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Generation of Analytic Semigroups by Elliptic Operators
of Second Order in Hélder Spaces.

SERGIO CAMPANATO

0. — Introduction.

Let Q2 be a bounded open subset of R* with boundary 0f2 of class C2.
If 2 = (,..,2,) € R", |« will denote its euclidean norm. By the same
symbol we shall denote also the norm of the points 2z = (2, ..., 2,) € C".
If u is a complex valued function defined in 2 we set Du = (D4, ..., D,u)
where D,= 0/ox; and, as usual,

b3
(0.1) Jully o= { f s dw}
2

0.2) ul, o ={ f |]Du]|2dw}*

. i
087 el {luitet b

HY(Q) and Hy(f2) are the usual Sobolev spaces, i.e. the completion in the
norms (0.3) and (0.2) respectively of the space C%(2) or C(2).

0%*(Q), with 0 < a <1, is the space of the complex valued functions
u: Q — C such that

. |u(z) — u(y)|
04 [)g =S = e <0

with the norm
(0.5) %]l go.e@y =[]l 0,0 + [%]s,5 -
It is well known that the norm (0.5) is equivalent to the norm sgp || + [u]s,5-

Pervenuto alla Redazione il 21 Ottobre 1980.
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We define
Eu = Z .Di(d{iju) + z b,'_D,'u .

=1 i=1
The operator F will have coefficients a;;, b, subject to the following as-
sumptions:

(0.I) ay,4 =1,...,n, are real valued and continuous functions in £ and
satisfy the ellipticity condition: there is a constant ¥ > 0 such that

(0.6) S au@)E&>0] €]

for all ze€ Q and &€ R".

(0.II) b,e L=>(R2), i.e. are measurable and bounded complex valued func-
tions on 0.

We set
. 1
= — . 2
(0.7) A= g, 5up 3 [bi(a)]
and for all %, p € HY(Q)
(0.8) a(u’ (p) =S z a,—;D,-uD;(ﬁ —l" z bi.Dgu'¢ dw .
k%] 1

We have that
(0.9) ‘ fz b;D;u'ﬁ dﬁv
S +

<g l“li,a + }“"“”3,9

and then, for all u € H'(Q),

(0.10) Re a(u, u) >§ [ul} o— Alv]5q -

Let u be a complex parameter and fe L*(2). We consider a solution
of the Dirichlet problem

e H)(£2)

(0.11) p pr do + a(u, g) = f fpam, VpeHYQ).
o Q2

If Zep> A, such a solution exists and is unique because of (0.10).
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The aim of the present paper is to prove that if
(0.IIT) fe C*(Q) and f =0 on 22,
then there exists A,> A such that, if %Zeu > 4,, the following estimate holds

K
(0.12) [« D) m ] )

where the constant K does not depend on g and 4,.

The method consist of proving the known result that the solution of
(0.11) is x-Hélder continuous on by making use of the techniques of [5]
(see also [7]).

Without condition f =0 on 08, estimate (0.12) is well known with
the L”-norms [2], [3] and C°-norms [8], [9], [10] but not yet for Holder
norms. Indeed estimate (0.12) is not true without the condition that f
vanishes on 90 [11], [12].

As it is known, inequality (0.12) is linked with the problem of knowing
whether the elliptic operator E generates an analytic semigroup on the
closure in the Holder norm of the operator’s domain. Such a space can be
characterized as the subspace of the functions belonging to O%*2) such
that

: f(@) —f()| _
rf S e
llz—vll <o

I believe that the result of the present paper could be extended further,
by means of the same technique, also to more general operators and more
general boundary conditions.

Thanks are due to my friend G. Da Prato who suggested me the question.

1. — Preliminaries.

If A is a measurable subset of R*, with positive measure, and u: A —C,
we denote by u, the average of v on A

measA f (@) d

Let 2 be an open bounded subset of R* with diameter do. We set

B(wo, 6) = { € R": |2 — x| < o},
(@5, 06) = 2 N B(x, 0) .

