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Differentiability and Partial Hélder Continuity
of the Solutions of Non-Linear Elliptic Systems
of Order 2m with Quadratic Growth.

S. CAMPANATO - P. CANNARSA

1. — Introduction.

Let 2 be a bounded open set of R* with points © = (#y, ..., ®,); here
m and N are integers >1, (|)y and || |y are the scalar product and the
norm in R¥. We shall drop the subscript N when there is no danger of
confusion.

Let o = (s ..., ) be a multi-index and |¢| =, + ... + ax. We de-
note by R the cartesian product [] R) and by p = {p*}u<m »*€ R,
a typical point in R. lo<m

If peR we set

P = {0V uj=m » 2= {2 aj<m

Uit Sl = S = 3 el

We define, as usual,

0
Di:%i, D“:Dfl_D:‘....Df:"

and, if u: 2 — R", then
(1.2) Du = {Da%}[aISm 9 D'u= {D“u}lal:m y D'y = {D“u}!lxl<m .

C"4 (2, RY), h integer >0 and 0 < A<1, is the space of those vectors
w: @ — RY which satisfy a Holder condition of exponent 4, together with

Pervenuto alla Redazione il 28 Maggio 1980.
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all their derivatives D*u, |x|<h; if we C**(Q2, R¥), then

(1-3) [l oxa ey =518 3 1Dl + 3 [Dul;a
where
(1.4) []:,5 = sup Julz) — u(y)| .

x,9€Q "w —Y ”}'

H**(Q, R¥) and H3"(2, R"), s integer >0 and p>1, are the usual
Sobolev spaces and, if 1<p < -+ oo, then

1p
Iulm,g = { qul]Dau"v d:v}
(1.5) e

14,0 ={ 3 o]

H*?(Q, R¥) = I”(Q, R¥) and

o= { [luteas]”

If p =2, then we shall simply write H’, Hj, ||, o, | [,0-
Let a%(z, p), |x|<m, be vectors of R¥, defined in 2x R, measurable in
and continuous in p; assume that VY(z, p) e 2 x R with |[p””

(1.6) e, p)| < M(E){f*(x) + 2’|}  if |o|=
(1.7) [ax(z, p)|| < M(E) {f*(@) + ||p'|5} if |¢| <m
where

ffel*Q) if lal=m, fely(Q) if|cj<m.
Let us consider the differential system of order 2m

(1.8) S (— 1) D*a*(@, Du)=0

lal<m

which is assumed to be strongly elliptic, i.e. the vector functions p’—
— a*(w, p), || = m, are differentiable and there exists »(K) > 0 such that

aa’h(wv p)

1.9
(1.9) k=1 |a|=]f|=m apk

EE>vK ||§a”z
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for every set {£*},_,, of vectors in R¥ and for every (z,p)e 2XR with
I»"l< K.
A solution of system (1.8) is a vector we H™N H™ (L, R¥) such that

f [ 1‘2 (a*(w, Du)|D* @) dzz = 0

(1.10)
Vo e HP N H™ (0, RY).

In this paper we shall investigate the problem of the local dif-
ferentiability of the solutions of system (1.10): if 0 <A< 1 and we H™" N
N O™ 140, RY) is a solution of system (1.10), then under what conditions
on the vectors a*(x, p) can we show that

(1.11) we  Hpt(Q, RY)

We take solutions of class ™ %2, R¥) because it is already known
that, if we H™ N H™ -°(Q, R"), problem (1.11) is, in general, answered
negatively even if the vectors a*(x, p) are very smooth.

