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On the a.e. Convergence of Convolution Integrals
and Related Problems.

W. B. JURKAT - G. SAMPSON (*)

0. — Introduction.

In this paper we are concerned with kernels K on R* which satisfy the
following conditions:

) [ 1K@ +9)—E@|do<B,, y=0
lz]>2lv]
(2) | [ E@dd|<B, o<o<e
e1<|z]<es
and
3) f |K(@)|de<B,, o> 0.
e<|z|<20

For example in B the Hilbert kernel H(t) = &1, ¢ 0 and the fractional
kernel F(t) = ¢+, t > 0, F(t) =0 for ¢<0 (f~ 0 and is a real number)
both satisfy conditions (1), (2) and (3).

DEFINITION 1. We say that o kernel K is well-behaved if K satisfies (1),
(2) and (3).

For various well-behaved kernels K, pointwise convergence of the cor-
responding convolution is quite dissimilar. For example in R, compare the
Hilbert kernel H(t) with the fractional kernel F(t), [24] resp. [13]. The main
result of this paper is nevertheless to show that all well-behaved kernels
satisfy a common convergence eriterion. The result takes the following form:

(*) The work of the first author was supported in part by the National Science
Foundation.
Pervenuto alla Redazione il 3 Settembre 1979.
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TEEOREM 1. If K is well-behaved and fe L, (R"), then

K@)(fty— o) —f(0)do =lim [ K@)(jty— o) — ) ao
|zl <1 e<|z|<1

exists for almost all y.

We use Theorem 1 to define a class of well-behaved convolutions (see
Theorem 3). We also use it to prove convergence of Marcinkiewicz type
integrals as well as their generalizations (see Theorems 4, 5).

For finite positive absolute constants depending at most on n we use
the letter ¢ generically. If dependency on B,, B,, B; is permitted we use
B generically. Finally, when dependency on another variable occurs, say
like p, we indicate that by ¢, or B,.

1. — Preliminary remarks.

Here, we begin by defining maximal functions which are associated with
well-behaved kernels. We shall further obtain results for these maximal
functions that are needed for us to prove the main result.

DEFINITION 2. Let 1<p << oo and fe L?. If K is well-behaved then the
function

Mfs0) = sup Moplfss),  Mafs) = sup f WK (2)f(y —a)|,
a<|z|<b

where 0 < a < a<1l < f < b, denotes the maximal function of a well-behaved
convolution.

For g measurable we set (1 <p < o0),

lgll3 = sup Aftw: g(z)| > B[
>0
the weak p «norm» of g.

By T we denote a sublinear operator defined on L;° (bounded functions
with compact support). We set

I17]» = sup 1A/, 1] = sup 1T/ 1115

where |f],% 0 and 1<p < oo.
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In [16], N. M. Riviére was able to prove the following:
THEOREM 2 (Riviére). If (3) K is well-behaved and (ii) for each fized o, > 0,
lim K(x)dx  exists,
o—>+0
e<lz]<e:

then

| M1 <e, B, -
Thus, for well-behaved kernels K it follows from Riviére’s theorem that
(4) | Meopflh<esBaslfl»

where B, is that « B» constant which is obtained from the kernel K,,(x) =
= K(z) for a < |z] < b and K,,(x) = 0 elsewhere. But for K well-behaved
it is well-known (and easy to show) that

(5) B =supB,;< oco.
b

a,

But from (4) and (5) we get for 1> 0 and 1<p < oo,
Afw: Moy(f; 2)> B> <e,B|f],,

and now letting a/0 and b}oco we get the following:

COROLLARY 1. The mawximal operator for well-behaved convolutions is
weak (p, p) for all 1 <p << oo, i.e.,

| Mf|h<e,Blfl, for feL?, 1<p < oo

It should be pointed out that even though the corollary is a simple ex-
tension of Riviére’s Theorem (Theorem 2), it is the corollary that is useful
to us. This corollary can be interpreted to mean that for well-behaved kernels
one does not have to restrict their behavior about the origin (as (ii) in Theo-
rem 2) in order to prove a weak mapping property for their associated max-
imal convolutions.
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2. — Proof of Theorem 1.

