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Hypoelliptic and Gevrey Hypoelliptic Invariant
Differential Operators on Certain Symmetric Spaces.

PAUL GODIN

0. — Summary.

In this paper we find a necessary condition for the hypoellipticity of
invariant differential operators on a Riemannian symmetric space G/K of
the noncompact type. We prove that this necessary condition ig also suffi-
cient in the following cases: when G has a complex structure, when @ is
_the product of real rank one groups, or when a tranversality condition is
satisfied. We obtain analogous results with hypoellipticity replaced by
Gevrey hypoellipticity.

1. — Introduction.

A differential operator P on a C* paracompact manifold X is called
hypoelliptic if for each distribution u € D'(X), » and P« have the same
singular support. If X is analytic and s>1, P is said to be Gevrey hypoel-
liptic of class s if w and Pu have the same Gevrey singular support of class s
for each u € D’'(X). Here the Gevrey singular support of class s of v € D'(X)
is the complement of the largest open set where v belongs to the s-th Gevrey
class G,.

If X is an open subset of R?, Hérmander has characterized hypoelliptic
and Gevrey hypoelliptic differential operators with constant coefficients
on X in terms of their symbol (see [12]; [13], chapter IV). The symbol
p(&), EeR", of a differential operator P(D) with constant coefficients on
X c Re is defined by P(D,)(¢**%) = p(£)¢***, where € X, D = (D, ..., Dy),

Pervenuto alla Redazione il 16 Febbraio 1981.
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iD; = 0[ow;, and <=, & = > ;& M a= (..., n) € Z" , let us write || =
1<is<n
= Y o, and p")(&) = 0l*lp(£)/0&2+... 0¢%». Then Hérmander’s condition for
1<isn
hypoellipticity can be written

(4) PAE)/p(E) >0 if 0~ aeZ’ and & oo,
and Hormander’s condition for Gevrey hypoellipticity of class s is
(4.) 1p“(&)[p(&)| < O[] 1"

for some C > 0 independent of & when & is large enough.

In this paper we shall study regularity properties of solutions of invariant
differential equations on Riemannian symmetric spaces of the noncompact
type, that is on coset spaces X = @/K, where G is a connected non compact
semisimple Lie group with finite center and K is a maximal compact sub-
group of G. There is an action 7 of G on X defined by the formula 7(g)(hK) =
= (gh)K if g, he G. By «invariant differential operators » we mean those
who have complex coefficients and are t-invariant. As shown in [4], they
form a commutative algebra which we shall denote by D(X). Helgason [6]
(resp. [11]) has proved that any non zero P € D(X) is locally solvable (resp.
is surjective from C®(X) to C*(X)).

A function ¢ € C*(X) is called spherical if

(i) @(K)=1,
(ii) @(krK) = @(xK) for all ke K and z€ G,
(iii) for each @ € D(X), ¢ is an eigenvector of ¢.

Harish-Chandra [3] determined all the spherical functions of X. If
G = KAN is an Iwasawa decomposition of G, he proved that they can
be parametrized by a) (the complexified space of the dual a* of the Lie
algebra a of A) when one associates with { € a} the spherical function

p(gK) =J.e<ic—o,H(ak)> dk .
k

Here we have to explain the notation in the right-hand side: dk is the
Haar measure on K with total measure equal to 1, o = } > m, « is the half

aeXt
sum of the positive restricted roots « (counted with their multiplicity m,)
relative to the choice of a positive Weyl chamber, and H: G — q is defined
by exp H(g) = a if g = kan is an Iwasawa decomposition of . Two sphe-
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rical functions ¢, and @, are equal if and only if {’= s{ for some element s
of the Weyl group W (see [3] and [4] chapter X).

With P e D(X) we may associate a complex polynomial p on a, W-inva-
riant, by the formula Pg,= p(§) ¢(£) (see for example [4], chapter X, where
(&) is denoted by I'(P)(i&)).

The purpose of our paper is to study relations between the hypoellip-
ticity (resp. Gevrey hypoellipticity of class s) of P and condition (4) (resp.
(4,)) imposed on p. This paper is divided into three sections.

In section I we prove some useful properties of the polynomial p.

Section IT is devoted to the study of hypoellipticity. In IL.1, we prove
that p satisfies (4) if P is hypoelliptic.

To study the sufficiency of (4) for hypoellipticity, we construct in I1.2 a
parametrix G of P, which is the « convolution » by some 7' € D’'(X). When @
is complex, we show in II.3 that (4) implies hypoellipticity. In II.4 it is
proved that 7' is smooth in X’ when (4) is fulfilled. Here X’ is the set of
regular points of X. The method of II.4 is then used in IL.5 to show that
(4) implies hypoellipticity when G is a product of real rank one groups.
In I1.6, we consider T as the pullback of a distribution on a and introduce a
transversality condition (condition (B)). We show that when (4) is ful-
filled, T' is smooth in a neighbourhood of each point where (B) is satisfied.
Therefore P is hypoelliptic if (B) is satisfied at each point of X\ (X'VU {K}).
(Here K denotes the origin of G/K) (). We end II.6 by presenting some
examples.

Section ITI, which parallels section II, is devoted to the study of Gevrey
hypoellipticity. In IIL.1, we prove that (A4,) is a necessary condition for
Gevrey hypoellipticity of class s. In III.2, we reduce the problem of suf-
ficiency of (4,) to the study of 7. The sufficiency of (4,) is proved in ITI.3
when @ is complex and in ITI.5 when @ is a product of real rank one groups.
In ITI.4, we prove that T € G,(X’) if p satisfies (4,). In IIL.6, we introduce
condition (B,). When it is fulfilled at each point of X\ (X'U {K}), P is
Gevrey hypoelliptic of class s as soon as p satisfies (4,). Examples are
given to conclude paragraph IIL.6.

This paper makes use of the theory of Riemannian symmetric spaces
and of the theory of hypoelliptic differential equations with constant coef-
ficients in R*. For all unexplained notions on the first topic we refer to
[4], []; see also the beginning of [6], [8] and [10]. For the second topic
we refer to [13]. '

(1) Added in proof: After this paper was written, Professor J. J. Duistermaat
pointed out to me that the use of Abel transform allows to eliminate the transver-
sality hypothesis.
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I. - Some properties of the polynomial p.

In this section we collect some properties of p which we shall need in
the sequel. First we recall some well known facts (see [4], chapter X).

Denote by D(G) the algebra of left invariant differential operators with
complex coefficients on G. Let D, (G) be the subalgebra consisting of those
operators of D(G) which are also right invariant under K. If n: @ - X =
= G/K is the canonical projection, there is a homomorphism u: D (G) —
— D(X) given by the formula (u(Q)f)on = Q(for) if @ € D.(G) and fe C(X).
If f is the Lie algebra of K, the kernel of u is equal to D (G) N D(G)f. On
the other hand, if I(a,) is the algebra of complex polynomials on a which
are invariant under the Weyl group, there is a canonical homomorphism
v: Dg(@) — I(a,) with kernel D (G)N D(G)f. From g and » we get a ca-
nonical isomorphism of algebras I': D(X) — I(a,) such that Pp,= (I'(P)(i&))p,
if Pe D(X). As said in the introduction, we put p(&) = I'(P)(3&).

If Pe D(X), denote by ord P the order of P (as a differential operator)
and by deg p the degree of p (as a polynomial). Then the following holds:

LEMMA I.1. Ord P = deg p.

Proor. (a) Let A* be a positive Weyl chamber in 4. We can define
the radial part rad (P) of P in A*-0. (We shall often denote by g-o the
point g{K} of X = G/K). rad (P) is the unique differential operator on
A*-0 such that Pf|,..,=rad (P) (f|.,) if fe C*(X) is K-invariant, where
|4+., Means restriction to A*-o (see [3] or [9] chapter II).

Furthermore rad (P) = ¢~ °I'(P)e® -+ lower order terms, ([9], chapter II,
prop. 1.5), where p is as in the introduction half the sum of the positive
restricted roots with multiplicity. (Here of course we have identified the
polynomial e ¢I'(P)e? with the differential operator on A it defines). This
equality shows that deg p = ord rad (P), which in turn is not larger than
ord P.

(b) Let g be the Lie algebra of G and p the orthogonal complement
of £ in g, with respect to the Killing form, so that a is a maximal abelian
subspace of p. Denote by I(p,) the algebra of complex Ady(K)-invariant
polynomials on p. Using the Killing form which allows to identify a and a*
(resp. p and p*), we may consider elements of I(a,) (resp. I(9,)) as polynomial
functions on a (resp. p). Then the Chevalley isomorphism theorem ([3];
[4], chapter X) implies that any p € I(a,) has a unique extension to an
element peI(p,). Denote by A:I(p,) — Dy (G) the symmetrization map
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defined by A(Y;...Y,) =3 Y, ... Yyp/r!, where ¢ runs over the group of
(-]

all permutations of the set {1,...,7}. We are going to show the following:

1) I'(p) and pA(P) have the same order equal to deg p and the same
principal part.