33 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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Recall that u € L>(Q), 0<i<n + 2, if uwe L*2) and

(1.1) [u]-zgl,z(g)= sup O'_Af”u -_ ug(mo’o)” 2dx < + o0,
£A(20,0)

where the supremum is taken over all Q(xy, o) with x,e 2 and 0 < o<dy
(see [5], [7]).
We have the following result [4]:

Levmma 1.I. If Q has the cone property and « € (0,1), then

(1.2) u € FH Q) = ue 0" (Q)
and
(1.3) [%].,5<c[u]grnireco) -

Let V be a closed subspace of H({2) with
Hy2)cVcHYRQ)

and with induced norm. Let fe L*(Q) and Z#eu > A (*). It is well known
that if % is the solution of the problem

ueV

1.4 _ _
(1-4) plug de + a(u, @) =ff(p de, Vpev
Q Q

then the following estimate holds

K
(1.5) [l X Py | I1llo.0

where the constant K does not depend on u and A. We give a proof for
the reader’s convenience and because we will need it for the following
lemma.

In (1.4) we take ¢ = u and recall (0.10). We obtain that

(1.6) ]u]ig<%lffﬂ dx
2

(*) A is defined as in (0.7).
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On the other hand

WD)l Julda<| [f8 do| + latu, w) <| [ da| + clult o+ ulz o
Q Q

From (1.6) and (1.7) it is clear that
(Il — D)l o<e] [fa |
Q

and then (1.5) easily follows.
In a similar way we can prove also the following lemma:

LeMMA 1.II. If u is the solution of problem (1.4) with Rep > A and
= HY(Q), then

K
(1.8) [ — g0 <=2 IF—7allo,0

with K independent of u and A.

Proor. In (1.4) we take ¢ = 4 — uo and we obtain that

pflu— wal2 @ + a(u— wo, u—wua) = (| — fo) (@ — o) do .
0 ko]

From this point, the proof is completely analogous to that of estimate (1.5).
‘We will prove now two lemmas concerning Caccioppoli type inequalities.

LeMMA 1.III. Let w € HY(Q) be a solution of the equation

(1.9) p|ug de + a(u, ) =0, Vo HYQ)

Q2

with %e u > A. Let B(p), B(c) be concentric open balls contained in £ with
0 < p<<o. Then we have the following estimates

(1.10) f||Du||2dw< f|u| dw ,
) B(e)
(1.11) f [ Dul|? do <c( ) (0—e) flu—uz(a)l da
B(e)

where the constants ¢ do not depend on u, p, g, A.
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PrOOF. Let 6 be a real valued function, of class C°(R"), with

(1.12) 0<f<1, 6=1 on B), 0=0 in R\ B(o)
[Db|<e(c— o)1, i=1,..,n.

Choosing ¢ = 0% in (1.9), we obtain that

fOz > a;;.D;uDw de -+ ‘ufﬁzlulz de = —2|0 Y D,0a,;D;ui dv —
7 T

B(o) B(0) B(0)

—f02 2 b.Dundz .
B(o) ¢
Then, recalling (0.9), we get for all £ >0

fOzllDu"*dw + (Pe p— l)f02|u|2dw<e 62| Du|2dx + —— oo f]uP dw .
B(a) B(o) B(o) —e B(o)

Since %¢p > 1, choosing ¢ small enough, we obtain (1.10).
In a similar way we can prove (1.11): we set

(1.13) M(A) =J‘02 dx , Uy 4= ,/7/%:1—) jﬂ'u dz .
A4 A4

Taking ¢ = 0%% — U4 p)) in (1.9) and noting that

fezu(ﬁ — U, p(s)) AT =f62|’“ — g, p()|2 AT
B(o) B(o)

a8 before for the proof of (1.10), we get the inequality

(1.14) f [ Du||? do < e(c— e)‘zflu — U, p(o)| 2 0 .
B(e) B(0)

From (1.14), we easily deduce (1.11) because

1
2 R 2
I'Il/ u@,B(D‘)' dx <./”(B(O‘)) fdwf]u(x) “(?I)l dy <
B(o) B(o) B(o)

mea,sB a) meas B(o .
o flu g o o 2 20) flu g e
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‘We shall denote
Bt(¢) = {z € B(0, 0): z, >0},

(1.15)
I'(6) = {&eB(0,0): ©,=0}.