We begin with the proof.

ProOF. Set
Rifip) = [ E@(fy—o)—iw)do

s<|a|<1

and consider those #’s so that |y|<N. Then |y —2|<N 4 1 and hence,

Rifin) = [ E@(ly—a)—hy)do

e<|z|<1
for |y| <N, where fy(u) = f(u) for |u|<N 4 1 and fy(u) = 0 elsewhere. Set

R(f;y) = sup |Re(f;y)|, then for |y|<N

R(f; y) < M(fv; ) + Blfx(y)| -
Hence by the Corollary we get,

6) |{y: lyl<N and R(f;y)> A}
<[{y: M(fx; 9) > A2} + |{y: 1fx(®)] > A/2B}| <(eB/A)|ful; -

Set
Q(f; y) = lim sup |B,, (f;9) — Be, (f;9)|

£1,83—>+0

for y fixed. Since K satisfies (3) we get for p € 07’ that Q(f — ¢; ¥) = Q(f; ¥).
Thus, for e> 0 we get

[{y: ly| <N and Q(f; y) > &}| = |{y: |y| <N and Q(f — ¢; y) > &}

<|{:ly| <N and R(f— ¢; 9) > ¢/2}| <(eBfe)|fv— ol
the last inequality coming from (6). Now choose ¢, € 0y so that ¢, — fy
in L, hence

[{y: Iyl <N and 2(f;9)>¢e}| =0
and this holds for each &> 0, hence

[{y: [yl <X and Q(f;9)> 0} =0
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and now it follows that

{y: 2(f;9)> 0} =0.

Thus, lim R(f; y) exists for almost all y. Hence the preof of Theorem 1
is now complete.

REMARK 1. By a similar argument we could show that for f e L?,1<p < oo

fﬁ K(x)f(y — x) dz = lim f K(z)f(y — x) da
| =1 o7 1<z <o
exists for almost all y.
Here, we set
Rfi9)= [ E@iy—ode

1<z|<w

B(f;y) = sup |o(f; 9)|

and €(f;y) = lim sup |R,, (f; y) — R, (f; y)| for y fixed.

©q,8,—>00

3. — Representations of well-behaved convolutions.

In this section, we will give a definition for well-behaved convolutions
i.e., « K %f» where K is well-behaved and fe L?, 1<p < co. We need to
be sure that our definition for « K % f(x) » reduces to the classical case when
K(x) is the Hilbert kernel H(x) or the fractional kernel F(x) or when K
is locally integrable at zero.

Let us begin with K € L,,,(R*— {0}) and set

K K(x) e<pl<ow (e<l<w)
£,0 $) =
0 elsewhere.

Then for fe L?, 1<p < oo, we have

() Ko#f@) =@ LE) + [ E@)fe—y)—f@)dy +
e<lyl<1
+ [ E@ie—yay =1+ 11+ 111,
1<]y|<o

where I,(K) = [ K(y)dy.

e<ly|<1
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For kernels K that are well-behaved we see by Theorem 1 and Remark 1
that the terms IT and III have limits for a.a.x as ¢ > 4+ 0 and w — -+ oo.
In order that this expression reduces to the usual convolution in the classical
cases, we add a suitable limit for the term I. For example in the case of the
Hilbert kernel one has I,(H) = 0 for each &> 0, so the limit is zero.

One way of defining I(K) (the limit of I,(K)) is via a summability method.

DEFINITION 3. Let {A4.(#)} be a fixed family of measurable functions that
satisfy the following properties:

(1) Ae(£)=>0 for ¢>0, 0 <t<1
1

(ii) [A.(t)dt =1 for all ¢> 0, and
0

(iii) for each 0 < h <1, A.(t) goes uniformly to zero as ¢ — -+ 0 for
h<t<1.