We prove (1) by induction on deg p which we denote by d. If d = 0,
(1) is clear, so we suppose that (1) is true for d<s and we prove it when
d=s -+ 1. By Lemma 6.12 of [4], chapter X, vA(P) —p is of degree less
than or equal to s; hence the induction hypothesis shows that ord I'-1(yA(p) —
—p)<s. But I'(ypA(P) — p) = pA(P) — I'-*(p); furthermore ord uA(H)<
<deg = degp = s + 1; and ord I-*(p)>deg p by part (a) of the lemma.
This proves (1) and completes the proof of the lemma.

In fact we can be more precise. Let P e D(X) be of order m and write
P = 2 P,_;y where p,_,e I(a,) is homogeneous of degree m — j. Denote by

0<i<m
o(P) the principal symbol of P in the usual sense of differential operators

theory; this means that ¢(P) is the function from T*X\O0 to C defined
by o(P)(x, &) = i»P(f»)(x)/m! if fe C*(X) vanishes at  and has a dif-
ferential at » equal to £&. Denote by Exp the exponential map p — X (that
is the composition of the exponential map of g restricted to p with the
canonical projection from @ to X) and by §,, the canonical extension of p,.
to an element of I(p,). Then we have:

LeMMA 1.2. If # =g-0€ X, we have o(P)(®, &) = Pn(£odr(g),0d Exp,)
where O denotes the origin of p.

Proor. As noticed in the proof of lemma I.1, P and E = ,ulZ]Tf))
have the same principal part. We are going to compute i™R(f™)(x)/m!
when fe C°(X), f(x) = 0, df,= & Applying theorem 2.7 of [4], chapter X,
we see that R(f™)(x) = R'(f~o7(g)oExp)(0), where R’ is the differential
operator on p defined as follows. Choose any basis Y;,..., ¥; of p and
associate to ¥ = Y y;Y,e p the linear coordinates ¥y = (¥,, ..., %) € R. If

1<i<t

I'P)=Ya,Y* (with the usual multi-indices notation) and ¢ e C*(p), R’
is defined by (R'p)(Y) = Y a,0;D(y) it D(y) = ¢( 3 v;¥,). Note that ord

1<t
= deg F(P) , which by (1) is equal to m. Therefore o(R)(w, ) = o(R’)
(Eod‘[ )ood Exp,). The last expression is readily seen to be equal to
fpm(&odr(g)ood Exp,). The proof is complete.
In section IIT the following result will be useful:

LemMMA 1.3. For each (€ a*, there exvists p € I(a,) homogeneous and not
constant, such that p({)+~ 0.
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Proor. Denote by s,, ..., s, the elements of the Weyl group of a. They
act on a* by (s;& H) = (&, s;'Hy, Eca* Hea, and on a} by complex-
ification. If ¢; is the j-th elementary symmetric function in r indeterminates,
define f;eI(a,) by the formula f;(1) = 0,(<s: 4, N),...,<s, 4, N)), A a¥, where
N € a is such that <, N)+# 0.

If 2,..,2€C, 2,..,2, are the r complex roots w of the equation
w4+ > (—1)0(2,y vey 2,)w" " = 0. Therefore there must be some j such

1<isr
that f;({) # 0.

As explained in [4], chapter X, § 6, I(a,) is finitely generated. Denote
by pY...,p' a set of not constant homogeneous elements of I(a,) which,
together with 1, generates I(a,). Then we have the following obvious

consequences of lemma I.3.

CorOLLARY L.1. If { € a?, there exists some j, 1<j<l, such that p’() + 0.

COROLLARY I.2. Put d,= deg p’ and denote by || any fized norm in a}.

Then there exists a strictly positive constant C such that, for all { € a}:

2 PO >0l

1<i<

II. - Hypoellipticity.

IL.1. — The necessity of (4).

In this section we are going to study operators P € D(X) for which the
corresponding p € I(a,) satisfies condition (4). Since p can be viewed as a
function on a*, the precise meaning of (4) is of course that p*)(&)/p(&) — 0
when Z', 52+ 0 and & — oo (I = dima), where p® is computed in any
linear coordinate system (&, ..., &) of a*.

Using the well known characterizations of polynomials satisfying (4)
(see [13], chapter IV and [17], chapter 7), it suffices to prove the following
theorem to show that p satisfies (4) if P e D(X) is hypoelliptic.

THEOREM IL.1.1. Let S be a not empty relatively compact open subset of X.
Assume that for each ve D'(8), Pv =0 in 8 implies that ve C°(8). Then
the following holds: if (€ a} tends to oo and satisfies p({) = 0, then Im{
tends to co. (We write L = Rel + ¢Im{; Re, Im € a*).

ProorF. The proof is similar to that of the corresponding theorem for
differential operators with constant coefficients in R*. We equip N(8) =
= {ve L3(8), Pv = 0} with the topology induced by the usual topology
of L2(8). We have N(S)c C°(8). Denoting by S’ an open subset of §

loc
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such that S'c § and by |, the restriction to 8’, the mapping v > Lo|g
from N(S) to L*(8’) has a closed graph if L denotes the Laplace operator
of X for the metric defined by the Killing form. Assuming, as we may,
that o e §’, the closed graph theorem implies that for some F e 03°(S) and
some positive constant C:

(2) [Lv(o)| < O sup | Fv(x)|
x€S

if ve N(S).
Now ¢, N(8) if (€ a} satisfies p({) = 0. Furthermore corollary 2
of [3] implies that

(3) Lo;=— (K50 + <, ) 9z

where ¢ = % > m_a, as recalled in the introduction. We are using the fol-
aeXt

lowing notation: if A, u € af, let H,€ a, be determined by A(H) = B(H,, H)

for all H € a, where B is the Killing form; then we put {1, u> = B(H,, H ).

On the other hand,

(4) (pc(go) =f6(iC~Q,H(gk)) k.
K

Introducing (3) (resp. (4)) in the left-hand (resp. right-hand) side of (2),
we see that when p({) = 0, Re { must remain bounded if Im ¢ is bounded.
The proof is complete.

From theorem IL.1.1 we can get some information about the real charac-
teristic points of P:

THEOREM II.1.2. If Pe D(X) is hypoelliptic and (x, &) € T*X\ O, then
o(P)(w, &) = 0 implies that do(P)(x, &) = 0.

Proor. By lemma 1.2, we have o(P)(g-0, &) = P,,(n), wheren = Eodz(g),0
od Exp,. So if o(P)(g-0, &) = 0, we have F,(n) = 0. We are going to show
that dp,(n) = 0, which of course will imply that do(P)(g-0, &) = 0.

Denote by M the centralizer of a in K and by at a positive Weyl chamber
in a. Let ¢: K/MXat—p be defined by p(kM, H) = Adyk)H for ke K
and Heat g is a diffeomorphism onto a dense subset p’ of p (see [4],
chapter X). Put ¢}(Y) = (¢'(Y),2"(¥Y)) e K/MXa* for Yeyp’, and a'=
=p'Na.

(@) Assume first that nep’. We can find ke K such that n'= Adyk)n<a
Since Pn(n') =0, we have p,(n') =0 and so dp.(n’) =0 because p,
satisfies condition (A4) by theorem IIL.1.1. Since in the coordinate system
(«', «"), P,, is independent of #, it is clear that dp,,(y’) = 0, whence dp,(n) = 0.
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(b) Assume now that nep\p'. If dp,(n)#0, the set E = {5'cp,
Pn(n') = 05 dP.(n')}is a manifold through » of dimension equal to dim p — 1.
Furthermore E c p\p’, as we have seen in (a). But dim (p\p')<dim p —2
(see [4], chapter X). This contradiction proves the theorem.

ReEmMARk IT.1.1. If X = G/K is a rank one symmetric space of the
noncompact type, equipped with the metric defined by the Killing form,
then every nonzero P € D(X) is a nonzero polynomial Y a; I/ with complex
coefficients a; in the Laplace operator L of X ([4], chapter X). Formula
(3) shows that the corresponding p satisfies condition (A4,), hence (4,) for
all s>1 and (4). On the other hand, P is an elliptic operator with analytic
coefficients on the analytic manifold X, hence it is hypoelliptic and Gevrey
hypoelliptic of class s for each s>1. Therefore when rank X is equal to 1,
(A) (resp. (4,)) is necessary and sufficient for hypoellipticity (resp. Gevrey
hypoellipticity of class s).

REMARK I1.1.2. When rank >2, we can always find non elliptic opera-
tors P e D(X) such that the corresponding p satisfies (4). In fact let
r € I(a,) be the polynomial of degree 2 associated with the Killing form B.
Let g € I(a,) be real and not elliptic. For example, we may take ¢ = [] HZ.

xeXt
Theorem 4.1.9 of [13] shows that the polynomial p(£) = q(&)%* 4 r(&)¥m—k+1
satisfies (4) if m = deg q and k is an integer larger than or equal to 2. It
suffices then to take P such that I'(P)(i§) = p(§). Since p,,, vanishes at
some nonzero vector of a*, lemma 1.2 shows that P cannot be elliptic.

I1.2. — Construction of a parametrix of P when condition (A4) is satisfied.

We shall need suitably normalized measures, the definition of which
we recall now. Let g = ¥ -+ p be a Cartan decomposition of the Lie algebra g
of @, with Cartan involution 6. Let G = KAN be a corresponding Iwasawa
decomposition and denote by M the centralizer of a in K.

