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Steiner’s Formula for the Volume of a Parallel
Hypersurface in a Riemannian Manifold.

E. ABBENA - A. GRAY - L. VANHECKE

1. — Introduction.

Let P be a connected orientable embedded hypersurface of compact
closure in an oriented Riemannian manifold M. We suppose that P, M
and the embedding of P in M are all of class C® (unless stated otherwise),
and that the manifold topology of P coincides with the subspace topology.
For small » > 0 we put

T(P,r) ={p€ M| there exists a geodesic of length < from p to P
meeting P orthogonally} .

This is the tube of radius » about P. Also let
P, = {pe T(P,r)|d(p, P) =1} .

Because both P and M are orientable, P, will have two components, P,
and P . These are the hypersurfaces parallel to P. Let

S3(r) = (n — 1)-dimensional volume of P*,

V3(r) = n-dimensional volume of the portion of T(P,r) lying between
P and P.

We call the Vi(r) the volumes of the «half-tubes». It is not hard to see
that S3(r) = (d/dr) VE(r).

The purpose of this article is to determine the terms of order less than
or equal 5 in the power series expansion for V3(r); in the case that M is

Pervenuto alla Redazione il 24 Dicembre 1979 ed in forma definitiva il 21 Feb-
braio 1981.
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Euclidean space or a simply connected rank 1 symmetric space we give
the complete formulas.

Formulas of this sort were first considered by Steiner in 1840 [STE].
He considered curves in the plane and surfaces in R®, assumed that they
were closed and convex, and found the formula for S7(r), where P} is a
parallel hypersurface determined by the outward normal. Steiner also gave
a formula for the volume of the convex body whose boundary is P;.
In our notation this would be V4V (r), where V is the volume of the
convex body whose boundary is P. Generalizations of Steiner’s formulas
to higher dimensions and to spaces of constant positive curvature have
been given by several authors [AL2], [HA1-5], [HZ], [OH], [VA1-8]. Also
Fiala [FI] studied parallel curves on surfaces, and Federer [FD1] generalized
Steiner’s formula for Vi(r) for certain subsets of R® other than submani-
folds. In the references at the end of the paper we list other books and
papers that treat Steiner’s formula and its generalizations.

There is also a relation between the functions Vy(r) and Si(r) and the
volumes of tubes as studied in [WY], [BG, pp. 235-256], [FL1], [GR5],
[GR6], [GV1-4], [GS, pp. 432-472], [HO], [WO]. Clearly

Vp(r)=Vz(r)+Vp(r) and 8p(r)=8p(r)+ 87 (r)

are the volumes of T(P, r) and its boundary P;}' U P, . In the papers just
mentioned the power series expansions for Vp(r) and Sp(r) are given not
only for hypersurfaces, but also for submanifolds of arbitrary codimension,
which need not be orientable. Thus for orientable hypersurfaces Steiner’s
formula amounts to a refinement of Weyl’s formula for the volume of a
tube. In [WY] Weyl showed that when P c R" the function V(r) is in-
trinsic to P, and in fact can be expressed in terms of the curvature of P.
This is not true for V}(r) and V5(r), however.

In section 2 we review the (generalized) Fermi coordinates and Fermi
vector fields introduced in [GV3]. The Fermi coordinates for a hyper-
surface are considerably simpler than those of a general submanifold. In
gection 3 we use the formulas of section 2 to give our expansions for
S3(r) and Vi(r). Using this expansion (formula (3.25)) one obtains at
once the following comparison theorem.

THEOREM 1.1. Let M be an analytic oriented Riemannian manifold and P
a connected, orientable, analytically embedded minimal hypersurface with com-
pact closure. Suppose that M has positive (negative) Ricci curvature at all
points of P. Then for sufficiently small r > 0

Vir) < Vi) (Vi) > Vi)
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where V's(r) denotes the volume of the half-tubes of radius r about P if P were
in Buclidean space (that is, formula (4.6)).

Finally in section 4 we write down formulas for S3(r) when P is a
hypersurface in Euclidean space or in a rank one symmetric space.

2. — Fermi coordinates and Fermi fields.

Let M be a (~ Riemannian manifold of dimension » with metric tensor
field ¢, ). Denote by X(M) the C* vector fields on M, and let V and R be
the Riemannian connection and curvature of M. Here R is given by
Byy = Vzyn— [Vz, Vr] for X, Y e L(M). Sometimes we write R(X,Y)Z
instead of RyyZ. Denote by o and v the Riceci and scalar curvatures of M.