For fe L (R"— {0}), we set
1
§f(y)dy = lim |dtA.(t) f duf(u)

e—>+0
lv|<1 0 t<ul<1

and call this the generalized Cauchy-Lebesgue integral (we write OL) provided
the limit exists, and in such cases we say that fe CL. [This concept depends
on the summability method used.] If the usual Cauchy-Lebesgue integral
exists, it coincides with the generalized one, since A.(tf) defines a regular
summability method. For the fractional kernel F(x) in R, we could choose
Ag(t) =t for 0 < t<1.

For K well-behaved and K € CL, we set

(8) L&) = § K(y)dy.
lvl<1

Again in the case of the Hilbert kernel H, I(H) = 0 and for the fractional
kernel F, I(F) = (if)-2.

THEOREM 3. Let fe L?, 1<p < co. If K is well-behaved and K e CL
and if we set

(9 Ex*f@)={@) 1K)+ § EQ)fe—y)—/@)dy+ § Ewiw—y)dy,

lvl<1 lv]<1

then K % f(x) exists for almost all w.
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Proor. Since K € CL that implies I(K) exists. Since K is well-behaved
hence by Theorem 1 and Remark 1, it follows that K % f(x) exists for almost
all x.

REMARK 2. From (9) it follows for K well-behaved and K € CL that,
(10) |K * f(2)| < |I(E)||f(2)| + Blf(e)] + M(f; @) .

From Corollary 1 and (10) we get that KGLﬁ, i.e., weak (p,p) for all
1I<p < oo

We note that even for ¢ €C;’ (infinitely differentiable functions with
compact support) there is no simpler definition for K % ¢ than (9) except
that terms IT and IIT in (9) now exist as Lebesgue integrals. The only varia-
tion that is possible is in the interpretation of I(K).

Also, note that by (10),

|K % f— K %¢| < |I(K)||f(x) — ¢(@)| + Blf(x) — p@)| + M(f—¢;2).

Hence if {p,} is a family of (7’ functions that converge to fin L?, for some
1<p < oo, then K % ¢ converges to K %f in measure.

4. — Applications.

Marcinkiewicz has shown in R that there is a locally absolutely conti-

nuous function F (i.e., an fe L, whereby F(z) = ff -+ constant) so that
0

P + 1) + Flo—8) — 2F(a)

(11) i

dt = 4+ oo for a.a.z,

+0

see [12].

It has since been shown that if fe L,

F(x) = [f and be L*(0,1), then
1]

1
b(t) {F(w + 1) + Fi:c —t)— 2F(w)} it

12) lim

e—>+0
&

exists and is finite for a.a.x.

Plessner in [14] did the case when b(t) =1 for ¢€(0,1), and Ostrow
and Stein in [15] did the general case. Stein [17], Walsh [20], Zygmund [23]
and others have generalized some similar ideas (eg., the Marcinkiewicz
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function) to R". In this section we will give a new proof of (12) along with
generalizations to R". Under the proper conditions on b(¢), we will also
prove in R (along with generalizations to R») that

1
(13) fdt ) g (F(z 4 t) — Fle —t) — 2tf(x))
&e—>+0

€

exists for a.a.x (see Theorem 5).

LEMMA 1. Let U be the closed unit ball in R». Assume 2 € L°(R"), b € L°(R)
and b(t) =0 for t¢(0,1), and

Qx) [ b
K(z) = o mf i, @0

and the integral is to be imterpreted algebraically. Then,

(14) |K(@)] < [2]olblalel™ (@ 0)

and

(15)  |E(@@—y)— K(@)|<xp®)[b]=lo=(|R() — L@ —y)| + ¢|2]ly|l2])
for |x|>2y| > 0.

ProOF. The result (14) follows immediately from the hypothesis.
To show (15) we note that

16) K@)— K@—y) = (Q(w) — Q@ —y)) f b 4y

l‘/vln—l
B o

| 1
-}-Q——-——(w—zy)j b(t)dt—l—!?( y)( 1 )fdt’_’(_t)

lwln— |wln—1 l _ yln—l 12
|| |a—y|

and for |#|>2|y| we get that
|E (@) — K@@ —y)| < [b] ool (|2() — 2= — )| + ¢|2]ly|l=]7) .

