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Irregular Obstacles and Quasi-Variational Inequalities
of Stochastic Impulse Control.

JENS FREHSE - UMBERTO MOSCO

0. — Introduction.

In this paper we study wvariational inequalities (v.i.) for second order
nonlinear elliptic operators and érregular obstacles, that is, obstacles which
are not continuous functions and do not belong to Sobolev spaces.

Our study has two main motivations. The first one is very classical and
comes from potential theory. It is well known that capacitary potentials
associated with elliptic operators are weak solutions of unilateral Dirichlet
Problems involving obstacles of the form ¢ = y, — oo yg._g, Where E is some
subset of R" and y; denotes the characteristic function of S, if 8 c R".
That was indeed the starting point of the whole theory of variational
inequalities, as developed in the sixties by G. Stampacchia [30], J. L. Lions
and G. Stampacchia [24] and H. Lewy and G. Stampacchia [22], [23]. These
obstacles are discontinuous accross the boundary I” of E and the regularity
of the corresponding potentials depends on the (local) behaviour of I, as
precised by the classical conditions for regular points.

The second motivation to irregular obstacles is of more recent origin
and arises in stochastic control theory. The problem is that of the optimal
impulse and continuous control of a system that evolves in time according
to a stochastic Ito differential equation in R*. As shown by A. Bensoussan
and J. L. Lions [1], [2], here a dynamic programming approach leads to
characterize the Hamilton-Jacobi function of the problem as a solution
of a quasi-variational inequality (q.v.i.) of obstacle type, that still involves
a second order (nonlinear) elliptic or parabolic differential operator. The
implicit obstacle p = M(u) of such a q.v.i. depends on the (weak) solution «
vie a map M that behaves irregularly on Sobolev spaces. Here again we
are thus confronted with v.i. whose obstacles are not, « a priori », continuous
functions and do not have finite energy.

Pervenuto alla Redazione il 17 Gennaio 1981.
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Despite the irregular behaviour of the obstacle in both problems above,
however, we still expect the solutions to share a certain degree of smoothness,
under fairly general assumptions on the remaining data.

We are thus led to investigate the weakest requirements to be demanded
to an obstacle y in order to ensure the continuity or Holder continuity of
the weak solutions of the corresponding variational inequalities. It is of
great significance, even if not entirely surprising, that both for potentials
and Hamilton-Jacobi functions of stochastic control the regularity we are
looking for can be obtained under the same mild regularity assumptions
on y. These can be indeed formulated in a unified manner, as suitable
unilateral regularity conditions of Wiener type, as those described in Sec-
tion 3 below.

To the proof of such continuity results are devoted the first four sec-
tions of the paper, where we consider a v.i. of the following type:

we Hy9), u<y

(0.1) > (a2, u, Vi), Dyu— D,v) + (ao(x, u, V), u — ) <0
i=1
for all ve Hy(0), v<y, v—uecL(0).

Here O is a bounded open subset of R* and

(0.2) A(u) = — i D;a(x,u, Vu)

i=1

is an elliptic operator in O, the functions a,: OXRXR" - R, i =1, ..., n,
being measurable functions that satisfy natural growth and coerciveness.
conditions. The lower order term is assumed to have quadratic growth.
in Vu, i.e.,

(0.3) |ao(@, 7, p)| < ¢ + ¢|p|*

on every region O X {|r] < C}x R*, as is natural in optimal control problems..
Here and in the following we denote by H3(9), H(9), W24O) for ¢ > 2,
the usual Sobolev spaces in © and we write (w,2) = fwzdx for arbitrary
we LY9), ze L¥(9), ¢=>1, ¢’ = q/(¢—1), where | denotes integration over O.

The obstacle v in (0.1) is taken to be a measurable function bounded
from below in O and satisfying unilateral Wiener conditions as (3.1) or (3.6)
of Section 3.

We then prove the continuity and Holder continuity of every bounded
solution of (0.1), first in the interior of O (Theorems 3.1 and 3.2) and then,
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under some additional regularity assumptions on the boundary data, up
to the boundary I" of O (Theorems 4.1 and 4.2). The proofs are based on
suitable integral estimates of Morrey type, as in [8], [9], leading to inequal-

ities such as
*

(0.4) f Va0 — 2> "de < o[ |Vu|*|e — 2> dw + cR?,
R mR

for given 2 € O and all R € ]0, R,], with ¢ >0, 8 €]0,1[ and m>2 suitable

constants. Here [ denotes the integration over Bg(z) = {v € R"||z —2|< R}
* R

and j the one over B, x(2) — Bg(2). From estimates of this kind the so called
mR

«hole filling» technique from Widman [33] and Hildebrandt-Widman [17]
yields, for instance, the following local behaviour of Vu

(0.5) f]Vu|2|x—z]2_‘”dw <cR*™, R<ZR,, acl0,1[,

R

from which the Holder continuity of 4 with exponent « follows by a clas-
sical lemma of Morrey.

As a further step in our study of regularity, we then look in Section 5
for conditions ensuring that a solution belongs to the Sobolev spaces W2¢(Q)
for all ¢ > 2 and has therefore Holder continuous first order derivatives in 0.

Our approach here is that of reducing the regularity problem for v.i. to
the analogous problem for equations, for which classical results are available.
This is achieved by relying on dual estimates of the form

(0.6) 0= A(u) + ao(®, u, Vu) = OA[A(y) + ao(@, y, Vy)]

for a solution % of (0.1). The inequalities above and the infimum A have
to be intended in the sense of measures in O. Such an estimate is also of
potential theoretic nature, the solution # being connected with the notion
of réduite, and was first obtained by Lewy and Stampacchia [23], in the
framework of a classical Perron approach to the unilateral Dirichlet problem.
The interest of establishing an estimate such as (0.6) for weak solutions
of v.i., as done in [26] for a linear operator, is that it clearly implies that «
satisfies an equation like

(0.7) A(w) + ayf@, u, Vu) = g Le(0)

in the distribution sense in O, provided a function g'e L? exists which is
a lower bound of OA[A(y) + a4, v, Vo)] in O, in the sense of measures
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(notice that again a one-sided condition on i comes in). From (0.7) the
W22 regularity of « can then be obtained by relying, for instance, on
Ladyzenskaya-Uralt'zeva [21] or Tomi [32].

Our proof of (0.6) is based, as in Hanouzet-Joly [14] and [27], on the
natural lattice structure of H(O) as a Dirichlet space and the corresponding
lattice properties of the operator A.

In the same framework we also prove another estimate from potential
theory, namely

(0.8) A(N2) > N A®ws)

again in the sense of measures in O, where {v,} is a family of functions
in H(Q) and the infimum A is extended over all indexes «. This estimate
is used in Section 7 in our application to control problems.

Let us point out that our study of regularity is done by assuming that
a bounded solution of (0.1) actually exists. Sufficient conditions for bounded-
ness have been given in [8] for general v.i. as (0.1). Existence results for
v.i. and q.v.i. connected with stochastic control problems are the subject
of a joint work with A. Bensoussan [4].

The remainder of the paper, Sections 6, 7 and 8, is devoted to the study
of Bensoussan-Lions q.v.i. of stochastic impulse control. This q.v.i. can
be formulated in the stationary case as follows

we Hy(0), wu<M(w) ae. in O
(0.9) 2. (4,4(®) Dyu, D;u— Dyv) < (H(x, u, Vu), u —0)
i=1

for every ve H(0), v < M(u), v—u e L?(0).

Here
(0.10) A@w)=— 3 DyauDyu)

i,k=1,m

is a linear elliptic operator and H(z,r,p), x€ O, re R, p € R*, is a Hamil-
tontan function of the form

(0.11) H(x, r, p) = inf {f(x, r,d) + p-g(x,r,d)|dec U}.

Here Uc R™,m>1, is a given set of admissible controls, that we do not
require to be bounded. Therefore, it is natural to allow the function H
to grow at infinity with |p|, and we assume that the growth of H is quadratic
in |p| on every region of the form OX{|r|< C} xR~
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The implicit obstacle
(0.12) = M(u)
in (0.9) is given by

(0.13) M(u) =k + ess inf {o(z, &) + w(z + &)|§>0,2 + €0}, x€0,

where ¢(z, £) is a given function that represents the variable cost of carrying
the system under control from the state x to the state x 4 & and the
constant k > 0 is the fiwed cost associated with any stopping of the system.

We assume (Section 6) that a solution # of (0.9) exists and we prove
that it is bounded. We then consider (0.9) as a v.i. of the form (0.1), with
the obstacle y given by (0.12), and % as a bounded solution of it. This
allows us to apply all the results of the previous sections by simply veri-
fying that the assumptions made on y are now actually satisfied.

Under suitable assumptions on the function ¢(», &) and for k > 0, it is
not difficult to verify the unilateral Wiener condition (3.6) and this yields
the Holder continuity of # up to the boundary (again Section 6).

Somewhat more cumbersome is to obtain an estimate from below of
the right hand side of (0.6), when y is the implicit obstacle (0.12). Under
additional assumption on e¢(x, &) and for k> 0, this is done in Section 7
by using the previous continuity result, the inequality (0.8) and estimation
techniques from [19], [7] and [29]. Then the W2? and C* regularity of u
follows according to the remarks above.

The results of the present paper were announced in [11]. For previous
results on Holder regularity of solutions of v.i., see [8] and [5] for the case
of Holder continuous obstacles and [12] for irregular obstacles. For previous
results concerning the continuity of the solution of the q.v.i. of impulse
control, see [3], [25], where probabilistic methods are employed, and [15], [6]
for analytic proofs. However these results do not yield Holderianity and
do not apply to quadratic Hamiltonians. For the W?2¢ regularity
see [18], [19], [28], [7], [29].

1. — Notations and basic assumptions.
Throughout this paper we shall assume that

(1.1) O is a bounded open subset of R",
and that
(1.2) a;: OXRXxR"—-R, i=1,..,n,



110 JENS FREHSE - UMBERTO MOSCO

are measurable functions with respect to x € O, continuous with respect to
(r, p) e RXR",

On each region O X {r € R||r| < (} X R* where C is some given constant
we assume the functions «; to satisfy the growth condition

(1.3) |ai(x, r, p)| < K + K|p|, i=1,.,n,

with a suitable constant K possibly depending on C.
We shall also assume that

(1.4) The partial derivatives

(o/opr)as(z,r,p), i, k=1,..,m,

exist for x€ O, re R, and p € R"*; they are measurable with respect to x € O
and continuous with respect to (r, p) € RXR" and satisfy

(1.5) |(0/0ps) as(z,y 7y p)| < K, 4, k=1,..,n,
(1.6) Z (a/apk)ai(wy 7, P)Ei5k2K0|§|2
i,k=1

forxe O,reR,r < |C|,peR", £ R, and K, K,> 0 suitable constants that
may depend on C.

