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On the Absence of Poincaré Lemma
in Tangential Cauchy-Riemann Complexes.

ALDO ANDREOTTI (*)
GREGORY FREDRICKS - MAURO NACINOVICH

This study originated from the example of H. Lewy of a differential
equation with variable coefficients without solutions [9]. The equation of
H. Lewy is the following one

ou .o0u . . ou
Lu:—;—|—1,%—2—1(wl+m2)a—%_f

where ;, 2,, ©; are cartesian coordinates in R3 and where f is a given C*
function.

One realizes that the operator L of H. Lewy has the following geometric
meaning. On C? we consider the hypersurface §8: Im 2, = 2,%2,, where z, =
= %, + ®,, #,= @3 + ix, are holomorphic coordinates in C2. A necessary
condition for a 0 function w on § (where @,, ,, x; are taken as coordinates)
to be the restriction of a holomorphic function in C2 is given by Lu = 0,
(cf. [0], [3]).

Here we consider the following general situation. We consider on a
complex manifold X the Dolbeault complex of the J-operator (exterior
differentiation with respect to local antiholomorphic coordinates). We con-
sider a real smooth submanifold § c X. One can then define an associated
complex on S by a general procedure that is explained in section 1 and 2.
Let

(*) Q(o) s Q(l) s Q(z) 0s

M Scomparso il 21 Febbraio 1980.
Pervenuto alla Redazione il 4 Febbraio 1980 ed in forma definitiva il 14 Giu-
gno 1980.
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be the complex obtained on S considered as a complex of sheaves. In sec-
tion 3 we prove that if S is « generic », then the above complex is a complex
of differential operators whose cohomology is isomorphic to the cohomology
of the Dolbeault complex of Whitney functions on S (proposition 3).

For instance for S c C? given by Imz,= 2,2, we deduce Q©= QW=
= §(8) = the sheaf of C* functions on 8§, and Q=0 for j>2. The
complex (%) reduces to &§(S)-% §(8) —0 (L = d,) and the meaning of H.
Lewy example is that the 0 Poincaré lemma is not valid for this complex
in dimension one.

In the case S is a hypersurface and its Levi form is nondegenerate
with p positive and ¢ negative (p 4+ ¢ = dims X — 1) eigenvalues at a point
z,€ 8, then the following result was established in [3]: the Poincaré lemma
for the complex (x) fails in dimensions p and ¢ (and zero) at the point .
This case showed that the H. Lewy phenomenon of equations without solu-
tion is present also for overdetermined and underdetermined systems (even
if the data satisfy all possible integrability conditions).

In this paper we continue the investigation also for the case S is no
longer a hypersurface.

We first define at each point x,€ 8 the «Levi form» of S. This ap-
pears to be the following object. Let H(S), be the maximal complex space
contained in the real tangent space to S at @,. Let N, (S) be the fiber of
the real normal bundle to 8 at #, and let herm (H (S)%) be the linear space
of hermitian quadratic forms on H(S),. The Levi form is a linear map

£: N, (8) — herm (H(S),) .

For each 1€ N, (8)— {0} let ¢, (1) = (p, q) be the signature of L(1) (i.e.
p = number of positive eigenvalues, ¢ = number of negative eigenvalues).

Here we prove the following theorem (theorem 3): let S be generic at x,
with e, (1) = (p, ¢) for some 1€ N, (8) — {0} and with p 4 q = dimg H(S),,.
Then in the complex (%) the Poincaré lemma is not valid at the point wz,
in dimensions p, ¢ (and zero).

The proof of this theorem is obtained with an adaptation of the argu-
ment used by Hormander in obtaining a necessary condition for solvability
in the case of a single operator. ([7], ch. VI).

Heuristically stated for a single operator P(x, D) the condition of Hor-
mander could be formulated by saying that the adjoint homogeneous equa-
tion *Pw = 0 has no short wave solutions whose amplitude decreases ex-
ponentially with the reciprocal of the wave length. This condition is very
reminiscent of Sommerfeld’s radiation condition (cf. [12] and [16]).
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Returning to the above stated theorem we show that under the spe-
cified assumptions the local cohomology groups

3s
Ker {0 ™ Qi

35
o — Ker {Qg) o Qéﬂ“’}
53 ’ T
Im {0 %> Q)

Jegn = 0 by
Im {Q&™ = Q}

(and of course J)) are infinite dimensional.

At the end of the paper we establish a spectral sequence connecting

the cohomology of § with values in Og= Ker {Q(°>—as—->Q(1>} with the

cohomology of the tangential complex (%), and we treat some special cases
by means of a Mayer-Vietoris sequence proved at the beginning of this
paper.

In relation with this type of results one should also refer to global
results contained in the papers of Kohn [8], to the microfunction coho-
mology of Sato-Kaway-Kashiwara [15], to a paper of Boutet de Monvel [5]
for cohomology « modulo the C* functions» and to results of Tréves [17]
for a pseudodifferential approach.

A last remark. If S c X is real analytic and one considers for S generic
the analogue of the complex (%) in the real analytic category (i.e. for real
analytic « forms ») then the Poincaré lemma is always valid (Proposition 7).

1. — Rough Mayer-Vietoris sequence.

a) Let X be a C differentiable manifold, let E be a (> differentiable
vector bundle on X and let A be a closed subset of X. We set

§(X) = (X, E) = space of (> sections of the bundle E on X;

F,(X)=F/ X, E)= {s€ §X)| s is flat at each point of A}.

A section s of F is «flat » at a point a if with respect to a system of
local coordinates at @ on X the components of s have all their partial deriva-
tives zero at a. This notion is independent of the choice of local coordinates
at @ on X and of the trivialization of E near a.

We then define the space W(4A) = W (4, E) of Whitney sections of F
on A by the exact sequence

0—>F,(X)—>§X)—>WA4)—>0.
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b) Given two closed sets 4, B in X we will say that they are regularly
situated if they satisfy the following condition of Lojasiewicz.

For any point a € A N B we can find a relatively compact coordinate
patch Usa in X and constants ¢> 0, « >0 such that, for any point
ze AN U we have

dist (@, BN U)>c dist (@, AN BNTU)*

where «dist » means the euclidean distance in the patch U.

Note that if AN B = @ the condition is empty, thus verified.

Let us fix a complete Riemannian metric on X and let d(x, y) denote
the geodesic distance. The condition of X.ojasiewicz can also be stated in
the following global form

either A N B = @;
or given K c A compact we can find constants ¢ > 0, « > 0 such that
for any v € K we have

d(z, B)>c¢ dist (w, A N B)*.

The verification of this fact is omitted.
We consider now the following sequence of linear maps

(1) 0 —> W(AU B)> WA)® W(B)L- WANB)—->0

where
af)=fl[A®f|B, feW(AU B);

pi®g) =fl[ANB—glANB, [DgeW(A)DW(B).

Clearly « is injective, 8 is surjective and foa = 0.
The following is a theorem of Y.ojasiewicz

THEOREM 1. The necessary and sufficient condition that the sequence (1)
be an exact sequence is that A and B be regularly situated.

¢) A subset C closed in X will be called locally semianalytic if for
any point ¢ € C we can find a coordinate patch U 3¢ and a finite number
of real analytic functions u,;: U — R, 1<i<p, 1<j<gq, such that

D ]
oNnU = {xeUlu;,(x)>0} .

i=1j=1
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Given two closed sets A and B in X we will say that they are (simul-
taneously) locally semianalytic if for any point ¢ € A N B we can find a co-
ordinate patch U s¢ and real analytic functions #,,: U — R, »,: U —R,
1<i<p, 1<j<q; 1<r<ea, 1<s<pf such that

Da

ANT=

?
i=1j=1

{x € Ulu,(r)>0}

a B
BNU= () {we U,(x) >0}.

r=1s8=1
The following is a useful criterion also due to Lojasiewicz.

