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A Rotation Invariant Differential Equation
for Vector Fields.

H. M. REIMANN

1. — Introduction.

In an attempt to transfer properties of analytic functions to vector
fields on R* Ahlfors ([1], [2]) has studied the differential operator §, which
maps vector fields v: R» — R into symmetric tensor fields with vanishing
trace, p: R* — R™, ¢*" = ¢, trace ¢ = 0:

Sv= ;— (V 4 V) —% (trace V) I

with the notations V = (ov./dx,), I = (J,;;). If composed with the adjoint
operator S*

» 9
=2 5, 7

the resulting operator S8*S is a differential operator mapping vector fields
into vector fields. Its fundamental property is its invariance under rota-
tions. The induced action of the special orthogonal group SO(n) on vector
fields is given by

Ty:v—>0,, vy(2) = gov(g— )
and the operator S*S§ has the property (see Ahlfors [2])
S*8(v,) = (8*8v),.

In this article a solution of the Dirichlet-problem 8*Sv = 0 for the unit
ball B” c R* with L2-boundary data will be given. The space of square inte-
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grable vector fields on the unit sphere can be decomposed according to the
action of SO(n). Explicit solutions of 8*Sv =0 for the invariant parts can
then be exposed. So the solution appears as an infinite sum with coeffi-
cients taken from the expansion of the preassigned vector field on the sphere.
There is an apparent analogy to solving the Dirichlet-problem for the Laplace
equation by expanding the functions on the unit sphere into a series of sphe-
rical harmonics.

In the case n = 3 the differential equation $*Sv = 0 arises as a limiting
case of the elasticity equation

a grad diveo — b rotrotv = 0

with @ = %, b = }. Solutions for the elasticity equation are classical (see
Debye [3], Weyl [8]). In the following treatment the case n = 3 appears to
be rather exceptional.

The transformation group SO(n) can be replaced by the group of Mébius
transformations, mapping the unit ball onto itself. Associated with it there
is the invariant metric

2|dx|
BT

The differential operator (for vector fields)
Q—-n—z S* Qn S’l) =0

is then invariant under the Mobius group [1]. Using this invariance Ahlfors
has given a solution for the Dirichlet-problem for the unit ball in the form
of a Poisson type integral [1]. The construction is based on the so called
center formula and on the fact, that any point « € B* can be mapped onto
the center by a suitable Mobius transformation. The method can however
not be applied to the rotation invariant equation S*8v = 0, since the action
of the group SO(n) on the unit ball is not transitive.

I am indebted to R. Coifman and A. Koranyi for their constant help
and encouragement. In particular, the construction of the solutions ¢ in
section 3 is due to A. Koranyi.

2. — The decomposition of the vector fields.

Denote by H* the Hilbertspace of spherical harmonics of degree k. This
is the space of restrictions of (complex valued) harmonic polynomials in R*,
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homogeneous of degree k, to the unit sphere 2'= 0B" in R* with the scalar
product

= [f(@)gi@) dote)
do is the normalized invariant measure on X, fda = 1. 80(n) acts on H* by
z

Us: p(@) — p(®) = p(g~')

and U, is a unitary representation of 8O(n). The tensor product ¥¢* = H* R C»
is identified with the vector valued spherical harmonics of degree k or with
the vector valued harmonic polynomials, homogeneous of degree k. For this
purpose let ¢, ..., e,, be an orthonormal basis in H* and f,, ..., f, the standard
basis in C*. A basis in H*® C" is then given by the elements

eRf; i=1,..,m;j=1,..,n

and these elements can be given the meaning of a complex linear mapping
H* — C* with the property, that e; is mapped onto f; and e, for ¥ = ¢ onto 0.
The element

Zafﬁ(et@b)EHk@ c, a;;€C

i=1

£M§

i

is then the linear mapping A: H* — C" described by the matrix (a;;)

(z a;(e Ofa )ek = zagkf;

(%]

H*%) C" is a Hilbert space with the scalar product

(z a;i(6;® f;), z bii(e:® f;) ) > a;:b;; = trace AB*  (B* = B¥).
[%)

4,1

The representation U, on H* can be expressed by the matrices (u:(g))

Uye, = z ui(g)ex; (Use:)(w) = e(g~) .

k=1

If R, denotes the standard representation of SO(n) on C»

”n
R, f; = Egufz
=1
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then the induced representation 7, on H*& C» is given by
T,A=R,A ur.
The elements > a,,(e;® f;) € H*® O can now be identified with the vector

fields i
Z ay; €,()

v(r) =

z Ani ei(w )
i
This implies the following relations for the representation 7,:

(T';v)4(x) =klzj Gi5 051Uz €,(X) = lZguauez(!r‘w) ) (T,v)(x) = gv(g—x)

where g € SO(n) is identified with the matrix (g,;). This is the way SO(n)
acts on vector fields.
The scalar product of the vector fields » and w

o (@) = ﬁlaﬁexw) L w@) = 3 bae@)

takes the form

w) = Zjaiizji =k2’_ a}iz;ikei( )én(®)do(x) = z’v (@) w;(z) do(x)
’ iy s’

and T, is unitary with respect to this scalar product.
Consider now the Hilbert space £3(X) of square integrable vector fields
with the scalar product

(v, w) ——fz v;(x) w; () do(x)

and the action T,:
Tyo(x) = go(g—a) .

Clearly, J¢* = H*® C» is an invariant subspace. Furthermore £2(X) is the
orthogonal direct sum of the spaces &%, k= 0,1, 2,... This is a consequence
of the fact that

= @H"
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To be more precise, let {¢¥} &= 0,1,2,... be an orthonormal system of
spherical harmonics, e¢fe H*, i=1,2,...,d, (d, = dim H*). Then for
e L)

1),-(.’6) z Gii 1(99') lwl =1

ok = f v,(«) &(w) do (@)
z

and the expansion converges in L?(X). These formulas therefore give the
expansion for the vector fields ve£2(2) with components v, L*(X). The
completeness relation takes the form

with

uvu*=f|v o) = 3 3 ekl

It was already mentioned that J¢* is an invariant subspace. The representa-
tion 7T, on J* is however not irreducible. Let RB™, m = (my, ..., m;) € Z
denote the representation of SO(n) with highest weight m. The integer 1 is
given by » = 2l if n is even and by » = 21 + 1 if »n is odd. It is well known
that R®:%--9 ig equivalent to the representation U, on H* and R0 jg
equivalent to the standard representation R,. For n>5 (and k>1) the
tensor product representation decomposes as

R(k,o,... ®R(1,0,...)= R(k+1,0,...)®R(k,l,o,...)(_BR(k—l,o,...)

into irreducible parts. For n = 4 R®" further decomposes such that
R(k,o)®R(1,o) — .R("“’O)EI—)R("")(—DR("’_U@ R*-1,0)

The decomposition into irreducible parts for » = 3 is given by the Clebsch-
Gordan formula

R(k)® RY — R(k+l)@ R(k)@ R*-1)

(for this see e.g. Levine [6], Mihlin [7]).

The invariant subspaces of J¢', consisting of vector fields transforming
according to the irreducible representations R**1:%-) R*=10.--) will be
denoted by A* and N* respectively. @QF is the subspace corresponding to
R®L0) (5 5), RED P R®™D (n = 4) or R® (n = 3). Observe that in the
decomposition of R®*%-)® R1:%-) any fixed irreducible representation
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occurs at most once. Therefore
Jr = MDD QD N*

is an orthogonal decomposition of JC*.

Let us summarize the above statements in the following theorem.

A similar decomposition result can be found in Koranyi-Vagi [5] (see
also Koranyi [4]).

THEOREM 1.

£2(Z) = der ZI}Q\I(‘M’E@ Q® N @ X,

k=0

For n>5, the representation T, decomposes into the irreducible parts

T = é(R(k+10 )@R(klo, )@R(k 1,0,.. ))®R(10
k=1
fO'r n=4
T = é(R(lﬁl,O)@R(k,l)@R(k,—l)@R(k—l,o))®R(1,0)
k=1
and for n = 3
T = é(R(k-H)@R(k)@R(k l))(-BR(l) .

k

]
-

The representations R%:%+) in this decomposition occur twice (for k > 0),
or three times in the dimension n = 3. This leads to the complicated struc-
ture of the solutions pf defined in the next section.

PROPOSITION 1.
Mt = {h(z) = grad u(x): u € H*1}
N = {h(z) = (n + 2k — 4)zu(x) — |»|* grad u(x): w € H*1} .
The functions » € H* are considered as harmonic polynomials in R?, which
are homogeneous of degree k.

For the proof of the first formula consider the linear mapping L: H¥t — J¢*
given by Lu = grad w. The representation U = R®**1:%--) on H¥*1 g given by

(Tou)(@) = u(g~x)
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and the representation T on JC* is
(Tyh) () = gh(g—'x) .