We define Haar measures dk, dm, da, dn, dg on K, M, A, N, G by the
following conditions: f dk = 1, f dm = 1, (2n)"* X% dg is the Euclidean

E s

measure induced by the Killing form, 6(dn) is the Haar measure dn on

N = () normalized by

f e 2 @HE® g =1, and ff(y) dg = J f(kan) €% %> dk da dn
G

+ KxAXN

for each fe O2(G) if g = kan is the Iwasawa decomposition of g defined
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above. (If Y is a O manifold, we denote by C°(Y) the space of 0© func-
tions with compact support on Y). The G-invariant measure on G/K
induced by dg and dk will be denoted by dx. Finally, the quotient B = K/ M
will be equipped with the K-invariant measure db of total measure one
induced by dk and dm.

Since G (resp. X) is equipped with a canonical positive O density dg
(resp. dz), we may view D'(G) (resp. D'(X)) as the dual of C°(G) (resp.
CP(X)) in a canonical way.

Then if Pe D(X) and T € D'(X), PT is simply the map CP(X)af—
— (T, 'Pf> € C, where ‘P denotes the adjoint of P with respect to dxz.

We shall need some more notations (see [11]). If fe C(@) and Se
€ D'(X), we put f,(»K) = [f(wk)dk and 8(f) = 8(f,). Then f,e C3’(X) and

K

SeD'(G). If ve§(X) and T e D'(X), we define v X T e D'(X) by <oxT,
Fy=<@«T,Fy it FeCX(X), where % denotes the convolution on G-

To prove the hypoellipticity of P when condition (A4) is satisfied, we
ghall try to construct a suitable 7'e D'(X) such that

(5) PT—$e C°(X),

where ¢ is the Dirac mass at o.

With T we associate the continuous linear operator G: Cg’(X) — 0=(X)
defined by Gv = vX 7. T has an extension to a continuous linear operator
from &'(X) to D'(X) (with their weak topologies, say). Since P(vXT) =
=oXPT = PvXT (see[1l]), (5) implies that PBv = BPv = v 4 vXh,
where h = PT — d € (*(X). Hence G is a twosided parametrix of P.

The action of G on the singularities is given in the following lemma:

Lemma IL.2.1. Assume that singsupp T c {o}. Then singsupp Gfc
c sing supp f for each fe &§(X). ’

ProoF. Assume that f is in C* in a neighbourhood of g-0. If ¢ € 0°(X)
is equal to 1 close to g-o and if y e C°(X), we may write:

9Gf = pGyf + ¢B(1 —p)f.

We choose yp with a small support; then pfe Cy’(X) and ¢Gyfe 0°(X).

We take supp ¢ small and y such that y = 1 in a neighbourhood of supp ¢.

Then @(g)(1 — P)(gy~) = 0 if y € G and n(y) belongs to some narrow neigh-

bourhood of the origin. Therefore ¢pG(1 — y)fe C*(X), which shows that

Gf is in C® in some neighbourhood of g-o. The proof is complete.
Classical arguments give easily:

CorRoLLARY I1.2.1. If T satisfies (5) and if sing supp 7T c {o}, then P is
hypoelliptic.
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To construct T satisfying (5), we shall use the Fourier transform on X,
for the study of which we refer for example to [10].

Ko=g0eX and b = kM e B, we put A(x, b) = — H(g~'k). Then the
Fourier transform Fu of u e C°(X) is defined for £€ a* and be B by

(6) fu(f, b) =fu(w)e(—i$+e,4(ac,b)> do .
X

(In [10], Fu is denoted by 4%, but we want to avoid a possible confusion
with the ~ operation introduced above).
There is a Fourier inversion formula:

(7 u(x) = |W|—1J~ ffu(f, b)e(i5+e,4(a:,b))’

a* B

le(&)|-2 d& db ,

where |W| is the order of the Weyl group W, ¢(£) is the Harish-Chandra ¢
function, and (27)™**/% d¢ is the Euclidean measure induced by the Killing
form on a*.

In the remainder of this paper we shall write |§|2 for (&, &) if &ea*.
Assume that p satisfies condition (A4). Then for some R >0, we have
p(&)]>1 if |§|>R. Choose y € C°(a*), W-invariant, equal to 0 when |[£|<R
and equal to 1 when |§|>2R.

Pm(e(’iE+q,A(a;,b))) — p(s)e(i5+9,¢4(w,b)) (See [8], . 94) .

Hence (6) gives that F(‘Pu)(&, b) = p(— &) Fu(&, b). Therefore, an easy
computation using (6) and (7) shows that the distribution 7, defined for
ue 0(X) by

T _ . 28 b dt db ’
(8) (T, up = |W| ajpr(_ f_) Fu(&, b) rGIE

satisfies (5). The integral exists since, when & — co, Fu(é, b) is rapidly
decreasing in & uniformly in & and |¢(£)|- has polynomial growth (see

e.g. [10]).

I1.3. — Study of 7' when G is complex.

If @ = KA*K is a Cartan decomposition of &, (51, chapter IX), each
g € G can be written g = k,ak,, where %k, k,e€ K and a € A*-a is uniquely
determined by g and we denote it by 4*(g).
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If Zea}, we put n(l) = [] < Hp.

aeXt
Finally the mapping $ defined on a by B(H) = B(H, H) is a polynomial

function on a, that is a polynomial on a*. We have B = > (¢')? if e, ..., €
1<i<t
is the basis of a* dual to some B-orthonormal basgis of a. If fe C*(a*) we

put
HDINE =3 SIE 1o amd  BD) = 3 (D1
Then we have:

LemmA I1.3.1. If G is complex, the following holds:
(9) B(Dy) (u(— 18) p_4(g-0)) = B(log A*(g))n(— &) p_(g-0),
where log: A — a is the inverse of the exponential map of a.

Proor. Since @ is complex, we have the following simple expression
for @, (see [9], chapter II):

Pela-0) = F(a, i§)[F(a, o)

when a € A, where F(a,n) = Y (det s)“"'*® [n(y). Since ¢, is K-invariant,
SEW
an easy computation gives (9).

Let us fix some g,-0€ X and choose & such that m(— &) @_(g-0)# 0
for g-o close to g,-0. Then (9) shows that g-o — B(log A*(g)) is analytic
close to g,-0, and since g,-o is arbitrary, the function is analytic everywhere
on X. It is positive and vanishes only at o. If d(g-0) denotes the Rieman-
nian distance from g-o to o, when X is equipped with the Riemannian
metric induced by the Killing form of g, one has:

(10) ax(g-o) = B(log A*(g)) .

To show (10) it suffices to show that d%(a-0) = $B(log a) for a € A, since
d(ka-0) = d(a-0) if ke K. Put loga = H. Then {ExptH, tcR} is the
geodesic through o and a-o (see [5], chapter IV), and since

d
{AdExpy, H) = P Exp (tH +sH)|s~o=<dv(exptH)ood Expo, H) ,

where 7 denotes the action of & on X, we get that |<d Exp,z, H)|ly is
independent of ¢ if | |?; denotes the norm in 7'y, z(X) defined by the metric
of X. Since [{d Exp,, H)|2= B(H), it is clear that d*(a-0) = B(log a).
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‘We are now able to prove the following converse of theorem II.1.1:

TeEOREM I1.3.1. If G is complex and T is defined by (8), one has
sing supp 7' c {o} as soon as p satisfies (A). In this case P is hypoelliptic.

PrOOF. Since ¢.(z) = fe“"“g"‘(’”’b» db (see [8], p. 94), one has
B
[F@ )&, b) @ = [ @)u@) p_ya) do
B X

if NeZ, and u € C(X). Since G is complex, we have ¢(&) = n(o)/n(¢£) ([9],
chapter II); therefore (9) shows that

BT, wy = [V() BY(Dy) U(E) d& = [U(&)' S (D) V(6)

where U(&) = ni(— i&) [u(®) p_ (@) dw and V(£) = 5(&)n(i&)/(|W|n(0)*p(— £));
X

!denotes transposition with respect to dé&.

Since p satisfies (A4), we have for some C > 0 and some s>1: |p(“>(!;‘)|<
<O|&|7"|p(&)| if |&|>R. Hence for some r € R, we have |'B¥(D,) V(&)<
Oy(1 -+ |£])""2¥"%, where O, > 0 depends on N. Therefore, when N is large
enough, d** T is a continuous function and we have:

@2 T(z) = f p_o(@)m(— i&)'BY(D,) V(&) d¢

a*

which shows that for some fixed p,eR, d*¥T e O¥(X) if u< po+ 2N/s.
Hence T € C°(X\{o}). This completes the proof in view of corollary II.2.1.

IL.4. — Study of 7 in the regular part of X.

When @ is not complex, we have no simple expression for the spherical
functions and therefore we are not able to prove an identity as (9). However
let X’ be the regular part of X, that is the image of KA*K by the projec-
tion ¢ - X = G/K. It is known that X' is open and dense in X and that
dim (X\X')<dim X — 2 (see chapter X of [4]). The following theorem
shows that T behaves well in X’ even if G is not complex:

THEOREM II.4.1. Assume that p satisfies condition (A) and let T be given
by (8). Then singsupp TN X'= 0.