Moreover, we suppose that
{1.7) a: OXRXR* >R  is measurable with respect to x€ O,
continuous with respect to (r, p) € RXR" and
(1.8) lao(@, 1, p)| < K1 + K,|p|*, @€0, [f|<C, peR",
for suitable constants K,, K, possibly depending on C.
In the following sections, we shall consider a variational inequality of the type
ueK := {ve Hy(0)jv < y}
n

(1.9) > (as(w, u, V), D;u— D) + (ao(, u, Vi), u —v) < 0

i=

for all ve K such that u—ve L°(09)



IRREGULAR OBSTACLES AND QUASI-VARIATIONAL INEQUALITIES ETC. 111
where

(1.10) y:0 — R U {co} is a measurable function, essentially bounded from
below .

As already said, our study will concern the regularity properties of any
given solution u of (1.9), which we assume to exist.

Moreover, we shall be concerned with bounded solutions u of (1.9).
For results showing, under additional assumptions on the data, that any
solution % of (1.9) is bounded, we refer, for instance, to [8]. For a given
bounded solution # (1.9) we linearize the higher order terms in (1.9) as
follows. We denote by a, ¢,k =1, ..., n, the (bounded measurable) func-
tions on O given by

1
@ () =f(8/8pk)a,»(w, u(x), tVu(z))dt, if z€ O,

(1.11) J

a(2) = O if re R"—0O
where 60, =1 if i =%, 6, =0 if ¢ £k

Clearly,
a;(x, u(@), Vu(@)) = > au(@) Diu() + a;(x, u(x), 0)
k=1

for every i =1,...,n, and €. Hence we can rewrite the inequality
in (1.9) as follows

n

(1.12) > (auDpu, Dy(u—0v)) <

e <— (ao(-’B, U, Vu), U —’U) - i (a,.(x, Uy 0)7 Di(u - 'v)) ¢

i=1

Note that by (1.5), (1.6) the functions a, satisfy for all x€ O

(1.13) lap@)| < Kyy, G k=1,.,n
(1.14) > an(®)€:& = Ko|&|®.
k=1

A Dbasic tool in the following will be the Green function, and the regu-
larized Green function, associated with the (elliptic) operator

n

(1.15) — > Di(au(x)Dy)

i,k=1
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on a fixed ball § o> 9. For each ze O, the Green function G = G* is de-
fined to be the solution

(1.16) GeHP¥Q), 1=s<n/(n—1)
of the equation

n

17 3 (@uDyp Do =9(), ¢eC7@), (w,0)g=wods.
Q

i,k=1

It is well known thg.t such a function exists, see e.g. [31], [34], and satisfies
the inequalities

Ejo—z2 <G@)<Kfo—e, n=3
(1.18)
K|z —z|| < G@)< Kn|o—z||, n=2

for all # in a neighbourhood @,cc@ of 2z, with K, and K, suitable con-
stants depending only on n, K,, K; and K,, also on @,. For each given
o > 0, the regularized Green function G, = GZ is defined to be the solution
G, Hy(Q) of the equation

(1.19) S (a3.Dpp, Di@,)g = |B,(2)| ™ f p(O)dE, e lCX(9).

k=1
Again, the function G, exists and satisfies
(1.20) GoeL>(0), Go=0, Gox)—>Gx) asp—>0 ifx~z.

Moreover, as o — 0,

(1.21) Gy — @G strongly in L'(Q), 1=r<n/(n—2),
(1.22) V@, — V@& weakly in LYQ), 1<t <nf(n—1),
see [34].

We conclude the section by proving the following inequality
(1.23) f IV |2v2de < o f 6|Vo|2da ,

with G = G% ¢=¢(K,, K;, n), that holds for every function v e Hy(0) N\ L*(0)
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such that v = 0 in a neighbourhood of z. We have, in fact, by (1.17)

0= 3 (2, D,*G),D,6) = > { [esD @D w2 [a vakvpﬂdw} >
k=1

ik=1

= K, [IVO[Potdo—e j VG Evtdn — e nK2 f @ |Vo|dw .

Hence, inequality (1.23) follows by choosing & = K,/2.

2. — Some preliminary estimates.

In this section we establish some basic estimates which are satisfied by
any solution u € L*(9) of the variational inequality (1.9).
Let £: © - R and 7: R — R Dbe functions with the following properties

(2.1) Ee H¥(O) N L®(9)  for some s >n,
(2.2) v s Lipschitz continuous on R* and 0=7=1,
(2.3) Ere Hy(0) and £y on suppTtNO.

Let us remark that if I" =20 is smooth, then by the Sobolev imbedding
theorems & € H*(9) implies & € C(0); however, all estimates of the present
section do not require any regularity of 0O and will be used also to obtain
local regularity results. The norm in H%s will be denoted by |- |,.

‘We now consider z € O and for every 0 < o < g, the approximate Green
function @, = G; defined in the previous section. We shall prove
that there exist suitable constants ¢ = ¢(K,, K,, Ks, ||, [&].) and
¢=c¢(K, Ky, K, K,, K3, n, |4] ., |£]|l..), Which are independent of €0 and 7,
such that the following estimate holds:

(2.4) j |Vu— VEP G, 2 dw + |B,|™ f lu— &27% 1 (B,(2)) dw <

<e ]u——5|2(GQ|V1|2 - IVGQHVTIT) dx + co,
where

@5) o, =[[(L+ IVE) 6,7 + (L + V&) (6] Vlz + IVG,J*)] o,

for all 0 < o << o, Be(2) CO. Here y(M) denotes the characteristic fune-
tion of M.
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The proof of (2.4) consists of the following steps (i)-(v):

(i) Let &, & be arbitrary functions satisfying the following conditions:

(2.6) £ £, H(O)NL=(9), £>0,
(2.7) EE € Hy(O) and E< y on supp &, .

If ¢ > 0 is small enough the function
(2.8) 0= u—e(u—7E)

is admissible in (1.9) and hence in (1.12). In fact, we have ve Hy(0) N L*(0);
moreover, if ¢ > 0 is such that ¢£, <1, we have by (2.7)

v=(1—e&)u+ &&=y on suppé,
while

v=u<yp on O — supp &

which together imply v e KN L*(0).

(i) Let 2€ O be fixed, g, > 0 such that B, (2)c O and 0 < p < g,.
Let & and 7 be as in (2.1), (2.2), (2.3). We define in O the function
(2.9) £y 1= |u— G0

where G, = G} is the approximate Green function defined in Sec. 1 andg=1
is a real number to be chosen. The pair & &, we consider clearly satis-
fies (2.6), (2.7), so that the function v given by (2.8) can be inserted in
inequality (1.12). After cancelling the factor ¢ we obtain

n

(2.10) > (aaDyu, Df|u— &l u—E)Gpr?]) <
k=1
— (ao(, u, Vur), |u— E|eY(u — &) Gy v?) +

IA

+ *5_: (a’i(wi %, 0), D[ |u — &|*Y(u —§&) Go Tz]) .

We evaluate the derivatives appearing in (2.10) and rewrite it in the form

(2.11)  DylJu—¢&[*(u—&)Gor?] = qlu —&|[* G2 Dy(u—&) 4
+ [lu —&[*Y(u — &) 72 DG + |u — &|*-Y(u — &) Go27D; 7],
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and

(2.12)  DyuDifju— "= (u— &) Gev*] = qlu — & Go7* Di(u — §) Di(u — &) +
+ (¢ + 1) Dy(ju— &|*172) D, G, +-
+ [lu— &l (u— &) Go27D;vDi(u — &) — (g + 1)~ u — £|** 27D, 7D, @] +
+ {glu — &[0 Go v Dy ED(u— &) 4 |u— |-} (u — &) 12 Di D Go +
+ |u—&|*(u — &) Go27D,;vDo &}

for every i,k =1, ..., n.
We estimate the left hand side of (2.10) from below and the right hand

side from above by evaluating separately each term that arises from the
splitting (2.12) and (2.11).

(iii) Estimate of the left side of (2.10) from below: By the ellipticity
condition (1.14) the first term arising via Leibniz’ rule is bounded from
below by

(2.13) 4K, f |V — VE|2|u — Ele1Gprida .
The second term in (2.12), by the definition of G, (1.19), is equal to

(2.14) (¢ + 1)71Bol[lu — £fe+ 1(Bo(2)) w2

Taking (1.13) into account we can apply Young’s inequality to split the
term in (2.12) which is written in brackets [...] and contains the derivative
Dy (u — &). Thus the term in [...], (2.12), contributes a quantity which is
bounded from below by the sum of the following two terms:

(2.15) — e[ [Vu— Véltlu— g1 6pr2de

and

(2.16) — (4e) 1 K| |u— &|71Go|Vr|2dw — Ky | |u — &)1 |V Gy || V| T d

(note that 2(¢ + 1)-'<1). Here ¢ >0 is a constant to be chosen later.
As to the contribution from the term {...} in (2.12) (which vanishes if

& = constant) the integral containing Dy (u — &) can be estimated using
Young’s inequality by the sum of a term like (2.15) and the term

(2.17) — (4e) ¢ K u— £ [|VE G, v o
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the remaining terms from {...} are bounded by
(2.18) — Ky|u—E&|8 f [VE|(IVE, |7 + 26, |V|7) do .

Combining these estimates we conclude that the left hand side of (2.10)
can be bounded from below by the sum of (2.13), (2.14), (2.16), (2.17), (2.18),
together with twice the term (2.15).

(iv) Estimate of the right hand side of (2.10) from above. By the growth
condition (1.8) the integral containing a,(z, #, Vu) is bounded by the sum
of the term
(2.19) 2K, f |Vu — VE[2|u— &G, v dw
and the term

(2.20) Ju—&1%[ (K, + 2K,|VE[) 6,7%da.

‘We now estimate the contribution from the coefficients a;. The first term
according to the splitting (2.11) is of first order in D,(u — &) and can be
estimated once again by Young’s inequality. By this and (1.3) we obtain
a bound which is the sum of

(2.21) ef]Vu—V&[zlu—Elﬂ—ngrzdx
and
(2.22) (de) VK2 2w — E|% f ¢ do.

Finally, the contribution from the term [...] in (2.11) can be estimated by
(2.23) nK |u—&|2 f (IVG, |22 + 26, |V|7) do.

Again combining the various estimates we see that the right hand side
of (2.10) can be bounded from above by the sum of (2.19)-(2.23).

