ei sup |grad &;|
Hp(0)
and
(28) o f lgrad fi[2dgr < cB, .
HEo(0)

Applying Lemma 5.1 of the appendix to f/ E, t we see that for any given
0> 0 there is &, = gy(n, k, 6) such that if 4.6 holds with s<g¢, there are
harmonic functions %!, ..., u*: Hg,(0) — R with the properties

(29) o f lgrad w|?dfr < cHy
HY(0)
(30) gn-? f Iff — w|?dtn < 6F,
H0)
and
(31) 0%’ =0 on Hy0)N {x:x¢=0},

where o = flo and 0,,, denotes the normal derivative. Defining I’ by
li(x) = u(0) 4 x-grad »/(0) we note that (29), (31) imply for %e (0, 3],
using standard estimates for harmonic functions,

(32) sup |u! —UV|2<ento? By .
H75(0)

Thus we get by (30)

(33) (no)-n-2 f Iff — V|2dLn < 2y-"2 8By + en* By .

Ho(0)



ALLARD TYPE REGULARITY RESULTS ETC. 155

Since sup |f|<ceVentD g, (30) implies
k
(34) z llj(())l <L cglenta g
i=1

Now let I = (1% ..., I¥) : R — R* and let § be the n-dimensional subspace
graph (I — 1(0)). Note that (31) implies »(0) c S.
Note furthermore that we also get by (26a)

(35) (no-)~n—2 J. |f: — lilz d£n<(y’7—n—2 6E* + can* ,
Bjo(0)

if we assume
(36) et < §
But (35) now implies

(37) (no)-r2 f dist (@ — 7, 8)2 du<en——2 0By + oy By,
Bna(‘t)

where 7= (0, (0)).
If we assume ceV/*"+? < /4 we get by (34) that B,,,(0)C B,,,(7), so
that (4.5) and (37) imply

(38)  E(0,no/4, 8)<2E(z, 702, 8)
<o " 2By + e’ By + on® VP eBy 1 B .
To complete the proof of 4.7 we argue as follows.
Let 7€ (0, 1] such that en*<}(nB/4)**~™" and 6> 0 such that cy—26
<3 (®B/4)* =7 (in both cases ¢ is the constant from (38)). Finally choose
g, such that for e<¢g, all the conditions required in the proof hold as well as

ceo<} (B[4 ™? (in particular &, must satisfy the conditions leading to
(16), (29), (30), (36), (37) and (38)). Thus we get for 7j = 7f8/4

B(0, 7o, 8) <> "B, .

Since we trivially have

1/p 1/p
([ an)”ioy-s <iprs( [ibpau)”gr-ns

B-(0) Bo(0)
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as well as x»7jo< (7j*)*xp, we conclude

E+(0, o, 8) <ﬁ2yE*(07 0T,

and this finishes the proof of Theorem 4.7. @O

We are now in a position to prove (one version of) the Regularity Theorem.
It will follow rather easily from iteration of 4.7.

4.9 THEOREM. Suppose a € (0,1) and p > n are given. There are constants
& =¢g(n, kyo, p) and y = p(n, k, o, p) € (0,1) such that if (4.6) holds with
E=0, T = R" as well as the general assumptions of sections 2 and 3, then
there is a O%° function w = (ul, ..., u*): B,(0) —R* such that u(0)= 0,
v(x) c T, graph u for x € B N graph u,

(39) sptu N B,,(0) = graphw N B,,(0) N By(0)
and (D5,(0): = p(graphu N B,,(0) N BJ(0)))

o7t sup [u] + sup [ D] <cettona
D3e(0) D(0)
(40) 0’ sup |z —y| | Du(x) — Du(y)|
x,weD;,‘Q(O)
oy e

<G{Ei(0, 0, R*) ( fIHl”d,u) pi—m? %*Q‘}} ,

B,(0)
where = min {}, 1 — n/p} and ¢ = c(n, k, o, p).