If m =1 (second order systems), it is well known that the answer to
problem (1.11) is positive under the following conditions: denoting by p
the vector (u, p', ..., p"), where u and p* are vectors of R”¥, then

(1.12) a@,p), i=1,...,n, are of class (* in QxR*+V¥

and Y(z, p) € QX R**D¥ with |u| < K

(113) )] <amfi+ 3}, i=1.,m,
(1.14) a*(a, p)] <M(K){1 +§_1np"|12},

(1.15) a—“g?—;.c—p-) <M(K), i=1, .,
(1.16) a“gzlp) a“ig;:p) N<M(K){1+§l}|pfu}, i=1,..,m,
(L17) ) B {1 +i=§1upfu},

(L18) o n)| | 2en < {1+ St
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If m = N = 1 see for instance [8]; if m =1, N >1 see for example [9]
and also [5], chapter V, n. 3.
In order to get the differentiability result (1.11) for second order systems
(m = 1), the following inequality is essential: using the notation B(2°, ¢) =
= {o: |z — 2| < 0}, if weH' N C*XQ, RY) is a solution of the strongly
elliptic system
> D;d'(x, Du) = a°(z, Du)

=1

under the hypotheses (1.13) (1.14) with K = sgp“u(w) [, then there exists ¢y > 0
such that YB(2°, ¢) cc @ with o<, and Yo € Hy N L°(B(a°, o), RY)

(1.19) lol* 3 1Dl do<o(o) fznv plt o

B(x°0) B(x,0)
where o(g) tends to zero with o.

For strongly elliptic systems of order 2m > 2, problem (1.11) remained
unsolved because of the difficulty of proving a proper extension of inequa-
lity (1.19) (see for instance [10]).

In section 3 of this work we deal with problem (1.11) following a dif-
ferent method.

In addition to the strong ellipticity (1.9), we shall assume that the
vectors ax(x, p) satisfy the following hypotheses:

(1.20) 4f || << m, then the vectors a*(x, p) are measurable in x Vp € R, con-
tinuous in p Vo e 2, and for every (v, p)e QX R with |p"|< K
[a(@, p)| < M(E) {f+) + [p']|%}
where foe L¥(Q);

(1.21) if |x| = m, then the vectors a*(x, p) are of class C* in QX R and for
every (x, p) € QX R with |p"|< K

zz@a

1 [B<m apﬂ
9a*
op

la] +Z

B{1+ |p'|}

841;,
N

<M(K).

k=1 [B]=m

We remark that hypothesis (1.21) is a formal extension of the hypotheses
(1.13) (1.15) (1.16), whereas hypothesis (1.20) is less restrictive than the
assumptions we made on a° if m = 1.

As usual we denote by HO(LQ, R¥), 0 < 0 <1, the space consisting of
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those vectors u € L*(£2, R¥) such that

(1.22) Iuleg f fllu(w) u(y)nzdy<—|-oo

Y ” n+20

and by H™°(2, RY) the subspace of H™(2, R¥) consisting of those vectors
for which
Drue H(Q, BY), |o| =

In section 3 we show that, if the conditions (1.9) (1.20) (1.21) are
fulfilled and e H™ N ¢" %42, RY) is a solution of system (1.10), then

(1.23) we HrF(Q, RY), VYo<6< /2.

As u e 0" Y42, RY), from (1.23) and theorem 2.I we get

214 60)n
(1.24) u e ( RN) y Vp < m .

Now, by an induction process (theorem 3.IV) we show that

(1.25) we HrYYQ,RY), VYo<O<1.
Then (1.24) implies
(1.26) we H'Y(Q, RY).

Once we have this information we can easily prove the following local
differentiability theorem, where

Q°(z, 0) = {&: |n,— 2| <o, i=1,...,m} .

TaEOREM 1.I. If uwe H™ N O™ Y42, RY) is a solution of system (1.10)
under the hypotheses (1.9) (1.20) (1.21), then

(1.27) we Hp Y (Q, RY)
and YQ(x°, 26) cCc

(1.28) |u|fn+1,0(xo,a)<c{1 + P2 f ”Dfu||4dw}
Q(x°,20)
where
F= 3 [foe
loj<m

and ¢ depends on o and on the norm |u|gn1xg g)-
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As we show in section 3, (1.28) can be replaced by the following equi-
valent inequality

(1.29) |“|§1+1,Q(x°,a)<0{1 + F2 + lulﬁz,a(xoﬂa)} .