Note that (2.21) is a term similar to (2.15) and that the contribution
of (2.20) can be agsimilated by (2.17) and (2.22). Furthermore the term (2.23)
is a term like (2.18) but with |V&| replaced by 1.

(v) Combining the estimates obtained in (iii) and (iv), we deduce
from (2.10) the following inequality

(2.24) (qKo—3e)f|Vu—V5|2|u—§|a—laeﬂdx +
+ (g + 1)1Be| | |u— &7 4 (Bo(2)) v dw < 2K, f Vo — VE|2|u — E|Gor2da +
+ e f [u — E|e+3(Go|VT|2 + |VGo||V|7) dz 4 6300
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where

(2.25) Oo =f[(1 + |V&2) Gor2 + (1 + [VE) (VG| + Go|V7|7)]dw
and

e=c(e, K3), & =¢leq, K, K,y Ky K3y, |, [|€].,) -

We remark in passing that if (1.8) holds with K,= 0 (so that a,(,r, p)
is bounded) then we obtain (2.4) from (2.24) above by choosing

(2.26) e = 121K,

and ¢ =1.

In order to handle the general case of a quadratic a,, we use the same
value of & but leave the parameter ¢ =1 free. We then use (2.24) twice for
different values of ¢. When ¢ is given by (2.26) and ¢ =1, (2.24) yields

(2.27) f |V — VE[2Go2da + | By f [ — &2 7% 5 (Bol2)) dow <

< oaﬂvu — VE|2|u — &|Gpv2da - c4f|u—§|2(Gg|V‘r]2 + |VG||V7|7) da + 500

where o, is given by (2.25) and ¢; = ¢o(K,, K,), ¢, = ¢(K,, K;), ¢; = (K, K,,
Ky, Kyy K3y 1y %] ooy [€]]c0)-

The additional term in (2.27), with respect to the case K, = 0, is the
first integral at the right hand side of (2.27). In order to estimate this term,
we introduce a new parameter I >0 and we decompose the integration

l
J=[+] over O into an integration [ over the region
i i

0,= {wcOllu—§ =1

i
and an integration [ over O — O,, where |u — &| is bounded by I. The

second integral is easily estimated from above by

14
(2.28) fg lJ'|Vu—V§|2G912dx.

Hence for I small enough this can be absorbed into the integral on the left
side of (2.27). In order to obtain a bound uniformly in I for the integral
over O,, we return to the estimate (2.24) with ¢ still given by (2.26), but
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where we now choose ¢ = g = q(K,, K,, |u—¢&|,) so that

@—DEo—2K,Ju—¢é],=1.
This yields the estimate

[1Vu—Velu— @ 2 + @ +1)7B, [lu— 2 (B ) do <
< eolu—E[E [lu—ER(G,Vel* + [VG,||Vel) do + ero,

where
s = 0(Koy Koy Ky |]ooy |E]e) €= 6(K, Koy K1, Koy Ky, [0, [€]0)-
Similarly, we obtain the estimate
(2.29) f|Vu—V§[2|u—§|G912dx__<_
l < ¢5llu — Elli;‘llz—‘f[u —&E}(G, VT + |VG,||VT|7) do + ¢, 1* o, .

Again the estimate is uniform in 1.
By combining the two estimates (2.28) and (2.29), we obtain

fqu—V§|2|u~§|Gerzdx§ lf]Vu—V§|2G912dm +
+ ogllu — E[T1E Ju — E3(G,|VT® + |VG,||VT|7r) de + ¢,1* 0, .
By substituting this inequality into (2.27) and choosing | = | = I(K,, K,)

small enough so that
1—cl=1

we finally conclude the proof of (2.4).
From inequality (2.4) we now derive two estimates that will play a
crucial role in the following.

LEMMA 2.1. Let w € L*(O) be a solution of (1.9) and let us suppose that
there exist functions & and T satisfying (2.1), (2.2), (2.3), with T =1 on some
open subset O, of O. Then
(2.30) J-IVu|2G’1dm__<_ ¢ for all z€ O,,

where ¢ is some constant independent of z € Q,.
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ProOF. Inequality (2.4) implies
(2.31) } f V|2 16 de < ¢ [ |u— E[2(G|VT|? + |VG||V]) d + oe + f \VE|2 6, du
for all p > 0. As a consequence of (2.1) and (1.21), (1.22), (1.18), we have
(2.32) [VEPG,, |VE||VEG,|eL0), |V&|G.e L*(0)

for 1 < ¢ < s/n, uniformly for ¢ — 0.

This shows that the last two terms at the right hand side of (2.31) stay
bounded as p — 0. The first term at the right hand side of (2.31) also
remains bounded as ¢ — 0, because Vz vanishes in a neighbourhood of the
singularity of ¢ = G*. Therefore, (2.30) follows from (2.31) by virtue of
Fatou’s lemma. a

For fixed 2z and every R >0, we shall denote by 7 = 7z a function
satisfying (2.2) such that in addition
(2.33) 7=1 on Bg(?), T=0 on R"— B,x(?)
(2.34) [Vr| < R-1.

LeMMA 2.2, Let u € L*(0) be a solution of (1.9) and z2€ O. Let & be an

arbitrary function satisfying (2.1) and (2.3) with some v = v as above. Then

we have
* *

(2.35) f]Vu]szdwé c||Vul*G*dx +-¢ _"f]u— &*dx + cRF,
R 8E 8&
and if z is a Lebesgue point of w, we further have
* *
(2.36) lu(z) — E@2)[2 < cfqu[zG’dw +eR™ f]u — &P dx + oRF
8R 8R

* z
B = (s —n)[s, where f denotes integration over Bgy(z) N O, and f = f integra-
B 4

tion over [Bg(2) —Bg(2)] N O, R'> R. The constant ¢ depends on K, K,, ...,
vy Koy my %]y €]y IVELs, DUt mot on 2z and R.

REMARK. If & = constant, any real g € ]0, 1[ is admissible.

ProoF. We shall apply the estimate (2.4) for the case at hand. We first
remark that by (2.32) the term o, can be estimated from above, as o — 0,
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by cRf, with f = (s —n)/s and ¢ a constant depending on || and |VE&|,,
but independent of z and RE. Moreover, the first term at the right hand side
of (2.4) converges to the integral

f;u—glz(wanvzlr + @V de (o —0).
This can be estimated from above by

f [u— &2(2R*"|Vz|2 + 2R"2|VG|2 + K, R*-"|V7]?) do <

2R
*

*
<2+ K5)R—"f|u—§|2dw + 2R"—2f1u—’g‘[2|VG]2dw.
2R 2R
Here we have used the estimate

G K r—z*"=<K;R*", n=3, since [r—z|=R.

For the case n = 2 one has to use the «local » Green function & € Hy(B (2),
ie. G(x) = log (4R/|x])).

In turn, the last integral above can be estimated according to (1.23),
by introducing a Lipschitz continuous function w on R", such that
0= w=1,0 =1 0n B,u(?) — Bz(z), » = 0 on Bgy(2) U [ B;z(?), |Voo| < 2R
This yields

flu — &2|V@ |2 dw =J'(w|u —&))2|VErda <
2R 2R

< o[ @2(w?|Vu — V&2 + |u— £ Vo|?) do <

4R

< oRz—n{jvu VPG da - R—ZEu g dw}

where ¢ is some constant depending on K,, K,, n, and independent of 2
k%
and R. Here f denotes integration over B,z(¢2) — Bgs(2). (For n = 2, use
4R
the above «local » Green function in the proof, since the latter is bounded
on Byg(?) — BRIZ(Z))'
We obtain from (2.4) and the above estimates

sk
J.|Vu]26‘dw §f|Vu|2Grdx§ cf[Vu]zde + cR—"ﬁu —&|2dw + cRP.
iR 4R
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The passage to the limit ¢ — 0 is justified by Fatou’s lemma. Thus (2.35)
follows by replacing R with 2R. If 2z is a Lebesgue point of w, we obtain
from (2.4) as p -0

lu(z) — &(2)|2 < cfwzadx +e —nf|u—5|2da,- + cR?
4R 4R

from which (2.36) follows. |

3. — Interior regularity.

We suppose in this section that the obstacle y satisfies the following
unilateral condition of Wiener type:

(3.1) There exist constants m =4 and ¢, > 0 such that the following holds:
For every z€ O,cc O and every 0> 0 there exists a constant Rs =
= Ro(0,) > 0, independent of z € O,, such that B(z, 2mRs) c O and such
that for every R €10, Rs] there exists a closed set:

(3.2) T'r(2) C Byur(2) — Bgal(?)
with the property

(8.3) The capacity of Tgr(z) with respect to B,,g(z) is larger than c¢,R"-?2,
and

(3.4) p@)=ypy)—0 for all ®€ Byg(2), y € Tr(2) .
If Tx(2) is an (» —1)-dimensional manifold we can replace condition (3.4) by
(3.5) P(@) = Pgp(e) — 6 for all @ € Byg(?)

where Pn(2) = {y(s)ds and § denotes the mean value taken over T'x(z).
R R

Furthermore, in the case (3.5), the sets Tx(2), R >0, z€ Oy, have to
satisfy uniform weak regularity assumptions such that Poincaré’s inequality
holds in the following form

* *
f}u—%]zdw < KszWu[zdw, R>0, 2 0,.
mR
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*
Here f denotes integration over By(2) — Bg(z) for R'> R, and #s(z) =
2
= fu(s)ds with § defined as above.
R R
THEOREM 3.1. Under the assumptions (1.1)-(1.8), let us suppose that y

satisfies (1.10), (3.1)-(3.4), and that u € L*(0) is a solution of (1.9). Then u
is continuous in O.

Let us assume that y satisfies the following unilateral Holder condition

(3.6) There exist constants m >4, ¢, x>0 such that for every ze O and
every ball B(z,2mR)c O, 0 < R < R,, there exists a closed set Ty(z)
that satisfies (3.2) and (3.3) and is such that

(3.7) p(@) = ypy)—elr—y|* forallz e Byp(z) and ally € Tp(z) .

‘We then shall prove

THEOREM 3.2. Under the assumptions (1.1)-(1.8) let y satisfy (1.10),
(3.6), (3.7) and w € L=(0) be a solution of (1.9). Then u is Holder continuous in O.

Moreover we shall prove that the following estimate holds

f|Vu|2de§ cR?
R

for some A€]0,1[ where G = G% the constant ¢ being independent of
O0<R<R,and ze€ O,ccO.

REMARK. For continuous obstacle y, cf. the results in [8] on the con-
tinuity of the solution u.

