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Some Asymptotic Problems in Fully Nonlinear Elliptic
Equations and Stochastic Control.

ROBERT JENSEN (*) - PIERRE LOUIS LIONS (**)

Introduction.

In this paper we consider various penalization problems (or singular
perturbation problems) where the penalty is on the dependence of solutions
in certain directions. (Our meaning will be clear after examining the ex-
amples below.) The effect of such a penalization on the limit problem is
to cause the limit solution to be independent of some of the original variables.
In this way we obtain various limit problems in reduced dimensions.

We shall consider a few examples of our results to clarify our meaning.
Let O be a bounded regular domain in R» and let @ be a bounded regular
domain in R». We denote 0X 0 by 2, i.e. 2=0x0. In everythmg that
follows, » will denote a generic point in @ and y a generic point in 0.

ExAMpPLE 1. wu¢ is a solution of:

O —Saue, ) +§bw) -Hm —ZWW
) u 7./ aw aw ’y a 7y ay@

iyd

+ P lDu“€| = (@, y) in 2,

(2) wt=10 on a@xz,
ous -~
(3) %———0 on Ox00,
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(**) Research supported in part by contract 01-80Ra-50154 with U.S. D.O.E.
(Office of Electric Energy Systems).
Pervenuto alla Redazione il 14 Dicembre 1982 ed in forma definitiva il 20 Set-
tembre 1983.
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and where n denotes the unit outward normal to 8¢ and D, = (0/0Yy, ...,
.ty 0/0Y,). We assume the coefficients a;;(x, ¥), b;(#, y) and c¢(x, y) and the
data f(z, y) in (1) are smooth functions of (x, y) and in addition we assume
¢(w, y) is nonnegative and there is a positive constant ¢ such that

(4) D ay(@, y)EE;>clél* for all (z,y) in 2 and all & in R~

45§

We prove that as e goes to zsero u¢ converges to the unique solution, u(x),
of the Hamilton-Jacobi-Bellman equation

0? 0
sup [ — 3 au(@,y) 5 (@) + 3 b, 9) 5 (@)

ve® %]

® + o(@, y)u(@) — f(a, y)] =0 in 0

=0 on 00.

As a consequence of this result we may approximate problem (5) (which
is fully nonlinear in the sense that it is a second order equation in which
the nonlinearity involves the second derivatives) by a simpler problem,
namely (1)-(3), where the nonlinearity involves only the first derivatives.
In this way we build a simple approximation of the general Hamilton-Jacobi-
Bellman equation (HJB for short); we believe such an approximation could
have useful numerical applications.

HJB equations occur as the optimality equations in the general problem
of optimal continuous control of stochastic differential equations and are cur-
rently used in problems of management, economy and engineering. (See
W. H. Fleming and R. Rishel [21] for an exposition of optimal stochastic
control and HJB equations; for the most general results concerning the
solution of (5) see L. C. Evans and P. L. Lions [19]; P. L. Lions [25], [26],
[27], [35] and [32].)

Let us also point out that the asymptotic problem (1)-(3) can itself be
interpreted in the light of optimal stochastic control and it is possible to
give a probabilistic proof of the convergence of ue to w.

ExAMPLE 2. ¢ is a solution of (1), (2) and
(6) ut=1yp on OGx00,

where y(z) is a smooth function independent of ¥ which vanishes on 90 X< 00
and we make the same assumptions as in Example 1.
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We prove that as e goes to zero u® converges to the unique solution, w, of
the obstacle problem for an HJB equation, i.e.

max {sup[ 2 a;(z, y) ax 8 - (@) + Z bi(x, y ou (aa) + c(x, y)u(x)
ve® 6
~ 1] u(w)—w(w)} —0 o,
=0 on 00.

This result is, a priori, a bit surprising since a boundary condition like
(6) becomes asymptotically the constraint condition

@) <yl@) in 0.

However, in the light of optimal stochastic control this result can be easily
understood. Indeed, we can again give a probabilistic proof of this result.
((7) corresponds to a problem in stochastic control where we combine op-
timal time problems and optimal continuous control.)

We also wish to point out that it is quite easy to conjecture a false
result. Indeed, consider the following formal analysis. As & goes to zero
the effect of the penalization should imply «¢ converges to a function u(x).
Since ué(x, y) = p(x) if (x,y) € OX 00 and since u is independent of y it is
plausible to guess that w(r) = y(x).

The above conjecture, although it appears reasonable, is false becausc
from (1) we deduce that

02ue ue
— z a;;(x,y) o7 o o, (@, ) Z bi(z, ¥) .(w’ y) + ez, y)us(z, y)

—Z 83/2 (w,y <f(®,y) in O for all y in @.
So, by letting ¢ go to zero we conclude

02
®) =3 a0 g (@) + 300, 9) g (@) + elo, Y)u(o) <1z, 9)

in O for all y in 0.

This inequality is not in general satisfied if w = y. Therefore, in general
u¢ cannot converge to i but rather becomes asymptotically as near as
possible to p, while taking into account the inequalities of (8). This higly
imprecise argument leads to (7).
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ExAMPLE 3. w¢ is the solution of:

drue due
) = aule,y) gm0 9) + Db, y) o (#,9) + ol y)ue, y)

02ue

1 ous
— @0+ B (5 5 )= fa e i 2,

plus boundary conditions (2) and (3) and where 0= (0,1). We make
the same agsumptions as in Example 1 and we assume f is a strictly incre-
asing function on R such that f(0) = 0.

We prove that as ¢ goes to zero ut converges to the solution, u, of

a0 |~ i’zjau(w,m%’g;j (w)+;bi(w,0>%<x> + oz, 0)u(x) = f(z, 0) in 0

=0 on o0.

If B(t) =t this result is easily interpreted from the stochastic view-
point. Indeed, in this case (9) becomes a linear second order elliptic equa-
tion and the associated diffusion process in the y variable i3 a reflected
diffusion process with a drift intensity of 1/¢ and directed towards y = 0.

ExAMPLE 4. wu¢ is the solution of:

0%us ous
11— Z’ a(@, y) Frars (x,y) + ;bi(w,y)a—xi (x,y) + c(a, y)us(z, y)

0%us 1 0%ue + .
'z_a“f (@, y) + g(—za—yg (@, z/)) = f(z,y) in 2

plus the boundary conditions (2) and (3); we make the same assumptions
as in Example 1.

We prove that as ¢ goes to zero ue converges to the unique solution, u, of
the HJB equation (5).

As before, this result can be interpreted in terms of optimal stochastic control
since (11) itself is a (particular) HJB equation corresponding to a control
problem where the intensity of the Brownian motion in the % variables is
controlled and can take («at each time and on each trajectory ») any value
between 1 and 1 + 1/e. By (3) we impose Neumann boundary conditions
which means that the Brownian motion is reflected at the boundary and
so the asymptotic behavior of the solutions u¢ of (11) is related to some
ergodic phenomena.
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ExAMpPLE 5. «¢ is the solution of:

o2ue Ut
(12) — 3 au(@) a4+ 3 0@, §) o (@, ) + 0@, y)us(@, )
5 ox, 0w; 4 ox;

1 02us .
plus the boundary conditions (2) and (3); where
(13) O0<oay<f'(t)y<e, foralltin R,

and B(0) = 0. We also make the same assumptions as in Example 1.

We prove that as & goes to zero u¢ converges to the unique solution, u, of the
following nonlinearly averaged equation (NLAE for short)

02
f y [ﬂw, D)+ 3 (@) o (@) — 3 b, y) 2 () — o, 9) u(w)]

59
4 %
(14) ¢ ‘dy=0 1in O,

=0 on 00,
where y = -1,

We study the general class of these nonlocal problems and we prove that
they are well posed under very general assumptions. When f is convex (14)
turns out to be the HJB equation and in addition any HJB equation can
be approximated by the NLAE appearing above. When S is linear (14)
reduces to a linear equation with averaged coefficients.

This kind of averaging phenomena appears to be similar to those known
in Homogenization Theory (for example A. Bensoussan, J. L. Lions and
G. Papanicolaou [3], A. Bensoussan [2] and E. de Giorgi and S. Spagno-
lo [14]). However, the nonlinear averaging we study is apparently new.
This averaging principle is not restricted to second-order elliptic problems
and has been used to obtain some new uniqueness results for Navier-Stokes
equations (see T. Cafflish and P. L. Lions [8] and C. Feias and P. L. Lions[22]).

We do not yet fully understand this problem from the stochastic point
of view and we hope to come back to this point in some future study. This
phenomena seems to be a combination of Ergodic Theory and Stochastic
Control (or Stochastic Differential Games when § is not convex).

We shall not present any more examples although we consider many
other problems and variants in this paper. The examples we have presented
should give a good general idea of the nature of the problems we shall
consider,
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The methods we employ are purely analytical and rely heavily on the
maximum principle. We do not give any detailed probabilistic proofs but
we frequently attempt to explain why the results should hold based on
probabilistic considerations (i.e. we sketch probabilistic proofs).

Finally we wish to point out that the problems considered here are
vaguely reminiscent of some asymptotic problems arising in elasticity (see
P. G. Ciarlet and P. Destuynder [11] and [12], P. G. Ciarlet [10] and P. G.
Ciarlet and P. Rabier [13]) and to various singular perturbation problems
occuring in deterministic optimal control, e.g. the simplification of large-
scale systems, (see J. P. Chow and P. V. Kokotovic [9] and R. E. O’Mal-
ley [36]).

Acknowledgement. The main results of this study were obtained while
the authors were guests of the Numerical Analysis Laboratory of Pavia
and it is our pleasure to thank the laboratory for its hospitality.