Moreover, we may assume that the funection f*, which appear in (1.20),
satisfy the more general hypothesis

5;— — z szfo:EH—m—l-l(_Q) . (1)

la]<m

In this case F has to be replaced by | 5|2 in (1.28) and by [ F|**%, Ve > 0,
in (1.29).

In section 4 we prove that the differentiability result of theorem 1.I
and theorem 3.I of [5] (chap. IV) allow us to obtain the partial Holder
continuity of the derivatives D*u, |o| = m.

Assume that

oa”(x, p)

— o = =m and 1<k<N

are umiformly continuous in QX R and that in condition (1.20) we have

f*e LP(£2) with p > n
or, in general,
F= 3 D*f*eH ""(Q) with p>n.

lol<m

Then

THEOREM 1.II. If we H™N O™ Y4 Q, RY) is a solution of system (1.10)
under the hypotheses (1.9) (1.20) (1.21), then there exists a set Q,c Q, closed
in £, such that

(1.30) Mon_o(20) =0  for a certain q> 2
(1.31) D*u e O"*(QN\ 2y, RY), |a|=m, VO<u<l—nfp

where Mo,_, 18 the (n— q)-dimensional Hausdorff measure.

It is now easy to prove higher regularity results for the solutions
we H™ N " 42, RY) of system (1.10), using the theory of linear systems.

() H™(Q) is the dual of HI Y(Q).
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2. — Preliminary results.

In this section we mention a few results that will be used in the sequel
of the work.

Here Q(0) = Q(2°, 0) = {»: |x,— o}| < 0, i =1, ..., n}.

If u:Q(o) > R, t€(0,1), 2z€Q(to) and |h| < (1 — t)o, then we define

Tipu(@) = w(@ + he') —u(z), i=1,...,n

is the standard base of R».

n

where {o};_,, .

Lemma 2.1, If ue L?(Q(0), RY), 1 <p < -+ oo, and there ewists M >0
such that

2.1) [ 7: 0%

lopauy<IP|M, Vh<@A—1t)o, i=1,...,m
then u € H**(Q(to), RY) and

(2.2) | D;u

|o,p,o(w)<M’ t=1,...,M.

LevmmA 2.II. If uwe H"*(Q(o), RY), 1<p <+ oo, then Vte (0,1) and
hl<@@—1o

(2.3) Izint]o.m0u<Itl [Diulopams T=1y.sn.

The previous lemmas are well known in the mathematical literature
(see for instance [5], chap. I).

LemmA 2.11I. If we L*(Q(30), RY) and, for 6 € (0,1)

(2.4) 3 f s | I < + oo

Q(o)

then w e H(Q(0), RY) and

(2.5) |u]§mw<on ; f|h|l+2" fﬂ au@)|2de.

Q(0)

See for instance [2], lemma II.3.
If 2 is a bounded open set and o > 0, then £ denotes the set of those
points whose distance from £ is less than ¢.
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k
LEMMA 2.1V, If 2, Q,, ..., £, are bounded open sets of R* and Q = | J Q,,
>0, 0<0<1, then Yu € H(Q, R¥) i=1

2.6)  |ufo<e(k, 6, o‘){]lull%,g-i-; f f () ’l‘,ffz)ouz }

Q1,002

See for instance [2], lemma I.3.
‘We now state a theorem which is interesting in itself and extends
theorem 3.IIT of [3], that deals with the case 0 = 1. We set