ProOF oF THEOREM 3.1. Let u € L*(L2) be a solution of (1.9) and 9, cc O.

1. We first apply lemma 2.1 in order to show that

(3.8) f]VuPG”dw <e
(VA

for all ze Q,, where ¢ is a constant independent of z € O,.

The functions & and v are chosen so that & = m,, where m, is a lower
bound of y on 9, and v = 7(0,) is any function in C3(0) such that 7 =1
on O,.
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2. We now apply Lemma 2.2 to show that the following estimate holds
for given ze€ 9, 4 > 0 and R € ]0, R;] such that B(z, 2mRs) c O with m, Rs, B
the constants appearing in assumption (3.1) and in (2.35):

*
(3.9) f [Vult@dn < of |Vul?@*de + o(RF + &%)
J ,

2mR

and moreover, if B(z, 4mR;) c O we also have

(3.10) lu(l) — I < of |Vul2@ dw + cf|Vu|2G”dw + oRF + ¢o®
Bsr(L) Bumr(z)

for every Lebesgue point { € By(2) of w with d = d(2, B) a constant to be
chosen later, independently of { and such that, in addition

(8.11) M, := c-inf {u(y)|y € Tor(2)} < d < M, := c-sup {u(y)|y € T:r(2)} .

Here T,z(2) is the set appearing in assumption (3.1); for the definition of
the «capacity-essential » supremum and infimum, «c¢-sup » and «c-inf», see
Appendix A.

In order to verify the assumptions of Lemma 2, we choose & =&z,
to be the constant function

E=d—98, M,<d<M,.

By applying (3.1) with R replaced by 2R, we conclude from (3.4) and the
inequality » <y that for every e B,x(2) and y € T,x(?)

p(e) = u(y) —9.
Hence we have by (3.11)

(3.12) P@)>d—o

which is a fortiori true for every x € B,s({) and arbitrary fixed { € Bjy(?).

We are now in a position to apply Lemma 2.2 at any point { as above
and with the above choice of £&. We notice that for v = 7 satisfying (2.2)
and (2.33) (where 2 = (), we have &re Hy(O) and by (3.12), £<y on
Supp 7, since supp v C B,x(l); therefore assumption (2.3) of Lemma 2.2 is
also satisfied. Thus, for { = 2z we have by (2.35)

* *
f]Vu[zG’dm < of|VuP@dz + R [|u—d — ]*dw + cR?
R

S8R 8R
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and for every Lebesgue point { € Bg(z) we obtain via (2.36)

[u(l) — d— 82 < cf|Vu|2G¢dx + cR‘"f|u—d—6|2dx + oR?
Bgr(L) Bgr(L)

which hold for de[M,, M,]. From the above inequalities we can derive
both (3.9) and (3.10) easily, once we have estimated the term

*
A= R—"ﬁu—d[?dx and A4,:= R‘"J.|u—d]2dx.
S8R Bgr(£)

First, we choose d € [M,, M,] such that it realizes the minimum of the func-
tional I defined by

1(d) = R—nf[u_dpdm.

2mR

Thus we obtain by Poincaré’s inequality in the form as it is given in the
appendix that

* *
(3.13) 4, < R—nﬂu—d[zdw < ch—"J.]VuPdw.

2mR 2mR

Here we have taken into account that T,z(2) C Bymr(?) — Bir(2) and that.
the relative capacity of T,r is larger than ¢,R*-2. From (3.13) and (1.18).
we arrive at (3.9).

The term A, is first estimated by

4, < R—"f[u—-dem < R-"f[u——d[zdm —:J(d).

Bgr(L) Bmr(z)

We then choose de[M,, M,] to minimize J(d) on [M,, M,] and apply
Poincaré’s inequality as above, but in the ball B,,x(?). Proceeding as before,,.
we obtain (3.10).

3. Using the «hole-filling » technique we can now derive from (3.9)
the estimate

(3.14) f [Vul2G*da < o(R? + 6%)
R

for every 2€ 0, §> 0, and all Re]0, Rs], R <1, such that B,.r(2)Cc 0.
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Here y €10, 1[, y < f, is a suitable constant, both ¢ and y being indepen-

dent of 2z and B as above.
In fact, if we set

n(R) = [|Vup@*do
R

we have 7(I) < ¢ where ¢ is a constant independent of z and E; moreover,
by adding ¢n(R) to both sides of (3.9) and dividing the resulting inequality
by 1+ ¢, we obtain for 5(R) a relation of the form
(3.15) n(R) < On(vR) + R + &°
where 6 = ¢/(1 4 ¢) < 1, ¢ being the constant of (3.9), and » > 1.

We now choose 0, such that 0 <60, <1, and y €]0, 1[ such that y <f,
0 = 0,. For fixed R, < min (1, R;) we set

M = sup {R-"n(R)|» 'Ry, < R < R} .

Therefore, for all B such that v2R,< R <v 'R, we have

n(vR) < My Ry
and by (3.15)
n(B) < (L+ 0, M) R + 8°.

By iterating the above argument we obtain
N(R) < L+ 0+ . + 65+ B M B + (1 + 0+ ... + 6578
for all j =1,2,..., and Re ] ""VR,, VR .
Hence
N(R) < [(L—0,)7* + M]RY + (1 — o)~ 6*
for all Re]0, R,[.

4. We are now in a position to conclude the proof of the theorem by
showing that for every J > 0 we have

(3.16) |u(@,) — u(x,)| < €6?

for all Lebesgue points of u such that x,,2,€0, |v;— o, < R < R;,
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B(4mR;, z,) c O. In fact, it follows from (3.10) and (3.14) that
[u(l) —d|* < ¢(BY + 6?)

for all Lebesgue points { € Bg(z). Here d is chosen independently of { asabove.
Setting ¢z = @,, ¢ = &, ¥, we obtain (3.16) with Bs = min {1, (2m)-'Rs, 6*7}. m

ProoF oF THEOREM 3.2. By assumption (3.6), the hypothesis (3.1)
of theorem 3.1 is now satisfied with R;, for each 6> 0, given by
Rs = ¢;'*(m 4 2)716Y*. Therefore, for every given R € ]0, 1[ with B,,,a(2) cO
we chose 6 = R and we obtain from (3.14) that

f|Vu|2szx < o(R? + R®)
R

with ¢ a constant as above, independent of 2 and R. Thus the conclusion
of theorem 3.2 follows by a classical lemma of C. B. Morrey. We remark
that it also follows directly from (3.16) that

[w(@1) — w(@,)] < elw, — @

where x4 = min (a, y/2) with ¢ a constant independent of z,, x,€ 0,cc 0. =

4. — Boundary regularity.

In addition to the assumptions of Sec. 3 we now suppose that I is
Lipschitz continuous or, more generally, that it satisfies a Wiener condition
of the following type

(4.1) There exist constanis ¢ > 0 and R, > 0 such that for allz, € I', 0 < R < R,,
we have:

inf { [19912 05 ¢ € O (Bun(an), $ =1 on By(oo) 0 (R — 0]} > oR"2.

Moreover, we suppose that the obstacle y satisfies not only (3.1) but also
the following condition at the boundary.

(4.2) The convex set K of (1.9) contains a function

uo € HY*(0) N CA(O)

where s > n and B €10, 1[.
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REMARK. Clearly such a u, exists if 9 > 0 in a neighbourhood of I
Its existence is also assured if y satisfies (3.7) with « >1 and I is Lipschitz
continuous. Note that v >0 on I" since u € K.

THEOREM 4.1. Suppose that, in addition to the assumptions of Th. 3.1.,
both (4.1) and (4.2) are satisfied and let we L°(0) be a solution of (1.9).
Then u € C(0O).

THEOREM 4.2. Under the assumptions of Th. 3.2 and conditions (4.1), (4.2)
we have w € C%(O) for some « <10, 1[.

ProoF oF THEOREM 4.1. The proof below, which follows the same pattern
as the proof of Theorem 3.1., will supply additional boundary estimates on
regions B,,z(?) such that B,,z(z) N O % @ from which the regularity up
to the boundary can be derived easily.

1. We first prove that the estimate (3.8) now holds uniformly with
respect to all z€ ©. For this, we apply Lemma 2.1 with O, = 0, & = u,,
T=1 on O. Note, in particular that the hypothesis (2.3) of the lemma
holds because w, € K and u, € Hy(2) with u, <y on O.

2. We now prove that the following estimates hold

*

(4.3) J' IVul2G* < o[ |Vl G?dn + cRP
R 4mR
(4.4) [u(2) — uo(2)|2 < ¢ f |Vut G da + oRP
4mR

for every z € O which is a Lebesgue point of %, and for every R > 0 such that
[Bzmzr(?) — Br(2)] N co #0,

¢ being a constant depending on K, K,, Ky, ..., % |%] oy |%o]l s |Vtols, m, but

independent of z € @ and R > 0, and 8 = (s —n)/s. We recall that f denotes
* B
integration over Bg(z) N O and f integration over [B,.z(2) — Bz(2)]1N O.
. 4mR

In order to obtain (4.3) and (4.4) we apply Lemma 2.2 with & = u,.
Note again that the hypothesis (2.3) of the lemma is now satisfied for
arbitrary R > 0 since u, € K.
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‘We thus obtain

* *
(4.5) fquF GFdw < ¢||Vu|*G*do + cR_ flu— wo*dw - cRFP
R 2mR 2mR
*
(4.6) u(2) — 1,(2)[2 < ¢ f [Vu[2G*dw 4 cR™ f [u— u|2dz -+ oR?
2mR 2mRB

for all ze ® and R > 0, z being a Lebesgue point of % in (4.6).

We now restrict our attention to those 2€ @ and R > 0 such that
[Bemz(?) — Br(z)] N [O=£ 0. By our assumption on 99 we have Bgnz-
-cap [Bimr(?) — Ba(?)]N (O > ¢, R"2, ¢,> 0, and since u —u,ec HL(O) we
may apply Poincaré inequality to estimate

*

*
R"'f|u—-u0|2dw < eR* | [Vu — Vu[*de <
2mR 4mR

* * *
< cf]Vu]szdx 1 cf]Vuolszdw < cf|vu|2mdx 1 ¢RP.

4mR 4mR 4mR

The last inequality holds because (4.2) implies |Vu,|2G7e L(Q) for 1 < g << s/n.
This completes the proof of (4.3) and (4.4).