A) FIRST ORDER PENALIZATIONS

In this part of our paper we consider only penalizations of the first y
derivatives. These arc problems of the sort which include Examples (1)-(3)
of the Introduction.

We first introduce some notation which we shall keep throughout this
paper (including Part B). As in the Introduction ¢ and 0 will denote two
bounded regular connected domains in R® and R™ respectively. We let
a(x, ), by, y), ¢(x,y) and f(z,y) for 1<i, j<n be real valued functions
on 2= 0x{@ which satisfy

a(r, y) = az(x, y) and a,, b;, ¢, f are in 0%(2) for 1<, j<n,

(15) ID2p(-, ¥)|peg< C independent of y for |«| <2 and p = a;, by, ¢,

or f, ¢(x,y)>0 in 2.

We also assume (4) from the Introduction (uniform ellipticity).

REMARK. In many of the results below we will not need all of the
regularity of (15) but for the sake of simplicity we will not consider such
generalizations here. Nor will we discuss generalizations to the case of
degenerate operators, i.e. when (4) does not hold.
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I. - Penalization of the length of the gradient in y.

1. Neumann boundary conditions.

In this section we consider the problem of Example 1 given by (1)-(3).
We first explain why (1)-(3) has a unique solution.

ProPOSITION I.1. Under assumptions (4) and (15) there exists a unique
solution wce 0**(2) for some o in (0,1) of (1)-(3).

PRroOF. Let u,v be two solutions of (1)-(3) and set w = v — ». Then w
satisfies the boundary conditions (2) and (3); furthermore

0? 0
— S au@,9) 5 (@,9) + 3 e, 1) 5= (@,9) + o, y)w(z, y)

L)

02w
— 355 @) + Blo,y)-Dynla, ) = 0

L)

where B € L°(2) is defined by 1/¢(|D,u| — |D,v|) = B-D,w. We gee that
uniqueness is, therefore, an easy consequence of standard uniqueness results
for linear second order elliptic equations.

To prove the existence of u® we start by considering the solution, %, in
C*(2) of

PET)

(16) 2 4™ ) 50w, (@) + Zb (@, z/)a (@, 9)

+wmwmﬁw~z@&%m=ﬂ%m in 2,

plus boundary conditions (2) and (3).

Next we consider the solution, %, of the HJB equation (5) (see P. L.
Lions [25] and L. C. Evans and P. L. Lions [19] for existence results). The
function % obviously satisfies the boundary conditions (2) and (3) when
thought of as a function of both x and y. Thus % is a supersolution and, «
is a subsolution of (1). Then by the same argument used to prove uni-
queness we see that

i) w(r) <u(x,y) for all (x,y) in Z;
i) w(z) <us(x,y) <u(r,y) for all (z,y) in 2.

The existence result is completed by applying a result due to H. Amann
and M, G. Crandall [1]. O
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REMARK I.1. Since we have proved wu(x)<ué(x,y)<u(x,y) this provides
an L® bound on «¢ independent of . However, an examination of the
proofs in P. L. Lions [25] and L. C. Evans and P. L. Lions [19] shows
that we have in fact

[Dyue(:y ¥)|po@y<C for |x|<2 independent of y and &.

We now state the main result of this section.

THEOREM 1.1. Under assumptions (4) and (15), as & goes to zero u¢ con-
verges to the solution, u, of the HSB equation (5) in L°(2) for any p << oo
and a.e.

Before proceeding to the proof we make several remarks.

REMARK 1.2. The proof we give uses the existence of u, the solution
of (5). It is actually possible to prove Theorem I.1 in such a way that we
also construct the solution, u, of (5). In this way one avoids introducing
the penalized system used by L. C. Evans and A. Friedman [18]. The key
step in this process still remains the derivation of a priori gstimates as
in [19] and [25] and this is independent of the chosen approximation scheme.

Proor or THEOREM I.1. We first note that if ¢ << ¢’ then u¢ is a sub-
solution of (1) for &’. By the proof of Proposition I.1 we conclude

(@) <us(x, y)<ué(x,y) in Zif e< e .

Thus u¢ decreases monotonically to some function %(x, y). By Remark I.1
since Dju¢ are bounded independently of y and ¢ for |x|<2 we deduce
from the equation

JEl<ed —5 + Ce  an L,ue— 0 in "(0))m.
D 5 C d D 0 2'(0)
i

02use
— 2
i

Therefore, there is a function v(x) € W2*(0) with v = 0 on 00 and such
that
Uz, y) = o) a.e. in 0.

Furthermore,

u¢—ov in the weak star topology on L%(2).

From our first inequality we conclude v>w% in @. On the other hand
from (1) we deduce that

ov

_ 2 ay(, ) _aaizgx; (v) + ; bz, y) 8_93, (@) + e(m, y)v(®) <f(e, ¥) in 2'(0)
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for any y in 0. This implies (since v € W2=(0)) that

0% ov '
e [_z““‘m Pma (2) + 3 b, 9) (@) + (2, y)0(e) — fl y)]<0
ve6 i 17 0w, 0w, ; ) 3, ) ,

a.e. in 0.

By applying the general results of [27] (see also [26], [5] or the proof of
uniqueness of solutions of the HJB equation given in [25]) we conclude
that v(@)<u(z) in @. This completes the proof of Theorem I.1. O

REMARK [.3. We give a formal proof of Theorem I.1 which we believe
clarifies our result. Suppose uf(x,y) converges to v(z,y) in C%(2). Ob-
viously v is independent of y so v(z,y) = v(x) (because otherwise the
penalization term in (1) would become unbounded). We claim that

ous oue
sup [ 3 s 0, ) 55 (0,0) + S0, 9) 5 (0,9) - oo, s )

yel@ 2
02us )
_Z‘a"?/—g(w,?/)—‘f(gﬁyﬂl)]:O in 0.

If the equation above is true then clearly v = lsl_I)I% u¢ also satisfies this equa-
tion, i.e. v is the solution of (5).

In order to prove our claim fix z, in O and let y, = y(x,) be a maximum
point of us(z, y). If y,e O then D, us(z,, y,) = 0 while if y,e 00 then D uc(a,,
9,) = 0 because of (3). We have therefore proved our claim and completed
our formal proof.

Let us now consider a probabilistic interpretation of Theorem I.1. We
must first describe the stochastic control problem associated with (5).

An admissible system, .7, consists of:

i) a complete probability space (2, #,%;, P) with a normalized
n-dimensional Brownian motion W,

ii) an adapted process y(f, w) taking values in 0 (sometimes called
the control);

iii) a family of solutions, £,(t) for x € 0, of the stochastic differential
equations:

d&,(1) = o(&.(1), y(t)) AW, — b(£.(1), y(2)) dt,

(17) —
£(0)=2a for xe0,

where (o,;) is the positive definite symmetric square root of (2a,;).
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We set

Tz t
18)  ue)=iniB [ f H(E.(t), 3(1) exp {— f o(Ex(5), 3(5)) ds} dt]
0 0

where 7, is the first exit time of the process &.(f) from 0 (or 0). One then
verifies that wu(x) is the solution of (5) (see [26], [35] or [27]).

Neat we consider the stochastic representation of wé(x,y). In addition to
the Brownian motion W, let Wt be a normalized m-dimensional Brownian
motion independent of W,. For each (z,%) in 2 we consider the stochastic
differential equations with reflections

A&, (1) = 0(Eau(®)y gurs(t)) AW, — B(&, (1), y04(1)) dL,
a7) A (8) = V2 AW, 4 q(1) dt — 155(spe0(8)) 0(s10,(1)) A4,
Yeu®) €D for all 4, £, ,0) =2 and J,,(0)=y,

where A4, is some increasing adapted continuous process with 4,= 0 and
q(t) is any adapted process having values in B, = {|¢|<1/e}. (The last
term in the second equation in (17') corresponds to the reflection i.e. the
Neumann condition given by (3).)

If we now let .o/’ be the admissible system generated by (17') and the
other appropriate corrections we can show that

Tz,y t
(18)  wie,y) = inf B [ f HEan(D)y yonl®)) -exp {— f S(En(s)s o)) ds} dt] ,
0 0

where 7., is the first exit time of the process &, () from O. Indeed, (18')
is just an application of Tto’s formula (since we know there is a smooth
solution of (1)-(3)) and related results may be found in [21].

It is now possible to understand (at least intuitively) the principle
underlying Theorem I.1. As ¢ goes to zero the class of admissible ¢(t)’s
becomes larger and larger. Eventually it becomes « dense » in some sense
in the space of all possible bounded adapted processes from .«/. Since we
can approximate any adapted continuous process #(¢) by some process
#.,4(t) and since adapted continuous processes are enough for (18) we conclude

ue(x, y)ju(x) as e}0  for all (z,9y) in 2.

(Since w € C(2) this proves by Dini’s lemma that the convergence is ac-
tually uniform in 2.)
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REMARK 1.4. Theorem I.1 is totally independent of the boundary condi-
tions in «, i.e. condition (2). Analogous results hold, for example, if (2)
is replaced by a Neumann condition or even nonhomogeneous boundary
conditions.

ReEMARK 1.5. It would be very interesting to have an estimate on the
rate of convergence of u¢ to u (for example in ((2)). We have been able
to prove the following such estimate for the special case when u is very
smooth and the supremum in (5) is obtained at a unique point, y, which
depends smoothly on x. The estimate is

[we— %] o9y < Ce .

We hope to come back to this point in some future study.