It suffices to show that LU, = T,L for all ge SO(n), since we already
know that R**1%: ) appears only once in the representation 7 on Je*. Setting

A Y = (g7'2) = Z Jir%;
we have
0 0
(LU, u)(x) = grad (U,u)(v) = (5;1“(9"50), vy “(g”lw)) =
= (g UAgD) i, -..) = g(grad w)(g~'@) = (T, Lu)(@) .

For the second formula note, that the components of the vector fields are
harmonic and homogeneous of degree k:

A(w;u) = z (v;u; 4 w); + @; z Ui = 20 ;

i i
A(|[2w;) = 3 (2u,; + dwu;: + |2|2u;:) =
i
=n2u; 4 4(grad u;, x) = 2(n + 2k — 4)u ;.
The linear mapping to be considered in this case is
Lu = (n + 2k — 4)ou — |x|2 grad u
and it has to be shown that LU, = T,L for all g€ 80(n):

(LU u)(w) = (n + 2k — 4) gg—'zu(g-*z) — |z|*g(grad w)(g—'») = (T, Lu)(@) .

We finally observe that div Lu = cu for some constant ¢ depending on k
and n.

PROPOSITION 2. The vector fields h e Qk, considered as vector fields of
homogenous harmonic polynomials satisfy the relations divh = 0

(hy @) = hy(®)2; = 0.

]

For the proof of the first relation consider the linear mapping Lk = div h
from Q* into H*-1. As above it suffices to establish that U,L = LT,. Since
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T, restricted to (any irreducible subspace of) Q* is not equivalent to R*—1:%:--),
the mapping L then maps Q* onto 0.

(U,Lh)(x) = div h(g—x)

(h

0
(LT, h) (@) = z’é‘; (yuh,-(g“w)) = kgi:iha',k(g_1$) Jixr = 2 h; ;(g7 @) .

Finally, consider the mapping (Lh)(x) = (k(x), #) from Q* into the space
P¥1 of polynomials, homogeneous of degree k¥ 4 1. The representation U,
on P*1 decomposes into

R(k+1,0,...) @ R(k——l,o,...) @ . @ R(I,O,...) k even

R(k+1,0,...)®R(k—l,o,...)® .__@R(o,o,...) k odd
since any polynomial p € P**! can be represented as a sum

P(®) = Wy 1Up1(®) + oo + a4|@|*u () K even

= Q1 U1 (®) + -ov F Go|[FH2 k odd

with %; harmonie, a; € C. Because none of the representations occurring in
the decomposition of U on P**! is equivalent to the representation 7', restrict-
ed to Q% the second relation in the proposition follows from LT, = U,L:

(T, Lh)(@) = U, (h(@), 5) = (h(ga), g=a) = (ghlg—10), 2) = (LT, h)(a).
PROPOSITION 3. If n = 3, then
QF = {h(x) = o X grad u(v): ue H*} .
Consider the mapping L: H* — J¢* given by
Lu(x) = 2 xgrad u(x) (vector product)

(LU,u)(z) = o x grad (U,u)(@) = o X (¢ grad u(g~*x)) =

= g(g-ta x grad u(g—x)) = (T, Lu)(x) .
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It should of course be noted, that the components of x X grad % are harmonic,
if » is harmonic.

3. — Solutions for S*Sv = 0.

Let ¢}, ¢, ..., €5 be an orthonormal basis for the spherical harmonics H*
(d;, = dim H*). The functions ¢f(z) can be chosen to be real valued. Ac-
cording to the context, the spherical harmonics are either considered as
homogeneous harmonic polynomials in R* or as their restrictions onto the
unit sphere. We first exhibit an orthonormal basis for the spaces A* and N°%.

PROPOSITION 4.

{m(@) = ((k + 1)(n + 20))~ grad f ")}
18 an orthonormal basis in M*

(nk(x) = (n + 2k — 4)¥(n + k — 3) " Fael "t —

(2

— [@2((n + 2k — 4)(n + & — 3))~* grad ef 1 (#]}%2

is am orthonormal basis in Nk,

If « is a harmonic homogeneous polynomial of degree k - 1, it then fol-
lows from Green’s formula that

j |grad u|® dw — f u(@)(grad u(z), ) do(@) = (k + 1) f |w(@)]? dor(@) .
<1 P

z

On the other side, the homogeneity implies

1
f |grad u|?doe = fr"“k“l dr| |grad u 2 dw(r) =
0 z

HEIRS

1
n + 2k

f |grad « |2 de(x).
P

Replacing the surface measure dw on X by the normalized measure do it
follows that

[lgrad ul2do(z) = (n + 2)(k + 1) [|u(z)|* do(a) .
P p
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Similar calculations lead to the normalization for the functions nf(z) and
to the orthogonality relations.