Now since the support of K is contained in U, and the difference on the
left is zero if |¢|>2, then the result (15) follows.



ON THE a.6. CONVERGENCE OF CONVOLUTION INTEGRALS ETC. 361

DEFINITION 4. We say that a function Q(x) in R» is regular if Q2 € L*(R")
and
(17) sup f [2@) — 2@ —y)| 7, — o

o<lvj<1 ||
2| >2lv]

THEOREM 4. Let fe L, (R"). If be L®(R) and b(t) =0 for t¢(0,1)
and Q2 is regular, then

(18) tim [ %2 f ay 29 (10 —y)— (@ + )
&e—>+0 : % Iyl

exists for almost all x.

REMARK 3. If n =1 and Q(y) = 1 for y > 0, 2 = 0 otherwise, then 2
satisfies the hypothesis (of Theorem 4) and hence (18) is a generalization in
R of (12).

Proor orF THEOREM 4. Define

(19) (@) = (Qx) — 2(— ) fdt b(t)

lm|n—1 2!
|

hence K has its support in the unit ball. We note also that K is odd and
Q(— x) is regular. We begin by showing that K is well-behaved. Since K
is odd, i.e., K(x) = — K(— x) we get that for each 0 < g; < g,

K(x)de =0 .
o1<[xz]<es

From the preceding remarks and (14) and (15) of the Lemma we get that K
(as defined in (19)) is well-behaved.

— Q(— . b
[t — 1) K41 = f (to—9 — fo) (*L =Y [ar%)
e<|y|<1 s<|v[<1 |v]
£ ) s<|1/|<t , l
fdt o) fd ﬁ‘y’ (flo —y) — f@ + 9))
lv|<t

fdt@ fo’)l (@—y)— @ +9).

lv|<e
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But

e—>+0 &€ l?/ln t
Jvl<e

for a.a.x,

now by Theorem 1 we are through.

THEOREM 5. Let f € L (R*). Suppose that b € L*(R), b(t) = 0 for ¢t ¢ (0, 1)
and Q is regular. Also assume that

(20) sup J\dtﬁ dy Q(y—) <oo
0<e ,yl" !
& lv|<t
Then,
ey lim fdt”“) dy 2 (Ko + 9) + flo —y) — 2f()
€ lv[<t

exists for a.a.x.

REMARK 4. If n = 1 and Q(y) = 1, then 2 is regular and hence (21) is a

generalization to R» of (13), condition (20) reduces to f b(t)/tdt = 0(1) in this
case.

ProOOF OF THEOREM 5. Define

2) K(g) = (Qm + O—a )) fb(t) i

||
Il

hence K is even and has support in the unit ball. Therefore, in order to
show (2) we may assume p,<<1.

Then
fdw (Q(m)+9(—w))( f 0 fa Q)z f (9<w)+{z( w)) fdt bt)
le"—l Ix‘n 1
e<|z]<e, || B 01<|z|<e, s
+ a2 b(t) fdw (Q(a?) + {21(— w)) fdt b(t) fdw (Q(w) + {21(— W))’
P o || 5 .2 |

and using (20) it follows that K satisfies (2). Now by (14) and (15) of the
Lemma, since 2 is regular, we get that K in (22) is well-behaved.
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But since K in (22) is even, we get

J'K(y)(f(w + y) —f(@)) dy

e<y|<1

1
[ 20) ([ 00 o
—[ar B8 ( [a"2) (o + 0 + H2 =) —210@)

e<|y]<1 lv]

1
b [, 20)

=[a %2 [ay L (0 4 ) + fw— ) —21(a)
€ lv|<t
- b(t Q
_ f a0 [ay m(y) (fe + 9) + fl@ —y) — 2f(a))
& lv|<e

and now by Theorem 1 we are through, since the last term goes to zero as
e—> +0.