THEOREM 2. If the closed sets A and B are simultaneously locally semi-
analytic then A and B are regularly situated.

d) We give now on X a sequence E’, j = 0,1, 2, ... of vector bundles
and for each one we define the spaces

§N(X) = §(X, F)
FQ(X) = F(X, F)
WA) = W4, F).
We assume that we have given differential operators
A;: 89(X) — &t (X), 4§=0,1,2,..
80 that the sequence

(2) §O(X) —2o 5 §W(X) -5 §O(X) 42

is a complex.
For any closed set A c X we have 4,F9(X)c Fi*Y(X) and therefore
the sequence

FO(X) s FP(X) 25> FOX) L5 ..

is a subcomplex of the complex (2). The quotient complex will be the
complex

(3) WO(4) —2os> WO(A) L5 WO (A) L2 ..

where A; here means the differential operator A, applied to the Whitney
funections.

25 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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‘We will denote by
Hi(4), j=0,1,2,..
the cohomology groups of the complex (3).

PRrROPOSITION 1. Let A and B be closed sets regularly situated in X. We
have an exact cohomology sequence (rough Mayer-Vietoris sequence)

0 —->H(A U B) > H(A)D H(B) - H(A N B) —
— HY (AU B) > HY(A)® HY(B) > H' (AN B) — .....
ProOF. Since A and B are regularly situated we do have exact sequences
0— WA U B)->> WH(A)D Wo(B)-L> Wo(4 N B)— 0

for any j>0. These give an exact sequence of complexes and therefore
an exact cohomology sequence, the one in the statement of the proposition.
ReMARK. Let ¢ be any paracompactifying family of supports on X.

‘We can then define the spaces

89(X) = {s € §;(X)| supp s € ¢}

*F(X) = {s € F(X)|supp s € ¢}
and

WP(4) = 8XX)FY .

If A and B are regularly situated we have exact sequences
0 — WP U B)= WPA) @WP(B) L WP(A N B)— 0

therefore setting for any A closed H;(A) to be the cohomology of the
complex

WP (L) —Los WP(A) -2 WE(A) 22> ..
we deduce the rough Mayer-Vietoris sequence with supports in ¢

0 ——>H3(A U B) »Hg(A)@Hg(B) —>Hg(A N B) —
-——»H;(A UB)—....
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2. — Mayer-Vietoris sequence (proper).

a) Let 8 be a smooth submanifold of X on which we make the fol-

lowing restrictive hypothesis: § is intersection of smooth hypersurfaces F,,
of X: §=[F,.
FadS
Given a complex (2) of differential operators on X (and a family ¢ of
supports) we can define for every smooth hypersurface F of X the sub-
spaces (cf. [1]) ‘

L,(F,X) (resp ¢IA,(F) X))
and we know that A'I, (F, X)c I, (F,X) so that
(4) IA,(F, X) — AI(F’ X)_’IA,(Fy X) —

is a subcomplex of (2). Similarly if we use the family ¢ of supports.
Let {F,},., be the family of all smooth hypersurfaces in X contain-
ing 8. We define
*L,(8, X)=>"*L,(F,, X).

FadS

In other words the space *I, (S, X) is the subspace of §?(X) generated
by the subspaces *I,(F,, X).

By the previous remarks we have that A*I, (S, X)c*I
that we have a subcomplex of the complex

(8, X) so

Alﬂ

@)y EP(X) 2> EP(X) 45 EP(X) s .

in the complex

()4 *I(8, X)—2o>*1, (8, X)—25*1, (8, X)—>

We set
PFD(X) = {s € §§(X)|s is «flat» on 8}

and we have another subcomplex of (2), in the complex
(B)s.s ¢F(°)(X) ¢F(1)( )—4r s ¢1;"(S2)(X)._A_>

This is also a subcomplex of (4),.
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We define
Q3(8) = &P(X)[*L,(8, X) .

These are the spaces of the quotient complex of (2), by (4), i.e.

@e.s QP(8) 222> P(8) 2> QP(S) .

where A4, are the induced linear maps by the differential operators A;.
Its cohomology will be denoted by H(S, A3).

As in the case of a hypersurface we introduce the following definition:
the submanifold S is called formally noncharacteristic (with respect to the
family of supports ¢) if the sequence

¢IA.)(S’ X) 4o ¢IA1(Si X) Ay ¢IA:(S7 'X) A
(Tas 0= Spex) O FP(X) O FPX)

is an exact sequence.
b) Let us consider now the following situation.

We give a finite set of orientable hypersurfaces F,, ..., F; in X by their
equations
e+ X =R, 1<j<k

where g, is C* and dg,# 0 on F,= {o,= 0}.
Let
S={zeX|gX)=..=0X)=0=FnNn..NF,

QF = {z € X|0(X)>0, ..., 0x(X) >0}
Q- = {&we X|p,(X)<O, ..., gx(X) <0} .

We assume moreover that dp,A\...Adp,7 0 at each point of § so that §
is a smooth manifold of codimension k¥ in X.
Then 2+ and £~ are regularly situated and S = 2+ N 2-. We set

Q=000 0.

PrOPOSITION 2. Let 8 be as above and assume that S is formally non-
characteristic with respect to the family of supports ¢. Then we have a Mayer-
Vietoris sequence

0 — HY(Q) — Hy(Q+) D Hy(27) — Hy(8, A3) —
— HY(Q) > HYQ")® HY(Q") — HY(S, A}) — ...
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Proor. We have an exact sequence

¢IA1(S7 X)

0= SFp(x)

—WP(8) — QF(8) — 0.

Because (7),5 is exact we have
Hi(8) ~ Hi(8, Ay), Vj>0.

The Mayer-Vietoris sequence follows from the remark to proposition 1.

3. — The case of the Dolbeault complex.

a) We assume now that X is a complex manifold of pure complex
dimension n.

Let F,= {z € X|p,(z) = 0} be smooth hypersurfaces in X as explained
above (1<j<k) and let 8 = F,N...N F; be their intersection. We assume
as before that do,A...Adpi|S 0.

We consider on X the Dolbeault complex

(8) §O(X) > §0(X) > §0(X)-> ...
where
§9(X) = space of (= forms of type o, j with values in a holomorphic

vector bundle E (E independent of §)

and where 0 is the exterior differentiation with respect to antiholo-
morphie coordinates.

Replacing X by an open set Uc X we define the spaces &?(U) and
thus the fine sheaves U — &(U), j =0,1, ....

Given a hypersurface ¥ = {p = 0} on X we can consider for j =0, 1, ...
the space I(F N U, U), and the sheaf U — IF N U, U).

‘We have

INF N U, U) = 082(T) + o\ 8+(T)

(cf. [3], part I). Therefore U — I9(F N U, U) is a fine sheaf.
Let S be as above; we can now consider the sheaf (for j = 0,1, ...)

U—>I98NT,T).
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From the above remark we deduce that

k k
I8N T, U) =Y 08"U) + X do,A8+(U)
=1

=1

go that the above sheaf is a fine sheaf for every j>0.
Note that I®(8 N U, U) is just the space of C* sections of E over U

k
vanishing on SN U: I8N U, U) = > 0,87(0).
=1

b) We recall the following definition. The submanifold § is called a
generic submanifold of X if at each point of §

001\ . N0 0 .
If S is a generic submanifold then the spaces (for j = 0,1, ...)
QN8N U) = &)/ INSN U, U)

are free &§(S N U) modules where §(8 N U) denotes the space of C* func-
tions on SN U. It follows then that the linear operators

551 QS N U) - Quty(§ N T)

are differential operators.
For every j>0 let us consider the sheaf

I8N U, )

U=~ (0

that we denote briefely by I9(8)/F. These sheaves are fine sheaves. We
have a complex of sheaves

I(O)(S) 5 I(l)(S) ; I(2)(S) ;
F'g» — F‘fql) —> ng” —> tee e

9) 0—

PROPOSITION 3. Let S be a generic submanifold of X. Then the complex
of sheaves (9) is acyclic (i.e. the sequence (9) is ewact).

