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Canonical Surfaces with p,=p,=5 and K2=10 (*).

CIRO CILIBERTO

Introduction.

It is well known that, in the theory of algebraic surfaces of general type,
the problem of finding out the existence of surfaces with given invariants
is still open, particularly referring to the construction of their canonical or
pluricanonical models and to the description of their moduli space. We have
recently dealt with regular surfaces with p, =4, K*=5,...,10 over C
(see [C]), obtaining exhaustive results for surfaces whose canonical models
have ordinary singularities in P2.

Turning to regular surfaces with p, = 5, it is known that, if the canonical
map is birational, it is K2>8. If K? = 8,9, the canonical models of such
surfaces are complete intersections in P4. In this paper we deal with surfaces
with p, = p, =5, K? =10, such that the canonical map is a birational
morphism. As far as we know, these surfaces have not yet been exhaustively
studied. Our interest has been also attracted on this subject by some
remarks of F. Enriques in [E], p. 289.

The main results we reach are the following:

(i) there exist surfaces with p, = p, = 5, K* =10, such that the
canonical map is a birational morphism: there exists a unique irreducible
component £V of the coarse moduli space of surfaces with the above in-
variants, containing points corresponding to classes of birational equivalence
of such surfaces; "™ is unirational, of dimension 40;

(ii) there exists a not empty open Zariski subset of #"® whose points
correspond to classes of birational equivalence of surfaces whose canonical
models have isolated singularities: these are canonical surfaces of degree 10

(*) This work has been made under the auspices of G.N.S.A.G.A. of the
Italian C.N.R.
Pervenuto alla Redazione il 1° Giugno 1981.
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in P4, not contained in any quadric, with a unique nonnormal ordinary
double point (see no. 6) and in general with no other singular points;

(iii) there are points in ™ corresponding to classes of birational equi-
valence of surfaces, special with respect to moduli, whose canonical models
have a singular curve: this can either be a double line, iff the canonical
model is not contained in a quadrie, or a curve of higher degree, which we
are able to describe, if the canonical model lies in a quadric; clearly par-
ticularizing moduli it could be possible to have canonical surfaces with
irrelevant singularities beyond the aforementioned ones.

An affirmative answer to a conjecture of Enriques (see l.c.) follows from (i).

The paper consists of two parts. The first one (no. 1-4) has, in our
opinion, some independent interest. We give an extension to algebraic
varieties of any dimension of results about curves contained in [S], part I,
concerning some graded modules over the polynomial ring associated to
an algebraic curve, to a morphism of it to a P7, and to a given invertible
sheaf on it. We get in this way some algebraic tools, useful for studying
surfaces in P4

These results, as well as other well known ones, are applied in part II
(no. 5-11) to the study of canonical surfaces. In no. 5 we give a first ap-
plication providing an equation of matricial type for canonical surfaces
in P* with p, = p, = 5, not lying in any quadric. In no. 6 we recall some
classical theorems of F. Severi which are frequently used in what follows.
In no. 7 we prove the existence of canonical surfaces with the aforesaid
invariants and with isolated singularities: the method we use is the con-
struction by liaison. In no. 8 we show that the equivalence classes of such
surfaces fill up an open Zariski subset of an irreducible, unirational, 40-
dimensional component J#"® of the coarse moduli space. We develope here
an argument similar to the one used in [S]in order to prove the unirationality
of the coarse moduli space of curves of genus 12. Our methods, strongly
based upon results of part I, give also an explicit description of the ideal of
canonical surfaces we deal with. In nos. 9-10 we prove the existence of
canonical surfaces with double line not contained in any quadric, and we
show that for a general deformation the canonical model has isolated
singularities. We liked to follow an hint of Enriques in order to prove the
existence, which could also be proved in different ways. Finally in no. 11
we study canonical surfaces contained in a quadric and their general de-
formations. The results in nos. 1-7 hold not only on C but on any algebraic-
ally closed field of characteristic zero.

We do not deal here with surfaces whose canonical system has base
points: this will be the object of another paper.
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We believe the methods we use in nos. 7-8 could be applied to the study
of canonical surfaces with p, = p, = 5, K*> 10 with isolated singularities.
However here some nasty technical difficulties occur in constructions by
liaison. It seems more difficult to get complete and detailed results about
canonical surfaces with p, = p,= 5, K* > 10, with nonisolated singularities.

Part 1

1. — Preliminaries.

Let 8 be an irreducible, nonsingular, projective variety of dimension
n>1, defined over an algebraically closed field K of characteristic zero.
We shall denote by 0Oy the structure sheaf of § and by K a canonical
divisor on §.

Suppose we are given a divisor D on S and a vector subspace V of
H(8, 0s(D)), of dimension r + 1>n -1, such that in no point of § all
sections in V vanish. Let p: § — P" be a morphism of § in the projective
r-dimensional space over K, corresponding to V. In what follows p will
be assumed to be a finite birational morphism. Then, if F = p(8), F is a
nondegenerate, n-dimensional subvariety of Pr and p is the normalization
morphism of F.

For any jeN, consider the natural map:

0;: H'(P', Opj)) — H(8, O4(jD)) -

We call F j-normal if p; is onto; if j =1 we shall say linearly normal in-

stead of 1-normal. F is projectively normal if it is j-normal for any je N.

Let us put S(F); = Ker g; for any jeN; S (F) = P SF(F); is the ideal
jeEN

of polynomials vanishing on F. We shall also write 27(j, F') to denote the

linear system P(J(F);) of hypersurfaces of degree j in Pr containing F,

and X(j) instead of X*(j, @).

Let U be the linear subsystem of the complete linear system |D| cor-
responding to V. By the assumptions, U has dimension r>#>1 and no
base points on §. By Bertini’s theorem, there are nonsingular divisors ¢
in U such that the restriction p, of p to O is a finite birational morphism
of C onto a section 4 cut out on F by a hyperplane 7 of P. If n =1 we
can assume that py is one to one. In the above case we shall say that 4
is a generic hyperplane section of F and that = is a generic hyperplane for F.
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If n>1, let R be a divisor on O such that Oy(R) = 0s(D)|¢; the natural mayp:
r: H'(8, Os(D)) — H*(C, O(R))

can be considered. If W = r(V), W is the vector subspace of H°(C, Oc(R))
corresponding to the morphism p,: ¢ — z. Similarly we can consider generic
sections of F with a P°c P', s>r— n. In particular, if s=r—n 4+ 1, we
have generic curve sections; they are nonsingular and their genus will be
denoted by g(8, D), or simply by g, if no confusion arises. Obviously ti
is g(8, D) = ¢(C, R).

For any re N we set A" = Klx,, ..., x,]. If M is a graded A®-module,
the K-vector space of homogeneous elements of degree jeZ in M will be

denoted by M;, so that M =@ M,;. In particular it is A” =P 4";
i€z jeZ
A is, in a natural way, isomorphic to the j-th symmetric power of V,

or to H°(P", Op(j)). Any ideal of A” will be, as usual, considered as an
AM-module, and any homogeneous one as a graded module. Moreover
any A®-module M, with s < r, will be considered as an A™-module setting
;M =0,i=s-+1,..,r. As usual we shall set M(m) = M, .., namely
jeZ

M(m); = M,,,, for any graded A”-module M and a,nyameZ. M* will
denote the dual of the A”-module M, namely the module Hom,, (M, 4");
M will denote the sheaf of Op-modules associated to M (see [H], chapt. IT).
Any homomorphism between graded 4™-modules will be homogeneous of
degree zero.

Let & be an invertible sheaf on 8. We shall put, as usual F(jD)=
= F R 0s(jD). One can look in a natural way at:

Y(&F) =D H'(S, #(jD))
jeZ

as a graded A”-module, where y(&), = H°(S8, #(jD)). It is known that
Y(F) is of finite type (see [0]). Besides dim (y(#)) =n + 1, since:

Ann, (Y(F)) = S(F).
(1.1) PrOPOSITION. The following are equivalent:
(i) (&) is a Cohen- Macaulay (CM) module;
(ii) ¥(8, #(jD)) =0, i=0,..,n—1, jeZ.
PrOOF. (i) = (ii) It is

Phye, (Y(F)) =r—mn.
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Thus:
Extg(‘,)”” (y(.ﬁ*’), M) =0

for any A”-module M and any integer i > 0. In particular it is:
Extld ™ (v(£)(j), AN(—r—1)) =0
for any integer j and any integer ¢>0. Applying Serre duality, we have:
H (P, y(F)(j)~) =0

for any jeZ and ¢1=1,...,n—1. Since y(F)~ = pu(F) we get the as-
sertion.

(ii) = (i) The assertion being true for n =1 (see [S], lemma (1.1)),
we make induction on n. From the long exact sequence of cohomology:

(1.2) ..—>HY(8, #(jD))—-H(C, #(jD)|;) > H"** (8, #(j—1)D) — ...
for any je€Z, we get:
W(C, Z(jD)|;) = ¥(C, F14(jR)) = 0

for any j€Z and ¢ =1,...,n — 2. By induction, y(#|;) is a CM module.
Assuming, without restriction, that = has equation #, = 0, and using again
the exactness of (1.2) and the hypothesis (ii), we get:

Y(Flo) = Y(F) |2, Y(F).
Then:

depthy e (Y(F o)) = depth e (Y(F)/z,¥(F)) <dept o (Y(F)) —1.
Since y(F|¢) is CM of dimension n, it is:

depth o, (Y(F|p) =n.
Hence:
deptho(Y(F))>n + 1= dim (y(F)) q.ed..

If y(#) is a CM module, there exists a free resolution of y(&#) of
lenght r— n:

(1.3) 0>F,_, T Ly s y(F) >0
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where the F,’s, i = 0, ..., r — n, are free graded A™-modules of finite type.
We shall frequently assume, in what follows, that (1.3) is also minimal;
in this case it is well defined, up to isomorphisms.

(1.4) ProposITION. If (1.3) is a free resolution of y(F), there exists a sur-
jective homomorphism:

n: F*_ (—r—1) > y(F*(Ky))
such that:

F—r—1 fr_pl—r—1)

(1.5) 0—Fi—r—1) > fra(—r—1) > y(F*(Ky) >0

is a free resolution of y(F *(Xs)). If (1.3) is minimal, (1.5) is minimal too.

PrOOF. Analogous to the proof of proposition (1.7) of [S]. q.e.d.

(1.6) REMARK. From proposition (1.4) it follows that y(#) is CM if and
only if y(# *(K)) is CM. Thisis also a direct consequence of proposition (1.1)
and Serre duality.

(1.7) REMARK. From the proof of proposition (1.1) it follows that if
y(F) is CM, the same occurs to y(F|;). The converse is not true: look,
for instance, at the case n = 2. If y(&) is CM, it is natural to look for a
minimal free resolution of y(%|,) related to (1.3), if this one is minimal.
Assume the generic hyperplane z has equation x, = 0. Tensorizing (1.3)
by AV = A"/(x,) over A™, by the flatness of A"~V over A™ we have that:

(1.8) 0>F_, Jons AL Fl sy (F|) >0

is a free resolution of y(F|,), where F; = FE X A", i=0,..,r—n,
AD
are considered as A¢-V-modules in the natural way, and the f's, ¢ =

=1, ... 7 — n, are the obvious maps. We shall see later that (1.8) is minimal
in some interesting cases.

2. — The minimal free resolution of y(#).

We define now some integers related to & and p; first the level of D
with respect to &. This is the integer:

4D, F) = max {meZ: 1°(8, F(mD — Ky)*) >0} .
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Let us consider the natural maps:

aip, F): VR H(8, #(i—1)D) — H'(8, #(iD))
by(p, F): V@ H(S, F*(Eg+ (j—1) D)) > H(S, F*(Es+ jD)) .