ProOOF. By the monotonicity result 3.4, Remark 3.3 (ii) we see that for
0<o< (11— f)o and for { e spt u N Bge(0) we get (using 4.6)

o7 o~ "(u(B,(©) + u(B.(2)))
<+ ee) o (1 — B) "0 " (u(Buse()) + #(Bu—se(?)))
<L+ ee)(1— )07 0" (u(B(0)) + u(By(0)))
<21 +ece)1—B)"1— ),

so that for 8, ¢ small enough we have
(41) o7 o (w(Bo(0)) + u(By(2) <2(1 — «/2)

for 0 < 0<p/2 and [ € spt u N Bge(0).
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At first let us consider the case
*) Cespt u N Bg(0) N B.

By the Tilt-Excess-Decay-Theorem 4.7 and (41) (replace ¢ by o, a by «/2,
£ by {) we know that there are ¢ and 7 such that for o< /2 and { as in (¥)

(42) Ey (&, 0, 8,) < & = Ey(E, o, 81) < 1’ Ey(C, 0, S0),

if §, c R#+* is any nm-dimensional subspace with »({) c S, and 8, a suitable
n-dimensional space c R** with »({) c 8;. By induction we get a sequence
of m-dimensional subspaces {8}y, #(0)CS; such that E.(, 0, 8)<e
implies

(43) By (& 70, 8;)<n™ By(Cy 0, 80)
and by Remark 4.8

(44) Ips, — Ps,_1[2<cE*(C’ n o, Sj~1)<0"1265E*(51 oy 8,) -

Now note that for 8, = »()-+ T', where R*=»(0)® T/, and for
£ € B N Byp,(0), we get »(£) c S, as well as

(o/2)™ f [P0 — 1’5.,'2 d.”<2"+1 o " f P 1,20 — PR"I2 du
Beya(0) Be(0)

—+ ¢pp(0) — »(0)|2< 22 E(0, 0, R") + cx? 02,
which implies for this choice of §, and o = /2

(45) By (G, 0y 8)<cBx(0, o, R").

If thus 4.6 holds with £ = 0, T = R~ and ¢ ¢ in place of ¢ (¢ as in (45)),
we see that (45) in connection with (43) and (44) yields

(46) By (&, 17 02, 8;) < en*™ By (0, o, R")
and
(47) [Ds, — Ps, P <en* By (0, o, R™)

for each j>1 with 8, = »({) 4 T’. Obviously (47) implies the existence
of an n-dimensional subspace S({) c R#+* satisfying »({) c 8({) such that for
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all j>0

(48) IPsty— P, " <en™ Ex(0, 0, R") ;
in particular we get for j = 0

(49) [Psy— Prol” <¢Ey(0, o, R).

If r € (0, o/2) then (46) and (48) yield in the usual way
(50) By(C, 7, 8(0) <elr/o)* Ex(0, o, R")

for each {esptu N Bg(0) N B and each 0 <r<p/2. Notice that (49)
and (50) imply for r<o/2

(51) B, r,R")<cH, (0, 0, R*) < ce .
If now on the other hand
(") Cespt u N Bg(0)~ B,
we get (cf. [SL]) from the interior regularity (d(¢) = dist (¢, spt u N B))
(52) By(C, n'd(C), T;) <n* Ey(C, A(0), To)
it By (¢, d(C), T,) < e, as well as
(53) [pr,— P, [P <en™ By(Z, d(), T) -
Now let (e Spt u N Bge(0) N B such that |§— Z‘[ = d({) and choose

i€ N such that ™! < 4d(l)/o<%'. Then (52) and (53) respectively imply
with 7, = 8, (S; as in (46) depending on £) and Sy=1,

(54) Bo(Cyn 014, 8,500 <e(n) n®¢ TV EL(0, o, R7)
and
(55) [P5..s., — Pae. P <) H DB, (0, o, R").

As above this implies the existence of an n-dimensional subspace S()
c R»+* guch that for all >0

(56) [Psey — P3, I <en*® By(0, o, R")
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and

(57) IPS(;) - pR"|2<0E*(O’ ) Rn) .