2. Dirichlet boundary conditions.

In this section we shall consider the problem given in Example 2. Thus
for each ¢ > 0 we let u¢ be the solution of (1), (2) and (6). We assume some
additional regularity on the function, y, appearing in (6), namely,

(19) € 0>*(2) for some o« >0 and » =0 on 20.
Y Y

By arguments similar to those used in the previous section it is possible
to prove the existence of a unique solution, u¢, of (1), (2) and (6). In addi-
tion we also establish the estimate (just as in the previous section)

W(w) <us(xr, y) <u(r,y) for all (z,y) in 2,
[ D u?|pe9y<C  (independent of &) for |o|<2,

~

where @ and » are the respective solutions of (7) (see [35] for a solution
of thiz problem) and

o o _
— 2] @iy(@y Y) 2w, o0, O T 2 0@, y) 5 - (@ y) + e, y)u, y)

(16) —SF @y = fwy in2

ue 02(:@) plus boundary conditions (2) and (6).

‘We now have the main result of this section.

THEOREM I1.2. Under assumptions (4) and (15) on the coefficients and
under assumption (19) ue converges to the solution, @, of the obstacle problem
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7) for the HJB equation in L*(2) for any p < oo and a.e.
ProoF oF THEOREM I.2. The first part of the proof of Theorem I.1
remains valid in this context. Thus we have
(@ y)u(@, y)>d@) in 2
u(z, y) = p(x) on 0x20 and u is u.s.c. ,
w(x, y) = v(x) a.e.in 2, ve W*(0), v =0 | on 00,

Sup[ Zauxyy)a a )+wa’./) ()—I—C(w,J ( —fwi./)] 0

yel sd

a.e. in 0.

If we prove that v(x) <y(x) then by use of the maximum principle we
can establish v(x)<@(x) in @0. Thus just as before v(x) = u(x).
In order to show v(x)<w(x) we use the next lemma.

LeEMMA 1.1, Let u be a w.s.c. function on 2 and assume % = v(x) a.e. in 2
where v € ¢(0) then
v(x)<inf u(w,y) n O.
1/68(5

ProoF oF LuEMMA I.1. Let xe 0 and let y € 00. We only need to prove
that v(z) <u(x,y). Indeed, v and % agree on a dense subset of 2 and so
there are sequences x;, — « and ¥, — y such that »(x;) = u(x;, ;). However,
v is continuous and % is u.s.c. so we conclude

v(@) = lim w(z;, y;)<w(@y). O

This lemma in turn completes the proof of Theorem I.2. O

REMARK I.6. Recall the false heuristic argument given in the introduec-
tion. If ué(x,y) — w(x) then one would expect u to satisfy u = ¢ on Ox 00
and thus w = y. Obviously, this is not true since as we pointed out in
the Introduction y does not in general satisfy (7). This shows that there
are boundary layers near 0 X 00.

Again let us consider a probabilistic interpretation of our results. We
keep the same notations as in the previous section and consider (&, ,, 7.,,)
solutions of

dfa‘ J(1) = G(Ew y(t)y Y, w(t)) aw,— b(éw,y(t); yr,w(t)) dt 9
(17f) Aipan(t) = V2 AW, + q(t
£,.,0) == and ym,ym) =y for (r,y)e 2,
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where ¢(?) is any adapted process taking values in B,,. It is well known
(see [21] for example) that we is given by

Tz,y A ?I,y

t
wio, ) =it B| [ (), guutt) -exp {— Joleants), puste) ds} at
0 0
+ '%'[o,oo)(fz,u_ Tow) w(fx,y(rw,v/\ fx,v))] ’

where 7,, and 7., are respectively the first exit times of &, , from 0 and

Yoy from O and Z' o is the characteristic function of the non-negative
half line.

It can be shown that it is possible to approximate any process yx(¢) with
values in @ by a process of the form g,.,(¢) with larger and larger drift
controls ¢(t) (at least if y ¢ o0 for in this case #a,0(t) Will exit from 0
instantaneously). In addition, if 6 is any stopping time we can use q(t)
to insure that 7., approximates 6.

The combination of these two facts shows that if (z,y) is in 2 and y ¢ 00
then ue(x, y){¥(x). In particular, from Dini’s lemma this implies that the
convergence is uniform on compact subsets of 0Xx 0.

REMARK I1.7. If we replace (6) by
(6) ut(@, y) = p(@,y) on 0x00

where p is a function on @x 90 which is assumed to be of class C>* for
some o >0 and p(x,y) =0 on 00X 00 then Theorem I.2 (and its proof)
is valid with y(x) replaced by inf y(z, y) in (7).

3. Variants and related problems.

Periodic boundary conditions on y. Let @:(O, ) X... X (0,
l,) for positive constants [, ...,1,. Consider the solution, ¢, of (1), (2)
plus periodicity in y. That is, we replace (3) in Example 1 by

(20) Dgus(y Yy oeey Yiay 0y Yisay ooy Ym) = DGUS(Dy Yy ooy Yixy Liy Yigay eey Ym)
for 1<i<m, y,€(0,1;) and |x|<1.

We can again show the existence of a unique u¢ and can prove that us converges
to the solution, u, of (5) a.e.
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Nonecylindrical domains. Let 2cR"XR™ be a bounded con-
nected domain with smooth boundary. Consider the solution, we, of (1)
plus the boundary condition
(21) us(z, y) = pla,y) on 02.

Define 0 by
0 = {w e R" | there is a y € R™ such that (r,y) e 2}.

Assume additionally that @ is a domain with a smooth boundary. Under
some natural regularity assumptions on the coefficients of the operator
in (1), on y and on 2 it is possible to prove that u¢(x, y) converges to the
solution, i(x), of the following equation

024 of
max [iuf {— Z’ a;;(@, y) T, 07, (®) + Z b.(z, y) . (2)

+ o(a, y)iile) — f(a, y)},aw)—ww)] —0 ae. in 0
di(x) = P(x) on 00

where 0,= {y € R"|(«x, y) € 2} and P(x) = in@ji w{x, y). We shall not develop
velz
these types of results any further at this time.

Stochastic differential games. Consider now the case of three
bounded regular domains @, ® and & in R*, R™ and R” respectively. We
use x, ¥ and z to denote generic points in these domains. In place of the
problem in Example 1 given by (1)-(3) consider the problem of finding a
solution, u*’, of: .

02y el ousd
- E @ ;(x) 7. 0w, (w,y,2) + Z bi(z, y, ?) oz, (z, 9y, ?)
(2% € i 2 i
02yeo 02us’

oo, 5, U2, 9, 9) — 3 g (@9:2) — 355 (0,9, )

1 1
(22) —+ ';: ]Dvue’d(wr Y, z)l _5 l])zue,d(w’ Y, Z)l = f(@, ¥, ?)
in 2=0x0x0,
uste C3(2), wus=0 on waéx@,

M

aue’f’: on Ox00x0,
on

and where a;;, b;, ¢ and f are all smooth functions on 2 and (a;;) is uni-
formly elliptic.
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It is easy to show existence and uniqueness of a solution, u®’, of (22) and
it can be shown that if one takes the iterated limit &1_1)1@0 lig‘l) u®® the iterated limit

exists and is a function, u(x), independent of y and z and u(x) is a solution of

X a——jgw (@)

157

(23) | + infsup {bew,y,z)%(w)+c<w,y,z)u<w)—ﬂw,y,z)}=0 in 0,
2€0 yeo L1 g

weCx®) and wu=0 on 30.

From the stochastic point of view one has:

wed(@, y, 2) = sup inf B [ f HE om0y FomalD)y Lomal®)
B A" s

t
-exp {— f (Earnls), Fornsl8)s L)) ds} dt]
0

where =/’ and %" are the appropriate admissible systems (analogous to
(17') and (18")) and 7 is the first exit time from 0 of the process Ean (1),
The stochastic differential equations for &, .., ... and (., . are

Ay y (1) = 0(Eupn,o(8)) AW,— B(E,,2(b)y Hayu,2()y Lo o(t)) A

Aipe (1) = V2 AW, + q(t, ) @t — 155(f0,,:(8)) 0y, (1)) 44,

Aoy o(t) = V2 AW, 4 (8, ©) @ — 155(Cs,0,5(8)) 0(Capn,o(t)) dB,

Em,y,z(o) = &, y:c,ﬂ,z(o) =Y, Cx,v,z(o) =z
where W,, W, and W, are three normalized independent Brownian motions
on R?, R™ and R” respectively, ¢(f, w) and r(f, o) are adapted processes

taking values in B,, and B, respectively and 4, and B, are continuous
decreasing adapted processes such that 4= 0 and B,= 0 and for all (=,

Y, 2, 1) in 2X[0, 00) we have (g, .(t), {ou:(t) € Ox 0.
We have that u(z) = lim lim 4*’(@, y, 2) exists and

Tz t
u(x) = sup igf E Uf(ém(t), #(t), (?)) exp {— f o(£(s), #(s), L(s)) ds} dt]
0 0

where 7 and # are the appropriate admissible systems (analogous to (17)
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and (18)), 7, is the first exit time from @ of &.(1)
d&,(2) = o(&.(1)) AW, — b(&.(1), »(D), L(1)) dt, £,(0) = @

and (I, ) and {(I, w) are adapted processes taking values in O and 0
respectively.

REMARK I.8. If the matrix a,(x) is replaced by a matrix a,(z, ¥, 2)
(i.e. with dependence on % and z) we can still prove that %1_1)%1 181_1)151 uS(z, v, 2)
exists but we no longer know that the limit solves (in any strong sense)
the analogue of (23) to this case.

4. The Cauchy problem.

All the problems we have so far considered have natural extensions
to time dependent problems. We shall only give one example (the time
dependent analogue of Example 1) and we assume the functions a,;, b;, ¢
and f are time independent to simplify our notation.