It is by(p, F) = as(p, F*(Ks)). We shall set:

alp, F) = dim (coker a;(p, F))
Bi(p, F) = dim (coker by(p, F))
for any integers ¢, j, and write £(F), aiF), ete., for £(D, F), adp, F), ete.,

if no confusion arises. We shall also write £ for £(0s), a; for a,0s), ete.,
if no confusion arises; ¢ will be simply called the level of D.

(2.1) REMARK. By definition of level, it is:

0, if 1<— /(?*(Ks))
(2.2) a(F) =
h°(S, F(@D)), if i=— /(f*(Ks)) .
Observe that:

{(F*(Ks)) = min {m € Z: (8, F(mD)) > 0}
so that:

(2.3) {(Os(Ks)) =0.
From (2.2) and (2.3) we get:

0, it i<0
RS, 0) =1, if i=0.

(2.4) 0=

It is also: ]

(2.5) oy = ho(8, Us(D)) — (r +1).

Similarly it is:

0, it j <—4F)

2.6 (F) =
=0 P (8, F(—jD— Ky)*), if j=—{F).

It is also clear that the integers #(F*(Ks)) and #(F) are completely de-
termined by (2.2) and (2.6) respectively.
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We now investigate the link between the numbers we have introduced
above and the ranks of the modules appearing in the minimal free resolu-
tion (1.3) of y(&), if this is a CM module. Obviously, it is:

(2.7) 1;:) ~ @A(')(— i)tx«(.?")
i€Z

where in fact it is i>—/(F*(Kys)) (see remark (2.1)). Similarly, by pro-
position (1.4) we have:

(2.8) F_ ~@A"(j—r—1)4

r—n
jeZ

where in fact it is j>—¢(&). From (2.7) and (2.8) it is clear the impor-
tance of an explicit computation of the numbers « (%), B:(F), ¢, jE€ZL.
In this direction we begin proving the:

(2.9) ProrOSITION. If y(&) is a CM module and n > 1, it is:
(1) ai(F) = alFlo), for any 1€
(ii) Bi(F) = Bia(Flo), for any jeZ.

ProoOF. Look at the commutative diagram:

H(8, #((i—1)D))

w‘/ \i’;‘

V@ H(8, #((i—1)D)) —*E2 (8, #(iD))

W ® H(C, #o((i—1) B)) —4ZlLs. Ho(0, F|,(iR))

where y;, v; are the natural restriction maps, and w,;, w,; are respectively
given tensorizing and multiplying by a nonzero section se H(S, Os(D))
vanishing on €. The right column of the above diagram is exact and, since
Y(&) is CM, the maps u;, v; are onto for any ¢€Z, by proposition (1.1).
Hence:

coker a,(F) =~ coker a,(F|c)

and (i)is proved. The proof of (ii) is analogous.  q.e.d.
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(2.10) CoroLLARY. If y(&) is a CM module, it is:
{(DQ F) = (R, ‘?Ic)_‘l-

ProoF. It follows from proposition (2.9), taking into account re-
mark (2.1). q.e.d.

(2.11) ReMARK. Suppose the resolution (1.3) is minimal. By proposi-
tion (2.9), the modules Fy and F,_, appearing in the resolution (1.8) have
the right ranks in order that (1.8) is minimal. Hence (1.8) is minimal if (1.3)
is minimal and r—n =1, 2.

Let us finally prove the following:

(2.12) ProrosITION. If y(&) is a CM module, it is:

1) ai(F) = 0, for any integer i=>{4(F)+ n + 2;
if F({(F)D) = Oy(Ky), it is also ai(F) =0 for i = £(F) +n+1;

(ii) B{(F) =0, for any integer j>¢(F*(Ks)) + n + 2;
if FH(F*(Ks))D)= 0, it is also p;(F) =0 for j = {(F*(Hs) +n+1.

Proor. The assertion is true if » = 1: in this case the proof, based on
a well known Castelnuovo’s lemma is analogous to the proof of proposi-
tion (2.6) of [S]. For n > 1, we make induction on n. Using corollary (2.10),
(i) is easily proven. Part (ii) follows from (i), since b(F) = a,(F*(Ky)),
taking into account remark (1.6). q.e.d.

3. — The case #= (5. Subcanonical varieties.

From now on we shall restrict our attention to the case & = 0s. If
¥(0s) is CM, namely, by proposition (1.1), if and only if it is:

(3.1) K(8, 04(jD)) =0, i=1,..,n—1, jeZ
applying proposition (2.12) we have:

(3.2) ; =0, ix>f+n+2

and, taking also into account (2.3):

(3.3) Bi=0, j>nt1.
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It is possible to say something more about f,. Precisely:

(3.4) ProrosITION. If y(05) is CM, it is:
(i) Bu<h(8, Os(D)) — (r + 1), if g>0;
(ii) Bn = deg (F)—1, if g = 0.

PrOOF. The assertion is true for n =1 (see proposition (2.6) of [S]
for (i); case (ii) is trivial). The proof is easily achieved for » > 1, making
induction on n and using (3.1). q.e.d.

(3.5) REMARK. If y(0) is CM and ¢>0, it is /> —n; if g= 0 and
deg (F)>1, it is /= — n. This is true for n =1 (see [S], no. 2). For
n >1 one makes induction on 7, using corollary (2.10).

We assume now:
(3.6) Os(Ks) = Os(dD) .

Then /= d and F is called a subcanonical variety of level d. If ()
is CM and (3.6) holds, applying again proposition (2.12), we get:

(3.7 Xaynp1 =0

beyond (3.2) and (3.3). We have also more informations in this case about
the resolution (1.3), if it is minimal and & = 0s:

(3.8);1% PrOPOSITION. If y(0s) is @ CM module, F is subcanonical of level d
and the resolution (1.3) is minimal, there are isomorphisms:

(3.9) F—r—1— @)~ F

iy =0,.,7r—m.

ProoF. It is y(Os(Ks)) = ¥(0s)(d), and the assertion follows applying
proposition (1.4). q.e.d.
A trivial consequence of proposition (3.8) is the:

(3.10) COROLLARY. In the same hypotheses of proposition (3.8) it is
o; = Piq for any i €.

Proposition (2.5) of [S] shows that the converse of proposition (3.8)
holds if » = 1. Similarly we can prove that:
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(3.11) PROPOSITION. If y(0Os) is a CM module and there are isomor-
phisms (3.9) between the modules appearing in a free resolution (1.3) of y(0s),
then F is a subcanonical variety of level d.

PrOOF. The assertion is true if » =1 (see [S], proposition (2.5), and
note that the hypothesis of minimality on the resolution (1.3) is not es-
sential). We make induction on n. The isomorphism (3.9) gives rise to
isomorphisms:

Fr+1+d*=F_,,, i=0,..,7r—n

between the modules appearing in the free resolution (1.8) of Osl|¢= O
(see remark (1.7): here F = 0s). By induction A is a subcanonical va-
riety of level d + 1. Look at the short exact sequence of sheaves:

0 — O5(Xs— (@ +1) D) — O(Xs— D) — O(Ks— dD)|c = Oy —0.

Since h(8, O5(Ks— (@4 1)D)) = 0, being (D) = #(R)—1=d by corollary
(2.10), and (8, Os(Xs— (d + 1)D)) = 0 by (3.1), we have:

(8, Os(Ks— dD)) = h(C, 0;) =1.

Then, either (3.6) holds, or there exists an effective divisor L on S linearly
equivalent to Kg— dD. Since D is ample on §, by Nakano-Mdishezon
criterion we should have:

L-C-D2>0

which is impossible. q.e.d.

(3.12) REMARK. If F is a subcanonical variety of level d, any its generic
hyperplane section is subcanonical of level d - 1. This is a consequence
of the adjunction formula (see [GH], p. 196). Proposition (3.11) asserts
that the converse is true if y(0s) is CM. If y(0;) is not CM, counterexamples
are available. Look, for instance at the case F' is a surface whose generic
hyperplane section is an elliptic curve, which is subcanonical of level 0.
It is well known that F is subcanonical of level — 1, namely a Del Pezzo
surface, if and only if it is regular; this is the same as saying that y(Cs)
is CM, as one can easily check.

(3.13) REMARK. We want to point out, like in [S] is done for the case
n =1, that proposition (3.11) implies that, if F is nonsingular and
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r=mn-+ 2, F is a complete intersection if and only if it is subcanonical
and projectively Cohen-Macaulay, which means projectively normal and
Y(0s) CM. This is the extension to projective varieties of codimension 2
of a well known theorem about curves in P* due to G. Gherardelli (see [GHE]).

4. — Fitting ideals and J(F).

If M is a finitely generated A™-module, ®(M) will denote the 0-th Fitting
ideal of M, which we shall simply call the Fitting ideal of M. Let us as-
sume M graded and Ann (M) s~ 0, which is the case we are interested in,
and let us recall the definition of ®(M). If M 5~ 0, let:

(4.1) e > M, > My-% M —>0

be a free resolution of M, with M,, M, of ranks m,, m, respectively. Since
Ann (M) 0, it is:

(4.2) my>my .

Given minimal bases of homogeneous elements of M,, M,, the map f is
represented, in the two bases, by an homogeneous matrix A4 of type m, X m,
(see [G], p. 190); here we are looking at the elements of M,, M, as col-
umn vectors of polynomials. By definition, ®(M) is the ideal generated
in A® by the minors of order m, of 4; by (4.2), these are the minors of
maximal order of 4. It can be proved that ®(M) does not depend on the
resolution (4.1) (see [MR]). If M = 0, by definition it is ®(M)= m, where m
is the maximal homogeneous ideal in A™. @®(M) is, in any case, an homo-
geneous ideal. -

If 4 is an homogeneous matrix of elements of A, ®(A4) will denote the
ideal generated in A™ by the minors of maximal order of 4. This is an
homogeneous ideal, called the Fitting ideal of A. With the previous nota-
tions, it is ®(M) = B(A), if M+~ 0.

(4.3) PROPOSITION. For any invertible sheaf on 8, it is:
Supp (Proj A‘”/@(y(ﬂ'))) =F.

Proor. For any module M, with Ann (M) 5= 0, there exists an integer
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h > 0 such that:
(4.4) Ann (M)»c @(M)C Ann (M)
(see [MR]). Hence we get:
(4.5) Rad (Ann (M)) = Rad (®(M)) .

Applying (4.5) to M = y(&F), we get the assertion, since Ann (y(F)) =
= J(I). q.e.d.

(4.6) REMARK. Putting M = y(F) in (4.4) and (4.5), we get:
(4.7) S(FPCcB(y(F))SHF), Rad(®(y(F))=S(F).
A natural question to ask is when it is:

(4.8) O(y(#)) = FA(F).

If M=y(#)in (4.1), (4.8) holds if:

(4.9) r—n=m—m+1.

This is a consequence of results of [BE;]. If r—n =1 and y(&) is CM
we can take m, = m,, thus (4.9), and hence (4.8), holds. For a direct discus-
sion of this case, with & = 0;, see [C] (see also next remark (4.14)).
If & = (@; and F is projectively normal, (4.8) trivially holds.