3. From (4.3) and (3.9), via the «hole filling » technique, we obtain
the estimate

(4.7) f [Vl G2da < o(R? + 82)
R

with y €10, 1[, and ¢ constants independent of
20, 0>0, Rel0,Rs], R<1.
Therefore, from (4.4) and (3.16)

Ju(2) — w(@)] < [ue) — uo(2)] 4 Juoe) — ()| -+
+ (@) — up(@)] < 0RY + 08° + [ug(2) — to(®)] -

This completes the proof of the theorem.
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5. — Dual estimates.

‘We shall establish in this section some estimates of potential theoretic
nature involving the operator

A(v) = — ﬁ: D;a(x, v, Vv).

i=1

As in Sec. 1, we suppose that

(5.1) O  is a bounded open subset of R"
and that

(5.2) a;: RXR* >R, i =0,1,...,n, are measurable functions with respect
to € O, continuous with respect to (r, p) e RXR".

We suppose furthermore that the following growth conditions are satisfied
(5.3) lai(x, r, p)| < K + K|p|, i=1,..,n

(5.4) |ao(z, r, p)| < + K|p|*

for almost all x€ O, all reR, |r|] < C, and all pe R*, with K> 0 cons-
tant possibly depending on C, and some fe LY(0O). We also assume that
the following monotonicity condition is satisfied

(5:5) 2 [ad@,r,p) —ai(@,r', p"){(pi—p) = elp —p'|*—K|r—7'|* for almost
i=1

all x€ O, all r,r'e R such that |r|< C, |r'| < C, all p,p’e R*, with
¢, K > 0 suitable constants possibly depending on C.

Let us remark that (5.5) follows from the coerciveness assumption (1.6)
of Sec. 1 if simply

(5.6) (o/or)a (o, r,p) =0

or, more generally,

(5.7) |(2for)au(a, r, p)| < o

for |r] < C, pe R* and almost all z€ O, with ¢ a constant possibly de-
pending on C.
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In consequence of (5.2), (5.3) and (5.4), A(v) + a,(z, v, Vo) is well de-
fined as a distribution in O for every function ve H1(O) N L*(9) by the
identity

CA(V) + ao(w, v, Vv), ¢) =
= fa,.(a;, v, Vo) D; ¢ do +fa0(w, v, Vo)pdor  for every ¢ e C(0).
i=1 ) )
Now we consider the variational inequality (1.9). We assume that the
obstacle y appearing in (1.9) is such that
(5.8) we HY(O) N L*(0)

and we suppose, in addition, that the distribution A(y) is indeed a measure
in O satisfying the condition

(5.9) ONA(y) e H(0)@ LY(0),

where the negative part has to be intended in the sense of measures.
Then, we can estimate any bounded solution of (1.9) according to the
following

THEOREM 5.1. Under the growth and monotonicity assumptions (5.1) up
to (5.5), if the function y satisfies (5.8) and (5.9) then every solution u € L=(0)
of the variational imequality (1.9) satisfies

(5.10) 0> A(u) 4 ao(, u, Vu) = OA[A(yp) + ao(2, v, V"/’)]

in the sense of measures in O.

In order to prove this theorem, we approximate the function a, by a
sequence of functions a,,, m =1, 2, ... that satisfy the conditions

(5.11) Qo (T, Ty P) — Go(@, 7, P) aS M — O

for almost all x€ O, all re R, p € R";

(5.12) [@om(®, 7, P)| < 0w < | + K|p]?

for almost all x€ O, all re R, |r| < C and all p € R*;

(5.13) |@om (@, 7y D) — Com(®, 7', P)| < olr — 1| + 6u|p — P

for almost all x€ O, all r,r'e R with [r|< O, |r'| < C and all p,p'e R".
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In the above conditions the ¢, are constants possibly depending on €
and m, unlike the constant ¢ which may depend on C but is independent of m.
A possible choice of the approximate a,, is
(5.14)  agn(x, 7, p) := tm(a{)”(w, 7, w,,.(p))) , x2€0,reR, peR,
where 7,,(t) =t if |t| < m, T,(t) = m if |t| > m and w.(p) = (Tu(P1); - ) Tu(Px))

for p = (p1,...,p.)ER" and aj is a suitable regularization of a, with
respect to the variables (r, p).

PrOOF oF THEOREM 5.1. Let u € L®(0) be a solution of (1.9). For each
m=1,2,.., we put

(8.18) (v, w) := i (@i, v, VV), D;w) + (Gom(@, v, V), w) + A,.(v, w)
i=1

for every v, we HY(O) N L*(0),
(5.16) fm 1= Gom(@, w, Vo) — ao(®, u, Vo) + A% ,

where 4,, > 0 is some constant to be chosen conveniently large.
It follows from (1.9) that u satisfies the inequality

(5.17) AUy 4 — V) < (frn, 4 — )

for all v € Hy(0) N L*(0), such that v < y.
For each}fixed m, we now define

(5.18) Ty i= A(y) + aon(®, 9, Vi) + Anyp

and we consider the following auxiliary variational inequality

{ zeQ
(5.19)
(22— 0) < (fu AT, 2—0) for all ve @,

where f, AT, H-1(9)® LY(O) and
(5.20) Q:={weHY)NLO)|u<v<u-+1}.

The standard theory of monotone operators does not apply to problem (5.19)
due to the term f,AT, that does not belong to the dual space of H(0).
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However, since the convex subset @ of H}(O) is also bounded in L®(0),
suitable monotonicity arguments can still be used in order to prove that
if the constant A,, is large enough then the solution 2 = z,, of the variational
inequality (5.19) actually exists and is unique. For sake of completeness
in Appendix B we give a general result that can be applied to the
present case.

We go on with the proof of the theorem by showing that for every m
we have

(5.21) 2=u.

Let us show first that it suffices to prove that

(5.22) z2<wy.

In fact, then v = z is allowed in (5.17), hence

(5.23) AUy 4 —2) < (frny 4 —2) < (fu ATy u—2),

the last inequality being a consequence of z € Q; on the other hand, v = u
can be obviously replaced in (5.19), hence

(5.24) (22— U) < (faATmy2—u).
Therefore, from (5.23) and (5.24) we obtain
AUy U —2) — (2 U —2) < 0
and this implies 4 = z in consequence of the monotonicity assumption (5.5),

provided A, is conveniently large.
For proving (5.22) we observe that the vector

(5.25) v=2—@F—y)F=2A\yp

belongs to @. In fact, since z2€@, u<y and ye HY(O), we have
v e Hy(0) N L(0); moreover, u < 2z < u -+ 1, therefore also v < v < u -+ 1.
By replacing v in (5.19) we obtain

(5.26) an(2y (2 — 9)*) < (fuA Ty (2 —9)*)
and since
fuNTw < T = A() + Gou(®, ¥, V) + Any,
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we get from (5.26), by taking (5.8), (5.9) and (5.15) into account,
(5.27) (2 (2 — Y)) — an(y, (¢ —9)*) < 0.

By (5.5) this implies (¢ — y)* = 0, hence (5.22) holds.
As a consequence of (5.21) we get from (5.19)

(5.28) O (Uy 4 — V) < (fu ATy u—wv) for all ve@.

For arbitrary ¢ € 03(0), ¢ > 0, we have v:=u + epe@ if ¢> 0 is small
enough, therefore from (5.28)

Uy @) = (fu ATy @) -

This means, by taking (5.15), (5.16) and (5.18) into account, that in the
distribution sense we have

A(u) + aom(@, u, Vo) + Apu>
= [Wom(@y Uy V) — ag(@, uy V) + A, wIA[A(Y) 4 aom(@, 9, Vi) + Anyp]

which in view of w < y implies

(5.29) A(u) + ao(@, u, Vu) = OA[A(y) + ao(z, v, Vi) 4 ou]
where

O 1= Ao(®,y Uy VU) — Qo (@, Uy V) — ao(20, 9, V) + Gom(@, v, V) .

By (5.11), 0, =0 a.e. in O as m — oco. Therefore the second inequality
in (5.10) follows from (5.29) by passing to the limit m — oo, by (5.4), (5.12)
and the dominated convergence theorem, once we notice that

{OALAW) + au(a, v, V) + 6,10) — (OALA() + au(a, v, V)IHE) < [lonlcda

for every non-negative continuous function { with compact support in O.
As to the first inequality in (5.10), this follows directly from (1.9), once
we replace v:= u — ¢ for arbitrary ¢ e C3(0), ¢ > 0.

REMARK 5.1. The theorem above extends to arbitrary obstacles y € H(O)
satisfying (5.9), the proof being the same, provided one has growth condi-
tions with respect to [r|, with exponent s = n/(n—2) in (5.3) and 2s
in (5.4) in case n > 2, and with exponents s =1 and 2s =2 if n = 2.
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Then, a,(x,v, Vo) e L}(O) and a,(x, v, Vo) € LY(O) for arbitrary v»e HY(O).
Notice that y is always bounded from below, since yp > u € L*(0).

REMARK 5.2. By taking the estimate (5.10) into account, the problem
of showing further regularity of bounded solutions of the variational in-
equality (1.9) is clearly reduced to the analogous problem for equations

(5.30) A(u) + ay(@, uy Vu) = g, |g] < !gll’

for suitable regular g’ such that g’ <OA[A(y) -+ a(x, y,Vy)] in O. For
equations like (5.30) with a term a, of quadratic growth classical regularity
results are indeed available as given for instance in Ladyzenskaya-
Ural'zeva [21] and Tomi [32], cf. also [10].

REMARK 5.3. An alternative way of applying Theorem 5.1 to study
the regularity of solutions of (1.9) follows from noticing that a solution
u e L*(0) of (1.9) can be also viewed, « a posteriori», as being a solution
of the variational inequality

a(uy u—v) < (— ag(x, u, Vu), u —v)  for all veQ

where the term — a,(x, u, Vu) € LY(O) is now considered as given. Thus
Theorem 5.1 yields

(5.31) 0> A(u) 4 ao(@, u, Vu) > OA[A(y) + ao(, u, Vu)]
from which the estimate
|4 (u)| < |ao(®, u, Vu)| 4 [OA A(y)]
follows, as well as, by the growth condition (5.4)
(5.32) | 4(@)| < f+ ¢+ o|Val* -+ [0AA(y)].

From differential inequalities such as (5.32) again further regularity of
can be derived, according to the regularity of f and 0AA(y), as also shown
in references [32], [10].

The following result, which is of some interest in itself, will be used
in Sec. 7 to obtain an estimate of the implicit obstacle of the quasi-varia-
tional inequality of impulse control theory.