Now a;; and b;, 4j = 1, ..., m, are functions defined on B*(1) which satisfy,
in B*(1), the assumptions (0.I), (0.II), and

1
(1.16) A== sup > |b(2)2.
2y pr)
LeMMA 1.IV. If uwe HY(B*(1)) is a solution of the equation

(1.17) ‘ufuq'a dx -{—f > ai;DuD;g + > bDupde =0, YpeHyB*1))
1] i
B(1) B (1)

which vanishes on I'(1) and Rep > A, then for all p, o, with 0 < p < 0<1,
the following inequality holds

(1.18) [1Du]2do <o — o) [luf da

B*(e) B*(0)
with ¢ independent of u, o, o, A.

ProOF. Let 0 be a function as described in (1.12). Since u vanishes
on the flat part I'(1), in (1.17) we can assume ¢ = 02 and, by proceeding
exactly as in the proof of (1.10), we obtain (1.18).

We conclude this section recalling two lemmas proved in [5] (see also [7],
CAP. I, n. 1).

LEMMA 1.V. Let ¢ and o be nonnegative functions defined in (0, d] and
let A and o be positive constants. If

(1.19) lim (o) = 0
(1.20) p(to) <{At* + o(0)}p(o), Vi€ (0,1) and Yo e (0,d]

then for all &> 0 there is oe€ (0, d] such that Yo € (0, o) and Yt € (0,1)
(1.21) op(to) <@ + A)t* °p(o) .

LEMMA 1.VI. Let ¢ be a nonnegative function defined in (0, d]. Let A, a, B
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be positive constanis with f <<« and B=0. If for all te (0,1) and o € (0, d]
(1.22) p(to) < At*@(o) + 0B

then Ve e (0, a— B), Vt € (0, 1), Yo € (0, d]

(1.23) p(to) < At" *p(o) + KB(to)p

where K depends only on A, «, B, & ().

2. — Estimates for solutions of equations with constant coefficients.

In this section we shall prove, for solutions of homogeneous equations
with constant coefficients, some estimates which are a main step in our

method.

Let b,; be, i = 1, ..., n, real constants satisfying the ellipticity condi-
tion (0.6) and u a complex parameter with %Zeu>0. B(c) and B*(c) are
the sphere or the hemisphere defined as above.

We will prove the two theorems below:

THEOREM 2.I. If u € HYB(c)) is a solution of the equation
(2.1) Mfuq‘: dx —l—fz b DuD;@dw =0, Vo e Hy(B(0))
i
B(o) B(o)

then, for all te (0,1)

2.2) [1Du] @@ <t [| Du d=
B(io) B(o)

where ¢ does not depend on u, o, t.

TEEOREM 2.I1. If e HY(B*(1)) is a solution of the equation

(2.3) /JJ"M(ﬁ dw —}—f z by D,uD;pdxr =0, Ype H;(B+(1))
B+(1) B*(1) N
(® K (14 A)le

= (14 A)ye—ple—4 °
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which vanishes on I'(1), then for all o<1 and te (0,1)

(2.4) [1Du]2 dw < et [ Duj* aw
Bt(to) B*(0)

where ¢ does not depend on u, o, t.

Estimates (2.2) and (2.4) are well known in the case of x = 0 [b]. Since
the most important thing is that the constants ¢, which appear in (2.2)
and (2.4), should not depend on w, it will be necessary to repeat shortly
the proof.

Proor oF THEOREM 2.1I. Since 0B(c) is smooth, without loss of generality
we can suppose that u € C°(B(c)). Then estimate (1.10), with ¢ indepen-
dent of u, holds for all derivatives of . It is enough to repeat the proof
of [5] eoroll. 7.1 and 7.IT1:

From (1.10) we deduce that for all integer &

”
(2.5) f s 3 DeDufrdo<a(o) f | Duf* de
x|<k i=
B(o/2)l I<¥ ! B(o)
where ¢ depends only on o.
Then, for Sobolev imbedding theorem, if 0 <<

(2.6) f]]Du]] 2dx < o(o)t* sup [ Dul*<c(o) t”fHDu" tdx.

B(o/2)

B(i0) B(o)

Finally, inequality (2.6) is trivial for {<¢<1. Hence we conclude that
for all £ (0,1)

2.7 f” Dul|? dr < o(o) t"f” Dulj2 dw .
B(io) B{o)

To specify the dependence on ¢, we dilate the spatial coordinates as usual.
The function U(y) = u(oy) is a C* solution of the equation

uo2U(y) — 2 5D, U(y) =0, in B().

i

Then, since the constant ¢ in (2.7) does not depend on the coefficient of U,
for all ¢e(0,1)

(2.8) [Ipv]2 ay<et[| DT ay

B(t) B(1)

with ¢ independent of x4 and o.
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(2.2) easily follows from (2.8).