Let 2'= 2x%(0,T) for some T >0 and let u¢ be the solution of:

ous 0% ue ous
S (@9, 0)— 3 (@, y) 5 (0,9,0) + X0, 1) - (0,9, )
k2% 2 J % i

az & 1 .
+ oz, y)us(z, y, t) — Za—;; (2, 9,8) + % leue(“'y Y, t)l = f(@,y) in 2,

wee 021(2)n 0(2)

we—=0 on 30x0x[0,T], %%ezo on Oxa0x[0, T],

us(2, Y, 0) = %o(2, y) for (z,y) in 2,

where u, is a given function in C(2) satisfying:
=0 on 00x® and D3yye L*(2).

Then a8 ¢ goes to zero, u¢(x, y,1) converges a.e. to a function, u(x,t),
in W21*(2’) which is the unique solution of:

0 02 G
= (@1 +sup [— S e, ) gy (@ 1) + S bio,9) 5 @0

yed X ox;
+ e(@, y)u(@, t) — f(, y)] =0 in 00, T),

u=0 on 00x[0,T], wu(x,0)=Iinfulz,y) forzin 0.

vel@
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This problem also has an optimal stochastic control interpretation but we
shall not consider it here. Notice that we have obtained the Cauchy problem
for HIB equations but the initial data has changed and thus there is a
boundary layer near t = 0. Cauchy problems for HJB equations are con-
sidered in N. V. Krylov [23], M. V. Safonov [38] and P. L. Lions [34] and [35].

II. — Penalization of the derivative in .

1. Neumann boundary conditions.

We shall now specify the domain @ but we shall allow more general
penalty functions as in Example 3. Assume 0 = (0,1) and that (4) and
(5) hold. Let u¢ be the solution of the differential equation (9) with bound-
ary conditions (2) and (3). To simplify our exposition we shall assume

(24) peCy(R), limsup M < oo

oo [t] '

(If B is convex or if (a,;) does not depend on y then (24) is not necessary.)

We shall now show why (9), (2), (3) has a unique solution, u¢. In view
of [1] it is enough to find two functions % and % soch that %, v € W2*(2),
u>u and

0% ou _
— 205@ ) g (@, 9) + 2 0@, 9) 5 (@) + ol@y y)u(@, )

0*u

1 0% ,
R ] A C) B C R

0* ou
— 3 (e, V) gy (@ 1) + 30y y) 5 + ol y) u(w, )

K

2

0 0
—sa o0+ E@y)<fon i 2

% and u satisfy the boundary conditions (2) and (3).

Finding such functions is accomplished by letting u(z, y) = %(x) be the
solution of

0% u ou _
sup {3 0,(0,9) 572 () + 3 0o, 9) 5 0) el ) o) — )} =0
a.e. in 0

ue W@ and =0 on 00
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and %(z, ¥) = w(x) is taken as the solution of

| z— o
int{— 3 0,(0,9) 50 g (0) + 3 05, ) g (@) +olo, yato) — (@, )] = 0

ved Qyd axi 800,-
a.e. in 0
ue W@ and u#w=0 on 00.

We now state the main result.

THEOREM II.1. Under assumptions (4), (15), (24) and assuming c(x,
y) >0, p'(0) >0,18(t) >0 if 10 and Hﬁf}}},}f |B(t)] = oo then as & goes to

zero the solution, e, of (9), (2), (3) converges uniformly on 2 to w(x) the solu-
tion of the linear problem (10).

REMARK II.1. As in the preceding sections the boundary condition in x
is of no real importance to the validity of our result and we could equally
well treat other boundary conditions cn 00.

We shall first give an analytical proof and then sketch a probabilistic
proof for the special case when f((¢) is linear.

Proor oF THEOREM IL.1. Let u(x) be the solution of (10). Therc is a
constant C, such that
=3 (a(@ 9) — i@, 0) e (@) + 3 (b, 1) — bila, 0) 22 (@)

& i b ) awi awj < [ASed i ’ awi

+ (C(w’ y) — e(x, 0)) u(w) — (f(w’ y) — f(z, O)) <00y
for all (z,9)e 2.
Because of the assumptions made on 8 there is a constant, C,, such that

p(Ciy)>Coy  for all y in [0,1].

Therefore, if we define @ by %é(x, y) = u(x) + $eC,y*+ €(C:/x) where o« >0
is chosen so that ¢(z,y)>« >0 on 2 then

277¢€ 8_8
[~ Ej a:5(2, ) % (2, 9) + E bi(z, y) a% (=, 9)
R 1 oue
oy 91, 9) — i (a0 + B(E 5 (@) —fa )|

1 C,
> Gy + o, 9) e+ e 2| — o0, + o)

>=¢eCie(x, y)y: in 2.

DO =
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Using this inequality and the maximum principle we deduce that

we(x, y) <we(v,y) in 2.

In the same way we deduce that if u, is defined by w{w, y) = u(x) —
— teCy? — ¢(C,y/x) then

ws(@, ) >%,(x,y) in 2.
As our final conclusion we obtain
lue— |09y < Ce

for some constant, C, independent of ¢. O

COROLLARY II.1. Under the assumptions of Theorem I1.1 there is a con-
stant, O, independent of ¢ such that

lue— w9 < Ce .

We now consider a probabilistic proof of Theorem II.1 in the special
case where ((t) = ¢. For this case we have

w(z, y) = B[ f £4(0, 730 exp{—fo(sz,v(s),yms))ds}dt]
0

0

where 7{ is the exit time of &, from O and £, is the solution of

dé;,v = G(‘E:;,w %) sz - b(fi,w %) dat
&o0(0) =2

and z; is the solution of

1
dyy= 2 AW, — < dt + [Loy(ys) — Le(yi)] A4,
70) =1y
where W, is a one-dimensional Brownian motion independent of the n-di-

mensional Brownian motion, W,, and A, is some continuous increasing
process such that 4,= 0.
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We claim that

sup B [f[ st dt] —0 as & goes to zero,
0

v€E[0,1]

for every § > 0. Indeed, observe that if we define v:(y) by

o

ve(y) = B[ [l 0120 at]

0

then v¢ is the solution of the o.d.e.

— @) L) + Ry =9t i (0,1)
(09)'(0) = (09/(1) = 0.

The claim now follows by constructing an explicit solution for ve.
Now, denote by &.(t) the solution of

ag = o(£,0) dW,— b(£, 0) dt

§(0) =«

It is clear that
t

u(@) = E[ff(fx(t), 0) exp {- f o(£4(5), 0) ds} dt]

0

for z € 0, where 7, is the first exit time of £,(¢) from 0.
To prove Theorem II.1 it is enough to show

Bl|& (1) —&,()[*] =0 as ¢ goes to zero,
for all t>0 and that the exit times converge. The exit times will converge

if the first statement is true since we have assumed o is nondegenerate.
So we consider E[|&; (1) —&,(?)[*] and we have

B[|&,,(8) — &) (1< CE tlfi,y(s) —&(8)|*ds| + CB tlyf,(S)Iz ds|,
0 0

for some constant ¢. The conclusion we desire follows from an application
of Gronwall’s inequality.
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REMARK II.2. It is possible to generalize the preceding results to some
extent. Consider the problem:

find ¢ in 0*2) N C(2) sueh that

02ue ous
) =3l y) gy (@) + 0o, 9) g (0 9)+ el Yus(a, 9)
02ue 1 Qus
—siren (i @)= f@y 2

plus boundary conditions (2) and (3).
We assume additionally that there exists a unique point y, on 90 such
that —n(y,) = (1, 0. ..., 0). This assumption is given precisely by

there exists a function, ¢, in W“”(Z) such that

0 0 7
é_;il>yl, a—Z> 0 on 9O\{Yo}, P(¥) = Yor

0c {Wlv,> Yo} and y,e 20 .

Under this assumption our previous results and proofs (appropriately modi-
fied) remain valid. An open problem is the case where there are many
points at which — n(x) = (1,0, ..., 0).

2. Periodic boundary conditions.

Let 0 = (0,1) and let (4) and (15) hold (regularity assumptions on the
coefficients and uniform ellipticity of the operator). Consider a solution,
u¢, of (9) satisfying the boundary conditions (2) and

ous ous -
(25) us(x, 0) = us(x,1) and £ (, 0) = N (x,1) on 0.

We assume that § is an increasing function such that
(26) feCYR), 0<e<f'(t)<e, for alltin R and B(0)=0.
We shall use y(t) to denote the inverse of f(t), i.e. y = =%
By assumption (26) there is no problem in finding solutions of (9), (2)

and (25). In order to simplify our presentation we assume a,(x, y) = @),
bz, y) = by(x) and c(, y) = c(x).
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THEOREM II.2. Under assumptions (4), (15) and (26) and if the coeffi-
cients a;;, b; and ¢ do not depend on y then there is a unique solution, ue, to
(9), (2) and (25). Furthermore, as & goes to zero the solutions u¢ converge
weakly in H2(2) to we C2(0), the solution of

2 2 -
— Say(@) 5}—3; (@) + 3 bdo) 5 @) + c@ul@) = J@) in 0

Usd

w=0 on 00

where f(x) is given by
1

(27) fy(]‘(w, y)—f@)dy=0 forallzin 0.
)

REMARK IT1.3. The same type of result holds if the coefficients a;;, b;, ¢
do depend on y. In this case the limit as ¢ goes to zero is the solution of

1

az
fy (f(m, y) + z a2y ¥) —gm; («)
0

Ty 0x;

28
=9 — 3 bya, m%(w) — e, y)u(w)) dy=0 in0

% =0 on 00.