Before starting the proof, we have to recall some properties of the
spherical functions, the ¢ function and the polynomial p.
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In A*, we have Harish-Chandra asymptotic expansion of ¢_, (see [3],
[10]), which implies that

() F_g@e(@)]->= =@ 3 o(s8) P(a, —s¢) ,
SEW
with
(12) D(a, n) = gi<nloga) Z Fy("?) o= Hloza)
MEL

for a € A%, &€ a*, 5 € a*.
Here we are using the following notations (see [10]): L is the set of all

linear combinations of the form > n,«;, n,€ Z,, where the a; are the simple
1<i<i
restricted roots. The Fﬂ are rational functions and ¢ is the Harish-Chandra
¢ function.
‘We recall now a number of facts about the function

U(a, 5) — e~ <e,log a) Z I'”(_ 5)3_ {u,log a)
peL

(see [31, [7], [8]). If r> 0, put a,= {{ €qa}, Ima,;, &> < for j =1, ..., 1}.
Since the map ¢ > I',(— {) is holomorphic outside {¢ € a¥, <u, {> = 1ilu, p>
for some pe LN\{0}}, it is holomorphic in U, if ¢> 0 is small enough.
Furthermore, if &> 0 is small, the proof of theorem 2.4 of [8] (see also
lemma 2 of [1]) shows that for each H,ca™, there exists a constant Ky
such that for each ue L:

(13) sup |[Iy(— 0)| < Kg, e8> .
LeUs

Let 8 be a compact subset of at. Choosing H, such that «;(H — H,)> 0
for 1<j<l and all H e 8, and taking ¢ small enough, we see, using (13),

that the series Y |I}(—¢)e™ ““#?| is uniformly convergent if { € U, and H'
ueL
belongs to a suitable neighbourhood of § in the complexified space a, of a.

This shows that e~ @#> ¥ I' (—)e™ “F” iy holomorphic there. Also one
ueL
sees easily that for each translation invariant differential operator ¢ on A4,

there exists a constant C such that

(14) sup Q. U(a, 0)|< 0,

acexp S, LeUs

it U(a,%)=e" <e,log ad Zpﬂ(_ t)e” <uslogay

MEL
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As ghown in [7], there exist constants ¢ and m such that
(15) lem(O)<C@ + 1EN)™,

for all { € o} satisfying Im <{«;, {> <0, j = 1, ..., I; ¢-({) is holomorphic in a
neighbourhood of that set.

On the other hand, since p satisfies (4), there exists some s>1 such that
ICl<C'(1 + [Im¢|)* if p() = 0 and € a}, where ¢’ is independent of ¢.
Hence we may use the following lemma, which is part of lemma 2.1 of [2]:

LemMmA IT.4.1. Put (&) = (1 + |£|?)* when E€a*. Let vea* be fized.
Then there are positive constants C,, R, 8, A such that

[p(& + i) > A<

when |&|>R and 0<t<C (&Y.

Since this is no restriction, we shall assume that the R of the lemma is
equal to the R introduced in the definition of y (§ IL.2).

We are now ready to give the

PrOOF OF THEOREM II.4.1. We shall consider the functions

(16) T.(x)= |W[? x(£)6(&/n)

J P Ble@R 7O

we X', where neZ, tends to oo and (&) =[e¢ ~"“Pu(H)dH. Here
a
(27)™% X2 4H is the Euclidean measure on a induced by the Killing form;
w € C7(a) is W-invariant and f w(H)dH = 1.
a

It is clear that T,e 0*(X)andthat (T, »)> — (T, p) for any y € 0°(X)
when n» —oco. Hence theorem II.4.1 will be proved if we show that T,
is a Cauchy sequence in O*°(X') as n —oo.

Now the mapping ¢: K/M Xat— X' defined by

o(kM, H) = exp (Adg(k)H)-0, keK,Heat,

is a diffeomorphism ([4], chapter X). Hence ¢! defines a chart of X’ in
which 7', is independent of the first variable. Therefore to show that theo-
rem II.4.1 holds, it suffices to prove the following result:

THEOREM IT.4.2. A*sa > T,(a)is a Cauchy sequence in C*(A*) as n — co.
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ProorF. We are going to show the following, which obviously implies
theorem II.4.2:

(17)  If a,e A*, there exists an open meighbourhood V of a, in A% such
that V sa > T,(a) is a Cauchy sequence in C°(V) as n — oco.

If a,e A", lemma 35 of [3] implies that there exists some j, 1<j<],
such that B(e;, log a,) > 0. Relabeling the roots if necessary, we may as
well assume that j = 1. To simplify notations, we introduce suitable linear
coordinates in a* and a} (see [7]). Let e, ..., ¢, be the basis of a dual to
the basis oy, ..., a; of a*. If £ € a*, we write H,= > £,¢;,. Then (£, ..., &)

1<i<1
are linear coordinates of a*. If { = & 4 iy with &, 5 € a*, we put {,= & +
+ in;. Then ({,,...,(;) are linear coordinates of a}. We shall write &'=
= (&, ..., &) and identify functions on subsets of a* or a; with their ex-
pression in the linear coordinates just described. Let d&, (resp. d&’) be the
Lebesgue measure in &,-space (resp. &'-space). Then d& = y d&, d&' for some

y € R\ {0}.
An easy computation, using (11), (12), (16), shows that:
X(E)e 5/n) U a’ "t) e—¢6,loga)
(18) To(a) = f 5 o) a,
if ac A*.

Let » € a* be such that H = —e¢;. We are going to let { take complex
values in the direction of ». Put

U(a, C) e—i<,loga)

P(—0)e(0)

7(§) = 0K and  U'(e, ) =

Assume that for some constant ¢ > 0, B(e,, log a) > C; this is certainly
true if @ belongs to a small relatively compact neighbourhood V' of a, with
closure contained in A™.

Apply Stokes formula for fixed &' to the domain {{,, [Re {;| < w, — 7(§) <
<Im < 0} and let w tend to oco. If n is large enough, say n>mn,, (14),
(15), and lemma II.4.1 show that for all ae V': T.(a) = E,(a) + R.(a),
where

Bo(a)=yp f a’ f L&) 0/, & n) U0y &, £,

a) =iy f a f f L (605, €0 U0, 1, &) dsdin,
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where the integration with respect to dl, (resp. dé, dn,) is performed on
the curve (,= & — i7(&) (resp. on {(&;, 1), — 7(§) < m1< 0}).
In fact we have also, when n>n,:

19 Ba)—y f f ()0, & /n)U'(a, &, &) Ly dE,
20)  Rufa)—ip f f f g-g (E)0(Cufn, £ ) U'(a, Cy &) a6, GE' dy

by Fubini theorem. Using (14) we may differentiate (19) and (20) any
number of times under the integral signs and the results are Cauchy sequences
in (V') when n — oo.

Hence (17) is proved. At the same time, we get the formula

T(a) =y f f 2 T, oy &) AL AE +iy f f g—g (&)
'Ul(ay Cl} §I)d§1d§,d?71, for aeV’.

REMARK IT.4.1. If rank X =1, then X'= X\ {o}. Hence in this case
theorem IT.4.1 implies that any nonzero element P of D(X) is hypoelliptic.
In fact P is even elliptic: see lemma I.2 and remark IL.1.1.

IL5. — Products of rank one spaces.

On the singular set X\ X', expansion (11) is not valid. We describe
now a very special situation where it is however possible to use the ex-
pansion of spherical functions to show that condition (A4) implies that 7 €
& 0=(X\{o}).

We assume the following:

(21) @& is the Cartesian product G,X...X @G, (with the natural product law
(G35 oo G (G1s woey 9o) = (91915 oe5 9,9, and product manifold structure)
where G;, 1<j<q, is a real rank one connected noncompact semisimple
Lie group with finite center.

Then of course @ is itself a connected noncompact semisimple Lie group
with finite center. Let K (resp. K;) be a maximal compact subgroup of &
(resp. @;). Since K'= K,X...x K, is a maximal compact subgroup of G, K
and K’ are conjugate under an inner automorphism of & ([5], chapter VI);
hence K must be of the form K, X...X K,, where K, is a maximal compact
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subgroup of G;. Let f; (resp. g;) be the Lie algebra of K; (resp. G,) and let
g; = £, + p, be the corresponding Cartan decomposition. Then a = a,X...Xa,
is a maximal abelian subspace of p,X...Xp, if a; is maximal abelian in p;;
correspondingly 4 = 4,X...x 4, if A;=-expaq;. If &€ (a]),, denote by
(&1y ey &) €A, the map a3 (H,,..,H) 3 &H,;. Then the restricted
roots of a are of the form (B, ..., f,) with g, = d.;a; for all m and some j,
1<m, j<q. Here 0,;,= 1 if m = § and 0 otherwise, and «, runs over the
restricted roots of a;. For a®™ we choose a; X...Xxa;. Harish-Chandra in-
tegral formula @,(g) =[¢“*~@H ak shows that Fe(g) = [] Fs,(g;) it &=
K

1<i<a
= (517 seey fq) and g = (gl, seey gq)'
We are going to prove the following result:

THEOREM I1.5.1. Let G be as in (21). Put X = Q/K where K is a maximal
compact subgroup of G. Then Pe D(X) is hypoelliptic if the corresponding
polynomial p satisfies condition (A).