Assume that M is orientable and that P is an orientable hypersurface.
Then on P there is a globally defined vector field N with |N|=1 that
is everywhere normal to P. One orientation of P is determined by N, the
other by — N.

Let (x4, ..., %,) be a system of (generalized) Fermi coordinates as intro-
duced in [GV3]. They are defined in a neighborhood U of P. Here
@yy ...y Zn_y When restricted to P form a coordinate system on P, while z,
measures the distance normal to P. We also recall the notion of tangential
Fermi field which in [GV3] was defined to be a vector field of the form

n—1
A = > g.(0/0x,), where the g,’s are constants. The vector field N is a
a=1
normal Fermi field in the sense of [GV3] because N = 0/ox,. We denote
by X(P,m)T the finite dimensional Abelian subalgebra of X(U) formed by
the tangential Fermi fields.

In order to derive our generalization of Steiner’s formula it will be neces-
sary to calculate various covariant derivatives of the Fermi fields. We do
this in two elementary lemmas following the scheme of [GR5]. The cal-
culations for a hypersurface are simpler than those for a general submani-
fold. We write Vi x Y= Vg Vg .. Vg Y.

LeMMmA 2.1. For A, B e X(P, m)T we have
(2.1) [N, A]=1[4,B]=0;

(2.2)  (Vy..xN)yy=0, wherey is a geodesic normal to P at some point
meP;

(2.3) Viw..x¥)p=--= (V¥ vaxN)=10;

24) (V3. .yA)=— (Vy 'y By,N), for p>2.



476 E. ABBENA - A. GRAY - L. VANHECKE

Proor. (2.1) is obvious from the definition of Fermi field. Further-
more N, = 3 '()/|y'(#)], so that (VyN),,=0, because y is a geodesic.
Taking successive covariant derivatives we get (2.2). To prove (2.3) we put

As = (VJ’\;...A...NN)m

where A occurs in the s-th place. From (2.2) and the fact that [N, A]=0
it follows that

(2.5) A=A, =~ (V5 xBys Vi 5N

The right hand side of (2.5) can be expressed in terms of the covariant
derivatives of B, A and N at m. However, if 2<s < p each term contains
a factor of the form (Vy ,N), with 4 > 0. Hence A, = A, , for 2<s<p.
On the other hand from (2.2) it follows that 4, = 0. Hence we get (2.3).

Finally for (2.4) we use the definition of the curvature operator, (2.1),
(2.2) and (2.3) to obtain:

(Ve v A =% 5alN)= (V5. waxN—Vy *y Ry N)y=— (V3 2y Ry sN),.

In order to describe the embedding of P in M we shall make use of that
version of the second fundamental form known as the shape operator S
(see [BC, pp. 195-212], [ON, pp. 189-193]). We regard S as a linear trans-
formation X(P)— JI(P) given by

SA=—V,N.

It is well known (and easy to prove) that (84, B) = (4, SB)>. When the
opposite orientation of P is used, we must change 8 to — 8. Next we use
lemma 2.1 to compute the first four covariant derivatives of 4 € X(P, m)
with respect to N at m. Let Vi ,(R) denote the p-th covariant deriva-
tive of the curvature operator.

LeEMmA 2.2. We have
(2.6) (Vxy4),,=— (84),,,
@7 (Vayd)w=— By, N,
(2.8)  (VayyA)n = (— Vy(B)yaN + Bygs V),
2.9)  (VawyyAn=(— Van(B)yaN + 2Vy(R)ys, N + BN, Ry, N)N),, .

Proor. (2.6) follows from (2.1) and the definition of §. Also (2.7) is
a special case of (2.4). Equations (2.8)-(2.9) are found by expanding (2.4).
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‘We have for (2.8) that
(Vl?;’NNA)m = (VN'RNAN)m = (_ VN(-R)NAN + RNSAN)m .
Next for (2.9) we compute

(V;VNNNA)m = (VﬁNRNAN)m
= — (Vax(R)ysN + 2Vy(R)(N,Vy A)N + R(N, V3 A)N),,
= (_ Vlz\’N('R)NAN + 2Vy(R)ys4 N + R(N, RNAN)N)m .

3. — The power series for the volume of a half-tube about a hypersurface.