If § is convex then u¢ converges to a solution of (28) (but with a,(x) re-
placed by a(w, y)). These results will be developed further in Part B) on
nonlinear averaging phenomena.

REMARK II.4. Because of (26) we see that y = f~! also satisfies the
same assumption. This implies the existence for each ze @ of t = t(x)

such that
1

[rit@,p—t)ay =o.

0

By the implicit function theorem ¢ is a C* function of # and we have

1 1
fy’(f(w, y)—t) % (z,y) dy = {fy’(f(w, y)—1) dy} % (z).
0 0

This shows that there is a unique function, f, of (27) and that f is C* on 0.
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Thus, there is a unique solution, u(z), of the linear problem given in The-
orem II.2.

Proor or THEOREM II.2. We first show that «¢ is bounded in H2(2).
Multiply (9) by (1/e)(0u¢/oy) and using (25) we obtain

1 oue\ 1 ous 1 Ous
f(fﬂ( o) G an) i 5
10
+ C][Dau ”L’ - —l -
o2u¢ (1 ou
t z aw Bwj(a oy )da; -
In view of (26) this implies
1 Ous 1 ous
% % By | 5o \{Ilflln'+ O D,u? 12} = 5 |

1 ou
f@w @@ aw,(s By)dwdy
ous du
2ezf3y( @(®) o, aw)d &

and using the periodicity condition, (25) again, we conclude

1 oue

e By |:

<[l + ClDaw] s -

Using well-known regularity results for linear equations gives us
lulayay< € + Oluemay< € + Cfuelima)uclisa) -

As we have seen before (in the preceding section) it is easy to obtain L
estimates for #¢ and so this proves our claim.

We may now extract a subsequence, still denoted by u¢, which converges
weakly in H2(2) and strongly in H(2) to some function » which will depend
only on « since D, u®—+ 0. In addition w satisfies » = 0 on 00 so we only
need to show (in view of Remark II.7) that

- E’ an(w)gg% (@) + 2 bi(@) g—;‘ () + e(@)u(z) + Blg) — f(=,y) =0

a.e. in 2



152 ROBERT JENSEN - PIERRE LOUIS LIONS

for some ¢ in L2(2) such that

1
fq)(w, y)dy =0 ae. in 0.
0

Since (1/e)(0us/dy) is bounded in L2 we have

2—)1;—8 —¢@ weakly in I?

o | =

gpe=

and because of (25)

1
f¢(-”, y)dy =0 a.e. in 0.
0

Since f is a maximal monotone operator we will be done (by some
general results due to H. Brézis [6]) if we show

ilm sup ﬁ(w)w«f«/xp
&—>0 3 3

where

02 0
$lar 9) = o 9) + 3 a0(@) g (0) — S ba) 57

0 ;

() — c(x)u(x) .

Using (25) we find

fﬂ(tpﬁ)tps =f {f(w, Y@@, y) — 3 bi(@) %Z: (, y)gp2(@, y) — e(@)us(x, y)p(=, y)}
2 2

ous

0
— Ej (a—x]_ aia-(w))a—xi @
2

and since u¢— » in H?* while p¢ —p weakly in L? we conclude
lilnfﬂ(tp‘)tps: yp. O
e—)O@ 3

REMARK IL.5. The proof above shows that we actually have:

u¢ converges strongly in H*2) to u(x),

%%; converges strongly in L3(2) to y(f(z, y) — f()).
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In conclusion we state the following result.

ProrosITION IT.1. Under the assumptions of Theorem I1.2, let u¢ be the
unique solution of

(9") E @@ a (@, y) + Z b, (w) o, (w, Y) + c(@)us(z, y)

02ue

— G w0 +38(5) = few in 2

together with boundary conditions (2) and (25). Then, as ¢ goes to zero, u®
converges weakly in H?2(2) to w which is the solution of

_ % ;@) % (x) + ; bi(x (w) + e(@)u(x) _-ff (@, %) dy n 0,

ueC’%@), =0 on 00.

The proof of Proposition I1.1 is very similar to the proof of Theorem II.2

and we will only sketch it. One first obtains the H? bounds on the solu-

tions in the same way as in the proof of Theorem II.2. If we set

1
(@) = [us(z, y) dy
0

we have

Z aw(m) a ax’ + ; b

(2

1
T oeyu() = f o, )

() -0 a

where the lagst term on the right is bounded by

1
1
OJ‘;‘ ’y( )d? y
0

where y(t) is bounded, y(f) —0 as t( 0 and thus this term converges to
zero in LY(0).
From here the conclusion of the proof is straightforward. O

ous
En

e
oy
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III. — One-sided penalization of the derivative in .

1. Neumann boundary conditions.

Let O = (0,1) and let (4) and (15) hold (regularity assumptions on the
coefficients and uniform ellipticity). We again consider a solution, ue¢, of
(9), (2) and (3). However, we now make the following assumption on f.
We assume

(29) pelCR), pis convex, f(t)=01if <0 and f(t) >0 if t>0.
A typical example is f(f) =
Our first result is on the solvability of (9), (2) and (3) under the assump-

tion (29) on § and gives an a priori bound on the solution, we.

PRrOPOSITION ITI.1. Under assumptions (4), (15) and (29) there exists a
unique solution, ué, of (9), (2) and (3). Furthcrmore

0%ue
oy

[ Diu®|Lo(2)< const;

<const;
L°(2)

| ue|pro2) <const.
In particular

[%e] .00y <cOnst  for any p <oo.

ProrosiTION IIL.2. Since the uniqueness of a solution to (9), (2) and (3)
is a straightforward consequence of the maximum principle we shall prove only
the existence of a solution. In order to prove the existence of a solution
we apply the results of [28] (and its proof) from which we conclude that
we need only to exhibit a subsolution w satisfying

2

30 ) 5 @) + S e, Y) 2 0, ) + el 9) ua,0)
)

T,

ayz ( Y )‘l’ﬁ( = (@, y))/f(w, y) a.e.in 2,

ue W»°(2) and u satisfies (2) and (3).
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If we denote by u(x) the solution of the HJB equation

0? 0
sup {— S i@,9) gy 5 @) + 3 bty ) 3 @)+ olayy) %(w)—f(w,y)} =0

v€e(0,1) ¥

a.e. in 2

then it is clear that # is just the subsolution we need since $(0) = 0.
We proceed to the a priori estimate on the solution. Since f is convex
we may apply the arguments in [25] and [19] from which we obtain

[ Dgue| o9 <const  for |a|<2.

In particular this implies that
R 1 ous
-5 G 3)

Let (@, %) be a point at which ou¢/oy attains its maximum. If (us/oy)(x,,
%) <0 then B ((1/e)(0us/0y)) =0 in 2 so

02ut

- <const .
oy -

L2(2)

On the other hand, if (Ous/oy)(xy,y,) >0 then (w,,y,) € 2 and since
(02ut/0y?)(@y, ¥o) = O this implies

1 Qut
/i (E e (o, yo))<const
and in all cases
1 ous
o< (3 %

)gconst in 2.

This concludes our proof. 0O

‘We now state our main result for this section.

THEOREM IIL.1. Under assumptions (4), (15) and (29) the solution, us
of (9), (2) and (3) converges weakly in W?(2) as ¢ goes to zero to the maximum
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solution, u, of the HJB equation

o2 ou
max {(— S (e, ) gy g @ 9) + 3 0o 1) - @)
0% 0 .
(31) + e, y)u(z, y) — ‘a? (2, y) — f(2, ?/)) ’ a—Z} =0 a.e. in 2
= u ou L~
w=0 on 00XO and @(m,O):a—y(m,l)zo in 0.

In addition, w € W2r(2) for p < oo, D u € L*(2) and 02u/dy2e L=(2).

REMARK ITI.1. If the boundary condition (3) is replaced by some Di-
richlet condition, like

(6" ut=0 on OXo0

then we do not know what the limit of u¢ is. We conjecture that «¢ con-
verges to # where % is a solution of (31) but with boundary conditions
replaced by

=0 on 8@, w(z,1)=0 in O,

max (u(w, 0), %z (, 0)) =0 in 0.

There would be a boundary layer near @x {0}.
We proceed to the proof of Theorem III.1.

Proor or THEOREM III.1. First we show that if a subsequence w°"
converges in C!' and weakly in W2?(2) (for p < oo) to a function % then u
is a solution of (31). Indeed, because of the penalization term we have

a—u<0 in 2.

oy
Next, if w, = {(#, y) € 2|0u/0y <— a< 0} then for any o > 0 there is an =,
such that when n>n,

a_g_; <0 on w,.
Therefore we have on w,
o2yt ousn
— 2 ii(#, §) e (2,9) + X bil@, ) 5 (2, 9) + o, y)usn(, y)
i, ox,; 0z, i 0x;

azu8n
— -@; (z,9) = f(2, )
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and thus, in the limit

0%u ou
- g (@0 Y) 5 s (@ Y) + 3 0@, Y) 7= (@ Y) + o@, y)u(@, y)
’ 02u
T (@, y) =fz,y) on o,.
Since we obviously have

2

0? 0
— 3 @, ) = (@,9) + 30w, 1) 52(@,9) + o, y)u(, 9)

—g—y? (¢, y) —f(@,y)<0 a.e. in 2
these facts imply that « is a solution of (31).

We now prove that any such limit, #, is a maximal solution of (31).
This of course proves that the sequence u¢ itself converges to the maximal
solution of (31). Indeed, let v be any solution of (31). Then » is a subsolu-
tion of (9), (2) and (3) since f(t) = 0 if ¢<0. It follows that v <u¢ for any
e >0 and this proves our claim.