(4.10) REMARK. If y(&#) is CM, we shall denote by A4; the matrix re-
presenting the map f; appearing in the free resolution (1.3) of M = y(&F),
in two homogeneous minimal bases of F',, F,,, 4 =1, ..., r — n. If ®(4,) %~ 0
for any ¢ =1, ...,r— n, it is:

(4.11) Rad (P(4,) =SF(F), i=1,..,r—n

(see [BE,], theorem 2.1). Moreover the ideals ®+ = ®(4,)-B(4;) ..., P~ =
= P(4,) - ®B(4,). ... are isomorphic, namely there exists an e A", x5 0,
such that @+ = o®-. If r =10 2, it is P(4,) = aP(A4,), and in fact
x €K, since, by (4.11), Rad (®(4,)) = Rad (®(4,)). Thus ®(4,) = B(4,).
Applying this remark to projectively Cohen-Macaulay nonsingular varieties
of codimension 2 in a projective space, it is possible to find all known
results about the ideals defining these varieties (see [GA], [PS]).
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(4.12) REMARK. Let M = y(&#) in (4.1) and:

P
0

where v is a m, X1 matrix. Clearly g(v) =0 if and only if Pe #(F).
On the other hand, g(v) = 0 if and only if there exists a m,x1 matrix
we M, such that v = 4w. This trivial observation gives a method for
finding all polynomials in J(F), once we know the matrix 4. If a,, ..., @,
are its rows, first we find all m, X1 matrices w such that:

For any such a w, a,-w € #(F), and in this way we get any element in S (F).
It is obvious that the first row can be replaced by any other.

We now refer to the case # = 0;, and put M = p(0;) in (4.1). Then
we can take:

My=A"® A~ 1)*® ...

(see (2.7)), so that my = > ;. To get the matrix 4, we choose the fol-
lowing basis of M,: =0

€y 6315 wey €y 5y nnn

where ¢ generates A", e¢,,,...,¢ , generate A™(—1), ete. Hence we
can write:
A= 4
A,

here A4, is the first row of 4 and A4, is a (m,— 1) Xm, matrix. Let us give
an interpretation of 4,. Consider the natural map:

7(8): A" — y(0s)

whose kernel is #(F) and whose image is the coordinate ring of I'. If coker
7(8) = 0, namely if and only if F is projectively normal, it is M,~ A"
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and A, does not exist. If cokerr(8) 0, we have the following part of a
free resolution of coker 7(S):

o My L M,JeA® — coker r(8) — 0

where f is represented by A, in the two obvious bases of M, and M,/eA™.
Therefore we have:

(4.13) P(A4,) = D(coker r(9)) .

When, in what follows, we shall assume y(0;) CM, we shall implicitely
identify (4.1), in which M = y(0s), with the first part of (1.3), in which
F = 0. Thus My~ F,, M,~F,.

(4.14) REMARK. Let &5 be the sheaf of ideals of @p, which is the inverse
image of the sheaf of ideals conductor of 05 in Op, and let:

S'(F) = @ H(P, &5(3))

i>1
be the corresponding homogeneous ideal of A™. It is clearly:

(4.15) Supp (&) = A(F)

where A°(F) is the closed Zariski subset of F formed by the points at
which F fails to be normal. By our hypotheses A"(F) coincides with the
singular locus of F. From (4.15) we get:

(4.16) Rad (H/(F)) = S(N()) .

Since (coker r(S))~= P+(0s/0s), and &s is the sheaf of annihilators of
P+(0s/0p), it is easy to check that there exists an integer h > 0 such that:

J'(F)* C Ann (coker 7(8)) C#'(F).
By (4.4), (4.5) and (4.16), we get:
(4.17) F(F)CD(A,)CH'(F), Rad(B(4y)) = F(N(F))

for a suitable integer & > 0. Using the results of [BE;], we can also state
that, if: ’

(4.18) r— dim N (F) = my— mp + 2
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it is:
(4.19) ®(A,) = Ann(coker 7(8)) .
If r—n=1 and #(F) 0, (4.18), and then (4.19), holds (see [C]).
(4.20) ProposiTION. It is:
Supp (Proj A" /®(4,)) = #'(F).

ProoF. Similar to the proof of proposition (4.3), taking into account
remark (4.14). q.e.d.

Finally we want to compare Proj A®/®(y(0s)) and F = Proj A"|S(F)
in order to get a more precise statement than the one of proposition (4.3),
even if we are not going to make use of it in what follows.

First we remark that:

(4.21) P(y(0s)) CH(F)CI'(F).

Moreover, applying lemma (2.6) of [MR] to the exact sequence:
0 —AN[SF(F) — y(Os) — coker (8) —0

and using (4.17), we get, for some integer h > 0:

(4.22) S(F)-F'(F)'C I (F)-D(coker r(8)) C B(y(0s))

J'(F) determines two not empty open subsets:

Q, = {p e Proj A" |B(Y(0)): p p #'(F)/®(v(0s))}
2, = {p €Proj A" |F(F): pp S (F)|5 (F)}

which we consider as open subschemes of Proj A" /@®(y(0s)) and Proj A”/I(F)
respectively.

(4.23) THEOREM. There exists a natural isomorphism between £, and £,.

ProOF. Let p be any homogeneous prime ideal of A™ containing ®(y(0s))
but not containing S'(F). By (4.21) and (4.22), p contains 4 (F). There-
fore these exists a natual map ¢: 2, - ©,. Using (4.22) it is easy to check
that ¢ is an isomorphism. q.e.d.
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(4.24) CoROLLARY. If N'(F) =0 it is:
Proj A”[®(y(0)) = F.

Proor. If /(F) = 0, by (4.15) it is #'(F) 2m* for some integer k > 0.
In this case it is 2, = Proj 4" /®(y(0%)), 2, = Proj A»|F(F) = F. By the-
orem (4.25) the assertion follows. q.e.d.

(4.25) REMARK. Many of the results stated up to here hold even if we
drop the hypothesis § is nonsingular. Since we have only used Serre duality,
it is sufficient for § to be a locally Cohen-Macauly variety (see [H], chapt. II,
no. 8 chapt. ITI, no. 7). In particular, if n = 2 it is enough to suppose S
normal (see [GR], example 7.19). We shall constantly use this fact in what
follows. Moreover, often, and particularly in this no. 4, & could have been
replaced by any locally free coherent sheaf of @s-modules.

Part 1I

5. — Canonical surfaces in P4,

Let § be an irreducible, nonsingular, algebraic variety of dimension
n>1 defined over K, and let ¢: §— FCPr be a birational morphism such
that ¢*(Hp) € |[Ks— Z|, where H, is a hyperplane section of ¥ and Z is
the fixed part of |K;| on S. F is said to be a canonical variety. In what
follows we shall deal with canonical surfaces, assuming, unless the con-
trary is explicitly stated, [K;| without base points. There is, a factoriza-
tion of ¢:

where p: 8 — F is the normalization of F. It is well known that §
has only drrelevant singularities, also called Du Val singularities, and
q*(%(KE)) = wg i8 the dualizing sheaf of 8. We ghall call wg the canonical
sheaf of 8, and canonical divisor on 8 any divisor of zeros of a section of wg.
Then p is determined by a (r -} 1)-dimensional vector subspace V CH(S, ws),
and F is a subcanonical surface of level 1 (see no. 3 and remark (4.25)),
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which will be for us a synonym of canonical surface. The generic hyper-
plane sections of canonical surfaces are subcanonical curves of level 2
(see remark (3.12)); these objects we shall call half-canonical curves. If
m = deg (F),itis m = K% and, by adjunction formula, g = K% + 1 =m 4 1.

(5.1) ProrosITION. If F is a canonical surface, y(Os) is a CM module if
and only if q(S) = h¥(S, 0s) = 0.

Proor. Similar to the proof of proposition (6.4) of [C]. q.e.d.

In order to apply the results of nos. 1-4 to canonical surfaces, we have,
by proposition (5.1), to suppose, them regular. Moreover, since our goal
is the study of linearly normal canonical surfaces in P4 we shall usually
assume:

(5.2) Py(8) =P (8 =5.

It is well known that, if (5.2) holds, it is m = K3>8. Besides, if m = 8,9,
F is a complete intersection in P* (see [E], cap. VIII). To avoid trivial
cases we shall often assume m>10.

(5.3) PROPOSITION. If F is a canonical surface of degree m in P4, verifying (5.2)
and not contained in any quadric, in the minimal free resolution (1.3) it is:

F,~ AOD AW(— 2)m—?
(5.4) F,~ AW(— 3)2m—18

F,~ A®(— 6) P AD(— 4)m*
if f = 03.

Proor. By (3.2), (3.3), proposition (3.4) and corollary (3.10), we get
o; = f;_y = 0 for any integer ¢ different from 0,1,2. By (2.5) and (2.6)
we also get ap=f_, =1 and a,= f,=0. Since no quadric contains F,
we have o, = f; = h%(8, 05(2Ks)) — 15 = m— 9. Therefore, by (2.7) and (2.8).,
F, and F, have the expression (5.4). Let us now put:

Fo= @ A9 —6)
JjeZ

and determine the integers b;,. By minimality it is b, = 0 if j>6. Besides,
applying proposition (3.8), we have:

@ A (j— 6) = F, = F}(— 6) = D 4“(— j)".
i€z jeZ
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Hence b; = 0 if j<0 and b, = b;, b, = b,. But b; = 0, otherwise F should
lie in a hyperplane; similarly b, = 0. So F, is like in (5.4). q.e.d.

(5.5) REMARK. We keep the hypotheses of proposition (5.3). In the minimal
free resolution (1.3) there are two relevant maps: f,,f,. Choosing bases
for F,, F,, F, in the usual way, f,, f, are respectively represented by homo-
geneous matrices of the type:

RE
A= 113|m-o
(5.6) 2m—16
B =|[3] [1]|2m-16
1 m—9

where [¢] stays for a matrix of homogeneous polynomials of degree ¢ in A®,
and the numbers 1, m — 9, 2m — 16 indicate the sizes of the matrices.
Like in no. 4, 4, will denote the matrix obtained from A erasing the first
row. Clearly it is:

(5.7) A-B=0, A4,B=0.

(5.8) REMARK. If F verifies the hypotheses of proposition (5.3), and
m =10, F' must be singular. This follows from proposition (4.20), ob-
serving that ®(A,) is the ideal generated by four linear forms in A@. If
A(F) is one point, (4.18) holds, and so (4.19). Since ®(A4,) is radical in
this case, by (4.27) it is also ®(4,) = S'(F). The only other chance for
A(F) is to be a line.

Proposition (5.3) applies to many canonical surfaces. For instance if F
hags isolated singularities. In fact:

(5.9) ProPOSITION. If F is a canonical surface of degree m > 8 in P4, with
isolated singularities, then F does not lie on any quadric.

Proor. It is sufficient to show that if a quadric @ contains the generic
hyperplane section A of F, which is a nonsingular half-canonical curve in P3,
it must be m = 8. Assume @ nonsingular, and look at the exact sequence:

0 = Oy(— 4Hy) — Op(4— 4Hy) — Oy A — 4Hy)[a — 0

H, being the plane section of ¢. Since:

h!(Q, Uo(— 4Hy)) = h*(Q, Gg(2Hy)) = 0
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the map:
H(Q, Oy(4— 4Hy)) — H(A, Oy 4 — 4H,)|a)

is an isomorphism. Being:
Oo(4 — 4Hy)|a =~ O( 4 + Ko)|a® Oo— 2Ho)|a =~ Os(K4) @ Os(Ka)* = s

it is h(Q, Og(4 — 4Hy)) = 1. Hence A~ 4H,, where ~ denotes the linear
equivalence. So it is m = 8. The case @ is a cone can be worked out in
a similar way. q.e.d.

6. — Recalling properties of surfaces in P4

Let F be a surface in P*. We shall say that F has ordinary singularities
if it has at most a finite number of double points with tangent cone con-
sisting of two planes spanning P¢ Any such a double point we shall call
a node. If F has ordinary singularities and p: § — F is the normalization
S is nonsingular and the fiber of p is one point except at the nodes of F,
whose fiber is formed by two distinet points.