Proor. Let 2,8 be fixed. We have to prove the following: given
we IN(8), such that due Fg " we can find ve I"1(8), so that

u—weFy .

Here we have set I-1(S) = 0.
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Given a form u € §? by u|§ we denote the same form with the coef-

ficients evaluated on 8.

a) Let j = 0. Let a = (o, ..., ;) € N* be a multi-index and set

k E
c=crots ld={2¢}, bl=at .t

«Let u = Y u,0*c I(8), and assume that
[o] =m
(2 wae”) = O(lol™) -
Then for all « with |¢| = m we can find functions 7,;e & such that
k
Uy = z i@ ¥ .
i

=1

s ) With 1<% <4, <...<in<k be the sequence of m integers in

Let (4, ...
, the

which the first «, are equal to 1, the successive «, are equal to 2,
last oy are equal to k. We can write

Zuae = D U .00

|a|= 1< <im

The assumption gives

>, in(00;, 05y +re Qi F o F 04 05, 00;,) = O(]0]™)

which we can write as

2
> Uyrs 5&9“'___ O(IQIM) .

i=1|a|=m—1
From this, since the ¢ can be taken as local coordinates, we derive that

k
> ;00,18 =0
=1

for any «' with |a'| = m — 1. But this implies that u,,|S = 0 i.e. u,|8 =0

Yo with |«| = m. Therefore

||Man

lai 0;

Uy =
i

with some 7,6 8. This proves our statement.
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Now let u € I)(8),.. Then u = > u,p,. Assume that ou € F§). By the
k

above statement we must have u;,= > l;,0, and therefore u = > u;,0;0a
1

is O(|o]?). Again by the assumption we must have u;= > l;,0, and there-
fore w = > %;n,0,010, i8 O(|o]®). In this way we prove that u is O(|o|™)
for every m >0 and therefore that u € F{)) as we wanted.

p) Let j>1. Let
k

u=3 A0+ zB 0o.€ I9(8),; A&, Bebtli™, 1<s<k.
1

We can write

iy (— ?kBsg,) + 3 (A (—1)-13B.)e,

Since > B,g,€ I-1(8), we realize that, for our purpose, it is not restric-
tive to assume that % has the form

w=u0; uedd, 1<s<k.

Assume now that oue FiV. Then

k
>, u,00,= O(lel)
1

and therefore

k
> u, 00,8 =0.
1
LemMA 1. Let j>1 and assume that for u,e &, 1<s<k,
k
> u, 00,8 =0.
1
Then we can find 1,e€ 85~1 with 1,=1,, and
k
us)8 = > T 004|8S .
1

PROOF OF THE LEMMA. For k = 1 the statement is easy to establish
as the symmetry condition on the I’s is void. By induction on k. We do
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have
Uy 003\ OO\ ... \OQ:|S = 0 .

This gives (for j<n —k and trivially for j > n —k).

(%) Uy=l;; 001+ ... +1x0g on 8.
Hence

(Ua— 152 501)/\ 592 o (U— e 5@1)/\ 597:: 0 on §.

By the inductive hypothesis we deduce that

k
(**) Up— llh 5@1 = g l;” 5@, on S

2<h<k

with 7,,= 1,,. Relations (%) and (x#*) prove the statement of the lemma.
We deduce then, using lemma 1 that

k 2
U= ?lah 5@1; + ;Vshgh , with l,=1,,

and therefore, with », and w,, in &7,

U = z UsQs = 2 lon ghge + Z Vsn0nQs
= 5(% 2 lsheh@s) - Z Wsn0n0s -

To proceed in the proof we now need the following

LeMmA 2. Let w= Y u,0" with u,e &) and let m>1. Assume that

[ =m

> ug") = O(le|") -

al=m

Then for B € N¥, |f] = m + 1 we can find Lz 82‘”, symmetric in the indices,
such that
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When we say that £; is symmetric in the indices we mean the following;
given g e N¥, B = (B4, ..., Bx) we identify this multi-index with the sequence
of [B] =m + 1 indices 45, ..., tms With 1<4<... <%y <k in which the
first B, indices equal 1, ..., the last g, indices equal %.

Then £;= €, and its definition is extended to all sequences of

Tyeesimty

m - 1 indices postulating symmetry in the indices.

We proceed to the proof of the lemma. We first note that the lemma
reduces to leroma 1 if m =1 or k= 1. We can thus proceed by induc-
tion on m and %k assuming the lemma proved up to m — 1 and &k — 1 respec-
tively. With u, , €8? we can write

D 0" =Y, UiviimQiy e Qi -

As in the case j = 0 the assumption yields

2 3wy de;0~ = 0(Jo|™)

i=1 |a'|=m—1

and therefore for any «'e N* with || = m —1 we get
k -
E ua'iagils =0.
i=1
We may assume m>2. For every o’e NF with |«”| = m — 2 we must have
k -
2, U107 09518 =0
i=1
k
.Eluzfi dg;|8 =0
i=

> thye; 00;18 =0 .

From the first set of equations we derive by the inductive assumption

k
(* ) Uyurs= z £1zx'ah 5Qh on 8
h=1

with £;, || = m 4-1 defined for all sets of indices containing a 1 and
symmetric in the indices.
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Substituting in the second set of equations we obtain
(Ugpoo— L1arg0 001) 002 + oo+ (Uguri— L1araz 001) 00, =0 on .

By the induction on %k we obtain
k
uZa”s—f’la"Zs 5@1 =h§2£2a"sh 6913 on 8

with the new £; introduced (with a set of indices containing a 2) symmetric
in the indices. From (%) and these last relations we get

(%) Ugurs= E Lonrsn g@h on §
n=1

with £ symmetric in their indices.
Substituting (%) and (xx*) in the third set of relations we obtain after a
simplification
(g0r5— Cgarig 00— Lgarag 002) 003+
+ (Uggrp—Laurss; 001 —Cgarr 002) N 00, =0 on 8.

Arguing as before we derive relations
k
(***) Ugprs = z 3o sh on §

with the new £, introduced (with a set of indices containing a 3) symmetric
in the indices.

The general argument is now clear and after k steps we conclude with
the statement of lemma 2. .

Now for u € I"')(S)% we can write successively, with obvious notations

U = 3'( 2 QSQS) + Z uses
= 5( z ta@s) + z f’sh@s 59» + z 'V.sth Q,
= 5( Z’lses+%2ﬁme Qn) + z Uy

x| =2

= ( z £393+ 2 zgsheseh) “'I Ezﬁahg geh +Iﬂlz_3'l’ﬁgﬁ

f— 5( z ﬁsQa + ’%‘ z tshQth + %Iﬂlz_ggﬂeﬁ) _l__l lz?)u(xezx
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The £’s being symmetric in their indices. We construct in this way a formal
power series in o
v= Y £,0° with £,€ 8"

and therefore an element of IV~(8)/F¢~" such that »— dv represents the
zero element of I¥(8)/FY. This achieves the proof of proposition 3.

COROLLARY. If ¢ is any paracompactifying family of supports we do
have an exact sequence, for S generic,

198, X) 4178, X)
F§(X) *F§’(X)

T e

(i.e. 8 is formally noncharacteristic).

This follows from the fact that the sequence (9) is an exact sequence
of fine sheaves and thus on them the functor I'y is exact.

¢) We set, as usual,

Q+ = {z€ X|p,(2) >0, ..., 0(2) >0}
Q- = {z € X|p,(2) <0, ..., 0x(2) <0}

and we assume that on § = Q+ N Q- we have 0p;\... A0 0 (thus 1<k<n
and 8 is a generic submanifold of X). Because of theorem 2 the sets 2+
and Q- are regularly situated.