It is also possible to give a probabilistic proof of the preceding result
because all of the differential equations have an interpretation in terms of
optimal stochastic control. To simplify the presentation we shall present
briefly and formally the optimal stochastic control problem associated
with (31).

Denote by & the following (n + 1) X (n + 1)-matrix

and let d(x,y) denote the vector in R*xR

&mw=0%”)

()

Consider the solution, &, ,(t), of the controlled stochastic process,

Let e, be the vector in R*XxR:

A&, (1) = O, 0)5(&,,(2) AW, — @2(t, ) B(&, ,(1)) At — (1 — B¢, w))e, dt
+ 1{0}(5%7(”) €y dAt_l{l}(Ew,u(t)) €y da,
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where A, is some continuous nondecreasing process such that 4,=0 and
where O(t, w), the control, is any progressively measurable process taking
values in [0,1]. Then

Tz,

t
u(w,y) = inf B [f@%t, o) f(&.,4(1)) exp {—f@%t, w)e(£,4(8)) ds} dt}
(0]
0

0

where 7,, is the first exit time from 0 of the process E}U,v(t) where &-‘;’v(t)
denotes the projection of &, ,(f) onto R~

This control problem corresponds to the situation where at each time
and on each trajectory one may choose between the diffusion process (gov-
erned by the linear second order differential operator) and the pure deter-
ministic process in the positive y-direction. This is a control problem with a

degenerate diffusion process. 0O

2. Periodic boundary conditions.

We continue to assume that @ = (0,1) and that (4) and (15) hold. We
still consider the solution, u¢, of (9) and (2) but we replace (3) by (25) and
we still assume f satisfies (29).

In the same way as in Proposition IIT.1 we prove the existence and
uniqueness of a solution, we, of (9), (2) and (25). It is again possible to
prove the following a priori estimates:

[ D ue]| o9y <comst  (for [e]<2)
and
02us
oy?

<const;  |ue|pree<const.
L2(2)

The next theorem is our main result for this section.

THEOREM IIL1.2. Under assumptions (4), (15) and (29) the solution, ue,
of (9), (2) and (25) converges weakly in W2?(2) (for p <oo) as & goes to
zero to the solution, u, of the HJB equation

0? 0
sup {— > 0@, 1) 555 @ + 3 02 9) 5 (@)

v€(0,1)

+ o, y)u(z) — f(z, y)} =0 aein0,

ueWwWs*(0), wu=0 on0.
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REMARK IIL1.2. It would be very interesting to have estimates on the
rate of convergence of u¢ to u. We were able to obtain such estimates only
in very special cases (similar to those described in Remark I1.5).

REMARK ITI.3. It is possible to give multidimensional variants of the
above problem. For this case we take @ = (0, Ly) X...X (0, L,) and use
periodic boundary conditions in ¥; (1<i<m) and we replace the penaliza-

tion term £ ((1/e)(ous/oy)) by gﬁ(l/e)(au*«/ayi)) (for example).
i=1

PROOF OF THEOREM III.2. We need only prove that if u¢ converges
to 4 in the sup norm on (! and weakly in W22, p < oo, then % <u where u
is the proposed limit for wue.

If us converges to @ then since § is non-negative it is.clear that

ot
_gaia(w7?/)a amj( 7?/ +zb wﬂ ox i(w’:’/)

~

0
+ o(a, y)ii(x, y)—#(w, y)<f(@,y) a.e. in 2.

In view of the penalization term it is also clear that (z, y) = @%(r) and
thus % € W2>°(0) and % = 0 on 0¢. Therefore

sup{ Zaw(w;?/ aaa +Zb(w,y)a (%) + e(z, y)i(z "‘fwﬂ'/} 0

v€(0,1) )

a.e. in 0

and using the maximum principle as in [25] we conclude that #<w in @. O

This asymptotic problem can also be understood in terms of optimal
stochastic control since (9), (2) and (25) is an HJB equation where only
the drift in the y-direction is controlled. Using this interpretation it is
easy to obtain the limit result; we shall not give more details.

We conclude this section with a comment on the problem (9), (2) and
(25). This problem appears to be some kind of regularized, continuous
version of the approximation sheeme introduced in [18]. In [18] the problem,

max {_kzaz,( S (@) + 3 0@) g (@) + ef)ula ——f‘(w)}=0

1<ism
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is approximated by a system written as follows

) + ¢ (@)ui@)

o02uf ous
— : —_ i i
+/3( = i (w)) =f(2) o0,

u;=0 on 00 (by definition ;= u}, ).

If we consider ¢ as giving a discretization of (0,1) the continuous version
of the problem above is

o2ue ous
’“kzlakl(w’ y) axka + zb 7?/ a (my y) +c(x7 ?/)ua(m57)

~ +ﬂ(28—y(w’y))=ﬂx’y) in -Q’
ut=0 on 00X0,
%® periodic in y.

This is nearly the problem (9), (2) and (25); the only difference is that in
(9) we have an additional smoothing term, the « viscosity term » 02ue/0y2,
which in some sense smoothes the problem. The probabilistic interpreta-
tion of the problem above is given in A. Bensoussan and P. L. Lions [4].

B) SECOND ORDER PENALIZATIONS

In this part of our paper we consider penalizations involving the second
derivatives in y. The notations are the same as in Part 4) and we assume
that the regularity assumption (5) and the ellipticity condition (4) hold.
By 4, we mean the Laplacian in y, i.e. 4,= Y 02/0y;.

In Section I we show that the problem  ’

02U
B2 — 30, 9) g (@0) + T, 1) o (0,9)+ el pucta, )

A, ue

—}./3( (, y)): fle,y) a.e.in 2

with boundary conditions (2) and (3) is well posed. In Section IT we con-
sider the asymptotic problem, i.e. ¢ goes to zero. We assume that [ es-
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sentially satisfies (29) in this section. In Section III we again consider the
asymptotic problem but in this case we assume that f satisfies (26). This
case gives what we call nonlinear averaged equations (NLAE); we study
these problems in Section IV.

REMARK. A reference to a theorem from the previous part of this paper
will be denoted by « Theorem A ...». For example Theorem II1.2 of Part A)
would be written as « Theorem A.IL.2»,

I. - Some fully nonlinear elliptic equations.

We consider the following problem: find % a solution of

o
(32)  — 2 au@ ) ﬁ[; (@ 9) + 2 bz, y) g—z (z, y) + (@, y)u(z, y)
+ 13(_ Avu(w7 y)) = f(a’y Y) a.e. in 2

plus the boundary conditions (2) and (3). We assume that § is an increas-
ing continuous function such that

33) B0)=0, at—s)2<({t—s){ft)—p(s))<c(t—s)* foralltands,

where « and ¢ are positive constants.

This problem is clearly highly nonlinear and very few existence results
are known for such problems (an exception is the class of HJB equations)
(see [15], [16] and [20]).

THEOREM I.1. Assume (4), (15) and (33). Then
i) there exists a solution, u, of (32'), (2) and (3) in H2(2) N\ L*(2).

ii) If in addition we assume

(34) there exist constants C,, C >0 and |f(t) — Cot|<C for all t in R
then there exists a unique solution, w, of (32'), (2) and (3) in W2?(2)
(for p < o0).

iii) If we assume that B is convex then there exists a unique solution, u,
of (32), (2) and (3) in W22(2) (for p <<oco) which also satisfies

Dige L™(2), Ad,ueL>2).

iv) If a;,b; and ¢ do mot depend on y then there exists a unmique solu-
tion w of (32'), (2) and (3) in H2(2)N L°(2).
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ReMARK I.1. If § is convex it is possible to prove that » e W2r(2)
and if in addition § is smooth and the coefficients are smooth it is possible
to prove that u is smooth by a result due to L. C. Evans [17].

The existence in H?(2) only requires that a,€ 0(2), b,e L*(2), ceLl3(2)
and fe L* 2). Indeed, one only needs to adapt the proof below using the
results and methods of P. L. Lions [33]. Using a method somewhat similar
to the one used in H. Brezis and L. C. Evans [7] it is possible to show that
if a;, b;y ce Wb*(2) and fe HY(2) then there is a solution of (32), (2)
and (3) in H3(2).

REMARK I.2. We do not know if the H?2 solutions of (32'), (2) and (3)
are unique.

Before proceeding to the proof of Theorem 1.1 we point out that ii) is
an obvious adaptation of a result of L. C. Evans [15] and we do not give a
proof. In the case where § is convex, iii), (32) is an HJB equation and an
eagy modification of the arguments in [19] and [25] yield the results claimed.
Therefore, we actually only present proofs for i) and iv) of Theorem I.1.

ProOF oF THEOREM I.1. To simplify our presentation we assume that
f € CY(R). As recalled above ii) is essentially contained in [15] and we use
ii) to prove i). Indeed, there is clearly a sequence f;, of penalty terms
satisfying (34) and which converge uniformly on compact sets to f. We
can assume w.l.o.g. that S, satisfy (33) uniformly in %.

Therefore there exists a sequence of unique solutions, u,, of (32'), (2)
and (3) with B replaced by f,; the solutions are in W27(2) (for p < o00).

We claim that there exists » > 0 and for every ¢ > 0 a constant O, such
that for all w € H2(2) which satisfy (2) and (3) we have

2
(35 ” & L2 awz am + z b.‘l a + cu —1— ﬂ( )) (“ A,,u)

L(:2)

>v{|Dyulire + [ DoDyulixa)} — e|uline— Celulie) -
Agsume (35) for the moment and note that this gives
| Dy a2y + 1Dy Dyth] oy <elwalmay + Collteizca) for every £>0.
Using (32') this implies that
%22y < C + Cllue| ey for some C independent of % .