Proor. We shall show that for each meZ,, L™T, is a Cauchy se-
quence in C(X\{o}) as n —oo, if L is the Laplace operator on X cor-
responding to the metric defined by the Killing form. As a first step we
are going to prove the following:

(22) ILnT,|, is a Cauchy sequence in O(AN\{1}) as n — co.

We know already by the proof of theorem IL.4.1 that LmT|, is a
Cauchy sequence in C(4*). Hence it suffices to study what happens in a
neighbourhood of 04"\ {1} in A\{1} where 0 means boundary in 4, or in a
later in this paper. (Recall that Im T,|, is W-invariant). If a'= (a,, ..., a.) €
€ 0A™ {1} we have «,(log a;) > 0 for some j, 1<j<gq, where a;€ a is the
simple root corresponding to the choice of 4;,". We may assume that j = 1.
Using (3) and (16) we get an integral formula for Z—Wl':,l 4+ When a belongs
to a small neighbourhood of a’ in A\ {1}, we may use (11) to expand ¢_ g,(ay)
and give complex values £, to &;, with Im <«,, {;> < 0. ({ou, ;) is computed
in a}.) The proof of (22) is then a repetition of that of theorem II.4.2.

Now the mapping Exp: p — X defines a chart of X in which LT, |,
is a Cauchy sequence in C(a\{o}), because of (22). In this chart, LT,
is Ady(K)-invariant. Therefore it is clear that theorem IL.5.1 will be proved
as soon as we know that the following lemma is true:

LEMMA ILB.1. Let g = f -+ p be a Cartan decomposition of a real semi-
simple Lie algebra g and a be a maximal abelian subspace of p. Let G and K
correspond to g and ¥ as usual. For each neZ,, assume that f,€ C(p\{0})
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is Adg(K)-invariant. If for n —co, f,|, is a Cauchy sequence in C(a\{0}),
then f, is a Cauchy sequence in C(p\{0}).

Proor. Let us fix some notation: for each Z € p, there exists one and
only one point of a*, which we shall denote by Z' throughout all this proof,
such that Z'= Ady(k,)Z for some ke K (see [5], chapter IX). We are
going to prove that:

(23) Y—>Y, if Y->Y,; Y, Yep.

Since (Ady(k)Z)' is independent of k € K, we may as well assume that
Y,eat.

As we have already used before, the map ¢: K/M xa* — Ady(K)a™
defined by @(kM, H) = Ady(k)H for ke K and Hea™ is a diffeomorphism.
@t gives a chart of Ady(K)a™ in which the map Y+ Y’ is just the projec-
tion on the second component. Hence (23) is clear if Y,ca™.

If Y, 0a*\ {0}, we have:

(24) AYy {AXy, A>0}) >0 if Y ->X,,

where d denotes the distance on p defined by the Killing form. In fact,
if (24) is false, we can find ¢ >0 and a sequence Y,— Y, such that
a(Y,, {AY,, A> 0})>C for all n. We have ¥, = Adgyk,) Y, with k,e K and
we may assume after perhaps taking a subsequence that k,— ke K as
n —oo. Hence Y, —> Adg(k,) Y, which must belong to a* since Y, does.
But Adg(k,) Y,¢ {AY,, A> 0}. Hence Y, and Ady(k,) Y, are different, and
both in a*, which is impossible ([5], chapter IX). Therefore (24) is proved.

On the other hand B(Y', Y') = B(Y, Y) — B(Y,, Y,) if B is the Killing
form. This, together with (24), proves (23). Now let 8 be a compact sub-
set of p\{0} and 8’ its image by the continuous map Y > Y'. Since f, is
Adg(K)-invariant, we have:

(25) sup |fa(Y) — f(Y)| = sup |fu(Y") —f(¥")],
YeS Y'eS’

for each n,r, and the right-hand side of (25) is arbitrarily small when n»
and r are large enough, since 8’ is compact. This proves lemma II.5.1.

I1.6. — The transversality condition (B).

We are now going to introduce a condition on X\ (X'U {o}) which
allows to prove that T (given by (8)) has no singularities there when p
satisfies condition (4). :
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Using pseudo-differential notation, it is natural to write |¢(D)[-24 for
the distribution on a defined by f &SP o(£)| "2 dé. Since [e(£)]-2 has poly-
a‘

nomial growth, |¢(D)|-2d is well defined as an element of §'(a). Denote
by E the pseudo-differential operator on a defined (with y, p as above, p
satisfying condition (4)) by
Be(H) = |[W|- ei(é,H)x(;é).g d
(H) !l‘ 2 (&) dé¢,

a
z€ CP(a), Hea, where 3(&) =fe‘“5’mz(H) dH is the Euclidean Fourier
a

transform of z. Then for some ¢ > 0, E is a pseudo-differential operator
of type 82’0 in the sense of [14]. So if we denote by WF(f) the wave front
set of fe D'(a), the results of [14] show that WF(Ef) = WF(f) if fe &(a).
Clearly the same equality holds also if f€ 8'(a) since F is the convolution
by a distribution which belongs to S(a) outside the origin. Therefore
WEF (E|e(D)|-28) = WF(|e(D)|-29).

Let us introduce the following transversality condition if € X\ {o}. We
shall say that condition (B) is satisfied at x if the mapping

Bobr— A(x,b)ea

has no mormal contained in WE(|o(D)|-24).

Here « normal » is used according to the terminology of [14]: a cotangent
vector (H, &) € T*a is called normal to the mapping f: B — a if, for some
b€ B, f(b) = H and {'df(b), & = 0.

Notice that condition (B) at  is equivalent to the following, which we
call (B') at »:

If & = kyay-0 with kye K and age AN\{1}, the mapping K 5k — H(a k)€ a
has no mormal contained in WEF(|¢(D)|-2d).

To see the equivalence, note that A(k,a,-0, kM)=H(a; k' %), which
is equal to H(ayk(ay'ky k) ([3], page 294). Here k(ay 'k, 'k) denotes the
element of K in the Iwasawa decomposition of a; 'k, 'k. Since the mapping
K 5k > k(ay'ky k) is a diffeomorphism of K ([3], page 294), the mappings
k > H(ayk(ag ks 'k)) and k — H(a,k) have the same normals, which shows
the equivalence of (B) and (B’). )

The reason for introducing condition (B) is the following theorem, in
which we keep the notations of the above paragraphs:

THEOREM I1.6.1. Assume that p satisfies (A). If (B) is satisfied at
z € X\{o}, then x ¢ sing supp 7.
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Proor. Put F (b) = A(y,b) if ye X and be B. Since condition (I3)
is satisfied, theorem 2.5.11’ of [14] shows that we can define the pullback

F*e@? Blo(D)|-20€ D'(B) of ¢ Blo(D)|-*6 € D'(a)

by F, when y € X belongs to a small neighbourhood V of w. If w,(y, b) is
the smooth function

x(— &) 6(—¢&/n)
p&)  o(d)[?

e<esAWw,b) | |1 | gi<t, Alo,b»

3

a*

(with the notations of § II.4), the proof of theorem 2.5 11’ of [14] shows
that we have for any ye C*(B):
(26) <F;6<Q’.> Ele(D)|2 6, v) = lim {u,, )

n—> 0o

in the C*(V) topology. (Using the results of [5], chapter X, pp. 369 and 380,
we see that db is induced by a K-invariant Riemannian metric on B. Hence
db is a O® density which allows to identify D’'(B) with the dual of C®(B)).

If we take p(b) = 1 for all b € B, then {(u,, p) is the function T, defined
by (16), computed at y. So (26) shows that the sequence 7', converges in
the C°(V) topology when n —oco. The proof is complete.

On the other hand, we know by theorem II.4.1 that sing supp 7' N X'= 4.
Therefore, using corollary II.2.1, the following result is clear:

THEOREM II1.6.2. Assume that condition (B) is satisfied at each xe€
€ X\ (X'V {0}). Then P € D(X) is hypoelliptic if the corresponding p satisfies
condition (A).

Below we shall give examples. We shall see that condition (B) may
be satisfied at each z e X\ (X'U {o}) but violated at some y € X'. In this
case theorem II.4.1 is really needed to get the conclusion of theorem II.6.2.
We shall have to compute |¢(D)|-2d and therefore use the formula (see [7]):

. . . My mac/2 <."L? d>
(27) o) =I(£/I() where I(u)=]]B (7’ t e a})’

for p € a}, B being Euler beta function.

Since we shall also have to make computations involving Iwasawa de-
compositions, let us recall briefly how these decompositions arise (see [5],
chapter VI). One starts with a Cartan decomposition g =¥t -+ p of the
Lie algebra g of G, where f (resp. p) is the eigenspace corresponding to the
eigenvalue -+ 1 (resp. —1) of a Cartan involution.
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For a one takes a maximal abelian subspace of p, and one puts n = > g,,
—aeX+t

where g,= {X € g: [H, X] = o(H) X for all H € a} for all restricted roots «.
Then G = KAN, where K, A, N are analytic subgroups of G with Lie
algebra f, a, n respectively. If ge @, its Iwasawa decomposition will be
written g = k(g) exp H(g)n(g); we have already met some of this notation.