We also get analogous to (50) and (51) for 0 <r<p/4 and { as in (**)

(58) Ey(¢, 7, 8(2)) <c(r]e)* By (0, o, R)
and
(59) Ey(C, ry R")<cBy (0, 0, R") <ce.

Thus we get for sufficiently small ¢ (by (51) and (59)) that if G is as in
the proof of 4.2 (with [ = £V/»+®) then u(Bgo(0) ~ @) = 0 (B, ¢ small enough):
That is

(60) spt & M Bpe(0) C graph f,
where f: Bj,(0) — R* is Lipschitz with f(0) = 0 and
(61) Lip f<eVend  sup |f|<eelentD g,

We shall now show that we even have

(62) sptu N Bge(0) = graphf M Bpy(0) N By(0) .

Suppose there is a (= f(€) € Bgo(0) N B{(O)N spt u. Since 0esptpu
there is 0 << ¢ << fp such that

) (B3(E) X R) (\ Byg(0) Nsptp =0,

(B2(&) X R¥) N Bg,(0) N sptp = B;

now take Cy € (BXC)XR¥) N Bgo(0) N spt u. If {4 ¢ B we see that (63),
(60), (61) and 0<1 -+ ¢ imply 07(u, {4) <1 (if ¢ is sufficiently small) which
contradicts the fact that 0»(u,x)>1 for any x € spt u N Be(0)~ B. Note
that we make use of the upper semicontinuity of 6». If on the other hand
4 € B we know that 07(u, {4)>%. But since both ¢ and {, are in B/(0) (63)
would again imply 0%(u, () <. Thus (62) is established.

Using the area formula we see that (62) implies for any n-dimensional
subspace S = graphl, where !:R*» —R* is linear with |grad l’/|<1, j =1,
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ey ky and o € (0, B0/2), { € Bg,y(0) N spt p,

k
o >lgradfi(x) — gradli|2dL™(z) <cHE(, o, 8);
=1

BY5(0)

by (49), (50) and (57), (58) respectively this implies that for each
£ € Bg,p(0) N spt u there is a linear function 7, : R» — R* such that

k
(64) ro f > lgrad f{(z) — grad 1f]*dfr(o) <c(rJe)** By(0, ¢, R?)
BY(2)

for 0 <7 < fo/4.

If p({) € int p(graph f N Bp,,(0) N Bj(0)) then for small enough r we
have B} (£) = BP(p({)) so that (64) yields, letting |0, grad f/(p(()) = grad .
The only other case to consider is p({) € p(graph f N Bg,(0) N B). Be-
cause of (61) and our assumptions about B we get yi[% inf r—n U(B:"(C))
> w,/[2, which also implies grad f/(p(l)) = grad i.

Now, using (64) again, we conclude

(65) lgrad f1(p(C4)) — grad fi(p(C.)) | < e(r/e)’ Bx(0, ¢, R")
if {,e€ B,({,) and 0 <7< fBp/8. This clearly implies
(66) lgrad fi(@,) — grad fi(as)| < (|, — @|/0)° B (0, ¢, R")!

for £ - a.e. @, @;€ p(graph f N By, ,(0) N BI(0)). The theorem now follows
with » = f and y = /8. O

Let us finally show that the conclusions of the Regularity-Theorem
remain true if we make the following assumptions

1<0, pu-a.e., 0esptp, o<1,

| =

ozt 0" u(By(0)) <5 (1 -+ 0),

(4.10) 2

1/p
( f]H[”d,u) o< 4 for some p >n, xp<0,
Be(0)

where 6 € (0, 3) is to be specified.
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Repeating the argument which led to (41) in the proof of (4.9) we get
for £ espt u N Bpe(0) and 0 < 0<0/2

67) 1+ e <wr o " (u(B,0) + u(B,©0))
<@+ ed)(1 — B "0y g " (w(Bu-pp() + #(Bu—p)
<@+ ed)(1— f) "0, " ((B,(0)) 4 u(B,(0)))
<14 e8)(1 4 40)" (1 — B)" 20, " 07" pu(B,(0))
<1+ es,

if B<f/(1 + 46) and where §(0) is small enough (g is defined by

0= |1+ 2 g<a+ a0

1—uxp

and we have used B,(0) c B,(0)).