Let w denote the volume element of M. We first compute the terms of
order at most 4 in the power series expansion of w, . ,= w(0/0®,, ...,0[0x,),
where (@, ..., #,) is a system of Fermi coordinates at m for the hypersurface P.
Here, we shall use the index conventions 1<a, 8,7, 6<n and 1<a, b, ¢, d<
<n— 1. Denote by RT the curvature operator of the submanifold P, and
let o7, 77 be the corresponding Riceci and scalar curvatures. The following
notation will be used:

0
Xoc = 87! dwfx = 01x7 <—R(Xa7 Xﬁ)Xy’ X6> = 'R/xﬂyﬁ ’

<RT(Xa7 Xb)Xc? X = R:;’;;cd ) o(X,, Xﬁ) = 0xp 07(Xg, X,) = @Z;J ’

n n—1 n—1
IBI?= 3 R, |B'I°= 3 Rgu, <BED= 3 ByuRuu,

@,B8,y,6=1 a,b,e,d=1 a,b,c,d=1

n n—1
”@”2: z szh Sab: <SXa’ Xb>7 <H7 N>=zsaa
a=1

a,B8=1

(Here H is the mean curvature vector field.)
If £ is a tensor field of type (2, 0) on M and 7 is a tensor field of type (2, 0)

n—1
on P, we write <&, n> = > &Eunw. Finally we write (R(N, X,)N, X,) =
a,b=1
= Ruyaws, etc. In all of the above it is assumed that all quantities are eval-
uated at the center m of the system of Fermi coordinates.
The curvature operators R and RT and the shape operator S are related

by the Gauss equation:

(3.1) Rfm — Ryyoq = 84e8a— 844 -
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Let 2, Q7 be the curvature forms corresponding to B and RT. Then
Q.4(X,, X5) = R,p,, and Q5 (X,, X;) = R,;. Also let 80, be the 1-form
given by 80,(X,) = 0.(8X;) = {X,, 8X;) = 8. at m. We can rewrite (3.1) as

(8.2) QF — 0., = 80,)\86, = S(0,10,) .

Next let A be a 2k x 2k skew-symmetric matrix with entries 4,, from a
commutative algebra over R. We recall that the Pfaffian 4, ,, of A is
given by

(33) Al...2k = 2 EaAa(l)a(Z)/\"'/\Aa(2k~1)c(2k)7

o€Sk

where A denotes the multiplication of the algebra,

8= {0€Culo(1) <o(3)<...<0d(2k—1) and o(2i— 1) < a(27)
for i =1,..., k},

and ¢, is the sign of ¢. Here &,; denotes the symmetric group of degree 2k.
We denote by 4, , the Pfaffian of the skew-symmetric submatrix of A4
in which the indices range over the values a,, ..., @,,.

‘We shall be concerned with the case when A is the matrix 27 — 2 whose
entries are Q% — Q.. The following is a generalization of the Gauss equa-
tion that we shall need for our generalization of Steiner’s formula.

LEMmA 3.1. We have

1

(3.4)  8(0a,A... Aba,,) T 13...(20—1)

(.QT——— Q)al...au ’
(3.5) S(eax/\'"/\aazcﬂ) =
1 2¢+1

— —1)b+1 —
== 1.3 .. (20 +1) bgl( 1) + SODA(QT Q)a,...db...a“ﬂ-

Proor. We have from (3.2) that
(36) (‘QT_ 'Q)a,...an = jia,...a,c

where A is the matrix whose entries are 80,A80,. Using the definition (3.3)
of the Pfaffian 4, ,, Wwe see that all the terms on the right hand side of (3.3)
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are the same. It follows then from (3.6) that

(3.7) (QT— Q) =1.3...(2c—1)80, A...A S0

Qy... Gz Qg *
We also have

(3.8) 8(0g, A ABs,) = 80, ... ASO,,

and from (3.7) and (3.8) we get (3.4).
To prove (3.5) we compute as follows:

1 2c+1

o1 2 (T 808 AS 00 Aoy e N )

1 2c+1

= —_— __1)o+1 .
- 1 3 20 + 1 b; ( 1) SoabA(QT Q)an-». dp ... Gacey *

8(0a,A...NOq,,,) =

We shall also need some of the formalism of [GR2], [GR3]. Let E, be
a tensor field on P of the same type as the curvature operator of P. We write
Ry(WAX)(YAZ) for the value of R, on W, X, Y, ZeX(P), and we as-
sume that R, has all the symmetry properties of the curvature tensor field
of P. In [GR3] the s-th power of R, is defined as a special case of multi-
plication of double forms. Here R, is given by