If R is a pXq matrix, we shall denote by R;, the entry which lies on
the j-th row and the k-th column. We shall write R, for B;;.

One can simplify the computations somewhat if one remarks that (B')
is satisfied at each point # € X\ (X'U {o}) if and only if the following holds,
where A'= |JsA*:

SEW
(B") There exists an open subset U of 0A™\{1} such that
(i) UsUoadan\{1},
8EW
(ii) WF(|e(D)|-20) does mot contain any normal to the map K ok
+—H(ak)ea if ae U.

Indeed if s € W, there exists ke K such that s(a) = k,ak;'. Therefore
the two functions of k, H(ak) and H(s(a)k), have the same normals.
We are now ready to give examples.

ExAMPLE I1.6.1. The rank 2 space X of type A I in Elie Cartan’s ter-
minology, that is X = SL(3, R)/S0(3).

SL(3, R) is the group of 3 X3 real matrices with determinant equal to 1,
and S0(3) is the compact subgroup of orthogonal matrices with determinant
equal to 1.

‘We are going to show that condition (B”) is satisfied. Hence theo-
rem I1.6.2 holds for this space.

As shown in [5], chapter X, we may take 6(Y) = —'Y as a Cartan
involution for the Lie algebra of SL(3, R), and correspondingly for a we
choose the set of diagonal 3 X3 matrices H whose trace is equal to 0. We
may choose the maps a,(H) = H,— H,, ays(H) = 2H, -+ H,, a5(H) = H, -}
-+ 2H, as the set 2™ of positive restricted roots. We have m, =1 if ac X+
and at={Hea, — H,/2 < H,< H,}.

Using (27), we get for £ € a*: |¢(&)|-2= C [] 9, th(nn,/2), if g = 26— &,,

1S3

e = — &1+ 2&,, 5= & -+ &, where now &, & are the coordinates of & in
the basis o;,, sy, C i8 a strictly positive constant and th means hyperbolic
tangent.
If f(¢) is the inverse Fourier transform f ¢ th A dA of th (in the distribu-
R

tion sense), we get f € 8'(R) and f(¢) = 2¢ p.v. 1/t 4 f,(¢), where p.v. denotes
principal value and f, is analytic on R.



196 PAUL GODIN

If @ denotes a certain third order differential operator with constant
coefficients in the variables H,, H,, we have [¢(D)|-26 = Qf,, where

fz(Hn H,) = f((Hl—Hz)/n) 0(H,+ H,) +
+ f((2H, + H,)/=) 6(H,) — {(2(H,— H,)|7) 6(H,) .

In the last formula, all pullbacks and products are well defined (see
for example chapter II of [14]). We get by an easy wave front set
computation:

WEF(le(D)[-2d) c (T3a\0)U N(H,= 0)U N(H,= 0)U N(H,+ H,=0),

where Tga is the fiber of T*a at 0 € a and N(y(H,, H,) = 0) denotes the
conormal bundle of ¢(H,, H,) = 0.
We want to show that the map SO(3)>3%k+—> H(ak) has no normal
contained in WZF(|¢(D)|-24) when a e U, for some U as in condition (B”).
First we have to compute H(ak). Denote also by 6 the isomorphism

induced on SL(3, R) by the Cartan involution 6(X) = — ‘X of its Lie algebra
(see [5], chapter VI).
We have 6(9) =‘¢9~! if ge SL(3,R). To compute H(ak), we write the

Iwasawa decomposutlon of ak, that is ak = k(ak) exp H(ak)n(ak); then 6(ak) =
= k(ak) exp (— H(ak))6(n(ak)), whence

(28) k-1a*k = 0(n(ak))~* exp 2H(ak)n(ak) .

Since k € SO(3), we have k! =‘k. On the other hand one checks easily
that n;(ak) =1 and ny(ak) = 0 if j > 1 since n(ak) e N. Then (28) gives:

(29) H,(ak) = 4 log Ay;, Hy(ak) = —%log (4,1 4:,— A?z) y

where A4,,= > k;
1<i<8
We take U = {a€ 4, a,=a, 1} = {exp H, He a, H,= H,+ 0}.
If s € W is the reflection with respect to the root as, s transforms {H € q,
H,= H,< 0} into {Hea, Ny,= —2H,> 0}. Hence UU sU D> 0A™{1}.
To show that (B”) holds, it suffices to show that, when a € U, we have:

ir .'ISJ

(i) rank di(H (ak)) =2 if H(ak) = 0,
(i) du(H(ak)) it H,(ak) = 0,
(iii) dy(Hs(ak)) = 0 if Hy(ak) = 0,
(iv) do((H,+ H,)(ak)) = 0 if (H,+ H;)(ak) = 0,

where d, denotes the differential with respect to k¥ when a is fixed.
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Using (29), we get when a = exp He U:
H,(ak) = % log (¢ 4 (¢~ *F:— ¢*™)k3))
Hy(ak) = — } log (e7 22+ 4 (e*Fr— 7 2H)K,) ,

from which (i), (ii), (iii), (iv) follow easily.

Remark that on the other hand if H,= 0= H,, (ii) is violated for
a = exp H, as a simple computation shows. Note that a-0oe X'. So we
are in the situation referred to immediately after theorem II.6.2.

ExAmpLE I1.6.2. The rank 2 space X of type A II in Elie Cartan’s
terminology, that is X = SU*(6)/Sp(3).
S8U*(6) is the group of 6 X6 complex matrices with determinant equal

A B
to 1, of the form (__ B Z)’ where A and B are 3X3 complex matrices.

Sp(3) = 8U*(6) N U(6), where U(6) is the group of unitary 6 X6 matrices.

We are going to show that condition (B”) is satisfied. Hence theo-
rem I1.6.2 holds for this space.

As shown in [5], chapter X, we may take 6(¥) = —‘Y as a Cartan
involution for the Lie algebra of SU*(6).

Accordingly, for a we take the set of 6Xx6 matrices of the form
H = (f g), where Z is a real diagonal 3 X3 matrix with trace equal to 0.
We may choose the maps o ;(H) = Z; —Z;, 1<i << j<3, a8 the set 2+ of
positive restricted roots. Their multiplicity is equal to 4 and a+t= {H:
—Z,/2 < Z,< Z,}. One sees easily that N is the set of complex 6Xx6

14
matrices of the form (_Il; ﬁ)’ where U, V are complex 3X3 matrices

with U;=1, V;=0, U=V, =0 for k<j.

Since m, is even for each a e 2™, |¢(£)[~2 is a nonzero polynomial func-
tion and WF(|e(D)[-20) = Tja\0.

Reasoning as in example I1.6.1, we see that, to check condition (B"),
we may take U = exp {H € a, Z,= Z,+ 0}. Using (28), where now 6(g) =
= (‘g)™* since g€ SU*(6), and k1= ‘k since ke U(6), we get, if H(ak) =

_ (Zak) 0\
_( 0 Zak))

Z,(ak) = }log (6221‘*‘ (65— &*5)(| Uy + |W31l2)) ?
Zy(ak) = — }log (=4 (6% — 2| Ut + [Warl?)),

when a¢ = exp(f g)e U.
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From these formulas, one sees easily that the map Sp(3) 2k — H(ak)
is of rank two when H(ak) = 0 and a € U, so that condition (B”") holds.

ReMARK I1.6.1. Pe D(X) may be hypoelliptic as soon as p satisfies
condition (4), even when condition (B) is violated on X\ (X'VU {o}). Take
for example X = (SU*(4) X SU*(4))/(Sp(2) X 8p(2)), with obvious definitions
in view of example I1.6.2. On the products we put the product group law
and the product manifold structure. One can check that WF(|e(D)|-20) =
= Tja\0, and that condition (B’) is violated at all points a-o with a =
= (ay,1) € 4, a,5 1, if 1 denotes the neutral element of SU*(4). However
theorem IL5.1 applies to the space X.

III. - Gevrey hypoellipticity.

We are now going to make a study of Gevrey hypoellipticity which is
parallel to our study of hypoellipticity in section II.

We shall consider operators P e D(X) for which the corresponding p
satisfies condition (4,). Since p can be viewed as a function on a*, the
precise meaning of (4,) is that |p(£)|/|p(§)| < C|&|~1*)" for some constant C,
when & —>oco, where p® is computed in some linear coordinate system
(€15 -y &) Of a*.

Recall also the definition of the Gevrey class G,: if U is an open subset
of R* and u e C°(U), u is said to belong to the Gevrey class G (U) (s>1)
if for every compact subset K of U, there is a constant Cp such that
|D*u(w)| < 011+ (|| )%, # € K, for all multi-indices a. The definition is in-
variant under an analytic change of variables, so now if Y is an analytic
manifold, G,(Y) is defined by means of local coordinates. @,(Y) is the set
of analytic functions on Y.

If we D'(Y), we shall denote by sing supp G,(v) the complement of
the largest open subset of Y where u € @,, and by WFG(u) its G, wave
front set in the sense of Hormander (see [15], where WF@, is denoted by
WEF,, with L,= (1 -+ k)®).

A differential operator will be called G, hypoelliptic if sing supp G,(Pu) =
= ging supp G.(«) for all w € D'(Y). We shall write G*™® instead of G, N C¢°.