THEOREM b5.2. Under the monotonicity and growth assumptions (5.1)
up to (5.5), let O’ be an open subset of O and let va be a family of functions
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satisfying in O’ the following properties

(5.33) va € H(O') N L*(9’) for every o
(5.34) Ava€ HY(O') N L2(0')
(5.35) A(A(vs) e H-1(O') @ LY(O')

where the infimum A is extended over all indeces and in (5.35) is intended
in the sense of measures in O,
Then, we have

(5.36) A(Ava) = N A(va)
in the sense of measures in Q.
ProOF. We put
v=Av and T =AA(v)+ Ao

where the constant A > 0 will be chosen conveniently large.
‘We then consider the following variational inequality

De@
5.37
®-37) {a(e‘z—|— D, D—w)+ Av+ D, D—w) < (T, D —w) for all we@
where
(5.38) Q:= {weHYO)NL~(0)0<w=<1+ |2],—2},
and

”
a(v, w) = 21 (@i, v, Vv), w)
ie
for every ve HY(0') N L*(0') and we Hy(9') N L>(9').

The existence and uniqueness of the solution @, for A > 0 large enough,
can again be shown by applying the theorem of Appendix B, as in the
proof of the previous theorem.

For arbitrary « let us set

@a:’v(x—v.

We have 0 < @, e HY(O'), hence PN\D,e H}(O') N L*(O’), moreover 0 <
< ONDy < D <1+ |2| —=z Therefore,

wi= PAND,eQ
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and from (5.37)

(5.39)  a(F+ B, (D— Ba)*) + AT+ B, (B — Ba)*) < (T, (D — Bo)*) .
On the other hand, by (5.35), since vs > 7,

(5.40)  a(va, — (D — DPa)t) + A(va, — (P — Pa)*) <
< (AA(0a); — (D — Po)t) + 4B, — (D — Do)t) = (T, — (P — D)) .
Since v + @ —v, = @ — D,, it follows from (5.39) and (5.40)
a(P— Dy, (D — Dp)t) <0

hence, by (5.5), (D — @)t = 0, that is, ® < Ds.
Since a was arbitrary, we get

0<D<ND,.
On the other hand,

AD, =A@, —Avs) =0,
thus, @ = 0.
This shows that (5.37) reduces to

a(v, w) + A[@, w) < (T, w) for every we@.
By cancelling the term A(7, w) from both sides, we finally get
(5.41) a(@, w) < (ANA(va),w) for every we@.

For arbitrary (e Cy(0'), (>0, we have w:=1te@ if t>0 is small
enough, therefore (5.41) implies

A(0) = NA(va)

as meagsures in O’ and the theorem has been proved.

REMARK 5.4. The assumption v, e L*(Q’) for every « can be dropped
provided in (5.3) a growth condition in [r| is satisfied as in Remark 5.1.
However, by (5.34), all v, are still required to be bounded from below.
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6. — The control problem: Hélder regularity.

We consider now the quasi-variational inequality of impulse control
theory, see A. Bensoussan and J. L. Lions [1], [2]:

we Hy(0), u< M(u)
(6.1) i (@:x(2) Dyuy D;u— D;v) < (H(2, u, Vu), u —v)
k=1

for all ve Hy(O), v < M(u), v—ueL*(0)
where

(6.2) O is a bounded open subset of R»

{6.3) a;;. are bounded measurable functions in O, ¢,k =1, ..., n.

(6.4)

M=

() & & = ot E[?
1

for almost all ¥ O and all & e R* with some constant o > 0.
In the control case, the Hamiltonian H(x,r, p) is of the form (0.11)
of the introduction. We assume here only that

H: 9xRXR" —R"
is a function satisfying
(6.5) H(z,r, p) is measurable in x and continuous in (r, p) € R+

(6.6) |H(@,r, p)| < K + K|p|*

for every xe€ O, |[r| <0, pe R, with K a suitable constant possibly de-
pending on C.

For conditions on f and g in (0.11) implying the required property of H
we refer for instance to [2].

The implicit obstacle y = M(u) is given by
(6.7) M (u)(@) = k + essinf {o(z, &) 4 u(@ + &)|= 0,2 + £€ 0}

where k is some given constant

{6.8) E=>0
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and ¢(-,-): OXR: — R, is a given function satisfying
(6.9) o, &+ n) <o, €) + e+ &)

for every € O, all £>0 such that x + £€ O and all >0, and, moreover,
such that for every e O and given 6 > 0

(6.10) 0<c(® & <6 foral |§] <o, E=0

with ¢ = g5 a suitable constant independent of x e O,cc O.

We shall also consider the stronger condition
(6.11) 0 < o(z, &) < C£)”

for every x € O and |&| < 0,, § =0, where ¢ >0 and o € 10, 1[ are given con-
stants, and o, > 0 is some constant independent of xe€ O,cc O.

We now introduce the functions y, on O by setting, for every z€O

y_(x) = inf {e(y,  —y)|ly e I'_(x)}

where

I' (2)={yel'ly=x—n,71>0}
and

y.(x) = inf {e(w, 2 — ) |2 € I, (v)}
where

I'yz)={zel'kr=us-+¢& E=>0}.

We remark in passing that since ¢(z, &) is interpreted as a cost of shifting
the state « of the controlled system into the state  + £, we interpret y_(x)
as the minimum cost for attaining the state « from the boundary, and
I', (x) as the minimum cost for attaining the boundary from x, only non-
negative shifts being allowed.

For proving the boundary regularity of u, we also need the following
assumptions

(6.12) I' is Lipschitz
(6.13) y_e€ Lip (0).
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As it will become clear from the proof below, it is sufficient to assume that

(6.14) y_€ H**(O) for some s >n.

Using the results of the previous sections, we now prove the following
theorems

THEOREM 6.1. Let u be a solution of problem (6.1). Under the assump-
tions (6.2), up to (6.10), u is continuous in O and, if (6.11) also holds, then u
is Holder continuous in O. Moreover, w is bounded and
(6.15) —k—y_(v) <ul@) <k 4 y(o)
for all x€ O.

THEOREM 6.2. In addition to the assumptions of theorem 6.1 suppose
that (6.12) and (6.13) are satisfied. Then, u is continuous up to the boundary
and, if (6.11) also holds, then w is Holder continuous on O.

The proof of these theorems depends on some preliminary lemmas

LeEMMA 6.1. Let u be any solution of (6.1). Then, the inequalities (6.15)
hold, for a.e. x€ O.

ProoOF. Since v = 0 on I" in H!-sense, we have for almost all z€ O
(6.16) u(x) < M(u)(z) < k + e(w, 2 —x)

for all ze I’ (x) and the second inequality of (6.15) follows. On the other
hand, for all ye I and almost all x€ O

(6.17) 0 =u(y) < Mu)(y) <k + oy, —y) + u@)

where we have used a suitable representative a.e. of 4 which vanishes every-
where on I. Note that M(u) is defined pointwise on O and does not depend
on the representative a.e. of u. From (6.17), the left hand side inequality
of (6.15) follows.

Since y_ and y, are bounded on O, it follows from Lemma 6.1. the
following

LEMMA 6.2. weL®(0).

‘We now prove

LEMMA 6.3. Let w(x) = M(u)(z), €O, where u is a solution of (6.1).
Then

(6'18) '/’(?/)2?/1(90)—0(90,?/—90) fO?’ all y==, z, ye@.
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Moreover,
(6.19) —y (@) <y@)<k+y (@) forall z€0.

PrROOF. For every z€ 0, y = « + £€ O and almost all >0 we have,
in consequence of (6.9)

Mu)(@) <k4ec@&+n) +ul@+E&+n)<
<o@ &)+ k+oy,n) +uy+n), thus
M(u)() < o(@, &) + M(u)(y) ;

hence (6.18) holds.
In turn, inequality (6.18) for all x€ O and every y € I'_(x) implies

0= u(y) < y(y) < ey, c—y) + y(@)

where % is an a.e. representative of % vanishing everywhere on I. The
above inequality clearly implies the left hand inequality in (6.19) while
the right hand inequality follows from (6.16).

ProOF OF THEOREM 6.1. We apply theorem 3.1 to the variational in-
equality (6.1) with ¢ = M(u). We remark that, by Lemma 6.2, v € L*(0),
which also implies y = M(u) € L*(0). Moreover, it is easy to check, by
lemma 6.3, that y satisfies the hypothesis (3.1) of theorem 3.1. We do
this by choosing for every x,€ O and R > 0:

Ty(wy) = (2, —2 Re — R}) N B ()

e=(1,...,1)e R*. In fact, » € Tg(x,) and y € B,g(x,) imply » < y, hence,
by (6.18) and (6.10), for every J > 0:

YY) = p(@) —c(@, y —x) = p(@) — 9

provided |y — x| < os.

This shows the continuity of # in O. For proving the Hoélder continuity
of u, we apply theorem 3.2 again to (6.1) with y = M(u), by checking that
assumption (3.6) of that theorem is now a consequence of (6.11).

ProOF oF THEOREM 6.2. We apply theorem 4.1 and 4.2 to (6.1) with
v = M(u).
Assumption (4.2) can be satisfied, in consequence of (6.13), by taking
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u, = y_ and noticing that y_(x) = 0 for all # € I" due to the fact that x e I”
implies x € I'_(x) and hence 0 < y_(x) < ¢(x, 0) = 0.

REMARK. The theorems above, due to the generality of the theorems 4.1
and 4.2 on which they rely, also hold if the linear operator

(6.20) A®w) = — 3 Dy(a:(@) Dyo)

ik=1

appearing in (6.1) is replaced by a non linear operator

(6.21) Aw) = — i D;a;(x, v, Vv)

ik=1

as in Sec. 1. The functions a; are then assumed to satisfy the coerciveness
and growth conditions (1.2), ..., (1.6), all other assumptions of Theorems 6.1
and 6.2 remaining unchanged.

7. — A dual estimate for the operator M.

We consider a second order operator A(v) and a first order operator
a,(x, v, Vv), satisfying all the assumptions of Sec. 5.

Our main goal here is to establish a one-sided dual estimate for the
operator M introduced in Sec. 6, i.e.,

M(v)(z) =k -+ essinf {e(x, &) + u(x + &)|E=>0, 2+ €0}, x€0.

Such an estimate plays a crucial role in our approach to the regularity
control problem we deal with in Sec. 8.

Let u be a function of the space Hy(O), which is continuous in O and
whose second order derivatives are locally bounded up to the boundary
of O in the region C* of O where u(x) < M(u)(x).