Let ¢ be a paracompactifying family of supports. We denote by
Q= 0tV Q- and by

Hy(®,9), HyQ*0, HY,0)
the cohomology groups of the complexes of Whitney forms

WOQ%) 2 WP@Q%) S WR(Q%) 5> ..
where W(Q*) = &)(X)/*F3\(X),j=0,1,..., and where * denotes the
void symbol or « + » or «—».

Similarly we can consider the group H;(S, dg) introduced above.
From the previous corollary we deduce then the following
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PRrOPOSITION 4. Under the above specified assumptions we have an evact
sequence (Mayer-Vietoris sequence)

0 — HY(Q, §) — HYQ*, §) @ HYQ-, §) — HY(S, J5) —
— Hy(Q, 0) — Hy(Q*, 0)@® Hy(2~, 9) — Hy(8, 05) — ... .

4. — Failure of the Poincaré lemma on generic submanifolds for 0.

a) We want to establish a criterium to ensure that Poincaré lemma
is mot valid for the dg-complex on a generic submanifold S at a given point
z€ 8.

First of all we need to introduce for a submanifold 8§ of X at a point
z,€ S the Levi form of §; the submanifold 8 need not be generic for this
definition. The question being of local nature we may assume that X is
an open neighborhood U of the origin 0 € C*, and that 8 is defined by the
equations g,(z) =0, 1 <j<k;

8 = {ze Ulo,(2) = ... = gu(2) = 0},

with 0,(0) =0, 1<j<k, so that 0 € 8, and (dg,A...Adgr)o5~ 0.
The analytic tangent space to § at 0 is then defined by the equations

& [ .

(%0:)o= 2, (a ) a=10, 1<j<k
a=1 (7 [1]

where u,=dz, are taken as holomorphic coordinates. These define a complex

linear space of dimension !>n —k, and exactly of dimension I =n—Fk

if 8 is generic at 0.

We denote this analytic tangent space to 8 at 0 by H(S),.

Now let (4, ..., A) = A€ R* where R* is identified with N(S), the real
normal space to S at 0. (S has real dimension 2n — k and real codimen-
sion k in C~.)

For every A we consider the hermitian form on H(S),

k n
(’gl aﬂéf {Bz 0%, } u"‘ﬁﬁ) [H(8), -

We obtain in this way a linear map

£: N(8),— herm (H(S),)
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where herm denotes the linear space of hermitian forms on the complex
space in parenthesis. This linear map £ will be called the Levi form of S
at 0. It is defined up to a real linear automorphism of the normal gpace
N(8), of 8 at 0, up to a complex linear automorphism of the analytic tan-
gent space H(S), of 8 at 0. A direct verification shows that the Levi form
of § at 0 is independent of the choice of holomorphic coordinates z,, ..., 2,
of U at 0 and of the choice of the equations p,= 0, ..., 0,= 0 for § near 0
in U.
In particular we can consider the unit sphere 2 c N(8),

z= {zem ﬁz,?:l}
i=1

and for each vector A€ X the integers p(4) and ¢(1) denoting the number
of eigenvalues of £(A) that are strictly > 0 or, respectively, strictly < 0.
This gives a map

e: 2 — A

where

A4={p, 9 eNp + ¢<I}.

This finite valued function ¢, on X' is therefore an invariant of S at 0
with respect to all complex germs of automorphisms of U at 0. We will
call ¢, the partition function associated to the Levi form.

b) Let us consider now on 8§ near 0 € § the tangential Cauchy-Rie-
mann complex that we write at the sheaf level

(10) QO(8) —2 > QW(8) — 5 Q) s .. .

If we assume that S is generic at 0 (and thus near by) then the sheaves
QY(8) are locally free sheaves as sheaves of §(§)-modules, §(S) denoting
the sheaf of rings of C* functions on 8, and the linear operators dy are dif-
ferential operators.

We will say that the Poincaré lemma is valid in dimension j>1 for
the complex (10) at the point 0 € § if the sequence

Qu-D(8)y —2> QU(S),— > Qut(8),

is an exact sequence.
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We want to prove the following

THEOREM 3. Let S be a germ of generic submanifold of C* near the origin 0
of real codimension k < m.
Assume that for some LelX

6(A) =(p,9 with p-+qg=n—Fk (Y

and let g > 0. Then in complex (10) the Poincaré lemma fails in dimension
j = q at the origin.

REMARK. Since Ker {Q”— Q{"} contains the traces on S near 0 of
germs of holomorphic funetions, that kernel is nonzero (and infinite dimen-
sional). We may agree to say that the Poincaré lemma does not hold for
j = 0. The previous statement can then be formulated by saying that,
under the specified conditions, Poincaré lemma fails in dimensions 0, p
and q.

The above theorem will be proved in the next two sections.

5. — Some a priori estimates.

a) Let 2 be open in R* and let §(£2) denote the space of C* functions
on 2. We set for p > 0, &(Q) = §(Q2) X... X §(2), p times. With § we will
denote the sheaf of germs of C* functions on R~

‘We assume that we have given a short complex of differential opera-
tors on Q:

(11) 8”(9) A(x, D) > 8“(9) B(x, D) 8'(9) .

LEMMA 3. We assume that at a given point x,€ £2 the complex (11) ad-
mits the Poincaré lemma, i.e. we assume that the sequence

p __A@,D)  oq _ B@ D _ or
& > 8 &,

is an exact sequence.

(*) As S is generic the analytic tangent space H(S), has complex dimension n— k.
The assumption means that one can find a ® hypersurface {g() = 0} containing §
near the origin and such that the hermitian form (3 {9%0/02, 0Z5}ou, %g)|H(S)o
is nondegenerate with signature (p, g).
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Then for every open neighborhood w of x, in 2 we can find an open neigh-
borhood w, of x, in Q (x,€ w,CC ) such that

for any f e &4w) with B(x, D)f =0 on w

there exists an u € 6?(w,) with
Aw,Du=f on w,.
Proor. For every open neighborhood o of x, we set
Z(w) = {f € &»(w)|B(®, D)f = 0 on w}

the space &?(w) with its natural Schwartz topology is a Fréchet space.
Therefore Z(w) as a closed subspace of &?(w) is also a Fréchet space.

Now let {w™} . denote a fundamental sequence of open (relatively
compact) neighborhoods of z, in w. We define for each me N

Q.= {(u, f) € &7(w™) X Z(w)|A (%, D)u = f on w™}.

This, as a closed subspace of &?(w"™) X Z(w), is also a Fréchet space. Let
R, G, — Z(w) be the natural projection. It is linear and continuous. Also
by the assumption of the validity of Poincaré lemma we must have

2(0) = U tn(G) -

m=1

By Baire’s cathegory theorem one, say =, (G, ), of the spaces 7,(G,)
must be of second category. Then by the Banach open mapping theorem
the linear continuous map

Tt O, Z(0)
must be surjective. This proves the lemma with w; = ™.

COROLLARY. With the same assumptions and notations of the previous
lemma we have that

given a compact set K,C w, and an integer m,>0 we can find a com-
pact set K = K(K,,m,) Cw, an integer m = m(K,, m;)>0 and a constant
¢ >0 such that:

for any fe &(w) with B(x, D)f =0 on o

one can choose u € &7(w,) with

Az, Dyu =f on w,
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and with

lel<m, E,

sup sup |D°‘u|<clsup sup [D=*f| (2)

ProOF. With the notations of the previous proof, the map
Tyt Gy —> Z(0)
is not only surjective but also open (Banach open mapping theorem). Now

= {(u, f) € Gn,] Sup sup |Dxu| < 1}

<my K,

is an open neighborhood of the origin in &, . Therefore 7, (U) contains
an open neighborhood W of the origin in Z(w). Restricting W, if necessary,
we may assume that

W= {f € Z(w)]lfllg)” sgp |Daf| < e}

for £> 0, m integer >0 and K compact and conveniently chosen. We
may as well assume that w,Cc K C @, since we have chosen (w,CCw).
Let fe Z(w) be given, and assume first that

sup sup |D*f| = |flzm>0.
le]<m K

Then (¢/2)(f/fl x..) €W 80 that we can find w € §”(w,) with (w, (e/2)(F/111 K,m)) €
€ U. BSetting u = (2/¢)|f| g ,w We must have

Az, D)u = f ~on o,
and

sup sup [Dou|<- sup sup [Df| .
&l

|ol<m, K,

We can therefore choose ¢ = 2/¢ and the corollary is proved in this case.
If |flgm=0 since w,c K we can take w = 0. The corollary is there-
fore also verified in this case and therefore in general.

b) We consider the space D(Q) of C° compactly supported func-
tions on 2 and we denote by dx the Lebesgue measure. For u e &(£2) and

(?) For « eN" we have set D= (8% +%)[(ag! ... 9a%™), ot = (oty, «ees %,). Also
|*] denotes a norm on the spaces C? or C?, for instance the euclidean norm.