Thus to show that the assumptions (4.10) imply the assumptions (4.6)
we have to find a suitable subspace T such that E(&, o, T') can be made as
small as we wish. In view of Lemma 4.5 it is sufficient to bound the height
appropriately. This will be done in the next lemma.

Let us first make some important remarks.

4.11 REMARKS:
(i) Let us first show that the assumptions (4.10) imply
*) (B N Bge(0)) = 0

for some § = B(6) > 0 and J > 0 small enough. From (67) and the upper
semicontinuity of 5"(,u, +) (c.f. Corollary 3.2) it follows that

20(, £) <1+ 08 < 2

for [ espt u N B N Bge(0). Since 6>1 p-a.e. we get (*). Thus from now
on we may assume

) u(B) =0.

(ii) We consider the total first variation of V = »(M, 0), defined as
usual as the largest Borel regular measure |6V| such that for all open
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G c B,(0)
|8V | (&) = sup {faivM Xdu: X € CYG, R+, [X]| <1} .

We are now going to show that [V | is a Radon measure on B,(0). As

in [AW2, 3.1] this will follow from a monotonicity formula for tubular

neighbourhoods of the supporting surface B. We proceed as follows.
For any y e O%(B,(0)), »>0, we consider the vector-field

X(@) = p@)y(e(@))(z — &@))
where y € C*(R) is decreasing and satisfies (0 < h<1)

p(t)=1 for t<h/2,
y(t)=0 for t>h.

Obviously X is admissible and a simple calculation yields
fwy(e)pT,M-V(é) dp +fwey’(0)pmu (&) dp
— [P (@O 1@ — (0= &) Hldu—[y(e) V¥ -z — &) du.

Here we used the fact that |pg,ov(£(®))(grad o(®@))|? = prav(£(®)).
As in section 3 we take ¢ € CY(R) such that ¢(f) =1 for t<3, () =0
for t>1, ¢’<0 and set p(t) = @(¢/h). Setting

I() = [$(0/W) pp .o v(E) A
Lu(h) = —[$(0/W)pIpr @ — @— &) Hldp,
Lufh) = [$(o/) V¥ 9+ (2 — ) du
we get the equation
I(h) — RI'(R) = — {Ta(h) + Lo(A)}

which after multiplying by A% can be written as

DI = W(Ta() + L}
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Letting ¢ ./ y(_ .,y We obtain the following monotonicity identity for tubular

neighbourhoods of B

dh

{e<h} {e<h}

(68) 4 h_lf"/)pTIM'v(E) dp = h_2f?p[(w— £ H—pra Ql+ V"y-(x—&)du.

Integrating (68) from % to A’ (0 < h<h') and letting h|0 we get the
existence of I'(y), defined by

(69) F(’/’)i = lhlif(l) h1 f’/lpmz’i’(f)dll = h"lf'll)PTxM'”(é&)dM

{e<n} {e<W'}

-—f{y)[(m — &) H—pr. Q] + Vyp-(x— &)} fomt — W1} dp.

{e<h’}

Note that |Q <2xp.

From the representation (69) we see that 1" is a distribution, but since I"
is positive it induces a Radon-measure on B,;(0), i.e. it can be defined for
p e C%B,(0)).

Now consider any X € C}(B,(0), R**) and any ¢ € C°(R) with 0 ¢ spt ¢/,
Defining X, and X by

Xy(x) = v(§@) X(x), Xeo(2) = (&) X(2),
we get
[ X dpp = [@ivi, X dp + [divy, X, dp = — [xHau+ Jaivee X dp
furthermore we have (o(x) = o — &(x)])
f divy Xy dp — J}pog divy Xy dp - f divy [(1 — goo) Xyl du + f @'00X, V¥ o du.