Uy = (Mmeas E)-lfu(x) dx .
E

THEOREM 2.I. If Q i8 a cube of R" and uw e H'*°n 0**(Q, RY), 0 <f<1

and 0 <<A<1, then Vt>0 and for i=1,...,n
S |p, al(1+0) [
e

(2.7) meas{xeQ: |D;u(@) — (D:u)o] > t} <ce(n, 0) -

ta

where ¢ = 2(1 - 0)n/(n — 204).
In particular

(2.8) Dyue L*(Q, RY), Vi<s<gq
and

(2.9) f”D u — (Dyu)o|* dw<e(n, g, 0, s)(measQ)'~ ’/"E 1Dy Gt Ol

The proof of this theorem is given in the appendix and follows the proof
of theorem 3.II1 of [3]. With formal modifications the previous theorem
can be proved also for vectors e H'*%* n 0%4(Q, RY), p > 1.

3. — The local differentiability result.

In this section we prove the differentiability theorem (theorem 1.1).
Here Q2 is a bounded open set of R",

Q@° 0) = {w: |g;— a?| <o, i=1,..,n}

and d(z°) = dist (2°, 09Q).
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we H™ N 0" 14Q, RY) is a solution of the following system

' > (a*(w, Du)|D* @) dw = 0
(3.1) J of2n

Vo € HY N H™12(Q, RY) .
Assume that the hypotheses (1.9) (1.20) (1.21) are fulfilled and let us define
3.2)  K=sup|D'u|, U= |ufomngry, F= 3 |f*],q-
2 af<m
If 4 is an integer, 1<i<mn, and h € R, then we set

7, (@) = w(@ 4 he') — u(w) .

The proof of theorem 1.I is based on theorems 3.I, 3.II, 3.IIT and 3.IV
that we are now going to demonstrate. '

TaeorEM 3.I. If we H™ N O™ Y42, RY) is a solution of system (3.1)
under the hypotheses (1.9) (1.20) (1.21), then for every Q(z°, o) cC L, for every
pe 03(R2) with p>0 and y=0 in NQ@%0a), for i=1,...,n and |h|<<
< d(x°) — o, the following inequality holds:

(3.3) f wim | Dl dw <oy, U, ¥)R{L + [ulq(erp)} +

@ .
+¢( K, v)fwz"'“D’u]lZ' HT,-’,,D”u]Pdw—I |2< f(a“(m,D“u)[ri’_J,D”‘(y)z'”ri,,.u))dm
2 2

where ¥ = sup [Dy].

Proor. Let Qo) =Q(2° 0)cc 2 and pe C°(2) with >0, p =0 in
N\Q(o). Having fixed 4 integer, 1<i<n, and k such that |h| < d(x°) — o,.
let us assume in (3.1)

(8.4) @ = T (P Tiau) .
Then we get

(3.5) S (ripa*(@, Du)|Dx(y*m 7, 4 u)) do =

lxl=m

|<m

= —fl S (a*(@, Du)|v;_» Dy 7, u)) do ..
9
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For the sake of simplicity let us set, if b(x, p) is a vector of R¥,

(3.6) b— f b(w 4 the', Du -+ tv,, Du)dt .
0
Then
da a“
(3.7) T; ha'u(ﬁ, .Du) h — + z z Tt h.D Ur =3
' 0@ |<m ¥ oph
Now, if || =m
(3.8) D(yng, u) = pmr Deu 4y Y 0, (9) 70 DV u
<o
with
(3.9) |C,.. ()| <e(m, n) ¥ .
Therefore, from (3.5) we obtain
x das
i Z 2 TinDBUy— | Tip Dou)doe =
J la]=1B|=m k=1 apk
= — z f( Tip DBy ﬂly) CasznD"u)dx-{"
Ia| =18 =m v<a = op
a~
(3.10) z Tg h.Dﬂ Uk =3 Da('w T; hu)) dx +
ol =m lﬂl<m k 1 aP

wammu)) do +

oa*
o h|/x§m f(awz
Q

- f(a“(w,Du)h_,.D“ (pmv u)de=A+ B+ C4+D.