REFERENCES

[1] A. BENEDEK - A. P. CALDERON - R. PaANZONE, Convolution operators on Banach
space valued functions, Proc. Nat. Acad. Sci., 48 (1962), pp. 356-365.

[2] A. P. CALDERON, Hstimales for singular integrals in terms of mawximal functions,
Studia Math., 44 (1972), pp. 563-582.

[3] A. P. CALDERON - E. B. FaBEs - N. M. RiviErE, Mawimal smoothing operators,
Indiana Univ. Math. J., 23 (1973-1974), pp. 889-898.

[4] R. R. CorrMaN - C. FEFFERMAN, Weighted norm inequalities for maximal func-
tions and singular integrals, Studia Math., 51 (1974), pp. 241-250.

[51 R. R. CorrMAN, Distribution function inequalities for singular integrals, Proc.
Nat. Acad. Sci. U.S.A., 69 (1972), pp. 2838-2839.

[6] C. FEFFERMAN - E. M. STEIN, Some maximal inequalities, Amer. J. Math., 93
(1971), pp. 107-115.

[7]1 A. GaRrsia, Topics in almost everywhere convergence, Chicago Markham Pub.
Co., 1970.

[8] R. A. Huxt, An estimate of the conjugate function, Studia Math., 44 (1972),
pp. 371-377.

[9] W. B. JUREAT - G. SaMPSON, The L? mapping problem for well-behaved convo-
lutions, Studia Math. 65 (1979), 227-238.

[10] M. KAPEKO - S. YANO, Weighted norm inequalities for singular integrals, J. Math.
Soc. Japan, 27 (1975), pp. 570-588.

[11] P. I. LizorgiN, Concerning multipliers of Fourier integrals in the L, g spaces,
Toremy Vlozemija Priloz Trudy Simpoz. Teoremam Vlozemija, Baku 1966
(1970), pp. 137-142.



364
[12]
[13]
[14]

[15]

[16]
[17]

[18]
[19]

[20]
[21]

[22]
(23]

[24]

W. B. JURKAT - G. SAMPSON

J. MARCINKIEWICZ, Sur quelques integrales du type de Dini, Annales de la Soc.
Polonaise de Math., 17 (1938), pp. 42-50.

B. MUCHKENHOUPT, On certain singular integrals, Pacific J. Math., 10 (1960),
pp. 239-261.

A. PLESSNER, Uber das Verhalten Analytischen Funktionen auf dem Rande des
Definitions bereiches, J. Reine Angew Math., 158 (1927), pp. 219-227,

E. H. Ostrow - E. M. STEIN, A generalization of lemmas of Marcinkiewicz and
Fine with applications to singular integrals, Ann. Scuola Norm. Sup. Pisa, (3),
11 (1957), pp. 117-135.

N. M. Rivikre, Singular integrals and multiplier operators, Ark. Mat., 9 (1971),
pp. 243-278.

E. M. StEIN, Singular integrals and differentiability properties of fumctions,
Princeton Univ. Press, Princeton, N.J., 1970.

E. M. StEIN, Sequences of operators, Ann. of Math., 74 (1961), pp. 140-170.

E. M. StEIN - G. WEIsSS, An extension of a theorem of Marcinkiewice and some
of its applications, J. Math. Mech., 8 (1959), pp. 263-284.

T. WaLSH, On the function of Marcinkiewicz, Studia Math., 44 (1972), pp. 203-217.
M. WEi1ss - A. ZYGMUND, An example in the theory of singular integrals, Studia
Math., 26 (1965), pp. 101-111.

R. L. WHEEDEN, A note on a generalized hypersingular integral, Studia Math.,
44 (1972), pp. 17-26.

A. ZYeMUND, On certain lemmas of Marcinkiewicz and Carleson, J. Approxi-
mation Theory, 2 (1969), pp. 249-257.

A. ZyeMUND, Trig. Series, 2nd ed., vols. 1 and 2, Cambridge Univ. Press, 1959.

Syracuse University
Department of Mathematics
Syracuse, New York 13210