It is standard to show by appropriate supersolutions that |u,|;«~e) < const.
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Therefore we conclude
|%ilmey<const and w09 <const.

These are clearly the types of estimates that we desire.
We shall now prove (35). It is enough to prove (35) for smooth funec-
tions satisfying (2) and (3); we really need only to prove

a2
(35") f (— Sty o | (— A,u) > 9| DDy ulh 2y — el — Ouulius -
i’j aw,’ awi

Recall that a;; are Lipschitz continuous. Thus

f( Ea,jaag )(—A u)
2
oA afEezeas
2

o2u
f(— zza i 6_:1;,- amf) (= 4,w)

2
02u 0%u 0 ou 0w
ﬁ,,,z, b om0 0; 0y, 0%; Ay ,% f&y %) o ox; 0x; 0y,

> f - (@) g (— Ay) 9D Dyl — e Al — Ol D.lina)

and this is enough to prove our claim.

By our previous arguments u, are uniformly bounded in H2(2) N L*2(2)
and we may extract a subsequence (which for simplicity we also write as
u;) such that u, converges weakly in H2(2) and strongly in H'(Z2) and
whose limit, #, is in H?(2) N L*(2) and satisfies (2) and (3).

We shall now show that « satisfies the appropriate equation. To do
this it is sufficient to show that

k—> o0

lim sup f(—— Ayuz) (Br(— Ayu)) <f(— Au)p
S

where

02u

0
= f+Zaua oz, ;b‘a_;:,._cu'

(8ince B, converges to § in the sense of graphs we may apply H. Brezis [6]
and using the inequality above the desired result is obtained.)
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Now we know

1/,3 aw]

f(‘— Avuk))/gk(_" Az/uk)) Zf(_ 4 JUug)f + Z (— Ay up)as; 50 i
2 2

-3 f(_ A,u)b, %’“ —f(— Ayug) ey
‘ 2 ! 2

and since we may assume u, — % strongly in H(.2) the inequality that we
need to prove is

. 0%y, ou
B ) A
2

However, as we have seen in an earlier calculation

0%u 024y, 02Uy
%2 ( Auuk)a/ﬁ ami axj % u ayl aw oy, am:‘

. 0a;; Ouy, 0%y _s ga_,-_j ouy,
S1J oy, Ox; 0y, 0n, {7 ) Ox, O,
9 2

(_ Auuk) ’

and the last two terms on the right of the equals sign converge to the same
terms but with u, replaced by . Since the first term on the right of the
equals sign is convex in D?u, the weak convergence of u, to w in H?(2)
implies that in the limit the first term on the right of the equals sign may
be replaced by the same term with % in place of %, if the equals sign is
changed to the inequality « < ». This proves part i) of our theorem.

We now consider part iv) of Theorem I.1. We note that there is a
Ao > 0 such that: for some » >0

02 0
J‘( %au a(u ax +12b (u @, )+0( )+)‘0(u_v)
+m-mm—m—Amy~mw—w)
> (|| Dj(u — v)| 2y + | DDy — 0)|Zx2) + | Du(u — )| Fx2)} -

Indeed, the same argument as presented earlier in this proof shows that
the quantity on the left of the equals sign is larger than :

vol| Di(u — ) |7x2) + [ DoDy(t—)|Zx2)} — C|Dy(u — 0)|z22)| Da Dot — ) |22y
+ 2o Dy(u — 0)|ix2)-

By choosing » = »,/2 and 1, sufficiently large we obtain the desired inequality.
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We claim that the inequality just established guarantees that the solu-
tion, u, already constructed is unique for any fe L*(2) if ¢(z)>A,.

Indeed, by writing e(x) as ¢)(x) + 4, we may apply our previous ine-
quality to obtain D,(u — v) = 0, where » and v are solutions. Thus (v — v)
depends only on x and by setting w = u — v we find that

—Ya <>a@”; (@) + 3 bio) gy (@) + col@)ul@) + dowl@) =0 in 0,

)

w=0 on 00.

By uniqueness for linear problems we conclude w =0 in @ and this estab-
lishes our claim.

Next we prove that if » and v are two solutions with different inhomo-
geneous terms f and g respectively then

% — ]|powg) < O3, lf — 9li=c9
where C; < 1/f,.
It is clearly sufficient to prove this for the approximating solutions wu,
and v,. In fact we prove

(0 — 02) (@, 9) | <w(@)|f — gl=(e in 2

where w is the solution of

2

— 2 4u(®) afi ;j; Zb(w) w) + e(@)w(@) + Aw(@) =1  in O
weC0), w=0 on 0.

This claim is an easy consequence of the maximum principle (use the ver-
sion in [5]). By the strong maximum principle for linear equations we have

ol < 7
L%°(2) Ao .
Denoting |w|,»5 by C, we have the desired result.
We now can finish our proof of the uniqueness of solutions of (32'), (2)

and (3) when the coefficients do not depend on y. Indeed, if 4 and v are
two solutions in H2(2) N L*(2) then they are also solutions of

- z au
+ c(w)“(w7 y) + Zou (@, y) + 13(— Ayu(@,y) = f(®) + dulz,y) in 2
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(and similarly for o). By our previous work we find
[ — ] po2)< Oy A% — 0] (a)

and since C; < 1/f, we conclude v =v in 2. 0O

II. — Onme-sided penalization.

In this section we consider the following equation with boundary condi-
tion (2) and (3). Consider the solution, ¢, of

02Ut out
(36) =3 aul@ ) 5w @ 9) + Ihin ) o @)
+ o(w, y)us(w, y) — A, w2, y) + ﬁ("% A,,uﬁ) =f(w,y) in 2

plus boundary conditions (2) and (3) and where we still assume (4) and (15)
and § satisfies

(87) B =0 ift<0; P >0 ift>0, A{)—>oco ast->o0;

f is convex and Lipschitz on R.

In view of Theorem I.1 we know that there is a unique solution, wue,
of (36), (2) and (3); ute W27(2) for p <oo. In addition, by the methods
of estimation employed in [19] and [25] we have

|- D ue| o9y <constant  (independent of &) for x|<2.

This implies (from (36)) that

<constant  (independent of &)
L®(0)

“— A ue + ﬂ(—% A,,us)

and hence

<constant .

1
[— 4,u¢| =9 < constant; ”ﬂ (—— A,,ue)
£ L°(2)

THEOREM II.1. Under assumptions (4), (15) and (36) the solution, ue,
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of (36), (2) and (3) satisfies

(38) | Diutlmy< 0y for a|<2; |dyueli=e<C;

2o

In particular, u¢ is uniformly bounded in W*?(2).
As € goes to zero, u¢ converges weakly in W22(2) to the solution, u, of the
HS8B equation, (5).

<C  for some C independent of €.
L2(2)

We shall now give our analytic proof of Theorem II.1; then we give the
optimal stochastic control interpretation (note that since § is convex (36)
is an HJIB equation).

PRrOOF OF THEOREM II.1. Let u¢ converge weakly in W2?(2) to some
function u(x, y) satisfying (2) and (3) and

DiueL>(2) for |¢|<2; Ad,uel>(2).

By (38) we also know that — 4, ,4<0 in 2; by integrating this inequality
over 2 we get

0>J(—A,,u) =(!((!—A,,u)=éf(~ ZZ) 0.

The inequality is strict unless — Au,= 0 a.e. in 2 and then by (3) and
uniqueness for linear equations we conclude that « is independent of y.
Since f is non-negative we find that « satisfies

— 3 a4l 9) o g () + S Ule, ) 50 () + ol @) <flo, ) im0

and this implies <% in @ where i is the solution of the HJB equation (5)
with boundary condition (2). On the other hand since # is a subsolution
of (36), (2) and (3) we deduce (by the maximum principle of Bony, [5])
that

a<ut in 2.
Thusu='d. O

We conclude this section with an optimal stochastic control interpreta-
tion of this result. To simplify matters we assume f[(f) = t+.

For any progressively measurable process ¢(¢, w) taking values between 0
and 1/e we consider (&, n) = (&,,4, 7.,,) Solutions of the stochastic differential
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equations
ag(t) = o(&,n) AW, — b(&,n) dt, £&0)=w

dn(t) = V2 (1 + q(t, ) AW, — L5(n()) n(n(1)) dA,

where A, is some continuous adapted increasing process such that A,= 0
and (W,, W,) is some normalized Brownian motion,
It is possible to prove that we is given by

Tz,y

w(@,y) = inf B [ff(&(t), 7(t)) exp {—fc(E(S), 7(s)) dé‘} dt]
0 0

0<e<1/e

where, as before, 7, , is the exit time from 0 of £(t). Our result shows that
as ¢ goes to zero, all possible processes q(t) given above « approrimate» (in
some sense) all possible progressively measurable processes taking values in 5

It is worth noting that the result above gives a method to approximate
any (continuous time) stochastic control problem where essentially only the
intensity of the Brownian motion is controlled.

III. - Nonlinear averaging principle.

We now turn our attention to the problem (32), (2) and (3) where we
still assume (4) and (15) hold and where we assume that § satisfies (26).
We denote ! by y; in view of Theorem I.1 we know there is a solu-
tion u¢ of (32), (2) and (3) in H?(2) N L*(2). In addition, we know that
this solution is unique if any of the following conditions are satisfied:
i) § is convex;
ii) (34);
iii) the coefficients a,;, b;, ¢ do not depend on ¥.

Our main result of this section is:

THEOREM III.1. Assume (4), (15) and (26) hold. If the coefficients (a.;)
do not depend on y then any solution, ue, of (32), (2) and (3) is bounded in
H2(2) (independent of €). Furthermore, as ¢ goes to zero us converges weakly
in H2*(2) to the solution, w, of (14) and (2).