[o] <m

By the hypothesis of strong ellipticity (1.9) we get

(3.11) f«,ﬂm > %( ;.Dﬁuka;
g lel=lEl=m £= opf;

On the other hand, from hypothesis (1.21) and (3.6) it follows that, if
|oc| = m,

Toa D" u)dw>Vf | D'(z, pu) |2 de -
Q

N | ax
3.12 M(K
(3.12) o 21 || 300 <M(K),
(3.13) @ + % ﬂ <ME){1+ |D'u] + |t D'ul}
ox, || 1s2m 51 | OPR ’
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Then
4| <o, ) [y 7ip D'u] - |50 D"u] do
2

and Ve>0
[l<e [y zin D ul2do + oK, W, &) [7ip 431,000 -
Q

And so by lemma 2.II

(3.14) Al <e[ymr Dl o+ heolK, ¥, ) {1+ ol qrimy} -
Q2

Let us now estimate B:

[Bl<o(E) [(1 + [ Du] + [7ep D'uf) [ 70 D"u]

(v Tin D' u| + o(¥) y||vin D" u||) do .
By the fact that e 0™ 42, RY)

(3.15) sup |t;» D"u| = o(h)
Q(o)
where o(h) depends on U and tends to zero with h. Then Ve> 0
IB|< (e + ¢(K) o(h)) f p| 7. D |2 da +
Q

o o, o)y D] 10 D"l B0+ o, ¥, )il
Q

Therefore by lemma 2.II we conclude that
(316)  |Bl<(e + o(K)o(®) [y vep D'u]*dw +
Q

oI, &) [y D w] > [0 D" w20+ 2, By )L + [0l 000} -
Q
Similarly

101< o) [ (1 + |07 u] + [n D' ul) - (] 700 D] 4+ () yo] 7,0 D' u]) o

Q

and Ve >0
(817)  |0]<{e + o(E)(|b] + B} [yl zin D' uf2dw +
Q2

+ 12 e(K, ¥, &, 0) {1 + |ul5 oo+ m) }-

20 - Ann. Scuola Norm. Sup. Pisa Cl. Sct.
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From (3.10) (3.11) (3.14) (3.16) (3.17) we obtain inequality (3.3) if we
take ¢ and |k| small enough:

e<&() and  |h|<h(y, U) <d(@’)—o.

However, if hy<|h| < d(2°) — o, then (3.3) is trivial because

h?
[riranruras<e g utaen | -

Q

LemMA 3.I. If we H™ N ¢ Y4Q, RY), 2 < p<4, then for every cube
Q(20) = Q(a°, 20) cC Q, for every ye 05°(2) with >0 and y = 0 in 2\Q(30),
for i=1,....m, for |h|<a/4 and Ye> 0 the following inequality holds:

(3.18) ’ | > f(a“(w, D)t 2 D¥y*™ 7, hu)) do | <
al<m
2

<£fwz"‘lln,nl)’uIlzdﬂv + (e, 0y ¥, U)|h|p=2+3E=2D{1 + Fo/2 + |uff, 5 aeor}
Q2

where ¥ = sup || Dy|.

Proor. By hypothesis (1.20) and Hoélder’s inequality we get Ve > 0
(3.19) l > f(a“(w, Du)lv, 5 D*ymr, u)) de| <
Iof<m
<l 3 [(1+ Dul) oo Doty do<
2

<elh|? f s, D" (p*™ 7, u)|?de +
Q((7/4)0)
Foley B2 5 [ (o Dl s D).
x| <m
Q((7/4)0)

Then, from lemma 2.IT, (3.8) and the fact that we C™~*(2, R¥) we con-
clude that

> f(a/"(w, Du)|t; _ Dy, yu)) do|<

le]<m
Q

<0(0) ely*™ T ip Ulm,aze) + o(ey U)|[h[P~2+AC=22{F?E - |u| 5,000} <

<¢(o) 8fw2"]|1;,h D'u|2dw + cle, ¥, U)[h[p=2+4@=2{1 + F/2 4 [hps,000} -
Q
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Using theorem 3.1 we can easily prove the following fractional dif-
ferentiability result.