26 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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v e D5(2) we consider the scalar product

(wy v)g=f"m7 dw .
Q2

Given the differential operator A(x, D): &2(2) — &§(2) the formal ad-
joint of it is defined as the differential operator

A*(z, D): &§(Q) — &°(2)
characterized by the property
(A(z, D)u, v)o= (u, 4*(z, D) v)a

for every u € &°(2) and every » € D).
Explicitly if A(x, D) = > Ca(w)D* with Cx(x) matrices of type (g Xp)
of C* functions on 2, then we have

A*(@, D)y = 3 (— 1) D*(‘Ca(w)y) .

PROPOSITION 5. We assume that the complex (11) admits the Poincaré
lemma at a point x,€ Q.

Then for any given open meighborhood w of x, in £2 we can find
an open meighborhood o' of x, in w with %€ w'CC w;
a compact subset K in w;
an integer m=>0;
a constant ¢ > 0;
such that
for every fe &(w) with B(x, D)f =0 in w;
for every v € DYw');

f‘ﬁ dx

o'

we have

<csup |A*(x, D)v| sup sup |D=f|.
o lsj<m K

Proor. Given w we select w,, with #,€ w;CCw as in lemma 3. We
then choose w' open with #,€ w'cC w, and set K, = &' and m,= 0. By the
corollary to lemma 3, we can then choose a compact set K C w an integer
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m>0 and a constant ¢'> 0 such that
for every fe &§(w) with B(z, D)f =0 in w

one can find % € &§?(w,) with

A@, D)u =f on w,
and
sup |u|<¢' sup sup |D=f].
' la|]<m K

Now given any » € D/(w’) we do have

f ‘5 da

o’

= U’(A(w, D)u)# dw

j’uA*(w, D)y dx

< vol(o') sup |u| sup |4*(z, D)y|

< ¢ sup |[A*(x, D)v| sup sup |D=f|
' lel<m K

where ¢ = ¢’ vol (w’). Here vol (w') denotes the volume .of o'.

6. — Proof of Theorem 3.

a) We first prepare the equations of the submanifold 8 near the origin.

By a linear change of holomorphic coordinates at the origin we may
assume that, setting I = n — %k, we have

0;=1Im (2,,,) + 0(2), 1<j<k.

This is because 0g;A...A00:7~ 0 at the origin. Then Im (2;,;) =0, 1<j<k
are the equations of the real tangent space to § at 0 and C'= {z;,,= ... =
= 2,= 0} is the holomorphic tangent space to § at 0.

Using the implicit function theorem we may therefore assume that
in a neighborhood U of the origin the equations of 8 are in the form

Sa = ga(zl, eeey z,, tl’ ceny tk)
()

I<a<k
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where we have set 2;,4= s+ 982, 1 <a <k and where the g,’s vanish at the
origin of second order and are in a small neighborhood of the origin C®
functions.

Since $x= (1/2%)(?;4+a— Zi14+4) We derive from equations (%)

dz,

AZ11,
(e ) =) o
i az, daz,

where I'V(8) is the space of one-forms of type ZAaga—|- ZBa 00xy 0a=
=8x— fJa, 1<a<k. *=
Let O = (0y;(21y «ey 21y By ooy t)) 1<j<; De the matrix

1<s<k

oga\\ " (09a
omafen () 2

and define for f: § — C, C>,

x of C 1
az, +,§ Cigiy <0<
where 2y, ..., 21, t;, ..., {; denote the C® coordinates on § induced from the

tangent space of 'S at 0. Note that C,;= 0 at the origin.
Extending f to a neighborhood of the origin in C* by taking it indepen-
dent of the coordinates s. we have

= zz (L;f) dZ; mod I™(S) .

i=1

With these notations one realizes that, near the origin on 8,

Q(j)(s) ={p= Z X, ..o dzilA"'Adzi;}

1< <. <i<1

where the a’s are C* on § and that

55(}7 = z (Z (~— hL"mazo...?h...n) dz’ia/\"’/\dgiy .

1<ip <o <iy<l

We note explicitly that, since 940,f =0 for any f (® on § we must
have the commutation rules

[Ed’Eh]=E5Eh—EhE]~=O, 1<y, h<l.
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b) Let us now describe the assumption. There exists a C* function p,
vanishing on 8, such that

0%p
H(8),
(2{mtghem) o
is nondegenerate with p positive and ¢ negative eigenvalues.
Now H(8)y= C'= {s;4;,= ... = u,= 0} and o must have the form
k
> Ax(8s— ga) With As, C® near the origin. Since the g, vanish at the origin
a=1

of second order, the assumption means that there are k real numbers
A1y ..oy Ar DOt all zero such that the hermitian form on C

. {82 (;kj Aaga)} .

Hyy = 1 az” azv

is nondegenerate with p positive and ¢ negative eigenvalues (p + q¢ =1).
k .
We set g = > Asgx. By a linear change of coordinates inside the ana-

1
lytic tangent space C' to S at 0 we may assume the above hermitian form
to be in diagonal form i.e.

o'g I, 0
({azﬂ azﬂ}o)lgﬂgz—— (0 ___Iq ’ p + q == l.
1<r<i

¢) Let M > 0 be a positive constant. We define on S near the origin
the following functions:

k
Y(=,t) = 12 Aot + i{g(z, —2 Z o 8 (0)2u2y— 2 z (0)(ta+@ga)zf'
S ot g+ M3 ]
k
1(2,1) = ; Aata+ @{ g2 t) 23 e a_ 5 (077 42 zat 55, () (ta— 9s) 2
+ MY (ta—iga)* + M g Izjl*} :
We claim that the hessian of the imaginary part of v and the hessian

of the imaginary part of g, evaluated at the origin, are positive definite
quadratic forms, provided M is chosen sufficiently large.
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Indeed, with obvious notations,
. 02g _ ozg
Hess, {Im (y(z, 1))} = > 52, 57 (0)2u2 + X 5t 30 (0)txts
l
+ Mt MY o=
2+1

N set 520 tatd + S+ =1 S o
0ty 0tg 1 p+1

and, similarly
. 02 D i
Hess, {Tm (1(z, 1))} = {M Sti— za—t—g;;(omtﬂ} =1 el + 2 il
(-4 »

These expressions establish our claim.

d) Now we remark that Im y(z, t) and Im y(z, t) vanish at the origin
of second order. Therefore, if w is a sufficiently small neighborhood of the
origin in the real tangent space to S at 0 (where 2y, ...,2;, 8, ..., & are taken
a8 coordinates), we will have, with £¢>0, in w

j21%)

l2?).