(3.9) Ry A AKX AATY)
28330( A X)) (YomyA Yogz)) - Bo(Xnas—1y AN X 229) (Yo@s—1)A Yoezs) 5

21 o'ES.

where J, = {0 € Gy,|0(2t — 1) < 0(2t) for t = 1, ..., s}. Also following [GR2]
it will be useful to consider the contraction operators C¢. These are defined
inductively by C°(R;) = Rj and

(3.10)  CYBY(X A AXaq N T3/ Vo))

n—1
= > O RYX N o AXgg ABNY NNV (NE)
a=1

for X,,..., Xp_yy Yy, ..., Yy, € X(P), where {H,, ..., E,_,} is an arbitrary
local frame We shall write (Rq),. 4. 0,...5,, 10T By(X, Ave AX g WX Ao oA Yo,y
ete. Further let S(a,, ..., a;) denote the determinant of the submatrix of §
in which the indices range over the values a,, ..., a;. Then

8(0,, A+ ANONX A NX,,) = S(ay...a,) .
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COROLLARY 3.2. (Generalized Gauss equations). We have

2¢

(3.11) S(ay ... as) (20)

' ( T R)(h Q3¢ Ay ... C3¢ Y
(3.12) S(ay ... @ye1q) =

Q¢ 2¢+1

(20 +1 'b,dz=:1

T [
( 1 +dSaba¢(R - R)a,...da e Gact1 Bpeee Qg oni Gaptr ©

PrOOF. (3.11) is immediate from (3.4) and the definition of the Pfaffian.
Furthermore (3.12) follows from (3.5) and (3.11).

Recall that (using our notational conventions given at the beginning of
the section)

n—1
<S, OZG—I(RT_ R)c> — Z SabCZc—I(RT_ R)gb

ab=1

LeMMA 3.3. We have

n—1 c
(3.13) a,....§3n=1 S(a, ... ay) = 20! C*(RT— R)°,
n—1
(8.14) > 8@y ... Ayern) =
Apseens Ggetr=1
= 2 Y (R — R)*— 2¢(8, O~ (R*— R)*>}.

Proor. (3.13) is obvious from (3.11). For (3.14) we compute from (3.12)
as follows:

’ nil S Qe 'nil
(@1 oo Ogen)= 5=
G1seees Gge41=1 ¢ (20 + 1)! A1seves Baer =1

.{{Z + z + E} (_1)b+dSabad(RT_'R);l...dy...a".q.; al...da...a,,h}
a<bd d=b a>b

Q¢
- m{(% +1)<H, N) 0*(R*— R)
2c+1 n—1
o Z z SabaaO’M—I(RT_ R)Zaad}

b,d=1 ap,aq=1
b#d

= gyt (I, I 0BT — R)e— 2048, 0*~X(B"— R)*>}
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We note the following special cases of (3.13) and (3.14):

n—1

(3.15) ”ils(a) = z See = <H7 'N> ’
a=1 a=1

n—1 n—1

(3.16) 2 S(ad) = 3, (840855 — S5 Z (Basap— Bavay) = 77— 7+ 20yx,
a,b=1 ab=1 a,b=1
n—1 n—1
(317) 3 S(abo) = <H, N)(z" — 7 + 20yx) — 2<8, 0" — 0>~ 2 X Rysaxa>
ab,ec=1 a=1
n—1 n—1
(3'18) 2 8 (abcd)= 2 {(Rg‘bcd - Rabcd)2 (beac Rabac) (Rg'bdc - Rdbdc)}
a,b,c,d=1 ab,c,d=1

2
{ bz (Rabab abab)}
n—1

"RT"2— 2{R, RT> + "RHZ_ 4 2 R:ch 8 ; iRENbN_ 4"9T||2 + 8<o, QT>

ab,c=1

- 4"9" + 8 E QaN + 8oyy— 8 Z (Qab ap) Banow + (=" — "7)2‘|‘4@Nz\r('r —1).

a,b=1
We are now able to prove

THEOREM 3.4. The power series expansion for w,. . in x,=r is given by

(319) o, ,(exp,rN,)= {1 —<H,Nyr+ ;;(QNN + 1T — 7)r?