If F'is anirreducible surface of degree m in P4, with ordinary singularities,
we can attach to F three numbers, which are projective invariants, but
turn out to be related to the birational geometry of F. The three num-
bers are:

1) d(F), the number of nodes of F;

2) w,(F), the degree of the ruled surface described by the tangent
lines to a generic hyperplane section of IF';

3) wy(Z"), the number of distinet tangent lines to F passing through
a generic point of P4

A theorem of F. Severi gives the connection between m, d(F), w,(F),
wy(F). Namely:
(6.1) THEOREM. If F is an irreducible surface of degree m in P* with ordinary
singularities, it is:
(6.2) 2d(F) = m(m — 1) — w,(F) — w,(F) .

The proof of theorem (6.1) is in [SE,]; in [SE,] a more general result
can be found. For a modern version, see [CA].
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In order to give, a more intrinsic form to formula (6.2), it is necessary
to relate w,(F), w.(F) to the birational invariants of § and to the invariants
of the linear system [D| on 8, where, as usual, Os(D) = p*(0Up(1)). The
task is very easy for w,(F'), being, as easily can be checked:

(6.3) o (F)=2m J 29— 2.

As for w,(¥), we recall a theorem classically due to P. Bonnesen (see [B]),
a proof of which can be found in [E], p. 173-176, or, for modern versions,
in [KL], p. 162, and in [P], p. 115:

(6.4) THEOREM. With the hypotheses of theorem (6.1), ¢t is:
wy(F) = 2m -+ 8g—12p,(8) + 2K2— 20.
Putting together theorems (6.1), (6.4) and formula (6.3), we finally get:
(6.5) COROLLARY. With the hypotheses of theorem (6.1), it is:
A(F) = m(m — B)[2 — Bg + 6p,(8)— KZ 4 11.
Besides, with few computations, we get:

(6.6) COROLLARY. If F is a canonical surface of degree m im P%, with or-
dinary singularities, it is:

d(F) = m(m—17)/2 + 6p,(8) + 6
p: 8 —F being the normalization.

(6.7) REMARK. If F is a regular, linearly normal, canonical surface of
degree m in P¢, with ordinary singularities, by corollary (6.6) we get:

(6.8) d(F) = m(m—17)/2 } 36.
Applying corollary (6.6) and formula (6.8) to nonsingular surfaces, one
checks that:

1) F is nonsingular and regular if and only if m = 8, 9, in these cases F'
is a complete intersection;

2) F is nonsingular and irregular only if m =12, p,(8) = 4, thus
q(8) =1.

It is an open problem to find out whether the latter surfaces exist.
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(6.9) ReEMARK. If F is an irreducible surface of degree m in P¢, we shall
say that F has quasi-ordinary singularities if it is normal outside of finitely
many nodes: of course a node is not a normal point. Analysing Severi’s
proof of theorem (6.1) one checks that it still holds if F' has quasi-ordinary
singularities. More generally if F has isolated singularities, F' has non-
normal singularities equivalent, in a sense that can be made rigorous, to
d(F) nodes, where d(F) is given by (6.2). One has to be careful with the-
orem (6.4) if F' has quasi-ordinary singularities: one has to remember indeed
that isolated singularities affect p,(S), K%. If F has only irrelevant sin-
gularities off the nodes, no problem arises, thus theorem (6.4), and its
corollaries (6.5), (6.6) still hold.

Let us now assume that F, F’ are irreducible surfaces in P4, with ordinary
singularities, and that F U F' is the complete intersection of two hyper-
surfaces @, Q' of degrees, ¢, ¢’ respectively, with at most isolated singularities.
Since any hypersurface containing F (or F') has a singular point at any
node of F' (of F'), the same happens for @ and @'. F and F' having ordinary
singularities, @ and @' have only double points at the nodes of F and F',
which are the same points of P4 Moreover @, @' have at most a double
point at any point of FU F’', since F, F' are nonsingular off their nodes.
If V is any hypersurface in P4 containing F’ but not F, the divisor V-F
cut out by V on F is defined (see [H], p. 146). We define the divisor
I'(F, F') on F to be the maximal divisor contained in all divisors V-F,
where V contains F’ but not F. Similarly I'(F', F) is defined. If p: 8§ -~ F,
p': 8 — F' are the normalization morphisms, we put:

y(F, F') = p*(I'(F, F")), p(F', F)=p*(I'(F', F))
I'(F, F') and I'(F', F) are supported on the same curve of P4, namely the
set-theoretic intersection of ¥ and F'.
The first basic fact is that:
(6.10) PROPOSITION. If F, F' are like above, it is:
Oy(tD— p(F, F')) = Oy(Kg), Og(tD'— p(F',F)) = Oy (Kg)

where t = q 4+ ¢'— 5 and D, D' have the usual meaning.

This statement, like the others in the reminder of this paragraph, is due
to Severi; its proof is based upon the adjunction formula. For reference,
see [SE;].
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By lemma (6.10), for any j € N there is a natural map:
ky: F(B");#(F O F');— H(8, Oy(Ks + (j— t) D))

and the similar map k; for §’. The main theorem, due to Severi (see [SE,]),
is the following:

(6.11) THEOREM. The maps k;, k,' are isomorphisms for any j e N.
An easy consequence of theorem (6.11), is the:

(6.12) CoOROLLARY. If F, F' are like above, F is subcanonical of level d if
and only if there exists a hypersurface of degree t — d containing F' but not F,
cutting out I'(F, F') on F.

7. — Canonical surfaces of degree 10 in P* with isolated singularities: existence.

Let us prove the existence of canonical surfaces of degree 10 in P* with
isolated singularities, verifying (5.2). According to remark (5.8) and for-
mula (6.8), we expect that any such a surface has a single node.

We start considering a rank 4 quadrie cone @ in P* with vertex P.
On @ there are two linear pencils of planes %;, %,; any two distinct planes
of the same pencil intersect only at P, and two planes of different pencils
intersect in a line containing P. Let 7, 7, be two distinct planes in %,.

(v.1) LeMMA. There are irreducible hypersurfaces in 244, T, U t,), which
are nonsingular off P, and have a double point at P with tangent cone of rank 4,
intersecting @ in 7y, T, and in two distinct planes of ZL,.

Proor. Bertini’s theorem can be applied, once we prove that 244, v, U 1)
contains:

(i) an irreducible hypersurface, nonsingular off P;

(ii) a hypersurface having an isolated double point at P, with the
required behaviour of the tangent cone.

Since there are nonsingular quartic surfaces in P? containing two skew
lines, for instance the Fermat quartie, certainly there are quartic cones in
244, 7, Y 1,) verifying (i). To settle (ii), it is sufficient to take a reducible
quartic formed by a quadric not containing P and a rank 4 quadric cone
with vertex at P, intersecting @ in 7, 7, and in two distinet planes
of Z,. q.e.d.
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The hypersurfaces in 2%(4, 7, U 7,) not containing @, cut out on @,
off 7, U 7,, a linear system £ of surfaces of degree 6. Any surface in & is
singular at P, having at least a node there.

(7.2) LEMMA. There are irreducible surfaces in &£ with a node at P and
no other singularity.

PRrROOF. Z contains all reducible surfaces formed by two distinet planes
in %, and in a quadric section of @. The assertion follows by Bertini’s
theorem. q.e.d.

By lemmas (7.1), (7.2), it follows that there exists a not empty Zariski
open subset ¥’ of %, such that:

1) any surface F'e &' is irreducible, has a node at P and no other
singularity;

2) any surface F'e &£’ is the intersection of @ with an irreducible
hypersurface Q'e 24(4, 7, U 7,), which is nonsingular outside of P
and has a double point at P, with the properties described in
lemma (7.1).

Remark that if F'e #’, the tangent cone of F' at P consists of two
planes 7;, 7, in %,.

Consider the linear pencils #;, %, cut out on F'e %' by the planes
in %,, &, respectively.

(1.3) LemMA. If F'e &', it is:

(i) &, is a pencil of plane quartics, whose generic element has a node
at P and no other singularity;

(ii) &, is a pencil of conics, whose generic element is irreducible.

ProOF. Any plane v € %, — {7,, 75}, intersects F' where it intersects @',
since it has no curve in common with 7,,7,. Thus (i) follows by the
properties of the tangent cone of Q' at P and by Bertini’s theorem. The
proof of (ii) is similar. q.e.d.

(7.4) REMARK. Lemma (7.3), (ii) implies that F' is rational. Moreover
the generic hyperplane section of F’ is a nonsingular, hyperelliptic curve
of degree 6 and genus 3: it is, in fact, a curve of type (4, 2) on a nonsingular
quadric surface in P* (see lemma (7.3)). Projecting F’ into a P? from any
nonsingular point of F' one gets a quintic surface with a triple line. Hence
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there exists a birational map F'— P? mapping the linear system of hyper-
plane sections to the linear system of quintics with a triple base point and
ten simple base points (see [CO], p. 482). F' is also a counterexample to
a theorem stated in [SE,], p. 37, whose proof is uncorrect.

Fix now any F'e #'. The hypersurfaces in X4, F’) different from ¢’,
cut out on @', off F', a linear system & of surfaces of degree 10. Any sur-
face in & is singular at P, with at least a node there.

(7.5) LEMMA. There are irreducible surfaces in & with a node at P and no
other singularity.

PRrOOF. & contains the linear system of surfaces reducible in 7,, 7, and
in a quadric section of @'. Moreover, the points of 7, U 7,— {P} are not
base points for &: in fact the hypersurfaces in X'*(4, ') not containing @,
cut out on @ any couple of planes of %, since @ is projectively normal.
The assertion follows by Bertini’s theorem. q.e.d.

& cuts out on F' a linear system .#” of curves.

(7.6) LeEMMA. £’ is a linear system of curves of degree 20, whose generic
element is irreducible, nonsingular outside P, where it has a quadruple point
with four independent tangent lines.

ProorF. The assertion follows from lemma (7.3), applying Bertini’s
theorem. q.e.d.

By lemmas (7.5), (7.6) and properties of 2%(4, F'), it follows that there
exists a not empty Zariski open subset &’ of & such that:

1) any surface F € &' is irreducible, with a node at P, and no other
singularity;

2) any surface F e &' is the intersection of two irreducible hypersur-
faces Q', Q'€ 244, F'), off F'; @', Q" are nonsingular outside P,
have a double point at P, with tangent cone of rank 4;

3) any surface F e &’ cuts out on F' an irreducible curve o(F, F')
of degree 20, with the properties listed in lemma (7.6).

We can finally prove the:

(7.7) THEOREM. Any F € &' is a canonical surface of degree 10, with ordinary
singularities, verifying (5.2).
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PRroOOF. Since F is not contained in @, @ cuts out on F a curve of
degree 20, which is just ¢(F, F'). Keeping the notations of no. 6, it is
o(F, F') = I'(F, F'). This implies that F is canonical (see corollary (6.12)).
Since F’ is not the complete intersection of @ with a cubic (see remark (7.4)),
no irreducible cubic hypersurface contains F'. Therefore, by theorem (6.11),
it is p,(8) = 5; here, as usual, p: § — F is the normalization of F. Finally,
applying corollary (6.6), one checks that p,(S) = b, since d(F)=1. q.e.d.

8. — Canonical surfaces of degree 10 in P* with isolated singularities: uni-
rationality of moduli space.

Once the existence of canonical surfaces of degree 10, with ordinary
singularities, verifying (5.2), is proved, we want to describe their moduli
space. In order to do this, we make the following considerations, assuming,
from now on, K = C.