Letting | y(_ o, suitably and using the fact that u(B) = 0 we get

fdiv,uXdu —— fX'Hdu — n{“ " waVMO dph .
hlO
{x: o(x)<h}

Since grad o(z) = »(&(»))(grad o(x)) we get
X, (@) V¥ o(@) = [P 1,307 (£@))] X (@) - [P 1,500 (£(@))] (grad o(®));

this yields |X,(x)-V¥o(®)|<pr, i v(E®))| X (2)].
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Together with the considerations made above we get that |6V is a
Radon measure on B,(0) and that we have the inequality (I" as in (69))

16VI<I'+ L [H|.

By well known representation theorems there exists a |dV |-measurable
function n(V; -): B,(0) — 87+*-1 such that for any X e C%(B,(0), R"+*)

(70) fdiVMXd,u :fX(w)-n(V;w)d”évn(m).

(iii) In the special case where H =0 and B is a hyperplane we have
the following reflection principle (cf. [AW2],3.2). First we note that (70)
implies
[x@ 07 2)d)87 (@) =0

for any X € C.(B,(0), R**) such that X(x) e B if #€ B. Consequently we
have spt [0V ] c B and

n(V;x)e B+
for |0V | -a.e. x€ B.

If we now consider the reflection #(x) = B(x) — B*(x) of x € R*+* across
B and the reflected varifold 9,V we get

N3, V; 2) =n(V;2)=—n(V;2)

for [0V - a.e. z€ B. Thus we see that V'=V + 9,V is stationary in B,
i.e. for any X € C%(B,(0), R***) we have

f divy,, X duy = 0.

We are now ready to prove the final lemma.

4.12 LEMMA. For any one-dimensional subspace ¥ c R** and any ¢ > 0
there exists 0, > 0 such that the following is true.

If B and V satisfy the general assumptions made at the beginning of section 2
and additionally v5(0) = Y as well as (4.10) with = J, then there exists an
n-dimensional subspace T with ¥ c T such that

sup {dist (w, T') : @ € Spt pry O By _g1mpya(0)} < 0.
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ProoOF. We may assume ¢ = 1 and argue by contradiction. So suppose
there is ¢ > 0 and a sequence of B;, V; such that for any n-space 7 with
YcT we have

(71) sup {dist (¢, T) : @ € spt p; N Byy_oum(0)} > &

and such that (4.10) holds with ¢ = 1 and §, = 1/i. Passing to a subsequence
(again denoted by %) we get the existence of a varifold C such that ‘ll)xg V.=0C

in the space of m-varifolds and such that the corresponding B; converge to
B = Y* in an obvious sense. We conclude that C is a rectifiable n-varifold
in B,(0) ~ B satisfying

(72) " po(By(0)) <},,
(73) C(X)=0

for any X € Cg(B,(0), R"**) with X5 : B — B, because any such X can be
approximated by X, such that |DX,— DX|,—0 and X,(b)e 7,b) for
b€ B;.

From (67) we conclude that
(74) 0 € 8Pt pio
and by [AW1, 5.4] we get
(75) 0n(pic, ) >1

for uc-a.e. xe B,(0). Note that the condition lim inf |oV:|(W) < co for

any open Wcc B,(0) easily follows from the representation of I' in (69).

Since B is a linear subspace r—"u(B,(#)) is increasing on (0,1 — R) if
x € B N Bg(0) (the vectorfield used in the proof of the interior monotonicity
is admissible!). Thus for any R <1 — 2-V» =: R* and x € B N Bz(0)

0" (ks @) <y (1 — B) " po(By_ (@) < w7 2p6(B1(0)) <1
because of (72). In view of (75) this implies
(76) tio(B N Bpa(0)) = 0.

By the reflection principle, Remark 4.11 (iii), we see that ¢'= C + 9,C
is stationary in B.(0) and that 0 € spt uc.. Using again the monotonicity
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as well as (72), (75) we get
R* o (Bga(0)) <20 (B1(0)) < @, <0™uc, ) o,

for ue - a.e. € Bg(0). By [AW1, 5.3] this implies the existence of an
n-space T c R*+* guch that

C' L Bae(0) = 0"(str, 0) (T N By.(0),1).