ProrosIiTION 5. If n = 3,
{gi(@) = (& + k)~}(wx grad ¢ (@))}{x,

i8 an orthogonal basis in QF.

Note that |# X grad «(z)] is the length of the projection of grad » into the
tangent plane to X at .

f]w X grad e¥(z)|*> do(z) = f([m|2|gra,d (@) > — |(grad e¥(z), x) |2) do(x) =
Py X

=k3+2k—2)—k=Fk+ k.
The orthogonality relations follow from the identity
lwxy|* = |ePly*— (@, y)* @ yeR.

For n>4 we choose an arbitrary orthonormal basis ¢¥ ¢ =1,2,..., s, in
every space QF.

In order to describe the constant vector fields J°(2) we use the notation
f; = m{ for the standard basis in C* (¢ =1, ..., n). With these definitions
theorem 1 can be reformulated:

THEOREM 1'. Any vector field v € £2(X) has a unique expansion

o dg_y =)

00 dryy
=2 Zawmi+2 3 bt 2 6“"91‘ o] =1
k=0 i=1 k=1 i=

k=1 i=

with ay = (v, m:c)y by, = (v, n?) and ¢ = (v, Qf)
The expansion converges im £2(X) and

",0"2 = Z |aik|2 + 2 Ibiklz -+ z |0ik|2 .
i,k ik ik

THEOREM 2. The vector fields mF (i =1,...,d.1), ¢¥(G =1, ..., ) and

pX(@) = xef T (@) + e(n, K)(1 — |o]?) grad ¥ Y@) i=1,..,d,_,



A ROTATION INVARIANT DIFFERENTIAL EQUATION FOR VECTOR FIELDS 169

with
(k—1)(1—2/n) + n
(k—1)(1—2/n) + 2k +n— 4

1
c(n, k) = 5

are solutions of the equation S*Sv = 0.

Observe that the vector fields pf are not homogeneous.

The proof for theorem 2 consists in a rather tedious but straightforward
verification. Note in particular, that the vector fields m* and ¢¥ both have
harmonic components and vanishing divergence (proposition 2). The solu-
tions p* have been found through experimentation. We omit the calcu-
lations.

Since pf(z) = wef~(x) for |z| = 1, the system {pf(z)}%: restricted to X
is an orthonormal system. A simple calculation shows that on X

pi@) = (n + &k —3)(n + 2k — &)~ nf(e) +
4+ (k—1){n + 2k —4)"tmi2(z) k>2
Pi(®) = ni(@) = @.

If in the orthonormal basis of £2(X) the vectors n} are replaced by the vectors V4

then v € £2(X) has an expansion of the form
v=3 agmy + X by pf + 3 oadi ol =1
kyi kyi ki
with
Wig—2Mi 4 bign¥ = ajx—ami™ 4 bixpf =

k—1 | E—3\., .
=(a£,k_z+(m—) ) k—z—l—(nﬁ_l_ijm) ik 1

k=2,3,..,(z| =1) and
bn = b;l .
‘We conclude that

(1—(#“2‘,‘%))(1 ol 4 DRl <

< |a/i,k—2|2+ lbikl2 1 ‘I‘ Py + 2k )) (lawk o+ [bi k|2)
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The coefficients therefore satisfy the double inequality

(1—2" “"’Hz Z |“m|2 + Z |buc|2 + Z leal® = 2.—*)11””2 .

4. — The solution of the Dirichlet problem.

The vector fields mF, nf, p¥, ¢¥ have been defined in section 3. A com-
plete orthonormal system in £2(X) is given by the restrictions of mf, n¥ and
¢*to X. The vector fields mf, p¥ and ¢ are solutions of the equation 8*Sv = 0.
Restricted to 2, these vector fields constitute a normalized basis of £3(X),
however this basis is not orthogonal.

THEOREM 3. Given v e L3(2X), n>3, there exists a unique solution u of
8*8u = 0 in the unit ball B* c R* with L2-boundary values v:

lim | [u(re) — v(x)|*de(x) = 0.
r—>1
P

This solution is given by the formula

with

e = (v, q7) .