ProoF oF THEOREM 2.II. The proof will be divided in two steps. First
let us suppose that

b= 6i7‘bii
d,; being Kronecker’s symbol.
Equation (2.3) becomes
(2.9) ‘ufuq'ﬁ do —I—f > buDuD,gdr =0, VYoeH(B*1)).

B*(1) B*(1) *

Since % vanishes on I'(1), the proof is obtained by transforming our problem
into an interior problem by a type of reflection, and then by using the result
of theorem 2.I. Let

{ u(w) for #,>0
U(x) =

—u(2'y —x,) for z,<<0

where &'= (%, ..., #,—4). Then U e H(B(1)) is a solution of the equation

(2.10) P j Ug da -+ f S b.D:UDGde =0, VpeHYB())

k2
B(1) B(1)

and, by theorem 2.I, Yo<1 and Yte (0,1)

[IP0]2 ds <o [| DU a2

B(to) B(o)

hence

(2.11) [1Du]* do <t [| Duf* do
Bt(lo) Bt(0)

In the general case note that, if w is a solution of equation (2.3) and
vanishes on I'(1), then u e C*(B*(1) UI'(1)) and

(2.12) pu—>b,;Dyyu=0 on B*1).
i
Without loss of generality we can suppose that b,;= b;; and then the dif-

ferential equation (2.12), by a suitable linear transformation J on the
spatial coordinates, can be written as

,uU——z_DuUz() 9
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where U(x) = u(J x). B*(1) is carried by J onto an open set with a flat
part of its boundary, corresponding to I'(1), which belongs to the plane
x,= 0.

‘We are thus back to the preceding case and leave the details to the
reader.

3. — Estimates for solutions of homogeneous equation with continuous
coeflicients.

In this section, we shall be concerned with homogeneous equations,
defined in £ or in a hemisphere B*(1), with continuous coefficients. The
hypotheses (0.I) and (0.II) are always assumed. The results just obtained
for constant coefficients equations will be applied here to estimate norms
of the type

[1n— ugpfrda, [z da.
B(o) B*(0)

THEOREM 3.I. Let we HYQ) be a solution of the equation

(3.1) plu@ de + a(u, @) =0, Voe Hy(R2)

Q2

with %e yu > A (3). Then for all ¢ > 0 there is e, independent on u, such that
for all open balls B(c) cc 2, with ¢ < os, and for every te (0.1)

3.2) [l — g dm<etr >~ [lu— g do
B(to) B(o)

where ¢ does not depend on u,t, o, A

ProoF. Let us denote by w(c) the modulus of continuity of the coef-
ficients a;;(x) and fix B(o) = B(x,, o) C 2. In B(c) % can be split ag v + w
where w is the solution of the Dirichlet problem

w € H}(B(0))
Au’quahdw + z a:5(%o) D;wD;p do =
(3.3) | 80 Bio) "
=1 > (@4s(20) — a4;) D;uD; @ dw —fz b, Diugde, Nee Hy(B(o))
k] 7
B(o) B)

(3) A is defined as in (0.7).
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whereas v € H(B(c)) is a solution of the equation
(3.4) ,uqui dz - z a:(%) DD, gde =0, NoeH)(B(o)).
B(o) B(o) Y
Choosing ¢ = w in (3.3), for all ¢ >0 we get the following estimate for w
e pflwlrdo + [ Dw] dz<ee)((0) + 0*) | Dul2do + e[| Dw]:da.
B(o) B(o) B(o) B(o)

Because Ze u > 0, choosing ¢ small enough, we obtain

(3.5) [1Dw]* dz <o(c) [ Du]* @
B(a) B(0)

where o(o) goes to 0 when ¢ — 0.
Using theorem 2.1, we can estimate v in the following way, forall e (0,1),

(3.6) [1Do]2 aw<et [ Do) 2 o .

B(to) B(o)

A8 u = v 4+ w, from (3.5) and (3.6) we get, by a standard argument, that
for every te€(0,1)

3.7) [1Du]do < fot + o(@)} [|| Du2as .