We introduce the indeterminates over C:

@, , h=0,..,4
al, bt h=0,..,4,1=1,..,4

i1 U5
o, hylyl=0,..,4, h<k<l, i=1,...,4
and consider the ring B = C[a,, a*, b, ¢] as a graded algebra of poly-
nomials over the ring R = C[a}, b}, ¢/*']. We shall also put R'= C[a}]
and denote by A, A’ the affine spaces over C whose coordinate rings are R, R’
respectively.
Let:

oA (@, “?) = | (@, af’) "i=1
By, b}, &) = | B (@, bh chk Wizt 6 i=1,2

1?1

(8.1)

be matrices, of type 1 X 4 and 4 X2 respectively, with elements in E given by:

"Q{ whi w Za'h

h Kkl
By (@, b7, ch Z 0 mhkal
hil=0

gi2(wh7 i) ’?kl) = z bhwh
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If no confusion arises, we shall write:

.....

B = ”gﬁ"i=1,....4;5=1.2

to denote the matrices (8.1).
Consider the matrix «/-#, of type 1x2, whose two entries are:

Let # C R be the ideal generated by the coefficients of #,, &, considered
as polynomials over R. Observe that the generators of # are homogeneous
polynomials in the variables a?, b*, ¢, and separately are also homogeneous,
and linear indeed, in each set of variables. Let I be the reduced, closed
subvariety of A which is the support of Spec R/#, and consider the pro-
jection morphism @: I — A’. By the properties of the ideal .#, the fibers
of @ are supported on affine subspaces of A. More precisely, if we fix a
point a = || € A, the support of @-'(a) has equation given by the
vanishing of the coefficients b}, !** of the two polynomials:

(8.2) gj(‘”h? 0‘?’ b?7 c?kt)y j=12.

In this way one gets 85 linear homogeneous equations in the variables
bk, ¢!, which are 160 indeterminates. The basic remark is that these
85 equations are not independent. In fact, for any a = |«”| € A’, there
exists a nontrivial solution of the linear system:

(8.3) Ay, o) =0, i=1,..,4

in the variables x,. Therefore the polynomials (8.2) both vanish at a
certain point of the 4-dimensional projective space over C(a). This means
that there are at least two independent linear relations, with coefficients
in C(a), among the coefficients of the polynomials (8.2). Hence, for any
ac A’ it is:

dim (6-(a)) > 77

thus @ is surjective.

Consider now the not empty Zariski open subset X of A’, formed by
points a = [«?|| € A’ such that the linear system (8.3) has only one solu-
tion in the 4-dimensional projective space over C(a). In other words,
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X is the complement in A’ of the locus defined by:

rank [af]ios, .. 4; n=o,...4<3 .
We want to prove the:
(8.4) LEMMA. For any, a € X, it is:
dim (0-Y(a)) = 7.

ProOF. The group GL(5,C) acts in the natural way on the variables
Ty, ..., 2,3 this induces an action of GL(5,C) on A and A’. Itis obvious that:

(i) the action is transitive on X;

(ii) the action on A induces an action on I such that @ is GL(5, C)-
equivariant.

Hence it is sufficient to prove the assertion for a particular point in X.
Let F € &' be a canonical surface of degree 10, whose existence has been
proved in theorem (7.7). Applying propositions (5.3), (5.9) to F, we get
two matrices 4, B, given by (5.6), with m = 10, verifying (5.7). We shall
prove the assertion if « is the point of A’ corresponding to the coefficients
of A,, where A, has the usual meaning (see remark (4.12)); « is in X by
proposition (4.20). By remark (4.12) and the exactness of resolution (1.3)
for F = 0O, it is:

dim (@-Y(a)) = (dim S (F), + 1) + (dim S (F), + 16) .

Then, using theorem (6.11), remark (7.4), Riemann-Roch theorem and
Kodaira vanishing theorem on §’, we get:

dim S (F), = b(8', Og(Kg + D')) + dim S(FU F'), = b
dim £ (F)y = h(8', Og(Kg + 3D)) + dim S (F U F')y = 55 q.e.d.
By lemma (8.4) and properties (i), (ii) of the action of GL(5,C) on I
and X listed in its proof, it follows that there exists a unique irreducible
component Z of I such that the restriction @, of @ to Z maps Z onto a

subvariety of A’ containing X. Z is an irreducible, reduced variety and,
by lemma (8.4), it is rational, and:

(8.5) dim Z = 97.
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Consider now the Fitting ideal ®(%#) of the matrix # (see no. 4) and
look at the commutative diagram of morphisms:

Supp (Spec B/®(#)) > Asx A

oA
A

where ¢ is the natural closed immersion, k is the projection on the second
component, and h commutes the diagram. Since the ideal ®(#) is homo-
geneous in the variables a*, we can projectify Supp (Spec B/®(%)) in each
fiber of h. In this way we get a new commutative diagram:

F—isPixA

WA
A

where % is the variety obtained with the partial projectification of
Supp (Spee R/ti’(.@)) and %, k, b have the same meaning as above. Restricting
everything to Zc A, we get the commutative diagram:

S, —>P1xZ

oA
Z

where ¢, k, b still denote the natural morphisms. For any (e Z, h1((),
with its reduced structure is a subvariety in P4 x {C} ‘We want to show that:

(8.6) PROPOSITION. There exists a not empty Zariski open subset Z' of Z,
such that:

(i) for any camonical surface F of degree 10 in P* with isolated sin-
gularities, verifying (5.2), there exists a point (€ Z' such that F = h(();

(ii) for any L€ Z', W) is a canonical surface of degree 10 in P* with
isolated singularities, verifying (5.2).

Proor. Consider the subset Z” of Z formed by all {e€Z such that
k() is a surface of degree 10 in P* with one node and no other singularity.
By standard arguments (see [H], p. 95, ex. 3.22), one checks that Z”
is a constructible subset of Z, namely a finite disjoint union of irreducible,
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locally closed subsets of Z. Let Zj, ..., Z,, be the components of Z" con-
taining a point { such that A~1({) is a canonical surface of degree 10: by
theorem (7.7), remark (5.5) and proposition (5.9), it is m>1. For any
i=1,...,m, consider the restriction map h: &, 7.

This is an algebraic family or surfaces over Zé', since, by constance of
degrees, any fiber occurs with multiplicity one. Blowing up any fiber
at the node, we get an algebraic family of nonsingular surfaces over Z; .
By a theorem, of Igusa (see [I], p. 36) the arithmetic genus of the fiber is
constant, hence is 5. Similarly one checks that the generic hyperplane
section A of the fiber is a nonsingular curve of degree 10 and genus 11 in P2,

Let (eZ;, F=w'), p: 8 —F the normalization. It is p,(8)>
>p.(8) =5 and |K| cuts out on C = p*(4) a g}, with:

r=p”(s)—1, if .Ks’*o
r=p,8)—2, if Ks~C.

The divisors of this g7, are residual, with respect to | K| of the divisors of
the linear series |R|, pull-back on C of the linear series cut out on 4 by the
hyperplanes of P2. By a result of Comessatti (see [COM]; for a modern
version see [BEA], no. 5), it is dim |R| = 3 so that r<3. Hence p,(S) =5
and Ky~ C, namely F is canonical. Therefore, for each ¢ =1, ..., m, there
exists a natural morphism ¢,: Z; — 4", where &, is a component of the
coarse moduli space of surfaces with p, = p, =5, K2 =10 (see [GI]).
By propositions (5.3), (5.9), there exists an ¢=1,..., m, such that ¢, is
dominant; say ¢ =1. Let us evaluate the dimension of Z;.

The basic remark is that there is a natural action on Z of the group
¥ = GL(1,C) X GL(4,C) X G X GL(5,C), where G is the group of matrices:

ay, 0
[L251 Qgp

(8.7) C =

With @y, a5 € C*, ay, € AYY. The action is defined in the following way:
(4, B, C, D)- (o, &) = (A- /(D) B, B--%(D)-C)

with (4,B,C,D)e %, (A, %)eZ, and (D), #(D) obtained letting D
act on the variables @, in the natural way (see proof of lemma (7.11)).
This action induces an action of ¢ on Z; and, for any ¢ € Z,, the fiber
@7 gu(0)) is F-stable. We claim that, for any (= («, &) € Z;, the stab-
ilizor ¢({) of { is a 2-dimensional subgroup of ¥. First, remark that the
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projection of #({) in PGL(5, C) via GL(5,C) is a finite group, because the
surface h*({) has only a finite number of automorphisms. Hence, if
(4, B,C, D) e 9(C)°, %({)° being the connected component of the unity of
%), D is a scalar matrix. Moreover %({)° coincides with the group of
matrices of the type (A(4), B(Au"), C(4), D(x)), where:

A(2) = || 4]
Alpt 0 0 0
0 Atpt 0 0
B(Alu) =
0 0 Atut 0
0 0 0 Aty
A 0
i (O
g 0 0 0 0
O u 0 0 O
Du)=)0 0 u 0 0
0O 0 o0 u O
0 0 0 0 u

A, peC*. In fact this 2-dimensional group is certainly contained in %(Z)°.
Besides, if (4,B,C,D)e 9({)°, and A = A(1), D = D(u), it must be
B = B(A'uy™), since /€ X. If C is given by (8.7), from the relation:
BA 'y ) HBD)-C=F

we get:

(A tay—1)HBu+ 210y Bin=0

2710082 = B
for any ¢=1,...,4. Since ®(%)~ 0, it must be ay = @y, = 4, ay, = 0.

By the above considerations, we have dim ¥({) = dim %({)° = 2, thus for
any (€ Zj, it is:

(8.8) dim q)l“l(cpl(()) >dim%—2=57.
It is also:

(8.9)  dim Ay >hY(8, Ts) — h3(8, Ts) = — 2K2 + 10(pa(8) 4 1) = 40
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where 8 is a surface whose class of birational equivalence is in &7, and T
is its tangent sheaf (see [Z], appendix to chapt. V). Combining (8.8) and (8.9),
we finally get:

dim Z;>97.

By (8.5), Z'l' is a not empty Zariski open subset of Z. Let us consider the
subset Z' of Z formed by all { € Z such that A~1({) is a surface of degree 10
in P¢ with a single node and no other nonnormal point. By the above con-
siderations, Z’ is a not empty Zariski open subset of Z. By arguments
already used above, one ckecks that Z' fulfils the assertion. q.e.d.

(8.10) THEOREM. There exists a unique component AV of the coarse moduli
space of surfaces with p, = p, = b, K? = 10, containing poinits corresponding
to equivalence classes of surfaces having a canonical model of degree 10 with
isolated singularities. A"V is unirational of dimension 40.

ProOF. Consider the restriction map h: &, —Z'. This is an algebraic
family of surfaces over Z', and each fiber has a single node, being normal
outside it. Z' can be covered by a family (Z;),., of open sets such that,
in the induced family h;: & s, ——>Z§, we can blow up in any fiber at the
node. These new families are families of normal varieties and, provided
we restrict to open subsets, they can be assumed to be flat and even smooth.
Hence for any i€ there is a morphism ¢;: Z, -, where X is the
moduli space of surfaces with p, = p, = 5, K* = 10. Since for any ¢, j€ 2,
@; and @, agree on Z; N Z;, there is a unique morphism ¢: Z’— " induced
by the morphisms (¢,),cs- By proposition (8.6), ¢ is dominant on an
irreducible component SV of S, the unique one containing points cor-
responding to equivalence classes of surfaces having canonical model of
degree 10 with isolated singularities. Moreover 2™ is unirational, since Z’
is rational. Argueing like in the proof of proposition (8.6), we have:

dim X'V < dim Z'— dim 4 } 2 = 40.

But, since dim " 0>40 (see (8.9)), we get the assertion. q.e.d.

(8.11) REMARK. It is a consequence of theorem (8.10) that:

(i) for any surface S with 2,(8) = p.(8) =5, Kz=10, whose
canonical model has isolated singularities, its local moduli space has ex-
actly dimension 40 = h3(8, Ts) — h*(8S, Ts).
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It is also possible to check that:

(ii) if F is the generic canonical surface of degree 10, verifying (5.2),
with isolated singularities, it can be obtained as a residual intersection of
two quartics containing a rational sextic surface with sections of genus 3
and isolated singularities.