Im y(e, t)>e( £ 4

th+

HMR‘ HMR‘

l
2
1
1]
Im y(2, t) >s( 21:

Moreover
—_ ! k )
Y@, 1) —x(2t) = %M{g [25]*+ 2 ; (ta+ %ga)"} =
k 3 k k
S 'I:M(2 Zt,i—l- Z Iz,|2) —4.M ztaga—‘ziM zgi .
1 1 1 1
Therefore, if o is sufficiently small, we will have in

Im (y(z, 1) — 2(2, ) > (Z ta+ Z |z;|’)

and

k k
AM S tuga—2iM > g2
1 1

M/[E l
<7 (Z it 2 |z,|2) .
1 1

This last inequality holds because the left hand side vanishes at the origin
at least of third order.
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e) We claim that the functions y and y satisfy the following dif-
ferential equations
Liy=0 for 1<j<p
and

Lix=0 for p4+1<j<l.

i
Indeed y = O + iM Y |2,|> where

2+1

A . 02 3 02 ,
O = 3 Aalta+ iga) —2i >, é;;g—z, (0)2uzy— 20 > E—g;’ (0)(Bx -+ igs) 2y
+ M 3 (ta+ i9a)? .

Now s - %gx is the restriction to S of the holomorphic function z;,s=
= o+ 48, 1<a<k. It follows that @ is the restriction to S of a holo-
morphic function defined in a neighborhood U of the origin in C*. We have
therefore L,® = 0 for 1<j<l. On the other hand we have L,z,= 0 if
j # 8, 1<j, s<l; this by the explicit form of the operators I, given in a).

1

Therefore L; 3 |¢;|2=0 if 1<j<p. We obtain therefore the first set of
assertions. %! »
Similarly y = 9 + M Y |2,]* where
1

. , 02 _ . 02 .
1= Aalta—igs) + 26 3 aZgZ (0)Z,3, + 2i zw—agz, (0)(ta— iga) %
T M S (fa— igs)

is the restriction to S of a antiholomorphic function defined in U.
With the same argument as before we obtain the second set of equa-
tions. However this second set of equations will not be explicitly needed.

f) Let us now assume that the Poincaré lemma holds for d, in dimen-
sion ¢ at the origin.

Let w be that small neighborhood of the origin in § in which the ine-
qualities established in d) hold. According to proposition 5 we can then
find another open neighborhood ' of the origin in 8§ with 0 cw'ccw 80
that the conclusion of that proposition holds for every f defined in w with
f€Q9(w) and 0gf =0 on w, and for every v €Q@(w') with » compactly
supported in w’.

We now choose f and ». Let v >0 be a real parameter. For every
T >0 we define

ft= exp [% w(zy t)] d';jmﬂ/\---/\dzle Qw(w) :
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‘We have
0sf,=0.

Indeed
» .
Ostx =52le exp [% (2, t)] dZ\NdZpa N\ . NdZ, =0

because L, = 0 for 1<j<p as established just above.

g) We now proceed to define a convenient element » € @Q@(w’) for
any 7> 0, compactly supported in w'.

First we remark that if we set on C*

Lo . 0%g
Z AaZrpat 21,” ; 5. 55 (0)Z4 2 2@1<§<k 5t 8' (0)Z1,0%
1<v<1

k ?
+ M 3 Zhat 1M > 2,7,
1 1
we have that y = p|w. Let us define for v > 0 the form of type (n, p) in C*
Nz = eXp [—%;@—)] A2y \NdZ; ... A2y \NAZ A A2y N  \NAR .
Since y(2) is the sum of a holomorphic function and the function
14
— M 3 |#;|* which does not depend from z,,,, ...,%,, We do have that
1
o,=0 on Cr.
We fix on § the eucledian volume element
dx = (— 20)F Ay NdZA ... N NAZN AN ... \ A,
and let «, f € Q”(w’) be given explicitly in the form

x = > % .05 N\ AdZ,

PR
1< <. <ir<I

13 = 2 ﬁil...ir dzil/\'"/\dzi' .

1< <. <ir<l

We define the sesquilinear form on @(w'):

{oy B> = Z “i,...i,.g«i,...i, .

1< <...<ir<]
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If one of the forms « or § has compact support in o’ we define then
their scalar product

(¢ Blu=[<ar, B do .
Now given the operator 0g: Q®(w') — QtV(w') its formal adjoint
(9s)*: Qr(w') — Q" (0')
is uniquely defined by the property
(05 B)o= (2t (95)*B)ur
Va € @Q(w') compactly supported and VS e @Qu+d(w').

Now we remark that dimg8 =21 + k =1 + n. Therefore the exterior
form in C" of total degree 21 +k =1+ n

(@Zpa A . AAZIN (AL NAZL N . . ANAZy ANAZ) N A2y iq A oo o ANAZI AR N oo N A2
when restricted to § can be written as
oz, 1) dw,  (2,1) = (B1y ey By bay oeny i)
with o(z,t), C° on 8. We note that
0(0,0) = (—20)(—1)kwtvs£0, (¢ +p=1).
‘We set, for >0,

w; = G(2,t) exp [_—t x(2, t)] dZpa N NAZE QD (') .

For any «€Q@(w’) and with compact support we have the following
formula of integration:

4 —
(0ty W) =] 0p+1...1 XD [—;Z(Z, t)] o(2, 1) de = |aA\ns .

w

Let f € Qe (') with compact support. We can find a form g in C»
with compact support and of type (0, ¢ — 1) whose image in Q@ (') is
(under the natural map given by the definition of the space @< as a quo-
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tient of the space of (0, ¢ —1) forms in the surrounding space C"). We
have therefore by definition

0 = 0f mod (01, ...y Oxs 001y .-, 00:) -

Now we have for any such § the following formula:
(gsﬂ’ wt)w"‘_“fa.g/\nr
N
8

= [ann)
8
=0.
The first of these equalities is due to the formula established just above

and to the fact that for a compactly supported form (-0 of type (n,1—1)
(defined in the neighborhood U of the origin where 8 is given) we have

J.ﬁgj/\n(”"'”=f5(gj/\n‘”"-”) as g,=0 on 8
s 8
= f d(o;A\m™*-V) Dby reasons of bidegree
S

=0 by Stokes theorem .
The second equality follows by the fact that dn,= 0. The third equality
is valid because of reasons of bidegree and the last by Stokes’ theorem.
But this shows that, for any = > 0,

(Og)*w,=0 on o'.

Let B > 0 be so chosen that
k !
{z 2+ Y ]z,|2<R} cco'.
1 1

We select a C® function (2, ?) compactly supported in o’ with 0<r<1

k 1
in w and v=1o0n X+ Y [5°<R.
1 1
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We then define for any 7 >0,

v, = Ty (e, w, = T u(z, 1) exp[ 1(2, t)] dZy g N\ NAZ,

where ,u(z, t) = v(z, t)cr(z—,t) has compact support in w’ and equals o(z, t) on
the ball ztz + E [2;]2<R.

We have v eQ('I’(w ) and compactly supported. Moreover on the ball
ﬁt -+ z |2;]2< R, v, = v—**2w_. Therefore
1

(55)* v, = (2, t) exp [z 1(2, t)] k2

with f(z,t) € Q9 V(w’) with compact support, independent from =, and
k 1

vanishing on the ball Y 24 > |2,*<R.
1 1

If we now apply to this choice of f, and v, the statement of proposi-
tion b we realize that we can find a constant ¢ > 0, a compact K cw and
an integer m>0, all independent from <, such that

(%)

T k’zf‘u(z 1) exp[ (w(2, t) —x(2, t))] dz | <

sup sup
la]l<m K

<osup | 45(e, ) oxp 2 4651 Deexp| Lyte, )] ]

for any 7> 0.

h) We evaluate the left hand side of (). Replacing z with /72 and ¢
with 4/7t we get if 0 <7 <1

T—z—k/a‘f (2, 1) exp [ (%(z, t) — x(2, t))] dw =

o'

u(V/T2, /T t)exp [—E (w(V7T2 /Tt)— g(VT2, \/ft))] dw

Cl!x R*

We remark that, taking into account the expression and inequalities
given in d),
— the integrand on the right hand side is bounded in absolute value
] k
by exp [—— iM (z l2;]2+ > tz)] and this function is summable over
1 1

the whole space C!XR¥;
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— the same integrand for 7 —» 0 converges pointwise to the function
1 k
u(0, 0) exp [—— M(Z l2;]2 + 2 Zti)] .
1 1
By Lebesgue’s theorem on dominated convergence we deduce that

. s —_— 1
1:1& {left hand side of (%)} = 3 M( V2

where o(s) denotes the eucledian volume of the unit sphere in Re.