IIL.1. — The necessity of (4,).

As in section I we shall sometimes use the symbol |-| to denote some
fixed norm on a}. We have the following result if P e D(X):
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THEOREM III.1.1. Let 8 be a not empty open relatively compact subset
of X. Assume that for any v e D'(S) such that Pv = 0 in S, one has v € G4(8).
Then p satisfies condition (A,).

Proor. We shall follow closely the proof of the corresponding R* theo-
rem given in theorem 7.3 of [17], with modifications due to the structure
of D(X).

If | = rank X, there exist @, € D(X), 1<j<l, corresponding to algebra-
ically independent homogeneous polynomials ¢;€ I(a,) of degree m;> 0, such
that @,,...,@, and I (the identity operator) generate the commutative
algebra D(X) (see [3]; [4], chapter X). If acZ., we write Q*= Q% ... Q;"
if = 0 and @Q°= 1. Note that m; is the order of @, and put |m, «| =

== zm,-otj.

1<i<i

We topologize the space N(8) = {ve D'(8), Pv = 0} with the semi-norms

Dy (f) = sup ;z (1/m, o) +2|Q*f(w)]

where V runs over the compact subsets of 8, and r € Z,\{0}. Since N(S)c
c G4(8), it follows that @, (f) < ooif fe N(8). One checks easily that with
the topology defined by those semi-norms, N(S) becomes a Fréchet space
whose topology is finer than that induced by L. (S) (equipped with its
usual topology).

In view of Banach theorem, both topologies coincide. So if we fix V,
then, for any r, there exists a constant C, and a compact subset S, of § such
that for any v e N(S8):

(30) D 1(v) <O, sup [v()] .

x€ESy

There is no restriction to assume that o € 8, since P is G-invariant. If
we take v = g, { € a}, such that p() = 0, we deduce from (30):

(31) E (1/ m] )s+1/r|q |k<eBy(1+|Im C|) ,

keZ,

with some constant B, depending on r; here g; is the polynomial such
that Q,p, = ¢,({)g,, and we write Im ¢ for 5 if ¢ = £ + in with &, n e a*.

Adapting the proof of lemma 7.4 of [17], one shows easily that there
exist two positive constants ¢’ and C” such that

(52) > (O'R)™|(mk) 1< C" S (Rm|(mE) 1)+,
keZ, keZs

for all R>0.
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From (31) and (32) one deduces that |g,()|"™<C,(1 + |Im ¢|)*+Y" for
all { € a} satisfying p(¢) = 0.

Here C, is a constant depending on ». Hence corollary I.2 gives the
existence of a constant C, depending on r such that

[Z1< €1 + [Im g])*2,

for all { €a} such that p({) = 0.

This means that p satisfies condition (4,,,,) for any r € Z,\{o}, hence
condition (4,) since {f, p satisfies condition (4,)} is a closed half-line (see
e.g. theorem 7.1 of [17]). The proof is complete.

From theorem III.1.1 we get obviously:

CoroLrLARY II1.1.1. If Pe D(X) is G, hypoelliptic, the corresponding p
satisfies condition (4,).

We are now able to characterize the analytic hypoelliptic elements of
D(X):

THEOREM IIL.1.2. P e D(X) is analytic hypoelliptic if and only if it o
elliptic.

PrOOF. (@) The manifold X is analytic and one can easily see that the
elements of D(X) are differential operators with analytic coefficients because
this is true for the elements of D.(@). Hence if P € D(X) is elliptic, it must
be analytic hypoelliptic (see [13], chapter VII).

(b) If Pe D(X) is analytic hypoelliptic, theorem ITI.1.1 implies that
Pm(€) # 0 for 0« &€ a*, if p = D p,._; with the notation of section I. Then

0<ism

lemma I.2 implies that P is elliptic.

Thus (4,) is a necessary and sufficient condition for @, hypoellipticity
on X when s = 1. So the problem to describe G, hypoellipticity in terms
of condition (4,) is solved when s = 1. Therefore we may assume that
s > 1 in what follows, although this is not necessary for the validity of the
results we are going to prove. But if s > 1, G, is not quasi-analytic so it
contains functions with compact support. This will simplify proofs in para-
graphs ITI.2 and III.6.

IIL.2. — Study of the parametrix T.

As in II.2 we consider the distribution 7' given by (8) and the cor-
responding operator G. Recall that, due to the existence of canonical C®
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densities dg and dx on G and X, we may identify D’(G) with the dual of
0;°(G) and D'(X) with the dual of C(X).
We are going to prove the following result:

THEOREM IIL.2.1. Assume that sing supp G4(T) c {o}. Then
sing supp G,(Gf) c sing supp G,(f) for all fe &(X).

Proor. As said earlier, we assume that s > 1. Let f belong to G, in a
neighbourhood of g-o, where g€ G.
Take ¢, y € G2°™°(X) with ¢ equal to 1 close to g-o; then

¢Gf = Byf 4+ B(L —9)f .

Choose y with support contained in a small neighbourhood of g-0; then
ypf e G"°(X). Since for each »,y €@, the map y >y 'z is a diffeomor-
phism of @, we may apply theorem 4.1 of [15] to pByf = @(pf * T'), which
gives that @Byf € G,(G). Hence ¢Byf e G,(X).

Assume that v =1 in an open neighbourhood V of g¢-o, and that
supppcV. If 8§ is a compact neighbourhood of g-0, contained in V, one
sees easily that there exists a neighbourhood V' of o such that, for any
x, ¥y € G, one has n(y) € V as soon as n(x) € S and n(y-1z) € V'. This implies
that @((1 —y)fXFT) = 0 if Fe Cy(X) has support contained in a small
neighbourhood of o.

But then ¢B(1 —y)f = ¢((1—1y)fX(A—F)T). We choose such a F
in G$™*(X), equal to 1 in some neighbourhood of o; then (1 — F)T belongs
also to G,(X).

So another application of theorem 4.1 of [15] shows that

T —
p(L—9)fxA—F)T) e G(@),

whence ¢G(1 — p)f € G(X).

We conclude that ¢Gf € G(X). The proof is complete.

We have seen in I1.2 that PT — ¢ € C°(X). A simple computation shows
that in fact PT — J € G4(X); therefore f X (PT — 9) € G4(X) for any f e &§'(X).
Combining this with theorem ITI.2.1, one gets immediately the

COROLLARY IIL.2.1. If T given by (8) satisfies sing supp G(T)c {o},
then P is G, hypoelliptic.
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IIL3. — Study of 7 when G is complex.

When G is complex we are going to prove the converse of corollary ITI.1.1.
‘We keep the same notations as above.

THEOREM III.3.1. Assume that G is complex. If p satisfies condition
(4,), then P is G, hypoelliptic.

Proor. Put R = — L —<p, 0>, where L and {p, o> have the same
meaning as in the proof of theorem II.1.1. By theorem II.3.1, we already
know that sing supp 7' c {o}. We are going to show the following:

(33) For any compact subset S8 of X\{o}, there exists a constant C > 0
such that
sup |[B*T(x)| < Cmt1(2m!)s, for all meZ, .

zeS

In fact, since R is an elliptic differential operator with analytic coef-
ficients, the theorem of elliptic iterates ([16], p. 55) shows that (33) implies
that sing supp G,(T) c {o}.

The proof of (33) is just a combination of the classical corresponding
proof of the R* case (see [17], theorem 7.4) with arguments already de-
veloped in II.3, so we may be rather brief. Clearly (33) is a consequence
of the following:

(34) For any compact subset 8 of X, there exist positive constants C, Oy, C,
such that the following holds: for each m € Z, there exists N € Z, such
that N<Cym + Cy and [<@*¥R™T, uy|< Cm+(2m ) [|u(®)| do, for all
ue Cy ().

Here d is the distance to o as in IL.3.
Let us prove (34). Arguing as in the proof of theorem IT1.3.1 and using
the same notations as there, we find that

(35) (@¥RMT, wy = (<& &V (§) BY(D,) U(E) a -

Let e,..., ¢ be the basis of a* defined in the beginning of IL.3. It is
clearly orthonormal for the Killing form. If &€ a*, we write £ = & ¢
and identify a* with R’ via the map &+ (&, ..., &). We also identify func-
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tions on a* with the corresponding functions on R'. Then <&, & = > &
and B(D,) = — Y (02/0&3). 1<i<i

1<

With the identification described above, the right-hand side of (35) is
the sum of I™*¥ terms of the kind

(36) (—1)¥ f 2(8)g(&) (0 U(&)[0€2 .. BEL) GE, ... A&,

R!

with q(&) = n(i&)(&;, ... & ) [(|W|n(e)*p(— &)) where jy, ..., jy, Ky, ..., k,, are
strictly positive integers smaller than or equal to I.

We integrate by parts. Using formula 7.5 of [17], p. 404, we see that
each term of type (36) can be written as a sum T,+ > (—1)'*'T,, with

1<I<2N

Ty = (20) "2 f (Do ... Dy 12q() 7(€) UE) dE, ... A&, ,
R!