This ean be seen in many ways, for instance counting parameters. From
the same proof of theorem (8.10) it also follows that:

(iii) the generic fiber of the morphism ¢: Z' — "™, contains an orbit
for the action of 4 on Z’' and has the same dimension of the orbit, namely
dim ¢ — 2. It seems likely that the fiber coincides with the orbit and it is
certainly so if it is irreducible.

Let us conclude remarking that the arguments of this paragraph give,
by remark (4.11), an explicit description of the ideal of canonical surfaces
we have dealt with.

9. — Canonical surfaces of degree 10 in P* with non isolated singularities, not
contained in a quadric: existence.

In this paragraph we shall prove the existence of canonical surfaces of
degree 10 in P* with nonisolated singularities, verifying (5.2), not con-
tained in any quadric. According to remark (5.8), the nonnormal points of
such a surface lie on a line.

‘We begin recalling what is a tacnode of a surface in P3. This is an isolated
singular point of a surface in P3, locally analytically isomorphic to the
singularity of the surface of equation 2?2 = f(x, y) in C® at the origin, where
f(z,y) = 0 defines an analytic curve in C? with an ordinary 4-ple point
at the origin. The tangent cone at a tacnode is a plane counted twice; this
plane is called tacrodal plane.

Let us prove the:

(9.1) LEMMA. Given any five points A,, ..., A5 in P3, four by four linearly
independent, and any plane o containing As; and not containing any of the
other points, there exisis a surface T of degree 6 in P3 with ordinary triple
points at A,, ..., A,, with a tacnode at A4;, tacnodal plane x, and no other
singular ities.

Proor. It is easy to check that there exist six nonsingular quadrics
Q4 ..., Qs in P* with the following properties:
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(i) @y, Q., Qs contain A,,..., A;, are tangent to « at A4;, and in-
tersect only at 4,, ..., 4s;

(ii) @, ..., Qs generate the linear system of quadrics containing
Agy ey Ag;

(iii) @y, ..., Qs generate the linear system of quadrics containing
Al’ --o’ A‘c

@, ..., Q¢ will denote the quadrics and the quadric polynomials whose
vanishing defines them. Consider the linear system of quartics:

3
(9.2) z 2:ii9:9;, =0

Bi=1

and let us show that the generic surface in (9.2) has:
(iv) an ordinary double point at A4,, ..., 4,;
(v) a tacnode with tacnodal plane a at Aj;
(vi) no other singular point.

In fact the base points of (9.2) are just A4,,..., 4; by (i). Applying
again (i), it is easy to check that @, @,, @; have independent tangent
planes at A4,,..., 4,. Hence, by Bertini’s theorem, we get (iv) and (vi).
As for (iv), let us assume 4, = (1, 0, 0, 0), « has equation x, = 0, and pass
to affine coordinates © = a,/y, ¥ = ®,[20, 2 = @5/2. @y, @5, @5 can be sup-
posed to have affine equations Q; =z f(x,9,2) =0, i=1,2,3, with
fi®, y, 2) homogeneous polynomial of degree 2 in x,y, 2. Passing to affine
coordinates in (9.2) we have:

0.3) (3 a)et+ (3 Aatfe+ 1)+ 3 dufds = 0.

di=1 id=1 Bi=1

For a generic choice of the A;’s, the quartic of equation (9.3) has a double
point at Ay with tangent cone 22 = 0. Besides its intersection with « has
an ordinary 4-ple point at A,. By Weistrass’ preparation theorem, the
equation (9.3) can be locally written:

(9.4) 2* -+ 2a,(w, y)2 + ax(w, y) = 0

around A4;. The double covering of the plane « defined by (9.4) has branch
locus of equation a,(x, )2 — a.(w,y) = 0; hence it is locally analytically
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isomorphic around A, to the surface of equation (see [F,]):
2= ay(@, y)2 — “2(% )

still having 22 = 0 as tangent cone, so that the curve a,(z, ¥)* — ax(z, y) = 0
has an ordinary 4-ple point at A;. Consider now the linear system of
surfaces of degree 6:

6

(9.5 2 uisF.Q; =0

t,i=1

where F,, ..., Fy are six quartics spanning the linear system (9.2) having
the singularities described in (iv), (v), (vi). Taking into account (i), (ii), (iii),
it is easy to check that the base locus of the linear system (9.5) is given by
4;, ..., A, and that the generic surface in (9.5) has, by Bertini’s theorem,
the singularities required for 7. q.e.d.

It is now possible to prove the:

(9.6) THEOREM. There exist canonical surfaces F of degree 10 in P4, with
a nodal line and no other singularities, verifying (5.2).

ProOF. Let T be the sextic of lemma (9.1), and look at a minimal de-
singularization w: S8 - 7. If we set w*(4d,)=EF,;, i =1,...,5, the HE/'s

are nonsingular elliptic curves on 8, and Ef = —3, i =1,..., 4, B} = — 2.
Moreover it is:

5
(9.7) Og(Eg) = 0*(0ps(2)|7) ® 0.5‘(2 E.-)*

i

(see [E], cap. III; [Fy]); (9.7) reflects the well known fact that canonical
divisors on § are proper transform by w of divisors cut out on 7, by quadrics
containing A, ..., 4;. Hence p,(S) = 5 and the canonical map p: 8§ — FCP*
is a morphism, which fails to be injective exactly on E;. Indeed |[Ks| cuts
out on E; a complete gi. Applying Riemann-Roch theorem and the
Kodaira vanishing theorem to the linear system |Ks - w*(H)|, whose
divisors are proper transform by cubics containing A,, ..., 45, one checks
that p,(8)=15. q.e.d.

(9.8) REMARK. Let us explicitely point out that the canonical surfaces,
whose existence has been proved in theorem (9.6), also contain four plane

nongingular cubics, corresponding to the four curves Fi, ..., K,.

The above canonical surfaces do not lie on any quadric. Indeed:
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(9.9) PROPOSITION. Let A be a half-canonical curve of degree 10 in P3 with
a node or a cusp and no other singularity; A does not lie on any quadric.

PrOOF. Assume 4 on a quadric @, and suppose @ is nonsingular. It is
A~ aA -+ bB, where a, b are nonnegative integers and 4, B are incident
lines of . It is:

(9.10) a+b=10.

Let p: 0 — A be the normalization of 4, P, 4 P, the divisor on C cor-
responding to the double point of 4, se€ H(C, 0P, + P,)), s~ 0. If A(C)
is the vector subspace of H°(Q, Og(a—2)4 4 (b— 2)B)) given by sections
vanishing at the double point of A, there exists a natural isomorphism:

ageA(0) —>1—)*(—:l4—) € H'(0, O,(Ky))

so that 2ab— 2(a + b) — 2 = 20. Hence, by (9.10), it is ab = 21, and
80 @ =3, b= T or viceversa. But if it is so, 4 cannot be half-canonical, as
easily can be seen. The case @ is a cone can be worked out in a similar
way. q.e.d.

(9.11) REMARK. By proposition (9.9), it is possible to apply proposition (5.3)
to canonical surfaces F of degree 10, verifying (5.2), with a nodal, or even
cuspidal, line, and, may be, other isolated singularities. By remark (5.8)
the latter singularities must be normal points, namely irrilevant singularities.
Besides, with notations usual in no. 5, it is ®(4,) = S'(F) (see remark (5.8)).

We conclude this paragraph showing the:

(9.12) PROPOSITION. Let A be a half-canonical curve of degree 10 in P3,
with a singular point P, not lying on a quadric. Then P is a node or a cusp.

ProOF. Suppose P is not a node or a cusp. Then there exists a line r
containing P, such that any plane through r» has multiplicity of intersec-
tion at least 4 with 4 at P. If p: C — 4 is the normalization, there are
four, not necessarily distinet, points Py, ..., P, on C, such that p(P;) = P,
t=1,...,4, and P, } ... + P, is in the pull-back on C of any divisor cut
out on A by a surface tangent to r at P. The quadrics tangent to r at P
form a 7-dimensional linear system cutting out on 4 a 7-dimensional linear
series of divisors, each one containing P, + ... 4 P,. Thus there exists
a g7, on C, which is complete by Clifford’s theorem. This g], is residual of
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P, 4 ... + P, with respect to |K,|; thus, by Riemann-Roch, |P, - ... I P,
is a g;. Consider now the g3, on C corresponding to the plane section of 4.
This is a complete series, by a theorem of Comessatti (see [COM]); more-
over the g} is contained in it, and the residual series is a gj, and viceversa.
This implies that any divisor of each, the g} and the g}, consists of col-
linear points. This is impossible. In fact, like in the proof of proposition (5.3),
one checks that, in the minimal resolution (1.3), with &% = 0, it is
Fy~ AP AN(— 2), F,~ A®(— 3)4, F,= A®¥(— 6)D A®(— 4). Therefore,
by proposition (4.3), 4 is set-theoretically intersection of quartics, so that
no sextuples of points of A lie on a line. q.e.d.

(9.13) REMARK. Let F be a canonical surface of degree 10 in P4, veri-
fying (5.2), with nonisolated singularities, not lying on a quadric. Then
any generic hyperplane section of F does not lie on a quadric (see [R],
p. 151). Hence, by proposition (9.12), F has a nodal or cuspidal line. As
observed in remark (9.11), there can be only irrelevant singularities of F
beyond it.

10. - Canonical surfaces of degree 10 in P* with nonisolated singularities,
not contained in a quadric: general deformations.

Let F' be any canonical surface of degree 10 in P%, verifying (5.2), with
a nodal or cuspidal line. We aim to prove that the class of birational equiv-
alence determined by F corresponds, in the moduli space of surfaces with
Ps = Ps = 5, K2 =10, to a point in the component X"V containing all equiv-
alence classes of surfaces whose canonical model has isolated singularities
(see theorem (8.10)). In order to get this result, we need some preliminary
considerations.

(10.1) LeMMA. Let I be like above and p: 8 — F its normalization. There
exists a flat family of surfaces containing S, such that its elements have
P, = ps = b, K2 =10, and its generic element has a canonical model with
isolated singularities or with a nodal line and no other singularities.

PROOF. A generic projection F, of F in P3 is a canonical surface
of degree 10 in P2 Using standard arguments (see [E], p. 6; [GH],
p. 611-618), it is easy to check that F, has the following singularities.

(i) a curve y of degree 25, of double points; one component of y
is the projection 7, of r;
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(ii) finitely many multiple points, multiple for y too, coming from
multisecant lines of F passing through the center of projection;

(iii) the projection of the irrelevant singular points of F'; these could,
also lie on y and, in particular, on 7.

Let w: § — 8 be a minimal desingularization and I" the proper transform
on S of y via pow. Since F, is a canonical surface in P?, there exists a
surface F; of degree 5, containing y, such that the pull-back on S, via
pow, of the divisor cut out by F, on F,, is I. Hence F; does not contain
any singular point of F, of type (iii), not lying on y, and has a simple point
at any such a point lying on . Consider the pencil of surfaces of degree 10:

AF; 4 p(F; =0.

There exists a Zariski open subset X in the P! parametrizing this pencil,
containing the point 1 =1, y = 0, such that any surface corresponding
to a point in X, except at most F,, has singularities of type (i), (ii), r, as
nodal curve, and no singularities of type (iii). This by Bertini’s theorem.
Provided we restrict to a suitable open subset of X containing A =1, y = 0,
we can make a simultaneous normalization of the surfaces of the family,
getting the required flat family. q.e.d.

By the previous lemma, we can restrict our attention to canonical sur-
faces I of degree 10 in P4, verifying (5.2), with a nodal line r and no other
singularities. In this case, the normalization p: § — F is the canonical
map for 8§, which is nonsingular. Let us put E = p*(r); E is nonsingular
(by proposition (9.12)) and pg: E —r is a double covering.