We shall prove then that M(u) satisfies a Lipschitz condition on the
whole of O and, moreover, that M(u) can be dually estimated from below
by a constant, in the sense of Sec. 5, that is,

(7.1) A(M(w)) + ao(w, M(u), VM(u)) = — ¢,

as a distribution in O, where ¢, > 0 is some constant (that may depend on ).
Therefore, the original regularity information about » is somehow transported
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over all 0. We assume that the given constant ¥ and the given function
¢(+,+) appearing in the expression of M satisfy the following conditions:
(7.2) k>0

(1.3) o(@, & + ) < o@, &) + o+ &)  for every €O,

all & such that x 4 £€ 0 and all n>0.

(7.4) c(x, &) is non-decreasing in & for each x €O

(7.5) o(-, &) e W2=(0) for each &, and |D,Dje(-, &)|<C

uniformly with respect to bounded sets of vectors &.

We also assume that

(7.6) y+€Lip(®) and A(y,+d)=—c for de[—d,,0],

d, > 0 and for some constant ¢ > 0, as a distribution in O, where y, is the
function defined in Sec. 6. Notice that, because of the definition of y, in-
volving the boundary I' of O, some regularity of I (such as (6.12)) is
implicitely admitted by (7.6).

We then have the following result, where

{1.7) Cr:= {xeO0|u(r) < M(u)(®)} .

THEOREM 7.1. Under the assumptions (1.1), ..., (1.8), (5.5), and (7.2), ...,
(7.6), let u be any function satisfying

(7.8) we HY0) N 0(9) N W*>(D)

for every open subset D, Dc Cv. Then we have M(u)e Lip (O) and the
estimate (7.1) also holds.

The proof relies on the dual estimate of Theorem 5.2 and comes from
the following lemmas 7.1, 7.2, 7.3. Lemma 7.1 yields a local representation
of M(u) based on an idea from Caffarelli-Friedman [7], see also [29]. The
proof of Lemma 7.3 adapts the dual estimation techniques from [19]
and [29] to the present case.

LeMMA 7.1. Let uwe HYO) N 0(0) and 4 be the extension of w by zero
over R» — {0}. Then, for every 2z €O there exists a ball B,(?), 0 >0, a subset
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T,c R} and an open subset V,cC R", such that

(7.9) M(u)(x) = k + inf {¢(x, &) 4 4(x 4 &)[6€ T.}
for every x € Bs(z)

(7.10) Bs(z) + T.cV,

(7.11) V.NnOcCe.

Proor. For every v € O we denote by X(x) the set of all y €O of the
form y = « 4+ 9, =0 such that

ol@, ) + ul@ 4 1) = min {¢(z, &) + u(@ + £)|£= 0,z + £ 0}

Then, we have

(7.12) Z()cer.
In fact, if yeX(z), we have by (7.3)

k + e(@, n) + u(@ 4 1) = M(w)(@) < o(z, 1) + M(u)(y) .
Since k > 0, this implies u(y) < M(u)(y), that is, y € C=

It follows from (7.12) that 2'(z) is a compact subset of C* therefore we
can choose d, > 0 so that the open subset of R"

V.=2(:) + B,
where Bs:= Bs(0) for arbitrary J, satisfies condition (7.11).
We now choose d, so that 0 < d, < d,. Since the multivalued mapping
x — 2(x) is upper semicontinuous, there exists g, > 0 such that

(7.13) Z(x)c Z(z) + B,,

for all #c B, ()N 0. Hence (7.13) holds for all ze B,(2)N O, where 0> 0
has been chosen such that 0 < ¢ < ¢, and, moreover,

(7.14) 20 -+ 6, < 0.
From (7.13) we obtain

2(w)—wcX(e)—2+ B, -
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Therefore, if we define

(7.15) T, = {Z(x) — x|z € Bo(2) N O}
we find

T.cX(z)—z+ B

e+0,°
Hence
Bg(z) + T,c2(z)+ 192”,31 c (=) + B,

the last inclusion being a consequence of (7.14).
Thus, condition (7.10) is also satisfied. Finally, since X(x) — o c T, for
every « € Byo(2) N O and ¢(z,-) is non-decreasing, we have

M(u)(@) =k + o(@, ) + w(@ + 1) <k + o, §) + @z + &)

for every neX(x) —x and all £€ T,. Hence (7.9) also holds.

LemmaY7.2. Let we HYO) N O©) N Lip (D) for every open subset D,
Dc C" Then

(7.16) M(u) € Lip (0).

Proor. It suffices to prove that for every z € O there exists o > 0 such that

M(u) e Lip (By(2) N 0) .

We choose By(z), T, and V, as in Lemma 7.1. By (7.11), we have

weLip (V, N 0)

and hence the functions
(7.17) v(2) 1= e(, &) + Az + &),

in consequence of (7.20), satisfy a Lipschitz condition on B,(2) N O which
is uniform with respect to & € T,. Therefore, property (7.16) follows from
the above representation, (7.9), of M(u).

We have shown, in particular, that for # as in Lemma 7.2 we have
M(u) € H(O). Therefore, A(M(u)) is well defined as a distribution in O
and it belongs to the dual space H-1(9) of Hg(0).

LeEMMA 7.3. Let uwe HYO)N C(O) N W2>(D) for every open subset D,
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D c G Then, there exists some constant ¢, > 0 such that
(7.18) A(M(w)) + ao(z, M(u), V(M(u))=>— e

as a distribution in O.

ProoF. It clearly suffices to prove that for every ze O there exists
o > 0 such that

(7.19) A(M(w)) + ag(w, M(w), V(M(u))) > —eo
as a distribution in Be(2) N O, where ¢ > 0 is some constant possibly de-
pending on z.

We choose By(z), T,, V, again as in Lemma 7.1. Let y, be the func-
tion introduced in Sec. 6. Since

M(u) <k -+ y,,
we can also write the local representation (7.9) of M(u) as
(7.20) M(u)(@) = k + int {ve(@) Ay, (@)|E € T}

for every x € Bo(2), where v is given by (7.17).
For £e€ T, and ¢ > 0, we define

we () = ve(2) A\ [y, (2) — el
as a function on By(2) N 0. For every fixed ¢ > 0, we have
(7.21) B,(z) N O = 0}°-— 03°

where O%°, i =1, 2, are the open subsets

0fe = {w € B,(2) N Olve(x) < p () _g}
095° = {x € B,(2) N Olve(w) > y_(w) — &} .
We first estimate the distribution

A(ws,s) + ay(w, We ¢ ng,s)
from below in 0%
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By (7.11) we have
E405°cV,NnO.

Therefore, by (7.11), all functions v;, & € T,, are bounded in O}*, with their
first and second order derivatives, by constants that depend neither on
£eT, nor e > 0. It follows that the distribution

A(vg) — ao(@, vg, Vg)

is also bounded from below in 0%, by a constant independent of both & and &.
Therefore, we can apply Theorem 5.2 to the functions v and (y,—e¢)
in O':= 0}* and we obtain, by taking (7.6) into account, that

(7.22) A(ws,e) + ay(z, We ¢y sz,s) =>—c
as a distribution in O}* for some constant ¢ > 0 independent of &e T,
and € < g.

We now estimate the distribution above, this time over O3°.

Noticing that ve(z) > y.(¥) —e in O3°, we obtain from (7.6) that
(7'23) A(wg,e) + ao(w7 We ey Vw.f,e) =—¢,

as a distribution in O}°, where the constant ¢ is independent of £e T,
and ¢ < g,.
It follows from (7.21) and (7.23) that

(7.24) A(wg ) + ao(, we o, Vo, ) =>—¢
as a distribution in Be(2) N O, with ¢ a constant independent of £e T,
and & < g,.

By letting ¢ — 0, we obtain from (7.24) that

(7'25) A(”f/\7+) + ao(my ”5/\7+, V(”e/\%r)) =—2c¢

in Be(2) N O, with ¢ a constant independent of £e T,.
We now consider the family of functions

k+ vAy,, E€T,.

They satisfy a uniform Lipschitz condition on O', where O':= Be(z) N O,
and their infimum over &€ 7,, belongs to HY(O')N L*(O'), by (7.20)
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and (7.16). Moreover, they are uniformly estimated in O’ according to (7.25).
Therefore, the estimate (7.19) follows from Theorem 5.2 and the proof of
the lemma is concluded.

Let us now consider the case that the operator A commutes with transla-
tions, by assuming that

(7.26) The functions a; in (5.2) do not depend on x .

Then, according to a similar estimate in [19], the following variant of The-
orem 7.1 holds:

THEOREM 7.2. In addition to (1.1),..., (1.8), (5.5) and (7.2),..., (7.6), let
us suppose that (7.26) also holds. Let uw be an arbitrary function satisfying

(7.27) we HY0)N (),

(7.28) weLip(D) and A(u)>—c

for every open subset D, D c C* and a suitable constant ¢ > 0, possibly de-
pending on D. Then, M(u) € Lip (O) and the estimate (7.1) also holds.

The proof of the present theorem is the same as that of Theorem 7.1
once we remark that in the proof of Lemma 7.3 above the distribution

A (vg) — ag(w, v, Vog)

can be now estimated in the open set 9% by using (7.28) and noticing that
A(ve) () = A(v)(x + £).
8. — The control problem: W*” regularity.

We come back now to the control problem of Sec. 6, that is, to the
quasi-variational inequality (6.1).

Under suitable assumptions on the data we shall prove that every solu-
tion » of (6.1) satisfies
8.1) ue W2?(9) for every p>2,

so that we obtain, in particular, the following global regularity result

(8.2) we C©0) for all @€ |0,1].
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We shall prove indeed more, namely that
(8.3) A(u)e L>(0)

where A is the second order operator (6.20).

Our proof relies both on the continuity results of Sec. 6 and on the dual
estimates of Sec. 5 and Sec. 7.

In order to estimate the implicit obstacle M(u) of (6.1) according to
Theorem 7.1, we must verify, in particular, that » has second order deriva-
tives which are bounded on every open set D, D c C¥ C* being the set (7.7).
Since by (6.1) the solution « satisfies the equation

(8.4) A(w) = H(z, u, Vu)

in the (open) region C* N O in the distribution sense, the above regularity
information about # can be obtained from the existing regularity theory
for bounded weak solutions of equation (8.4), see [21], [32].

What we actually need in this respect is the following property:

(%) Let O’ be an open subset of O, I a smooth part of 00 and let
% e Hy(0') N L*(9’) be such that

(8.5) > (a;x(x) Dy, Dyv) = (H(, 4@, Vi), v)

k=1
for every ve Hi(O') N L™(O’). Then

(8.6) i € W2=(D)
for every open region D, Dc O'UI".