It follows that
1<0™pery ) = 0"(uc, 0)

for pec-a.e. x € Bg.(0) and since

0"(tacry 0)w, R*" = o (Bre(0)) < 2puc:(By(0)) R*" < o, R*",
we conclude 0"(u¢, 0) = 1 and thus
(77) [C + 9,01 L Bz.(0) = v(T N By.(0),1).

By the definition of & we now see that ¥ = Bt c 7. Now (71) implies
that there is a sequence {}, @; € spt u; N Bp.(0),

lim #; = &, € Brej5(0) C Bg+(0) with |Tlay|>e.

Since spt uocc I we get for ¢ large enough
0 = po(Bys(#0)) > py,(Beul;)) — 6>cem — 8,

where ¢ is independent of ¢ (use monotonicity); as 6> 0 can be made
arbitrarily small by choosing ¢ large enough we get a contradiction.
This proves the claim of the lemma. O

Altogether, we have proved

4.13 THEOREM. For any n, k, peN, p>n, >0 there exist y =
y(n, k, p) > 0, ¢ = &(n, k, p, ) > 0 with the following property .
If o<1, BCcR™* is a hypersurface of class O with 0 € B, B N B,(0) = B,
and the curvature of B satisfies

xo < &2
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and if V = v(M, 0) is a rectifiable n-varifold with

sptu C Bi(0) (= ur),

0 esptu,
0>1 p-a.e.,
1 1
J&H(BQ(O))<§ (1+¢),

fdivMXd‘u = ——fXH du

for all X € Ci(B,(0), R™+%) with X (b) € ©(b) for be B and

1/p
( [impau) "y

Bo(0)

then there is a C“°-function u = (u?, ..., u*): B},(0) — R* and an isomery 1
of R with
#(0) =0

v,p(®)Cc T, graph«w for x €lB N graph u

SPY pyyy N Byo(0) = graphu N B,,(0) N 1B(0)
and

o~*sup |u| + sup [Du|+ ¢° sup |ov—y|?° |[Du(z)— Du(y)|<cy,

D.'V‘e(o) D%(o) m,yeD%(O)
T FY

0 = min {},1—n/p} and D}(0) = p(graphu N B,(0) N 1By(0)).

5. — Appendix.
In the proof of Lemma 4.7—cf. the argument leading to (29) and (30)—

we needed the following simple lemma concerning harmonic functions. It
is an easy consequence of Rellich’s Theorem.

5.1 LEMMA. Given any 6> 0 there is a constant g(n, 0) > 0 such that if
fe HY(H), H = {x e R": " > 0} N B,(0), satisfies

f|grad flzdtr<1
it
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and

Ugra,d f-grad £ df"| <e sup |grad |
H

for any € CY(B,(0)), then there is a harmowic function w on H satisfying
0, u(®) =0 on x, =0 such that

f[grad ul2dfn<1
H
and

fm— flrde<s.
H

Proor. If the lemma were false there would exist 6 > 0 and a sequence
{f}rens o € Hy(H) such that for any ¢ e 0%(B,(0))

1) | [arad f,grad cage| <& sup grad 21,
H
and
(@) [lerad fi2azn<1,
H
but
@) [l — upagn > o,
H

whenever « is harmonic on H, 0, u(r) =0 on z,=0 and
f]grad ul2dLr<1.
H
If A= 2w, [f,de" then
H

(4) flfk — AlrdLr<e||grad fi|2dfr<e
b4 o

by the Poincaré inequality. By Rellich’s Theorem there is a subsequence
{k'} c {k} such that f,.— A,—>w (— means weak convergence in H?}) and
for— A —w in LX(H), where [|grad w|?df"<1.

H
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By (1) we have

fgra,d w-grad {di" =0
H

for any ¢ € C}(B,(0)). This implies that w is harmonic on H and 9, w(z) = 0
on x,=0. With w, = w 4 4. we get

f[fk,— U2 dE" —> 0.
H

This contradicts (3) and the lemma is proved. 0O

{AW1]
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[FH]
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