(10.2) LemMA. If F, S are like above:
(i) the generic curve in |Kgs— E| is irreducible, nonsingular;

(ii) E s an irreducible curve of genus 1 and E*=—2 on 8.

PROOF. F is a special divisor on 8 and it is (S, Os(Ks— E)) = 3;
all curves in [Ky;— E| are pull-backs on 8 of curves cut out on F, outside
of r, by hyperplanes containing ». Hence |Ky— E| has no base points on S.
Thus, if (i) is not true, |Ks— E| is composite by couples of curves of a
rational pencil &, without base points. Let De . Since K -E = 2, it
is K4 D = 4. Moreover D? = 0, thus all curves in & are mapped, via p,
onto plane quartics. Let &' be the algebraic system of planes containing
these quartics. Any couple of planes in &’ is contained in a P? through r,
but &' is not contained in the same P3. Hence all planes in &' contain 7.
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But this is impossible, since F is a set-theoretical intersection of quartics
(see remark (9.11)). Now, by Riemann-Roch, we have:

3 = W8, Os(Ks— E)) = 5 + 1*(8, Oy(Ks— B))— (Ks— E)-E/2

thus:
[(Ks— E)-E[2]— 2 = h(8, Os(Ks— E))>0.

Therefore it is:

(10.3) Bc—2,
Remark now that it must be:
(10.4) (Ks— EBE)?:=E*]6>2

since (Ky— E)? is even and the generic curve in |[Ky¢— F| is not hyper-
elliptic. From (10.3) and (10.4) it follows E? = — 2 since E? is even. By
adjunction formula we have that E is elliptic. q.e.d.

(10.5) REMARK. By lemma (10.3), the generic curve in |Ks— F|, which
is irreducible, nonsingular, has genus 7. Moreover (Ks— E)-E = 4. Besides,
since F is elliptic, there are four cuspidal points on r. If Per is not a
cuspidal point, there are two tangent planes at P to the two branches of F
passing through #. Take the P2 consisting of all planes containing », and
look at the curve @ described in this P2 by all couples of tangent planes
to F at a point of r. Clearly there is a map ¢: E — O C P?; ¢ corresponds
to the linear series g?, d<2, cut out on F by |Ks— H|. Since, by adjunc-
tion, it is Os(Ks— H)|, = Os(2Ks)|y, the g2 contains the g; cut out by |Kj]
on E, corresponding to the map p,. The residual series of the g; with
respect to the g7 is contained in the gi. Since |[Ks— E| has no base points,
it is 2g3 C g3, thus d = 2, and 0 can either be an irreducible quartic or an
irreducible conic, counted twice. Consider now the generic section of F
with a hyperplane through r, outisde of #. This is an irreducible, non-
singular curve A4, of degree 8 and genus 7, corresponding to a curve of
|Kg— E|. 4, cuts r in four distinct points A, ..., A,; let 7y, ..., 7, be the
tangent lines to 4, at A4,, ..., A, respectively. If 6 is an irreducible quartic,
no couple of lines 7y, ..., 7, lies in a plane: the generic tangent plane to F
at a point r is tangent at a single point. If § is a conic, any tangent plane
to F at a point of F is tangent at another point too. The gf is composite
with a g such that couples of points of this 7} correspond to points on r
with the same tangent plane. Remark that, by this reason, it must be
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gz # ¢ since r is nodal. The four points 4, ..., 4, can be arranged in two
couples, say 4,, 4, and 4,, 4, such that r,, r, are coplanar, and similarly
73, 74 are coplanar, the two planes being distinct.

(10.6) LEMMA. Let A be a half-canonical curve of degree 10 inm P* with a
singular point P, not lying on any quadric. The projection of A in a plane
from P is either a double covering of a nonsingular quartic, or is birational
and the image curve has at most double points.

ProOF. The assertion follows from this property of A: there exists no
line r through P which is at least a trisecant of A outside of P. Namely
if p: 0 —- A4 is the normalization and P, 4+ P, is the divisor correspond-
ing to P (see proposition (9.12)), there are no triple of points P,, P,, P
on C such that P, + ... + P; is in the pull-back on C of any divisor cut
out on A by a surface containing r and not containing 4. If this happens
indeed, look at the linear 6-dimensional system of quadrics through 7.
It cuts out on A4 a 6-dimensional linear series with P, -+ ... 4 Ps as fixed
divisor. Thus there exists a g% on O, residual of |P,+ ...+ P;| with
respect to |K,|. By Riemann-Roch it is dim [P, + ... 4 Ps|>1. In fact
the equality holds, since C is neither birational to a plane quintic, nor
hyperelliptic. The g5 = |P, + ... | P;| is contained in the g3, corresponding
to plane sections of A; the residual series is still a g;. Therefore both these gg
consist of divisors of collinear points on A; this is impossible, since A is
a set-theoretical intersection if quartics (see remark (9.11)). q.e.d.

(10.7) REMARK. Let F be like above. By lemma (10.6), the projection =
of F from a noncuspidal point P of r in a P? can a priori be:

1) birational; in such a case its image F, is an irreducible surface of
degree 8 in P?* with no more than double points outside of the
point P, = 7(r);

2) a double covering of a quartic surface.

The second case does not happen if P is suitably chosen on r. Let P
be indeed such that the two tangent planes o«;, o to F at P cut F in
finitely many points off . Such points do exist by lemma (10.2) and fill
an open Zariski subset r' of . Let now A be a hyperplane section of F
through P, having a node at P, no other singularity and missing the points
of intersection of oy, o, With F off r. If & is not birational, 74 is not bira-
tional. Thus, by lemma (10.6) and by the above, the two branches of 4
at P are two flexes; hence «,, «, are inflexional tangent planes. Then any P®
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containing «;, cuts ¥, outside of r, in a curve having a double point at P
on the branch of F with tangent plane «;, i =1,2. Since this cannot
happen for any point of ' by Bertini’s theorem applied to |Ks— E|, the
conclusion is that there exists a Zariski open set #* of #' such that for any
P e r* the projection of F from P on a P® is birational. Let us examine
the projection z from an abstract point of view, assuming it is birational.
First we look at the normalization p: 8§ — F of F, which is nonsingular.
The fiber p~*(P) consists of two distinet points PV, P® on §. We blow up
these points, getting a new surface § and a morphism ¢: 8 —> 8 such that
oY (PP) = B, i=1,2, B, B, being exceptional curves of the first kind;
@ is an isomorphism off P, P®. For any divisor H on S, we denote by &
its proper transform via @, which is a divisor on §. Let us consider the
3-dimensional linear system |[Kg— FE;— F,| on S. It determines a map
P 8§ — P3, and the following diagram commutes:

S—2s8

P3<"—F

Therefore it is sufficient to study the map u and its image F,. Since
(Ks— E,— B,)-E =0, p contracts E in one point, namely P,. Besides
(Rs— BE,— E,)-E; =1, i =1, 2, thus E,, B, are birationally mapped onto
two lines ry, 7, in P3. Using lemma (10.2), formula (10.4) and remark (10.5)
one easily checks that P, is a 4-ple point. Being K; = K s+ B+ E,,
it is K;— (Ks— B,— E,) = 2(H, + H,). If y is the double curve of F,
and I' is the corresponding divisor on &, there exists a unique adjoint
surface F, to F, of degree 3, cutting out on F, the divisor whose pull-back
via y is I' 4 2(E, 4+ E,). Thus F{ has to contain y and to touch F; along ry,7,.
Moreover, since p,(8) = 5, there exists some adjoint surface to F; of degree 4,
distinet from F, plus a plane, containing 7, r,. Since the generic plane
section of #; has 10 double points, which can be distinet or infinitely near
it follows that y U, U r, is the set-theoretic complete intersection of F;
with an adjoint quartic surface. Finally, P; being a 4-ple point for F,,
any adjoint surface has at least a double point at P, (see [E], p. 76). It is
now easy to check that y, considered as a subscheme of P?, complete inter-
section of a cubic and a quartic off r,, 7, has matricial equation:

(8)
EAO P

(2)

(10.8) rank
9 % %
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where the s, g’s are homogeneous polynomials in @, ..., ; of degree j,
the quadric /& cuts the plane g in r, U r, and 2, 1&, ¢, ¢& contain the
point P, (see [GA], [PS]).

We are now ready to prove the main theorem of this paragraph:

(10.10) THEOREM. If 8 is like above, its local moduli space has dimension 40
and, for a general deformation, the canonical image is a canonical surface of
degree 10 in Pt with a single node and no other singularity.

Proor. It is AY(S, Ts) — h2(S, Ts) = 40 (see formula (8.9)). By Kura-
nishi’s theorem (see [K]), there exists an analytic subspace X in a neigh-
bourhood of 0 in HY(S8, Ts), defined by k%S, Ts) equations, hence of
dimension at least 40, and a family f: ¥ — X which is the universal de-
formation of §. We shall denote by 8, the fiber f'(x), x€ X. Let wgy,
be the relative dualizing sheaf on &. By Grauert’s theorem (see [H],
p. 288) we can assume that fx(wg),) 18 a trivial, rank 5, vector bundle
over X. Fix five independent sections of this bundle. They determine five
independent sections of wg,, which, restricted to §,, span H°(S,, 0 (K )).
for any € X. We may also assume that these five sections do not have
common zeroes on &, since this happens for their restriction to § = §,.
Thus a morphism is defined k: ¥ — P*x X, such that the following diagram
commutes:

S —E sPixX

N
X

g being the projection onto the second component; ¢g is the canonical map
for 8,. Then ¢(8,) = F, is a canonical surface of degree 10 in P4, veri-
fying (5.2), and we may assume it is not contained in any quadric, since F,
is not. Suppose the theorem is not true. It can be assumed that for any x
in a component X of X, F, has a nodal line r, and no other singularity,
since this is true for F, (see remark (9.13)). Keep now all notations of
remark (10.7). Fix a hyperplane « C P* cutting 7, in a point of ry; we can
suppose that « cuts each r, in a point of 73, if reX.

Fix a P® not containing any point P, = « N r, and project F, in the P3
from P,. By the same remark (10.7), we get an abvious morphism
‘u:X — X3(8) whose fibers are finite. Let & be the, may be reducible,
locally closed subset of 23(8) formed by all surfaces of degree 8 in P? which
are projection of a canonical surface of degree 10 in P4, verifying (5.2),
with a nodal line r and no other singularity, from a point of »*. Clearly u
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induces a morphism u': X —> 2. Moreover PGL(4, C) acts in a natural way
on 2, with finite stabilizors, and ' induces a morphism u”: X — #/PGL(4, C)
whose fibers are still finite. Hence it must be:

(10.11) dim X <dimZ—15.

Let # be any irreducible component of #. By remark (10.7), there exists
a natural morphism v: & —#, # being the component of the Hilbert
scheme of curves of degree 10 in P3® having matricial equation (10.8). With
easy computations one checks that:

(10.12) dim »(P) < 38.

Let us fix yev(ﬁ), double curve of F,c P. The fiber »~1(y) is contained
in the linear system X'(F,) of surfaces of degree 8 which are biadjoint sur-
faces to F(see [E], p. 89). They cut out on F,, off y, bicanonical divisors.
Hence:

(10.13) dim »(y) < dim Z(F,) =16 .

Finally, by (10.11), (10.12), (10.13), it is dim X <39, which is impos-
sible. q.e.d.

(10.14) CoOROLLARY. If F is a canonical surface of degree 10 in P4, veri-
fying (5.2), not contained in any quadric, the class of birational equivalence
corresponding to F' gives, in the moduli space of surfaces with p, = p, = 5,
K2 =10, a point of the component A"V containing all equivalence classes of
surfaces whose canonical model has isolated singularities.