-

+ 5 (= Var (@hww + <H, N)(owy— 77+ 7) + 248, 07— 0))*

1 2 T2
+24( Van(@)yy + 4<H, N)Vy(0) NN_2ZV (R)yansa + B

n—1

n=1
— 2{B,B") + |R|*— 4 ¥ Rye,—2 ElRfvm— 40" [* + 8<e, 0"

a,b,e=1

n—1
- 4“9“2 +8 Z1Q3N_ 012\'1\7 + (TT— 7)2— 20yn(TT— T)) rt 0(”'5)}m-

Proor. We have

oF
(aa}k @i... ) = (Nkwlmn)m .

32 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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Using the formulas of section 2 we obtain

(3'20) (Nwl,,,n)m Z (Xl/\ /\VNXa/\ /\-X Z <VNXa, Xa>m
a=1

n—1
=— 2 Bulm)=— (H,N>,.
a=1
Similarly
(8.21) (N, )pm= { 2 (XA AVER XA AX,)
a=1

+2 3 w(Xl/\.../\VNXa/\.../\VNX,,/\.../\X,,)}

n—1 n—1
={ 3 Vix X XD+ 5 (8,485, —Sb)}

a,b=1

n—1
{ Zl'RNaNa + bz . R:;’;)ab abab)}

= {owy + 7" =1,

Next we have

(3.22) (Nswl...n)m

(z <VNNNXa7Xa> +3 z det

a,b=1

(<VNNXa7 Xa> <V§VN-XM Xb>
(Vn Xy, X5 (Vn Xy, Xp»

+ Zdet

a,b,c=1

<VNXD’ a> <VNXb) -Xb> <VNXb’ Xc>

(<VNXMXa> <VNXa1Xb> <VNXa7Xc>
<VN-X¢:7 Xa> <VNX07 Xb> <VNX07 Xc>)]

n—1
- {Z ( VN<R)NaNa + RNSaNa) + 3 z (RNaNaSbb_RNaNbSab z S abc)}

a=1 a,b=1 a,b,c=1
= {— VN(Q)NN + 3oyn<{H, N> —<{H,N)(r"— 7 + 20wy) + 248, 0T — 9>}m

= {— Vi(o)sy + <H,N) (ovy— 7% + 7) 4 248§, 07— 9>}m .
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For the coefficient of 7* we compute

(3.23) (Nws.. z {Virny Xoy Xad
a=1
+ 4 z det <VNNNXaaXa> <-X?VNN-XIH Xb>
a,b=1 <VNXba a> <VN-Xb7 -Xb>
n—1 V3 Xa X,, \%: Xa X
—|—3Zdet(<im y Xap <iVN .y
a,b=1 <VNNXb7 Xa> <VNN be Xb>
n—1 <V.2NNXG7 Xa> <V§\1N Xa’ Xb> <V3VN Xa? X0> n—1
+ 6 Z det <VNXM Xa> <VNXM Xb> <VN'X57 X0> + bzd S(dde)
abe=1 a,b,c,d=1

<VNX07 Xa> <VNX0’ Xb> <VNXc’ Xc>
{i (= Vi B)vexe -+ 2V(B)xsowe + R, Ry, N) N, a3)

=1

m

n—1

+ 4 z ((VN(-R NaNa ™ RNSaNa) Sbb (VN('R)NaNb—_ RNSaNb)Sab)

+3 bz (RyaxaRwoxo— Riame) + 3 C“'(RT R)?

1

-1
— 6 z (RNaNa(Sbb Scc— Sgc) - 2RNaNb(Sab Scc"— Sbc Sca))}
sh,e=1 m
n—1 n—1
= {—— Van(@)ay—2 21 Vo(B)wsawa—2 1;2—1 BNam + 4Vn(@)nw<H, N)

n—1
+ 3o%x + , Ed: ((R%ea— Rapea)® — 4(Riere— Racte) (Raaa — Raava))
a,byC, 1

n—1
( z (Babas— Rabab)) — Gony bz_l (Rabas— Rapas)

,b=1

+8 z -RNaNb(RZcbc_Racbc)}

s0,6=1

{ Vin(e)wy + 4<{H, N)>Vy(0)wy— 2 z Vi(B)ysana

— 6 Z Rans -+ 30k~ + | BY*— 2<(R, R*) + | R|*— 4 2 Riape

a,b=1

—4 z (Qab—’ Qe + RaNbN) + (TT—— T+ 2@1\r1v)2

a,b=1

-1
— 6oyn(TT— T + 208v) + 8 Z RNaNb(ng_ Qar + RaNbN)}
ab= m

{ Vin(0)yw + 4<{H, N>Vy(0)xy—2 E Vy(R)ysana— BoNN
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n—1 n—1
—2 glRﬁaNb + | B?||*— 2 <R, R*> + | R|*— 4 bz lRira,,,_.
b= - abc=
—4fe”* + 8<e 0™ — 4llef* + 8 X oiw + ok + (17— 7)* — Zowa(e"— 1:)}