In particular for v — 0 the left hand side of (%) tends to a finite limit
different from zero (since u(0,0) = o(0, 0) 5= 0).

We now evaluate the right hand side of (). We first remark that for
0 <7 <1 we have for any « € N2+t estimates of the form

)(k+2lru(00|

sup | D=exp [3 e t)] <e(@) -]
K T

where ¢(x) is a constant independent of 7, (here we made use of the first
inequality established in d)).
Also with a constant ¢;> 0 independent of 7 we have

_ eR?
<e v M exp [— —T—]

T exp [ﬁ 22, ) l]

sup |(0s)*v;| = sup

because of the second inequality established in point d) and the fact that
k 11
f =0 on the ball > 2+ > |2,]2<R.
1 1
But then, with a constant ¢,> 0 independent of v we have

R2
[right hand side of (%)|<ec,v ™" exp [_ 87]

For 7 — 0 the right hand side of this inequality tends to zero.
This says that the inequality (%) cannot hold for = >0 small. This
achieves the proof.

1) At the end of this proof the following remark is in order
REMARK. Let 8 be generic in C* 0 € S, and for some Ae X, e(A) = (p, q)

with p + ¢ =n—*&.
Set

o Eer{00m),® 0@
95,0 Im {Q S) s Q8 }
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We claim that
dimo J&& = co.
05,0

Proor. If ¢ =0 the remark is obvious as Jﬁgs contains the traces of

germs of holomorphic functions on 8. We can thus assume g > 0.

Let w be a small relatively compact neighborhood of 0 in § such that
at any point y € @, ¢,(1) = (p, ¢) for some A€, the unit sphere in the
normal bundle to § at y.

For any point ¥ €  we can find according to the proof of the previous
theorem an element

1,€Z(0) = {f € QV(0)| G5f=0 in w}

such that in no neighborhood w(y) of ¥y we can write

fy= 559

with ge@Q“(w(y)). Indeed if this is not the case the argument of lemma 3
applies and therefore we can find a fixed neighborhood w,(y) of ¥ in w such
that for any fe Z(w) we can find geQe(w,(y)) with dgg =7 on w,(y).
Then also the conclusion of the corollary to lemma 3 holds, and then also
the estimate of proposition 5. This is what is contradicted in the proof
of theorem 3 with the choice of elements f.e Z(w) for all = > 0.

Let us select a countable dense set {y,},oy in @ and for each y, a fun-
damental sequence of open neighborhoods {w,(¥,)}ren of ¥4 in . We set

Gk, h) = {(uy fe Q(q_l)(wk(yh)) X Z(w)| a-s'“ =f on wk(’!/h)}

and we denote by m: G(k, b) - Z(w) the natural projection.
We have that mu(G(k, b)) G Z(w). Therefore |J mw(G(k, b)) is of first

hk
category in Z(w) and hence

hk
It will be enough to prove that
dimg Z(w)/3B = oo

Let fe Z(w) with f¢ $ which is possible by the above considerations.
Assume that dimg Z(w)/B < co.
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We consider the natural map
A Z(w) - Z(w)| B

and for te R the image A(exp[tz]f). Let V be the space generated by
these elements over C. Let k¥ = dimy V. By the assumption k << co. Let
A(exp [t;2,]f) be generators of V for 1<i<k. Let t,5% t, t, ..., t;. There
must exist constants ¢, ..., ¢; not all zero such that

(exp [to2,] — €1 €XPp [t2] — ... — ¢, XD [t:2,]) fE€ B
This means that for some h and %k we can find ge Q@ (wx(y,)) with
059 = (exp [fo21] — €1 €xDp [ty21] — ... — ¢ €xXPp [t;21]) /. Let
O = exp [ty2,] — ¢, exp [t,2,] — ... — ¢ exP [8,24] .

Since the t,’s are two by two distinct @|8 is not identically zero. Therefore
we can find ¥,€ w,(y;) and an s>0 such that w,(y,) C wi(y,) and such that
Olw,(y,) is always different from zero. We have therefore

f=0s on  ws(Ys) .

Ql=

This contradicts the assumption f ¢ JB. We must therefore have

dimg Z(w)/ B = oo.

7. — Local cohomology for 0.
a) Let 8 be a smooth real submanifold of the complex manifold X.
We have on X the Dolbeault complex of sheaves
80 5 g % g 9
and the subcomplex of sheaves
j CROGy O ERC

where I® denotes the sheaf U — I8N U, U) defined in section 3. If
x ¢ S then, for every j>0, I9= &%
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Therefore the quotient complex of sheaves

Qo —2% 5w % 5 Qv %

is concentrated on 8.
We set

0, = Ker {Q0—255Qu}
and
;  Ker{Q? s, QU+
Im {Q(f—l) s Q(i)}

for j>1.

We have Q©~ & the sheaf of germs of C* functions on 8. If 8§ is generic
the sheaves Q¥ for j>1 are also locally free sheaves of modules over &s
and the maps 0y are given by differential operators.

Let ¢ be a paracompactifying family of supports on § and let us denote
by H;(S, ) the j-th cohomology group of the complex

Ty(8, Q©) —2 I'y(8, QW) —25 T'y(8, Q) —= ...
for j>0.
From a general theorem of Godement ([6], theorem 4.6.1, p. 178) we
derive the following

PROPOSITION 6. For any paracompactifying family of supports ¢ on 8
we have a spectral sequence

By = H(8, 52 = H(S, )
s=p+q.
Indeed we have only to remark that the sheaves &% and I are soft
(indeed fine) sheaves thus also the sheaves Q¥ are soft sheaves ([6], theo-

rem 3.5.3, p. 154). Hence H{(8, @?) = 0 for any ¢ >0 and any j>0. This
enables us to apply the quoted theorem of Godement.

b) As an illustration we consider the following three cases:

CAsE 1. dimg 8 =mn, 8 is generic, i.e. 8 is «fotally real». Then the
boundary complex reduces to the trivial complex

QO—0
and thus Og~ 6§~ Q0.
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For instance consider on the Riemann sphere P,(C) an affine holomorphic
coordinate z (we allow 2 to take the value co) and set D= {ze P,(C)| |2| <1},
D,= {ze P,(C)| |2|>1}.

Let X = P,(C) X... X Py(C) (n times) and set

Q+= Dlx...X.Dl
Q- =D, X..xD,
S=0"N2 and Q=0"UL0".

Then S is totally real. Moreover 2+ and £~ are isomorphic and also
isomorphic to a polycylinder in C*. For a closed polycylinder P in C* we
have

Hi(P,9) =0 for j>1.

Indeed this follows from the expression of the homotopy operator for
the Dolbeault complex as given by H. K. Nickerson [14] and from the
fact that for a function @(£), C* on the closed disc {£eC| |£|<1}, the
function

= [ 29 g qr
g(e) = fg_zd&if

lél<1

is also C* in the closed disc {zeC| |2|<1}.
From the Mayer-Vietoris sequence we deduce then, that

0 — HY(Q, §) — HY(Q*, §)® HY(Q, 8§) — §(8) — HY(2, §) -0

is an exact sequence. Moreover one has H¥(Q, 0) = 0 for j>2.
CASE 2. 8 is a hypersurface with nondegenerate definite Levi form.
In this case we have

3@%32’ Os, Je%’;l;EO 9

moreover J€%S= 0 if j20,n—1 as it follows from the Mayer-Vietoris
sequence and a result of ([3], part II, p. 802).
We derive from this that
(i) Hi(8, 05) ~ HI(8, O5) for 0 <j<n —2;
(ii)  the sheaf Jegs-l is a soft sheaf since

Qv L . Qu-n 5 Jerl 50

Os

ig an exact sequence and the sheaves Q¥ are soft sheaves;
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(iii) from the spectral sequence of proposition 6 we deduce then an exact
sequence

0 — H(8, %2~") — H*%(8, 05) > H"(8, 05) -0

and also that H(S, O5) =0 if j>n.