B(to) B(o)

Then, by lemma 1.V, for every ¢ >0 there is ¢: such that if ¢ < o: and
te(0,1)

(3.8) [IDu]? dz<x + o)1 [1Du]do.
B(to) B(o)

On the other hand by Poincaré inequality

(3.9) f]u—— uB(w)lzdw<c(n)t202f"Du”2dw .
Blis) B(io)

Because Z%ep > A, from (1.11) where we assume g = ¢/2, if t€(0,1) we
get that

(3.10) f [ Du|? dw<eo™® f [ — Up|* de .
B(0/2) B(0)
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From (3.8) (3.9) (3.10), (3.2) easily follows if 0 <t< }. Finally (3.2) is

trivial for 1<t < 1.

TeEOREM 3.II. If we HY(B*(1)) is a solution of the equation

(3.11) ‘ufwf) dw 4+ z a;DuD@ + 3 b Dugdre =0, Vo e H)(B*(1))

w0
B*(1) B*(1)

which vanishes on I'(1) and Rep> A (¥), then for all e > 0 there is o<1,
independent of u, such that if o < g: and t € (0,1)

(3.12) _ﬁu]z dx <ct”+2‘ef|u12 dw
B(to) B+(a)

where ¢ does not depend on u,t, o, A.

The proof of this theorem is completely analogous to that of theo-
rem 3.I; this time we must use theorem 2.II and estimate (1.18) instead
of theorem 2.I and (1.11). Thus the proof is left to the reader. Note only
that because of the fact that » vanishes on I'(1) we have, instead of (3.9),
the Poincaré inequality

J-Iul2 dx <c(n) t202J.|1),,u|2 dx .
B(to) B*(to)

4. — Local interior and boundary estimates for the Holder norm of .

Theorems 3.I and 3.IT enable us to obtain local interior or boundary
estimates for the Holder norm of a solution of the equation

(4.1) ufup do + aw,¢) =[f§dn, Vpe HYQ)
or ’ ’
(4.2) ,uf’mf) dz +f g a;DuD; ¢ + ; b;D,up dx :ff¢ de ,
B+ (1) B*(1) B+(1) Vo e H;(B*(l)).

In both cases we suppose that assumption (0.I) and (0.II) are fulfilled.

(4) 4 is defined as in (1.15).
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THEOREM 4.1. If u € HY(Q) is a solution of equation (4.1), where f € C**(Q)
and Rep > A (%), then for every ball B(c) cc 2 we have the estimate

1
(4.3) f [ — g2 dm@guza{"u"g,g + (e =2 [f]i,,—)}
B(0)
where ¢ does mot depend on u, A, o.

ProoF. Fix a positive e < 2(1—«) and B(o) cc 2 with ¢<g.. In B(o
we write 4 = v + w where w is the solution of the Neumann problem

w € HY(B(0))
(4.4)

/,sz¢ dx + a(w, @) =ff¢ dv, VpeHY(B(o))
B(o) B(o)

whereas v € H(B(0)) is a solution of the equation

(4.5) r f v de + a(v,9) =0, VpeHYB(0)).
B(o)

There exists a unique w because of (0.10) and Zeu > A.
Using lemma 1.IT we get the following estimate on w:

(4.6) jlw —w
B(o)

B(o)

K J‘ co™t2*
e < — ol do<——— [ 5
B (TR R N (MR

with ¢ independent on u, 4, o.
Since ¢ < g¢, by theorem 3.I we deduce the following estimate on w»:

(4.7) J.lv— V0> dB <" 2% | [v — vy * da
B(to) B(o)

for all £€(0,1), where ¢ does not depend on u,t, g, A.
As w = v + w, from (4.6) and (4.7) we get that for every ¢e(0,1)

O.n+2o¢

(4.8) f]u — U l? dw<ct”+2“f|u Up|* d + (l -

B(to) B(0)

) (/L5

(5) 4 is defined as in (0.7).
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Because n + 2 — ¢ > n + 2a, from, (4.8) by using lemma 1.VI, (4.3) easily
follows for ¢ < g¢ (see [5] and [7]). Finally (4.3) is trivial for o> o..

REMARK 4.I. Because of lemma 1.I, from (4.8) it easily follows that,
under the hypotheses of the previous theorm, for every subset £, cc £,
[#],5, is finite and

(49 [+ 0Lz <o {0 + 7 1)

where ¢ does not depend on px and A (see [5]).