= {— VleN( )NN + 4<H N>VN( —2 z VN(R)NSaNa

+ | B7|*— 2/<R, RT>+HR||2—4 2  Bare—2 Z Ria

ab=1

— 4] e”[* + 8es "> — 4ef* + 8 agl ooy — @ky + (7 — 7)* — 20wy (rT—z)}m :

From (3.20)-(3.23) we get (3.19).
Now we compute the power series for SF(r) and Vi (r).

THEOREM 3.5. We have

(3.24)  S%(r) =j{1 F<H,N>r + % (oww + 27— 1) 12
P

S =

+ 2 (— Vwlo)ww + <H, N) (ewn— 7" + 7) + 2<8, 07— 0))7*

1
-+ 24( VNN(@)NN + 4<H N>VN(Q)NN— 2 z VN(R )Nansa

+ |R7|*—2(R, R 4 |R|*— 4 bz I_RNabc_ 2 bzl-RNaNb
abo= abz
n—1
— 4o7|* + 8<e, 0™> — 4[o|* + 8 21 oan— O¥w
=

+ (27— 7)2— 2085 (77— 7) )r‘} dm + O(r%) ,

(3.25) Vi(r) = f {1 == % (H, N> + % (ony + 77— 7)1
P

i214( V(@)ww + <H, N) (ovn— 77 + 7) + 248, e7— ))r®
+1—26( V%VN( )NN + 4<H N>VN(Q ——2 z VN(-R NaNSa

+ |R*|2— 2{R, R*) + |R|>*— 4 bz lRfrabc—z ble%vfaNb
a,b,c= ab=
n—1
— 4] o7||* + 8<e, 0™> — 4[o[® + 8 Zl Oan— 0w

+ (77— 7)2— 20yn(7T — 1))1’4} am + O(r%) .
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Proor. We have

(3.26) 83() = [,..o(exDu( £ 7N,)) dm.

P

(This is an obvious generalization of lemma 7.1 of [GR6].) Then (3.24)
follows immediately from (3.19) and (3.26). Also (3.25) is a consequence
of (3.24) and the relation SF(r)= (d/dr)VE(r).

4. — The volumes of half-tubes in Euclidean space and rank 1 symmetric
spaces.

In this section we give the complete formula for Sf(r) where P is an
orientable hypersurface in Euclidean space or in an orientable rank 1 sym-
metric space. Then Vi (r) can be determined from the relation (d/dr)VE (r)=
= Si(r). This sometimes involves a messy integration, and so we calculate
Vi (r) explicitly only when it is convenient to do so.

‘We shall need certain mean curvatures to understand the geometrical
significance of the coefficients in the expansion of Si(r).

e

— DeFINITION. Let P be an orientable hypersurface of an orientable
Riemannian manifold M. The c¢-th integrated mean curvature k, of P in M
is given by

(4.1) kzc = kzc(-My 'P) =

1 n—1
> S(ay ... ay)mdm ,

2¢ ' Gy...020=1

1 n—1
(4.2) kacs1 = Byo s (M, P) = - — Z 8(ay ... Gzes1)mdm .

ce!l
2¢¢! @1...83¢41=1

Although the integrated mean curvatures are defined in terms of the
shape operator 8, it is almost possible to eliminate the dependence on S.

LEMMA 4.1. We have

1

(4.3) ku = c!—(zc‘)—!

f C2(RT— R)S, dm,

P

1 2¢ T ¢ . 2¢—1 T ___ (4
) o = sy [(CH, W O4(Rr— Ri— 2048, OR*— )}
P
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ProoF. This is immediate from (4.1), (4.2) and lemama 3.3.

In [WY] Weyl introduced the quantities k, (for ¢ even) in the more
general situation when P is a submanifold of arbitrary codimension and
possibly nonorientable. These are the coefficients in his formula for the
volume V,(r) of a tube about P, when P is a submanifold of a sphere or
Euclidean space. His main point was that the k,, are completely expres-
gible in terms of the curvature operator E¥ of P. (Actually when P is a
submanifold of a sphere, the k,, also depend on the value of the constant
curvature of the sphere.) We shall generalize these results to the case of a
hypersurface of a rank 1 symmetric space, and at the same time obtain
formulas for S (r) and V().