T,= (2n)~" f (Do -+ Don—39(€)) Doy 11 7(8) (Danoiso oo Dowss U(E)) dE, ... d&;,
R

where D,= D,y.,= I (the identity operator) and D,= i-10/0&, for some r
if 1<t<2N.

With the usual multi-indices notation in the §,, ..., & variables, we
put & = n(i&)&; ... & , where €Z'. . Since p satisfies condition (4,), esti-
mate (7.8) of [17], p. 406, gives the existence of a constant C, such that
for all xeZ', and all £ esupp y:

ID2q(8)] <a!(2IE) S (20,1 1|g| 1 1=1"ls

where the summation is extended to all «',«” such that o'+ «’= « and
a;<p; for j=1,...,1, D= i~1*I1*lj55: ... & and |&| is the Euclidean norm
in R.

Also, with some constant C, independent of « and f, we have |Dq(¢)| <
<2Plol*1 g1 if & e supp dy (see [17], p. 406). Therefore one checks easily
that for some fixed constant C:

@7 |Tl< 0" 6150 g ag)( [lu@) do),
R X
where 6 = 2m — 2N /s + 2 deg =,
(38) S |T,| < O+ (2)! f |u(@)|de .
1<iS2N

X
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Fix ¢ >0 and choose N €Z, such that
(39) 0<N—2f(2m+2degn+z+a)<1.

This implies that for some fixed constant C;, one has f|£ |° x(8) d&; ... d&;<
Rl

<C,; and (2N)!<Op+1((2m)!)’. Therefore (34) is a consequence of (37) and
(38). The proof is complete.

ITI.4. — Study of 7' in the set X’ of regular points.

We give now a result similar to theorem II.4.1.

TeEOREM IIL.4.1. If p satisfies condition (A,) and T is given by (8),
one has sing supp G,(T)N X' = 0.

PrOOF. We know already by theorem II.4.1 that sing supp 7N X'= 0.
In view of the theorem of elliptic iterates ([17], p. 55), it is sufficient to
show the following, where R = — L — {p, o) as in the proof of theorem III.3.1:

(40)  For any compact subset S’ of X', there exists a constant C such that

sup |B»T(x)| < C™t1((2m)!)*, for all meZ, .

xes’

Using once more the diffeomorphism from K/M Xa+ onto X’ which
sends (kM, H) to Exp Ady(k)H, we see that (40) is a consequence of the
following:

(41) For any compact subset 8 of A%t there exists a constant C such that

sup |[R*T(a)| < Om+1((2m)!)s,  for all meZ, .

a€sS

Of course, to prove (41), it suffices to show that any point a, of A* has a
compact neighbourhood V' in A+ such that (41) holds with S replaced by V'.
Using the notations of the proof of theorem II.4.2, we may assume that
with some strictly positive constant C, B(e,, log a)>C when a€V’. Since p
satisfies condition (4,), we may apply lemma II.4.1 with the same s as in
condition (A4,). Repeating the proof of theorem II.4.2 for W, we find
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easily that when a e V', Bn T'(a) = F,(a) + F,(a), with
@) =yf f KO U (ay Ly E1<(Ea, &), (G, &> AL, E,
Fy(a) =iy f f g_g (&)U (ay oy £)<(Gar £), (ar E)DmdELdE

where ({;, &) denotes the vector ,e,+ D &;e;.
2<i<1
Denote by I' Euler gamma function. Then we get with various positive

constants C independent of m and some positive constant R’, also indepen-
dent of m:

’nFl(a)I<Cm+1fe—lfl‘/'l&-|M+2m dE <
1&]> R’

<Om1[(2sm + O) < Om+3((2m)1)*,  |Fy(a)|<O™*', when acV’'.

This proves (41) and completes the proof of the theorem.

IIL.5. — Product of rank one spaces.

In this paragraph we assume that @ satisfies condition (21). Then the
following holds:

THEOREM III.5.1. Let X be as in theorem I1.5.1. Then P e D(X) is G,
hypoelliptic if the corresponding polynomial p satisfies condition (A,).

Proor. In view of corollary IIIL.2.1, it suffices to show that

sing supp G&,(T) c {o}

if T is given by (8).

We already know by the proof of theorem IIL.5.1 that sing supp T c {o},
and we are going to show that (33) holds.

First we prove that the following is true:

(42)  For any compact subset 8’ of AN\{1}, there ewists a constant C such that
sup [R"T(a)| < Omt1((2m)!)s, for all meZ, .
aes’

To show that (42) holds, we may, in view of (41), assume that 8’ is a
small neighbourhood of a point of 04A+*\{1}. Then an obvious refinement
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of the proof of theorem II.5.1 (that is estimates similar to the ones of F,
and F, in the proof of theorem III.4.1) gives (42). We omit the details.

Now if Y ep, we define Y'eat as in the proof of lemma IL.5.1. In
view of the continuity of the map Y > Y’ proved in the course of that
lemma, (42) implies the following:

(43)  For any compact subset 8" of p\{0}, there exists a constant C such that

sup [(R»ToExp)(Y)|< C™t1((2m)!)s, for all meZ, .
YeS”

Clearly, (33) is a consequence of (43). The proof is complete.

ITL.6. — The transversality condition (B,).

Now we are going to make a study similar to that of II.6.

Using the canonical O density dH on a, we identify D’(a) with the
dual of Cg’(a).

Define

festa by <fe =W A e

a

if z€ 8(a). Then if F is as in I1.6, we have Ez = f % 2z, where % denotes
convolution on a.
First we prove the following lemma:

LeMuA IT1.6.1. Assume that p satisfies condition (A,). Then WFG(Eu) =
= WFQG,(u) if uwe 8'(a).

ProoF. If p(D)u(H) = |W|fe“5’H>p(§) 4(£) d&, one has p(D) Eu — u € G4(a)

when « € §'(a). Hence WFGQ,(u) c WFG,(Eu). Note that if s = 1, the lemma
is an immediate corollary of theorem 5.4 of [15], so we assume that s > 1.

For each H e€a, we may identify Th(a) with o* in a canonical way.
Assume that (H,, &%) ¢ WFGQ,(u). Then if ¢ € G2°°(a) has its support con-
tained in a small neighbourhood of H,, there exist a conic neighbourhood V
of £ and a constant C > 0 such that for all NeZ,:

sup |¢ ¥ [pul(&)| < O¥ (N 1),

i 4~
If pe @P™(a), we have ypHeu = ¢ * (f pu), where * now denotes con-
volution on a*. Hence estimates as in the proof of lemma 3.3 of [15] show
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that
—~
(44) sup [pHpu(8)|[1¥ < O+ (N

for some C >0 and all NeZ,, if V' is a closed cone contained in V.
Choose p such that ¢ =1 in a neighbourhood of supp y and denote
by F the distribution kernel of pE(1 — ¢).
It is easy to see that F e S(axa). Hence we may write, when « € 8'(a),
a€Z' and Hea:

(45) | Di(vE(—g)u)(H)|<C: sup (1+ |H'|)|DzDE.F(H, H')|,

H'ea, |B|<r

for some r,teZ, and C,> 0. Here of course feZ' ; D means i~ I*l31"/
[0HT*... 0H]' where (H,, ..., H;) are linear coordinates of a; similar defini-
tion for Dy D5..

Now there exists a constant C such that the right-hand side of (45) is
bounded by C!*1*Y(|a|!)® for all x€Z’, and Hea: one way to see it is to
deform the domain of integration in the definition of f as we did for 7 in
II.4 and IIL.4. Therefore yE(1— @)u € G,(a).

Together with (44), this shows that (H,, &%) ¢ WFG,(Eu). The proof is
complete.

We introduce now the following condition, similar to condition (B) of
IT.6.

We shall say that condition (B,) is satisfied at » € X\{o} if the mapping

Babi—~>A(z,b)ea

has mo normal contained in WEFG(|e(D)]-26).
Arguing as in I1.6 one sees that condition (B,) is satisfied at each point
€ X\(X'VU {o}) if and only if the following holds:

(B,) There exists an open subset U of 0A'\{1} such that
(i) UsUooda™\{1},

SEW

(il) WFG,(|e(D)|-29) does not contain any normal to the map K35k —
> H(ak)ea if ae U.

We have the following result:

TEEOREM IIL.6.1. Assume that p satisfies (A,). If (B,) is satisfied at
2 € X\{o}, then x ¢ sing supp G(T).
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PrOOF. By theorem II.6.1, we know already that « ¢ sing supp 7. Then
it suffices to combine theorems 3.10 and 4.1 of [15] and to use lemma II1.6.1.
We omit the details.

Using theorems IIT.4.1 and II1.6.1, and corollary III.2.1, we get the
following result:

THEOREM III1.6.2. Assume that condition (B,) is satisfied at each xe€
€ X\(X'V {0}). Then Pe D(X) is G, hypoelliptic if the corresponding p
satisfies (4,).

ExampLEs. The spaces SL(3, R)/SO(3) and SU*(6)/8p(3) (see IL.6)
satisfy condition (B;) for any s>1. In fact, if s>1, WFG,(|e(D)|-26)c
Cc(T3a\0)U N(H,=0)U N(H,= 0)U N(H,+ H,=0) for the first space
and WFG,(le(D)|-26) c Tga\0 for the second one. Hence theorem III.6.2
applies to those spaces.
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