Proor. Easily follows from theorem (8.10), lemma (10.1) and the-
orem (10.10). q.e.d.

(10.15) REMARK. It could be perhaps possible to analyze more closely
the subvariety A of ™ corresponding to classes of equivalence of
surfaces whose canonical model has a double line. In order to study 47’
one should analyse the family of projections in P® of canonical surfaces of
degree 10 in P¢ with a double line from a point of this line. We do not ex-
plore this here, but we guess that (" is an unirational subvariety of
codimension 2 of W, TUnfortunately the methods used in no. 8, strongly
based upon the results of part I, do not work in this case.

(10.16) REMARK. It seems unlikely that canonical surfaces of degree 10
in P4, verifying (5.2), with a cuspidalline, do in fact exist. Suppose indeed F'



330 CIRO CILIBERTO

is such a surface with a cuspidal line  and without other singularities.
If p: 8 — F is the normalization, let us put ¥ = p*(r). E is rational and
E? = — 3. Argueing like in lemma (10.2), one shows that the generic curve
in |Ks— E)| is irreducible, nonsingular. To this generic curve corresponds
an irreducible, nonsingular curve of degree 8 and genus 8, 4, on F, lying
in a hyperplane through r, cutting 7 in four points. Using Riemann-Roch
one checks that A4, has to lie on a quadrie, which contains . Hence 4,
would be a complete intersection of a quadric and a quartie, thus of genus 9,
which is impossible.

11. - Canonical surfaces of degree 10 in P* contained in a quadric.

In order to work out a complete discussion about surfaces with
Py = P, = 5, K? =10, for which the canonical map is a birational mor-
phism, we shall finally examine the case in which the canonical image is a
surface of degree 10 in P* contained in a quadric. By propositions (5.9)
and (9.9) it follows that the generic hyperplane section has at least two
nodes. As a matter of fact we have the following:

(11.1) LeMMA. Let A be a half-canonical curve of degree 10 in P3 lying on
an irreducible quadric Q. If Q is a cone, A is a complete intersection of @ with
a quintic surface, and has five coplanar nodes or equivalent singularities. If Q
is nonsingular, either A is like above or is a (4,6)-curve with four mnodes or
equivalent singularities, two by two lying on lines of the ruling of @ cutting out
the g; on A.

Proor. If there exists a quintic surface containing A but not @, 4 is
a complete intersection. Assume @ is nonsingular. The canonical series
is cut out on A by the adjoint curves in [3H,|. Since A is half-canonical,
there exists a single curve in |Hy| which is adjoint to 4 and cuts on 4
the 0 divisor off the singularities. Thus 4 has five coplanar nodes, or equiv-
alent singularities. The case @ is a cone can be worked out in a similar way.
Suppose now there is no quintic surface containing 4 but not containing @.
Let us check that there exist irreducible sextics through 4. If it were not
0, any surface in X3(6, 4) should contain ¢, thus dim 2%, 4) = 34 and
the linear series cut out by 2%(6) on A were a gg5. This would imply that 4
has no more than one node or one cusp, which is impossible by proposi-
tion (9.9). Let @, € 2%(6, A) be irreducible. @, cuts @ in 4 and in a residual
curve of degree 2. By standard arguments, this curve has to be the union
of two skew lines of the same ruling of @, which is non singular. The reminder
of the statement is easy to prove. q.e.d.
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(11.2) REMARK. Let us keep all notations of the above proof and describe
how 4 can be done. Assume A is a complete intersection of @ with a
quintic, and denote by A’ the unique adjoint curve to A in |Hgy|. Then:

1) if 4’ is nonsingular, 4 can have no more than double points,
which can be nodes or cusps and can become infinitely near along A';

2) if A" is the union of two distinet lines intersecting at a simple
point Pe @, 4 has a triple point at P and two double points, nodes or
cusps, one on each of the two lines of A'; clearly these double points
could become infinitely near to the triple point; in this case @ is nonsingular;

3) if @ is a cone and A’ is the union of two lines intersecting at the
vertex P of @, 4 has a double point at P and four double points, two by
two lying on each line of 4’; these double point are nodes or cusp and
can become infinitely near;

4) if A’ is a line counted twice 4 can either have a triple point and a
tacnode on 4, or a double point, node or cusp, at the vertex of @ on A’
and two tacnodes on A4’. The tacnodes could become cusps of second order.

If A is a (4.6)-curve then the four nodes of 4 can become cusps, or be
infinitely mear, e.g. giving tacnodes with tacnodal tangent a line on Q.
Finally 4 could also have two tacnodes or cusps of second order, on a
line of Q.

Let now F be a canonical surface of degree 10 in P4, verifying (5.2),
contained in a quadric Q.

If @ is nonsingular, by lemma (11.1), F is a complete intersection of @
with a quintic hypersurface @,. F has a curve y of singular points which
we want to study. Consider the adjoint surfaces to ' contained in @: these
are defined like in [Z], p. 71 is done for surfaces in P3. Argueing like in
the proof of lemma (11.1), one checks that there exists a hyperplane =
cutting out on @ a quadric F' which is the unique adjoint surface to F
in |Hgy|. If p: 8§ — F is the normalization and I" is the divisor corresponding
on 8 to y, it is I'= p*(F,-F), where F,-F denotes the divisor cut out
by F, on F. Hence:

(11.3) I'~Ks.

Assume y has degree 5, namely the generic point of any component of y
is nodal or cuspidal for F' (see remark (11.2)). In this case y is a contact
curve of F' with the quintic @; cut out by @, on z. Thus F’ is a cone
and y contains the vertex P of F'. Applying remark (11.2) to the generic
hyperplane section of F with a hyperplane through P, it is easy to check
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that P is a triple point for F and for y too. Hence any adjoint surface to .F
in @ has a double point at P. Remark now that there are no irreducible
adjoint surfaces to F in [2H,y|, but there are irreducible adjoint surfaces
to F in |3H|, cutting out on F, off y, curves whose pull-back via p is in
[2Ks|. Hence y belongs to the linear system .#(m, F') cut out on F' by
cubic surfaces in 7z having a double point at P and containing a line of F'.
Thus:

(11.4) dim L(z, F')=9.

If y has not degree 5, namely if y has some nonnodal or noncuspidal
component, one can extend the above arguments, making few obvious
changes. In any case y can be seen as a curve in Z(w, F'). For sake of
brevity we shall not go through these details.

We can now prove the:

(11.5) THEOREM. Let 8 be like above. Then its local moduli space has
dimension 40 and for a general deformation, the canonical image is a canonical
surface of degree 10 in P* with a single node and mo other singularity.

ProoOF. The proof is similar to that of theorem (10.10); we shall keep
all notations introduced there. ILet f: ¥ —>X be the universal deforma-
tion of §. If for some « in any component of X the canonical image F,
of 8, does not lie in a quadric the assertion follows from corollary (10.14).
Assume that for any « in a component X of X, F, lies in a quadric, which
can be supposed to be nonsingular, since this happens for F,. Thus there
exists a natural morphism y:XxPGL(B, C) — 242) x (P*)*; u associates,
to any couple (¢, w)eX X PGL(5,C) the couple (Q.,m.)ec Z42) X (PY*,
where @, is the quadrie containing w(F,) and =, is the hyperplane cutting
out on @, the adjoint surface w(F;) to w(F,). Let (r, w) be any point in
X x PGL(5, C), and let Y, De the fiber u=(u(x, ®)). A natural map v, ,:
Pow = L0y 0(F,)) is defined. If (y, ') € g, let y, =, (¥, ©') be the
singular curve of w'(¥,). Using (11.3) it is easy to check that for any
(2, @") €V, 2(Vy0)y @"(F,) cuts out on o'(F,) off y, . a divisor whose pull-
back on 8, is in [3Kg |. Thus:

dim v, 3(y,,,,) <B(S, Os(3Ks)) = 36 .
Hence, by (11.4), it is:

dim g, , < dim L(7,, o(F,)) + dimy, 2(y, ) <45
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and finally:
dim X <dim (24(2) X (P%)*) 4 dim p,— dim PGL (5, C) = 39

which is impossible since dimX>40. q.e.d.

If @ is a cone of rank 4, by lemma (11.1) and remark (11.2) either F
is a complete intersection with a quintic hypersurface or is a section of @
with a sextic hypersurface outside of a couple of planes of one, say %,
of the two rulings of @, and has two conics of double points y,, y,, in two
planes of the other ruling %#,. In the first case the singular curve of F
can either be like the case @ is nonsingular, or can be reducible in a triple
line r and two double lines r,, r, both coplanar with r: the adjoint quadric F’
to .F should be the couple of planes spanned by », 7, and r, r,. In the latter
case the two conics y;, . can become tacnodal lines, or one tacnodal
conic, ete. (see remark (11.2)). However, with suitable counts of para-
meters, similar to the one worked out in the proof of theorem (11.5), an
analogous statement for the normalizations S of F can be proved. We do
not reproduce these counts for sake of brevity.

If @ is a cone of rank 3, by lemma (11.1) and remark (11.2), F' is com-
plete intersection of ¢ with a quintic hypersurface. Here the singular curve
can be either like the above cases, or reducible in a double line coinciding
with the double line of @, and in two conics of double points lying in two
planes of @, or reducible in a triple line and in a tacnodal line in the same
plane of @, ete. (see remark (11.2)). Here too, with suitable counts of para-
meters one can prove a similar statement to that of theorem (11.5). We
do not reproduce these computations, which do not offer any difficulty.

Collecting the above results and taking into account corollary (10.14),
we finally have:

(11.6) THEOREM. If F is a canonical surface of degree 10 in P4, verifying (5.2),
the class of birational equivalence corresponding to F gives, in the moduli space
of surfaces with p, = p, = 5, K2 =10, a point of the component AV con-
taining all equivalence classes of surfaces whose canonical model has isolated
singularities.

(11.7) REMARK. Surfaces we have dealt with in this paragrph do exist.
Let us show that, for instance, there exist canonical surfaces of degree 10
in P4, verifying (5.2), contained in a nonsingular quadric. Let @ be a
generic projection in P3 of a Del Pezzo surface of degree 5. @ has degree 5
and has a nodal curve y which is irreducible (see [E], p. 8), of degree 5,
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lies on a quadric cone v, and has a triple point at the vertex of y with
three noncoplanar tangent lines, and no other singular points. Let IT be
a plane in P? cutting y in an irreducible conic 9'. The generic surface
in the pencil:

ADII® 4+ py® =0

has degree 10 and, by Bertini’s theorem, has y as nodal curve, the conic y’
as quintic curve and no other singular points. It is easy to check that such
surfaces are just projections in P® of canonical surfaces we are looking for,
from a point of the quadric in which they lie. Similarly it can be proved
that there exist surfaces of degree 10 in P® with two coplanar lines 7, 7,
of multiplicity 4 and 6 respectively, and two double conies in two distinct
planes through r,. These are projections in P? of canonical surfaces of
degree 10 in P* lying in a quadric cone of rank 4, which are not complete
intersection of the cone with a quintic.

(11.8) REMARK. Let us point out that certainly there exists a second
component £ of the moduli space of surfaces with p, = p, = 5, #2 =10.
Look, for instance at the family of double coverings of a P? branched on
a curve of degree 12 with three 4-ple points and two triple points each
having an infinitely near triple point. Here the canonical system has two
base points and is composite with an involution of order two. The canonical
images of these surfaces are double coverings of Segre surfaces of degree 4
in Pt The component of the moduli space containing all classes of
birational equivalence of these surfaces has at least dimension 40, thus is
different from J¢"®. The above example, which should be interesting to
investigate carefully, is due to F. Enriques (see [E], p. 289).
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