In contrast to the situation with the %,, it is clear that the k,, , depend
on the particular embedding of P in M, even when M is a Euclidean space
or a rank 1 symmetric space. Nonetheless we see from (4.4) that this de-
pendence is linear instead of something more complicated.

The integrated mean curvatures have also been used in [ALZ2], [BF],
[FD1], [FL2], [HA1], [SA], [SW], [VA1-8], but in these papers no use was
made of the relations between curvature and the second fundamental form
given by lemma 4.1. In the notation of Allendoerfer [AL2] (writing n for
Allendoerfer’s n 4 1) we have

koe=13...(2¢—1)M, ,., and ky, ,=13..(2c—1)M,_,.

We shall use Jacobi fields to compute S (r) for a hypersurface in Eucli-
dean space or a rank 1 symmetric space. Our method is to exploit the rela-
tion between Jacobi fields and Fermi fields given in [GR6]. Let y be a
unit speed geodesic in M meeting P orthogonally at a point m. We may
agsume that y(0) = m; then 9'(0)e P,;. Let (..., 2,) be a system of
Fermi coordinates such that y'(f) = N, = X, -

. LEMMA 4.2. When restricted to y the following are Jacobi fields:
Xijpwys 1 X1y My -

For a proof see [GR6] or the appendix of [GV2].

There are standard formulas (see for example [BS, p. 87]) that relate
Jacobi fields and parallel fields for Euclidean space and the rank 1 sym-
metric spaces. Because of this we shall be able to express Fermi fields in
terms of parallel fields. This will allow us to compute w,. ., and hence

also S (r).
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In terms of the Fermi coordinates (wy,...,x,) for P at m we define a
parallel frame field {E,, ..., .} along the geodesic y. Let B, be the
parallel translate of X, along y for « =1, ..., n. Then E,,, = X, =
= N,,- This holds for any Riemannian manifold. However the expres-
sions for the X, in terms of the E, for 1 <a<n — 1 depend on the particular
Riemannian manifold. Also let S8,.F, denote the vector field along y such
that 8,E,,, is the parallel translate of S,E,,,.

We are now ready to give our formulas for 83 (r) and Vi (r). For Euclidean
space we have

THEOREM 4.3. Let P be an orientable hypersurface of R". Then

4.5)  SE(r)=|det (I Fr8,)dm=

P
_ [(n-1)/2] Fse ro [n/2—1] Faoia -
<o 1.3..(2¢—1) o 1.3...(2¢+1) ’

(4.6) (r)= f f det (I F t8,,) dt dm=
PO

[(n—1)/2] [n/2—-1]
— ks, PR+l kyera 2¢+2

& 13..(20+1) 2, i3 @+ 1) 20+ 2)

Proor. For R" each Jacobi field is of the form Y (a, | tb,)E,, where
each E, is parallel. From this fact, lemma 4.2 and the initial conditions
given by (V4N),=— (84), we find that

(4:.7) Xaly(t): (I— tSm)Ealy(l)7 a:l, ...,'n—l .
From (4.7) it follows easily that

(4.8)  1...n(€XPm (= 7N,)) = det (I Fr8,) ='§;(q: r)e :

S Qyranes ac=1

Integrating (4.8) and using the integrated mean curvatures we find (4.5).
A further integration yields (4.6).

It is not much more difficult to find the formulas for S8 (r) when P is
a hypersurface of a space of constant curvature A. For convenience we
agsume A > 0. The formulas for the case 4 << 0 can be found by changing
all of the trigonometric functions to hyperbolic functions. Similar remarks
will apply to the other rank 1 symmetric spaces.
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THEOREM 4.4. Let P be an orientable hypersurface in a sphere S™(A) with
constant curvature A > 0. Let k.(A) = k,(8*4), P). Then

sinV2ar
Va
oo Tyt [P Te(A)  [tanVAr)*
=(cos Vir) {;0 1.3... (20—1)( Vi )

[n/2—1] kzc+1()u) tan\/zr 2c+1}
o 1.3...(2c+1)\ 7 )

(4.9) SE(r)=|det (cos vVrl F S,,,) am
P

ProoF. For 8"(4) each Jacobi field is of the form 3 (a, cos VAt -
+ b, sin v/At) B, where each E, is parallel. Using this fact and proceeding
a8 in theorem 4.3 we find that

sinV1¢

Vi S,,,)Eab,(,), a=1,...,m—1.