The uniqueness of the solutions follows from the formula (see Ahlfors [1], 21

f(S* Su(z), w(®)) dw = — J-trace Su(@)(Su(x))" dz
n B“

which holds for O*-vector fields # in B* with compact support.
The only solutions # of the equation Su = 0 are the vector fields

w(x) = & + Az + Bz + 2(¢, ) — [z]2¢
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with A constant, @ and ¢ constant vectors and B a constant matrix with
B = — B¥". Hence if u is a solution of §*Su = 0, which is smooth up to
the boundary (bounded derivatives) and if » has zero boundary values,
then # = 0. In the general situation, if % is a solution of S*Su = 0 with
zero L2-boundary values, then u.(r) = u(rs), 0 < r <1, is also a solution
of the differential equation. By the preceding argument, #, is the unique
solution in B" with boundary values u(rx), |#| = 1. This solution is there-
fore given by the formula in the theorem. The corresponding coefficients
a;(r), by(r) and cgu(r) satisty

lim 3 jalu(r) [ 4 3 [Bisr)* + 3 foalr)[ < (1 + 27 lim f [u(rz)[*do(a) = 0.
s 1 r—> 4

r—>1 i,k

‘We conclude that « = lim u, is the zero solution.

In order to complete the proof of the theorem, it remains to be shown
that the vector field w defined by

©  dg-g

W(a}) == z Z b{kc(n, k)(]_ R lw|2) gra‘d 6’:—1(.1,')

k=1 i=1

has zero boundary values in £3(X). We recall that {¢£}% is an orthonormal
basis in the space H* of harmonic polynomials in R", homogenous of degree k.

We need the following lemma:

LEMMA.
Bla2r <1 —r)2 Y a2 0<r<1
k=1 k=1

Jor any sequence a,, a,, ... of complex numbers.
(o]
If > |a|* converges, then

k=1

f(z) = § a2t 2] <1
k=1

is in the Hardy space of the disc and

27
1] = sup (2m) f fre?) Pdp = 3 lag]? -
|rl<1 P k=1
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For the derivative f’' the following estimate holds:

flf re) [P dp — ”I(2 z):_( 2 ! c]dqv/

<! (é% I,.l-fmj)elfﬂlz )(2nf re'® — "’l’)

The Poisson kernel satisfies

2n
1— |af? a
o J]a_ei0|2"‘17 la] <1,
0

therefore

2n
[ireen
]

On the other side

(2,,f ) 9 = e I

2 )
dp = 21 3 k®|ay|*r®2 .
K=1

2n 2n

flf/(,reidp) lzd(p =J { z kakr"" e(k-—l)icp
k=1

0 0

This completes the proof of the lemma.
We proceed now with the proof of the theorem. Making use of the formula.

f |grad ef = (rz) |2 do(x) = 124 f |grad e~ ()2 do(z) = 1~ 4(k —1)(n -+ 2k — 4)
P z

and of the orthogonality relations, the equality

k=1 i=1

00 dr—y
j lw(ra)|Pdo(z) = (1 —1r*)* Y g [bix |2 c(n, B) 7 H(k — 1)(n + 2k — 4)
P

results. Since lim o(n, k) = $((1 —2/n)/(1 —2/n + 2)), it is clear that

E [bixl® *(n, k) <oy 3 |bul®

kyi kyi
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(€1, €3, ... denote constants depending on n only). The lemma is now ap-

plied to the sequence
de—y 1
B, = ¢(n, k) ( > |o§k|"’)
i=1

and it follows that

2 bal *(n, B)r* 4k — 1)(n + 2k — 4) <, 3 14K Bi<
k,i

k=1

31 —r2)2 z Bi<e,r 31 —1r2)”
k=

and hence

sup f]w(rx) [2do(x) <eq kz |bix |2

i<r<1
P

Consider the partial sums

N  di—y
wy(@) =3 E by o(n,y b )(1—|=[*) grad ef~(x) .
k=1 i=

They satisfy
oo dr—y
sup f|w (re) —wy(re) fdo(@)<es > Y byl
<r<1 k N+1 i=1
‘ according to the preceding result. Since
Im f]wN(m) [2do(x) = 0
r—>1
P

it follows that

lim sup ( f w(re) |2do')* <lim sup ( f [w(re) — wx(re)|? da)}—l-
r—1 r—1
P P

z lblk|2

dr—y ,

k=N+1 i=1

3 oo
-+ lim sup( f |wy(ra) |2da) <6 Y
r—>1 3
for arbitrary N. This then shows that

lim | jw(rz) |2de(x) = 0 .
r—>1
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