CaseE 3. 8 is a hypersurface with nondegenerate Levi form with
p=4¢q= (n—1)/2 (hence n is odd) eigenvalues of each sign.
In this case we have

e ~0s, H2#£O0

os ds
while for the already quoted result we have J(’%s.—_() if j£0,j#p.
From this and the spectral sequence of proposition 6 we deduce that
(i) HY(S, 0s) ~ H/(8, O5) for 0<j<p—1.
(ii) We have an exact sequence
0 — HC(8, 32 ) — H2(8, J5) — H?(S, O5) —
— H(8, %3 ) — H*(8, 05) — H"+(8, 05) —
. —> H*1(8, 05) - H™(8, O5) —
— H*>*(8, J(’%S) —0.
REMARK. We do also have in this last case H"i(8, Og5) = H*—»+1+i(8, J€3.)
for any j>0. But one can expect that these groups vanish.

¢) The case of 8 totally real or the case of an hypersurface are par-
ticularly simple.

In general we may expect the failure of the Poincaré lemma in any
dimension or in some privileged dimensions.
Here are two examples of this situation.

ExampLE 1. Let k>2, S generic, 0 € § with equations

Sa = gzx(zl, eeey z;, tl’ ceey tk)

1<a<k

Zira=ts+ 185, H(8)o= {#1:a= ... = 2,= 0}.

27 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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‘We assume that

1 o2
A=73 0 I (0) sty > 0 (positive definite)
1 02y 8z,,
L 0%g, — .
B=3 “— (0) Uy Uy is such that
1 az;: Zu

0%g, 0%g, . . .
det ( 5 77, (0)— 4 3 02 (0)) =0 has 1 distinet roots .

Under these conditions the hermitian form B — AA assumes all possible
signatures (0,1),..., (I, 0) as one realizes by a convenient C-linear change
of coordinates on H(S), which reduces A to the identity matrix and B to
diagonal form.

In this case the Poincaré lemma fails in all dimensions 0,1, ..., 1.

ExampiE 2. Let m =2r + 2 and set C*= CrxCrxC? where ze Cr,
ueCryw= (t, + 98, &, + is,) € C* are holomorphic coordinates. Let k = 2
and S be defined by the equations

8, = Bz —tuu

el 20

where M is an rXr matrix with complex elements and det M 0.
The Levi form is given for (4, 4,) € R? at the origin by the hermitian

matrix
I 0 0 M
)'1 0 7 +}~z 7 0 =H(lu}*s)-

One easily recognizes that det H(4,, 4,) 5= 0 if (4;, 4,) 7% (0, 0).

Therefore for all (4, ;) € R*— {0} the signature of the hermitian matrix
H(2,, A;) is constant and equals (r, 7).

In this case we are sure that the Poincaré lemma fails in dimension r
on S at the origin.

One may presume that it holds in all dimensions different from 0 and 7.
From a result of Naruki[13] one can deduce that the Poincaré lemma
holds in dimension 7 + 1, ..., 27.

d) Let us agsume that X = C" and 0 € S while 8 is generic at the
origin.



ON THE ABSENCE OF POINCARE LEMMA IN TANGENTIAL ETC. 403

We can assume § is given by equations as in point @) of the proof of
theorem 3. From the explicit expression of the operator ds given in a) we
deduce that:

The symbolic complex at the origin 0 € § for the complex of ds on 8
is a Hilbert complex (actually a Koszul complex).

‘We can then apply the results of [4] and we conclude that

PROPOSITION 7. If 8 is generic at a point x,€ S then the tangential com-
plex of 0s admits the formal Poincaré lemma in any dimension j>1.

If moreover 8 is real analytic then the tangential complex of Os admits the
analytic Poincaré lemma in any dimension j>1.

¢) We end up with an easy application of the Mayer-Vietoris sequence.

Let 2, Q2+, -, 8 be defined in the complex manifold X as usual. Assume
8 = {x € X|p,(2) = ... = pu(2) = 0}

is generic at each point. Then Hi(S,0s) =0 if j>1=n—k.
From the exact sequence of proposition 4 we deduce therefore that
Hi(Q, 0) =~ H (2, 0)® H/(L2, J)

for all j>1 + 2.
For 1 =1 we have moreover on S the exact sequence (derived from
the spectral sequence of proposition 6)

0 — H(8, 35) ~ H(8, 05) — H(S, %! ) —
— H(8, ds) — H'(8, 05) -0 .

The last zero is obtained by the fact that JG%S is a soft sheaf and thus

its first cohomology group is zero. Note that we have H¥(S, O5) =0 if
ji>2.

BIBLIOGRAPHY

[0] A. AnpDrEOTTI, Nine lectures in complex analysis, C.ILM.E. 1973, Cremonese,
Roma, 1974.

[1]1 A. AxpreorTi, Complexes of partial differential operators, Yale Univ. Press,
1975.



404

(21

(3]

[4]
[5]
[6]
[7]
(8]
[9]
[10]
[11]
[12]
[13]
[14]

[15]

[16]

[17]

ALDO ANDREOTTI - GREGORY FREDRICKS - MAURO NACINOVICH

A. AxpreortI - C. D. HiLr, Complex characteristic coordinates and tangential
Cauchy-Riemann equations, Ann. Scuola Norm. Sup. Pisa, 26 (1972), pp. 299-
324.

A. AxpreorTI - C. D. HILL, E. E. Levi convexity and the Hans Lewy problem,
Part I and II, Ann. Scuola Norm. Sup. Pisa, 26 (1972), pp. 325-363 and
pp. 747-806.

A. ANDREOTTI - M. NACINOVICH, On analytic and O® Poincaré lemma, to
appear in « Advances in Math. ».

L. Bourer DE MoONVEL, Hypoelliptic operators with double characteristics and
related pseudodifferential operators, Comm. Pure Appl. Math., 27 (1974), pp. 585-
639.

R. GopEMENT, Theorie des faisceaux, Hermann, Paris, 1958.

L. HORMANDER, Linear Partial Differential Operators, Springer, Berlin, G.
Hingen, Heidelberg, 1963.

J. J. KouN, Boundaries of complex manifolds. Proceedings Conference on Com-
plex Analysis, Springer, Berlin, Heidelberg, New York, 1965, pp. 81-94.

H. Lewy, An example of a smooth partial differential equation without solutions,
Ann. of Math., 66 (1957), pp. 155-158.

S. Logasiewicz, Sur le probléme de la division, Studia Math., 8 (1959), pp. 87-136.
B. MALGRANGE, Ideals of differentiable fumctions, Oxford Univ. Press, 1966.
V. P. MasvLov, Operational methods, Mir publisher, Moscow, 1973.

I. NaARUK1, Localization principle for differential complexes and its applications,
R.I.M.S. 94, Kyoto (1971).

H. K. NICKERSON, On the complex form of the Poincaré lemma, Proc. Amer.
Math. Soc., 9 (1958), pp. 183-188.

M. Saro - T. Kawar - N. KasHiwaARA, Microfunctions and pseudodifferential
equations, Lecture Notes in Math. n. 287, pp. 265-529, Springer Berlin, Heidel-
berg, New York, 1973.

A. SOMMERFELD, Partial differential equations in physics, Academic Press-
New York, 1967.

F. TreVES, Study of a model in the theory of complexes of pseudodifferential
operators, Ann. of Math. (2), 104 (1976), pp. 269-324.

Istituto di Matematica dell’Universitd
via Buonarroti 2
56100 Pisa

Texas Tech University
Department of Mathematics
Lubbock, Texas 79409