According to the references quoted above, sufficient conditions ensuring
property (x) are the following ones

(8.7) I'=200 is of class C*F
(8.8) a,,€C0), ik=1.,n
(8.9) He "0, R, R7)

for some f€]0,1], in addition to those of Sec. 6.
Then we have the following

THEOREM 8.1. Suppose that the coerciveness and growth conditions
(6.2), ..., (6.6) and the regularity conditions (8.7),..,(8.9) for I'y ay and H
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are satisfied. Suppose also that the asswmptions (6.10), (6.13) and (7.2), ..., (7.6)
on the operator M are satisfied. Then every solution u of the quasi-variational
inequality (6.1) has the regularity (8.1), ..., (8.3).

Proor. By Theorem 6.2 % is continuous on O. Since in addition » = 0
on I, it is easily checked from the definition (6.7) that M(u) also is con-
tinuous on O.

We now consider the region C* defined by (7.7) and the open set
O':= C*N O. It follows from (6.1) that the restriction % of u to O’ is a
(bounded weak) solution of the equation (8.4).

Therefore, for any given open set D, Dc C¥ by choosing I to
be a smooth part of I" such that DN I'cI'c99'N T, we obtain from
property (x) that u e W>*(D).

Thus w» satisfies all the assumptions of Theorem 7.1, so we obtain
that M(u) is Lipschitz on O and, furthermore, it can be estimate from
below according to (7.1).

Therefore, we can apply Theorem 5.1 to the variational inequality (6.1)
and we get

(8.10) 0> A(u) — H(», u, Vu) > — ¢,

in the distribution sense in O.
The known regularity results for equations like

(8.11) A(w) = H(w, u, Vu) + g, with ge L=(0),

(see again the references quoted above) imply the regularity (8.1) of w,
which in turn, jointly with (8.10), immediately gives (8.3). [ |

If the operator A has constant coefficients a,;, then the further regularity
assumption (8.9) on H can be dropped. In fact, via property (%), it ensures
the W>* regularity of 4 on D as above, as needed in Theorem 7.1 for the
lower estimate of A(M(u)). In case of constant a,, we can get the same
estimate of 4 (M(u)) by relying on Theorem 7.2 instead than on Theorem 7.1
as in the proof above.

Therefore, by only assuming now the further regularity

(8.12) I'=00 is of class C?

(which is enough for W*? regularity), we obtain

THEOREM 8.2. Suppose that the coefficients ay, ik =1,...,n of the
operator A are constant and that the coerciveness and growth conditions (6.2),



150 JENS FREHSE - UMBERTO MOSCO

(6.4), ..., (6.6) and the regularity condition (8.12) are satisfied. Then, every
solution w of the q.v.i. (6.1) has the regularity (8.1), ..., (8.3).

ProoF. From the equation (8.4), which is satisfied on every open D cc C¥,
we still obtain under our present assumptions on A and H that,

A(uw)e L°(D)

as it follows, from instance, from Tomi [32]. This also implies, in particular,
that e Lip (D), so that we can apply Theorem 7.2 to prove that
M(u) € Lip (0) and that 4 (M(u)) is estimated from below according to (7.1).
The remaining of the proof is the same as above. |

REMARK. Theorem 8.1 also holds if more general nonlinear operators 4
of the form (5.3) are considered in place of the linear A appearing above.
All the results of previous sections used in the proof still hold in this general
case (see also the remark at the end of Sec. 6). The only point to be checked
again is the analogue of property (x) stated above. If the functions a; ap-
pearing in the expression (5.3) of A are independent of Vv, the required
regularity result (8.6) follows from [21], [32], [10], under the assumptions
of Sec. 5. For the general case one has to adapt the methods of [21], [32]
and [8], see [10].

Appendix A. Poincaré’s inequality.

In the following, we consider concentric balls B,,z, Byr With m > k>0
fixed numbers and the set Sp:= B,z — Biz. The integration over Sj is
denoted by f . We need the notion of the relative capacity of a set T c B,

R

which is defined by
Bynr-cap T = sup {B,.z-cap K|K c T, K compact}
and for compact sets K

B,n.z-cap K = inf{ f]ngSlzdw | € Cs°(Bamr), =1 on K}.

2mR

Here and in the following, H!-functions are considered to be defined every-
where except a set of capacity 0. For v € H(B, ) we can define the « capa-
city-essential » maximum of % on T as the infimum of all « capacity-essential »
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upper bounds of 4w on 7. A number % is called « capacity-essential » upper
bound of » on 7 if k> u on T except of a set of capacity 0. We shortly
write ¢c-sup {u(z)|x € T} or c¢-sup .

T

The « capacity-essential » infimum c-inf {u(x)tz € T} is defined analogously.
We need Poincaré’s inequality in the following form.

THEOREM Al. Let T,c Sy be sets whose capacity satisfies
By, r-cap Tp > cR2

with a constant ¢ > 0 as B — 0. Then there is a constant K independent of B
such that

(1) inf{f]u—d]zdx]][/[ogdg Ml}gKRZ Vu|2dr
R R

for all w € HY(B,,z). Here
M, = c-inf {u(w)|ze T'r}
M, = c-sup {u()|we T} .

ProoF. Because of homogeneity, we need to prove the theorem only
for R=1, T = T,. We first show that there exists d, € I = [M,, M,] such
that the B,,-capacity of both the sets

{x € T|u(x) — dy > 0}
(@)

{x e T|u(x) —d, < 0}

is larger than ¢/4. In fact, define
dy = sup {0 € I'Bzm-cap {xeTux)—0=>0}> z} .

The set whose supremum is d, is not empty since 0 = M, is admissible.
Thus d, exists and satisfies

(3) B,,-cap {x € T'|u(») —d, > 0} 220
on account of the upper semi-continuity properties of the capacity.

If d) = M, then
(4) {weTlu@)—dy <0} =T
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and the B,,-capacity of both the sets (2) is larger than c¢/4 on account
of (3) and (4). Recall that B,,-cap 7 > c.

If dy < M then

By.cap {w € Thu() — (d + ¢) = 0} < 7.

for ¢ — 0, ¢ > 0, and hence
(5) Byn-cap {z € Tlu(@) — do > 0} < {.
Suppose that
(6) B,,-cap {r e Tu(x) —dy <0} < Zc .
Since

Byn-cap T < 2B,,-cap {x € T]u(w) —dy < 0} + 2B,,,-cap {v € Tlu(w) —dy > 0}

we obtain from (5), (6) that
By,-capT <e
which contradicts the hypothesis on 7. Thus (6) cannot be true and the

capacity of both the sets is larger than c/4.
We now split

f|u —d,Pdx =f(u —dy)Edw —I—]’(u— dy)? dw
R R R

and both the integrals at the right hand side can be estimated by KfiVuPdw
R

since the B,,-capacity of the set of zeros of (v — d,), and (v — d,)_. is larger
than ¢/4. This completes the proof of theorem Al provided we prove

THEOREM A2. Let we HY(B,) and

() By,-cap {w € 8,|w(z) = 0} > £> 0.

Then there exists a constant K = K(e, m, k) such that

(8) w2dr < K| |Vw|2dx .
Jroae=t]
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PrOOF. Otherwise, there is a sequence of functions w;e H! satis-
fying (7) and

fw,?dm=1, Van, 0 in L (j — o0).
1

It follows that w; — constant = % 0 in H! for a subsequence. Further-
more, it is well known that w, converges uniformly except on a set of
capacity smaller than ¢. Since the limit of the w; is constant = 0 we ob-
tain that w;>= 0 except possibly on a set of capacity smaller than ¢, for
almost all w;. This contradicts (7). The theorem is proved.

Appendix B.

The following general result is used in the proof of Theorems 5.1 and 5.2:

THEHEOREM B. Let X be a reflexive Banach space, @ a nonemply convexr
subset of X and

g:9xQ >R

a function satisfying for arbitrary u,ve@:

(1) glv,v) <0

(i) g(u, v) + g(v, u) >0

(iii) g(u + t(v—wu),v) is ls.c. as t|0F
(iv) g(u,+) is concave and u.s.c. on Q.

Let us suppose, in addition, that there exists a bounded subset B of X and a
vector w, € Q N B, such that

(v) g, we) >0  for all veQ\B.
Then, there ewists a solution ueQ of the inequalities
(1) g(@, w) <0  for every weq@ .

Moreover, the solution is unique, provided the sign > holds in (ii) whenever u = v.

REMARK. When dealing with problem (5.19) in the proof of Theorem 5.1,
we apply the above result with X = Hy(0), the set @ given by (5.20) and
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the function g, for fixed m, given by

g(uy v) = 3 (aix, u, Vu), D;u — D) + (Ao, u, Vu), u —v) +
i=1
+ lm(u’ u——'v) - (jm/\Tmy u ——’U)

for every u,v €@, A, being chosen conveniently large. Note, in particular,
that (ii) and (v) follow from the monotonicity and growth assumptions (5.5)
and (5.13).

Similarly, for problem (5.37) in the proof of Theorem 5.2 we take X
as above, ¢ given by (5.38) and

g(u, v) = S (@@, u, Vu), D;u— D;v) — (ANA(v,), u— )
i=1

1
for every u,veq.

ProOF oF THEOREM. The uniqueness of the solution is an immediate
consequence of (ii), where > holds if u # .
To prove the existence we set for every we@

G(w) := {veQ|v(v, w) < 0}
and we prove that

(2) NG(w)# 9

where (], as in the following, carries over all we@.
The proof of (2) is achieved in two steps. We first prove that

(3) NG(w) = NGw)
the closure being in the weak topology of X. We then prove
(4) NG(w) = 0.
In order to prove (3) we remark that, by (iv), the set
H(w) := {v Q|0 < g(w, v)}

for each fixed w is convex and closed (hence also weakly closed) and, more-
over, by (ii), G(w) c H(w). Therefore, (3) follows from

(5) NH(w) c [NG(w)
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which in turn is immediately seen to be a consequence of (iii) and (iv).
[If (5) is false, then 0 < g(w, v) for some ve€ @ and all we @, whereas
g(v, w) >0 for some we@. Thus g(v+ {w—v),v) >0 for all te[0,1]
and, by (iii), g(v+ #(w—v), w) >0 for some #e]0,1[, which, by (iv),
together imply

g(v + {w—0),v + Hw —v)) >0,

hence a contradiction with (i).]

The proof of (4) follows from a well known Lemma of Ky Fan [20],
once we notice that the following properties are satisfied in consequence
of (v) and (i), (iv), respectively:

(j) every G(w) is a weakly closed subset of X, moreover, G(w,) is
weakly compact in X;

(jj) the convex hull of every finite set w, ..., w, in @ is contained
in the corresponding union

G(w,) U ... U G(w,) .

The proof is thus complete.

For more general existence results of this kind, see [18] and [27].
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