(4.10) Xy = (cos VAt —

From (4.10) it follows that

(4.11) w;...n (expm (F TN,,,)) (COS \/—1‘)"‘1 det (I T %\:ﬁ Sm)

= (cos \/Ir)n— c;; (3F tali/\:lr) ol . "il S(ay ... a)p .

The rest of the proof is the same as that of theorem 4.3.
The computations for the other rank one symmetric spaces are more

complicated.

THEOREM 4.5. Let P be an orientable hypersurface in the complex projec-
tive space CP"(u) with constant holomorphic sectional curvature p > 0. Then

@12) - 85=(cos 3 vr)”faet (aa,, ~ (tan} v b
P
\/_ (tan \/ﬁr) a,,(m)) dm ,

where a,b =1, ...,20n—1 and E,,_, = JN.

ProoF. Let {E,, ..., By_y, Byn_y = JN} be a parallel frame field along y.
Here J denotes the almost complex structure. Proceeding as in theorem 4.3



STEINER’S FORMULA FOR THE VOLUME ETC. 489

we find that

=8in = Vp tS,,,} E c=1 2n—2
2 gink ) =1, ... —
VE 2 elv(t) » LAY ’

_ 1 . —
-X2ﬂ—1|’)l(t) = {COS '\/ﬂ tlI— Vﬁ sin \/,u tSm} E2n——1h/(t)-

1
Xepyny = {008 5 VHil—
(4.13)

From (4.13) it follows that

2n 2
@y...n(6XPy + 7N,) = (cos% VH r) det (6ab— (tan% \//77‘) Oaan—10b2n—1

2 1
F —=tan = 4/ ur S, (m
where a,b =1, ...,2n — 1. This implies (4.12).

THEOREM 4.6. Let P be an orientable hypersurface in the quaterniowic
projective space QP"(v) with maximum sectional curvature v > 0. Then

an—1

4.14) Si(r)= (cos \/—r) fdet (6ab—(tan%\/§r)2 > daaba
P

x=4n—3

:Fj_(ta,n \/—r) a,,(m) m ,
where a,b=1,...,4n— 1 and E,, , = IN, BE,, , = JN, E,,_s= KN.

Proor. In a neighborhood of m = y(0) there are locally defined almost
complex structures I, J and K such that IJ= — JI = K, etc. Let
{By, ..., Bin_sy Bsn_s = KN, B4y = JN, E,, , = IN} be a parallel frame
field along . In order to achieve this it is necessary to make the proper
choice of the locally defined almost complex structures I, J and K. Pro-
ceeding as in theorem 4.3 we find

1
Xcly(,)=(cos§\/5t){1 \/_ta,n \/"tS} vy €=1,...,4n—4,

4.15 2 2
( ) Xapyy= (cos% Wt) {( — (tan% \/Et)) \/- —tan= \/— tS } wlv(t) 9

x=4n—3,4n—2,4n—1.
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From (4.15) it follows that

2 4n—1

4an+2
®;...n (€XPy &+ 7N,,) = (cos% Wr) det (6,,,, — (tan% ﬁr) > Ouabap

a=4n—3

:Fj_(tan VY r) . m))

where a,b = 1,...,4n— 1. This gives the required formula (4.14).

THEOREM 4.7. Let P be an orientable hypersurface in the Cayley plane
Cay P2({) with maximum sectional curvature {> 0. Then

a=9

:F\% (ta,n %\/Er) S,,,,(m)) dm ,

(4.16) Sf(r):(cos ;—\/Zr)zzfdet (éab — (tan :21- Q/Z'r)z iﬁ: 6400
P

where a,b =1, ...,15.

Proor. We proceed as in theorem 4.6. Let {F,,..., By, B, = I,N, ...
<oy Bys = I, N} be a parallel frame field along y with respect to a proper
choice of the almost complex structures I,. Then we find

1 2 1
Xc[y(t) = (COS é '\/Z:t) {I —_ \7Z_ta,n é \/CtS,,.} Ec]y([) y Cc= 1, ceey 8 )

wan ) (COS% \/Z't)z {(1 _ (tan . \/zt)2) I— \%tan ;-\/Etsm} Bayyy
«=9,..,15.

From (4.17) we find

@...n(€XPm & 7N,) (cos VE r) det ( (tan %\/ ¢ 7‘)2 :z;fsaa Oap

:F (t,an '\/—/r) a 4"‘
'\/C ’ )
where a, b= 1, aeey 15. This 1mphes (4.16)
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