THEOREM 4.I1. Let uc H 1(B+(1)) be a solution of equation (4.2) which
vanishes on I'(1). Suppose that fe C%(B¥(1)) and f =0 on I'(1). Suppose
that Rep > A (). Then for every o <1 the following estimate holds

(410) flu —_— uB"(U)‘z d-T<00'”+2“{“’u«“3’B+(1) —l_ (I,ul ) [f]2 B*(l)}
B+(o)
with ¢ independent of u, 4, .

Proor. The proof is analogous to that of theorem 4.I. Fix a positive
£<2(1— a) and o < oeAl. In Bt(oc) we write v = v + w where w is the
solution of the Dirichlet problem

w € HY(B*(0))
(4.11) yfw«,v dx +f2 a;; D;wD,p + Z b D,up dw —fﬂ;v dr,
B+(0) B+(0) 3@ VpeH)B*(0)),

whereas ve H 1(B‘f(o—)) is a solution of the equation
(4.12) va«,u dx —|—f2 a;;D;vD;$ + z b.Dvgdr =0, VpeH)(B(0))
B+(0) B+(0)

which vanishes on I'(c).
By (1.5) the following estimate on w holds

(4.13) J. o do< f Ifl2 de .

B*(0) B*(G)

(®) 4 is defined as in (1.15).
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As f vanishes on [I'(o)
0.n+2

(4.14) f o o< -

Bt(0)

Since ¢ < g:, by theorem 3.IT we deduce the following estimate on »:

(4.15) f[v]zdw<ct”+2“ef[v|2 dw
B+(to) B+(0)

for all € (0,1). The constants ¢ which appear in (4.14) and (4.15) do not
depend on x and A.
As w =9 + w, from (4.14) and (4.15) we obtain, for every ¢te(0,1),

O-n+20¢ N
(4.16) flul2 dw<ct"+2“’f|ul"dw + 0(—_Iul =) U5
B*(to) B+(o)

Since n + 2 — & > n + 2«a, from (4.16), by using lemma 1.VI and the Poin-
caré inequality, we easily obtain (4.10) for o < o: (see [56]). On the other
hand (4.10) is trivial for oc.<o < 1.

REMARK 4.II. Because of lemma 1.I, from (4.3) and (4.10) it easily
follows that, under the hypotheses of the previous theorem, for every ¢ <1
the [u], 3 is finite and

1
(417) ”u"o,BJf(a)"'— [u]a,m)<c {llu!!0,3+(1) + I‘,;‘T:—a [f]ajT('T)}

where the constant ¢ does not depend on x and 2 (see [5]).

5. — Conclusion of the proof of estimate (0.12).

Now we can conclude the proof of estimate (0.12) which was the aim
of the present paper.

The conclusion of the proof is, as usual, by a covering argument. By
the definition of boundary of class (€2, about every =z, 0f2 there is an
open neighborhood U which can be mapped, by a mapping of class C?
together with its inverse, onto the sphere B(1) = B(0,1) and in particular
UN Q is carried in B*(1) and U N 9R in the flat part I'(1). Such a map-
ping preserves the desired properties of u and the properties (0.I), (0.IT)
of the coefficients a,; and b; in the trasformed differential equation.
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Since 0R2 is a compact set, only a finite number of such neighborhoods
are needed to cover it, say U,, ..., U,.

For each U; we can suppose o close enough to 1 so that, if U,(o) is the
inverse image of B(c), Uy(0), ..., Un(c) still cover 04.

Then there exists an open subset Q, cc 2 such that £2,, Ui(0), ..., Un(0)
cover 0.

REMARK 4.1 can be applied to subset £,, then if #Zeu> 1 we have
estimate (4.9).

REMARK 4.IT can be applied to each of the mapped neighborhoods U,(o),
and therefore there exist 1,>0,¢ =1, ..., m such that if Zey > A,

1

6D Wl <oMlont+ g Wowm)-
Set

o= max {A;, Ay ...y Ay A} .
From estimates (4.9) and (5.1) we derive that, if Zepu > 4,

1

2 [4d 1 < {14l 0 + G Ml

where ¢ does not depend on x and 4.
To obtain (0.12) we only need to apply (1.5) with 4, instead of A.
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