REMARK IIL.1. If f§ is convex the solution of (14) and (2) is in W2*(0).
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REMARK III.2. If () = C,t¢ then (34) is clearly satisfied and our result
yields the particular case (well known when @ = §):

us(, y) > u(e)

— 25 a@i,(x) %g—% () + 2 bi(x) %‘i () + e@)u(@) = f@) in O
where
o 1 .
a(x) = m) ja“(m, )

and similarly for b,(«), ¢(x) and f(z).

When f is not linear then (14) is a nonlinearly averaged equation. There
are a number of examples for higher order problems which indicate that the
nonlinear averaging phenomena is not a property of just second order
operators nor just elliptic operators (see [8] and [22] for related results in
the context of Navier-Stokes equations).

REMARK IIL.3. From the stochastic point of view the case when f is
linear is a straightforward ergodic problem. When f is nonlinear, say
for example § is convex, then Theorem III.1 is a combination of optimal
stochastic control and ergodic theory.

‘We shall only prove the a priori estimates and establish the weak con-
vergence of a subsequence of solutions, u¢, of (32), (2) and (3) to a solu-
tion, u, of (14) and (2). In the next section we prove uniqueness results
for solutions of (14) and (2) and in conjunction with the results we are about
to establish this will yield a complete proof of Theorem IIT.1.

Proor or THEoOREM IIT.1.

i) Proof of a priori estimates. We shall first prove that ¢
is uniformly bounded in L*(2); in view of the proof of existence of solu-
tions for (32), (2) and (3) it will be sufficient to prove that there exist sub-
and supersolutions independent of § and in L*(2).

Let % (resp. w) be the solution #%(x, y) = #(x) where % is the solution of

. 02U ou
inf {_ S @@, 9) 5 @) + 3 b2, 9) o (2)

‘VEE
+ e(@, y)u(r) — ||f||L°°(_@)} =0 in 0
ue W»(0), u=0 on 00
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(resp.

o0z u ou
S f— . —_— X _—=
VI:‘};){ Zo Ul Y) 55, () T Z bil@, )5 (@)
+ oo, 9)u@) + oo} =0 in 0
ue Wa*(@), =0 on 00.
It is clear that % is a supersolution and % is a subsolution and both are in-
dependent of . From the proof of Theorem I.1 it follows that w<ut<u
in 9.
If a,; does not depend on y we proceed as follows. Multiply (32) by
(— 4,u¢) and integrate to obtain

C o0%u
?0 14,4 2x.2) +f(— g a;(2) W]) (— 4,u?)
2
<(C + Olwxa) + O Deut|ixa) | 4yu]ixa)
where C denotes various constants independent of ¢ and wue.

Integrating by parts twice, as in the proof of Theorem I.1, we deduce:
there is » > 0 (independent of ¢) such that

C
—;o [ 4, u||Ex2) 4 ¥ Do Dyullisey < (C + Cfut|ina) + O Dotut|rx2) | Ay us|zacs) -

In particular this shows that

1
S [4vueinay < C + Clula e
and
[DoDytue s 0y<C + C|ut| gy -

Using these inequalities and equation (32) we deduce

”Dazc’””v(.@)<~ C + Clutllgg -
In particular

[t gy <O + Cllut]gma

and we conclude as we did before.
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ii) Proof of convergence. As we have seen, [(1/e)4,u|q)
is uniformly bounded in e&. We shall now show that if u¢ converges weakly
to some function u(x,y) e H2(2) then wu(x,y) = u(x) and u satisfies (14)
and (2). Indeed, u clearly satisfies (2) and (3) and A,u¢= 0 in 2. There-
fore u(x, y) = u(xr) and u(z) satisfies (2).

To prove (14) holds for u we need to prove that if (— 1/e) 4,u¢ converges
in L3(2) to ¢ in L?(2) then

1
lim supf(——; A,uE) B (18 A,,uf)<ftptp
‘ 2 2

2 0
W ) = 0,9) + 3 0, 9) 5o (@) — 3 bla, ) g (2) — e, 9)u(o).

where

However

(2ol (Lol o —0io),

and since u¢ converges strongly in HY(2) to # we need only to prove

ous o2y
lim supf (‘*“ dyu )(2 i 3, 0w, ) f Y (g 32, 800,-) '
3 2

By a calculation similar to the one in the proof of Theorem I.1 we have

1 . o%use 8a,i ous({ 1 .
f(" S dvu )(E Y150, o, amj) < § P, ow, (— 5 Ao )
2

and since u¢ converges strongly in H'(2) we obtain

0%us da,; ou
lim Sllpf(“" Ayu )(z Y15, ow, 8w) f (@25 Ow; Bwj)'
2

Since u¢ satisfies (3) we have fgv (z,-) = 0 a.e. in @; thus

f (Eg:c g.::)_ _f (,, Y o, 8905)

This finishes our proof. O
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ReEMARK II1.4. If 8 is convex or satisfies (34) it is still possible to prove
some a priori estimates (independent of ¢) and pass to the limit in order to
obtain (14). However, the arguments used in passing to the limit involve
some messy technical modifications and so we do not present them.

REMARK ITL.5. If in (32) one replaces f((1/e)(— 4,u¢)) by (1/e)B(— A,ue)
then under the same assumptions as in Theorem IIT.1 u¢ converges to w,
the solution of the linear averaged equation with coefficients @,;, b,, ¢ and f
as given in Remark III.2. The proof is similar to the proof of Proposi-
tion A.IL.1.

IV. — Study of NLAE equations.

In this section we briefly study the equation (14) with boundary condi-
tion (2). We continue to assume (4) and (15) and assume that y satisfies
(26). We could consider different boundary conditions but we shall restrict
ourselves here to Dirichlet conditions.

THEOREM IV.1. Assume (4), (15) and (26) hold.

i) If y s convex them there is a unique solution w of (14) and (2) in
W2=(0). In addition, if y € C®, a,, b, ¢, fe C® then ue C(0).

ii) If y satisfies (34) then there is a unique solution u of (14) and (2)
m W2r(0) for p << oco.

iii) If a;; do mot depend on y then is a unique solution w of (14) and (2)
in H*0). In addition if y € C%, a;,b;, ¢, fe C® then u e C®,

iv) There is at most one solution of (14) and (2) in W2n(0).
Proor or THEOREM IV. 1.
Proof of iv). Denote the n xXn symmetric matrices by S, and define

the following function on S,XR"XRX 0:

F(éu, por @) =[pff(@,) + 3 aule, ) Eu— 3 bilay ) p.— ofay )1}
é 7Y 1
Thus (14) is equivalent to

(14') ( o*u  Ou

m, 'a—mi, U, w): 0 a.e. in 0.
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We have 0F/[0t<0 and (0F[0;)&.&;>c,x|E|?>0. Part iv) is then just a
consequence of [37].

Proof of i). With the preceding definition F is convex and (14’) is
an HJB equation. We now apply the results of [25] and [19]. Regularity
is a consequence of [17].

Proof if ii). If y satisfies (34) then clearly

Fluy piyt,2) = — of— 3 @u(0)éis+ 3 Bila)pi+ 8@)t} + B, Py 1, @)

where @,;, b;, ¢ are as defined previously and @ is uniformly bounded (be-
cause of (34)). Then ii) follows from the results of [15].

Proof of iii). If a,; do not depend on y we know by the preceding
section that there exists a solution # of (14) in H2(¢). Let us now prove
the uniqueness of this solution.

Let v and » be two solutions of (14) or equivalently (14'). From (14’)
we find

o2
— Z a:;() 5z, o7, (w — v)

+ ( aaF (0D Duy ) + (1= 0)D*, Do, 0);0) ab) 2

+( %f( 0(D*u, Du, u) -+ (1~0)(D2v,Dv,v),m)d0) 4—v)=0 in O
0
and

u—ov=0 on 00.

By (26) and the assumption on the coefficients b, and ¢ we find that 0F/op,
and 0F/0t are both uniformly bounded and by bootstrapping u — v € W2#(0)
for p < oo and uniqueness follows from [5].

We turn our attention to the regularity problem now. It will be sufficient
to prove C®* regularity assuming that everything is smooth. We first
remark that there are coefficients b,e L°(0) and ¢ € L®(0) such that

— 3 a0) g (@) + Sbd0) g (@) + Eo)ule) = (@) i O

) i
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where fe L*(0). Thus u € W2?(0) for p<oco. Then

1o, ) — 3 00z, 9) g (2) — elz, g)u(o)

is in 0%*(2) for 0 < @< 1. Denote this function by h(z,y). We have

oL .
fy (h(my y) + z} a;(x) 5&—;;; (x)) dy =0 in @

(7

but if ¢(x) is the unique value such that

fy (@yy) +twx) dy =0 for xe O

then
0%
— g a;(@) %, o (@) — t(x)

and t(x) € C**(0), so by the Schauder estimates weC>*. 0O

REMARK IV.1. Part ii) of Theorem IV.1 only needs f € L*(2), a,;€ C(2),
b;e L*(2), ce LT(2), (4) and (33). For part iv) if we only have fe L*(2),
a;€ C(2), b,e L*(2), ce LT(2), (4) and

(26') y € O(R), y is strictly increasing on R and y(R) = R.

Then the existence and uniqueness results in H2?(0) still hold; in addi-
tion u € W?(0) for p <oo. If y is C' and y' is bounded away from zero
then the regularity statement is still true.

REMARK IV.2. The existence of any solution, u, of (14) and (2) under
assumptions (4), (15) and (26) is an open question.
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