THEOREM 3.II. If ue H™ N O™ (D, RY) is a solution of system (3.1)
under the hypotheses (1.9) (1.20) (1.21), then

(3.20) ue H* %Q,RY), 0<0< 22

loc
and for every cube Q(30) = Q(x° 306) cC 2 (2)
(3.21) D" ulf a0 < Cloy 4 U) {1 + F + |uf;, o0} -
ProoF. Choose € C°(£2) with
0<y<l, =1 inQ), y=0 in NQ(20).

From inequality (3.3), hypothesis (1.20) and the fact that u € C"~ 142, RY)
we conclude that Y|k| < o

62 3 [lrpDulrdo<ed, b+ jufh aso} +

Q(o)
+om) 3 f (1F%] 4 1D/ w]2) |74 n DX 7 pt) | dir <
|o <m0(80‘)
<e(U, o) W41 + F + |u|maeay - (%)

Inequality (3.22) is trivial if o< |h|<2¢ and therefore, if 0 <0 < /2,
from (3.22) we easily get

(3.2 f e [T DUl <olT, 0,0, DL+ o+ [ulh0) -

Q(o)

(3.20) and (3.21) follow from (3.23) using lemma 2.III.
A more general result is the following:

TEEOREM 3.III. If ue H™ ' (" ¥4(Q, RY), 0<0 <1, is a solution

¢) ID'uffe= 3 |D*ufgq:

lal=m

(®) We note that this theorem is valid even if f*e L(Q), |x| <m.
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of system (3.1) under the hypotheses (1.9) (1.20) (1.21), then

(3.24) u € Hr 02, RY), Vo, <g +6 (1 — g)

and for every cube Q(30) = Q(x°, 30) cCc Q2

(3.25) ID'“|§1,0(0)<0( U, o) {1 + P04 I“I?n,a(w) + |D"“|02,o(3a)} .

Proor. Because of theorem 3.II we may assume 0 <0 <<1. As 0> 0,
by theorem 2.I we get

2(1 -+ 6)n
My N N Sl I
(3.26) u e Hm2 (2, RY), V2<p<ygq w200
and for every cube @ cc Q
(3.27) P anw — (D*u)q|Pdw < O(D)| D' ul5le ™.
al=m
Q

Now, choose e C;°(f2) with
O0<y<l, =1 inQ(), =0 in 2\ Q(20).

Let |h| < /2. From inequality (3.3) and lemma 3.1, in which we assume ¢
small enough and p = 2(1 4 0), we conclude that

n
(3.28) 21 fl]f;,;. D'u*de <e(U, o) [h[20+0=01 4 F1+0 4 |38, o), aor} +
fo=

Q(o)

+3 [Iale rppufrao.

Q(20)
Having fixed p such that
214 6)n
A+ <p<a="=""301

by Holder’s inequality we get

fﬂD’u 2+ |z D" u|2de<
Q(20)

<ef)Wufasn + [1Dul 3 [eaDuldos

Q(20)
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2/p 20/p
<et®) Wlufaso+ ( [100upras) ([ 3 iroDeapas)
Q(20) Q(2 fefSwm=

(f 2 “T‘"D““llz"(l—9>/[v—2(1+ondw)l o
la]=m—1 ’
Q(20)

Now, by lemma 2.1IT

20/p
( f > un,;.Duunvaw) <ol [4[22y 30y

=m—1

1—-2(1+6)/p
) <c(U)|hj2Aa-0),

f > |riaDou|2r-0)r=20+0)] gy
lo]=m—1

Therefore

(3.29) f|]D'u[|2-||z,.,,,D”u||2da:<c(U, 0) [P0 H2AA=00 11 4 |u 2000
Q(20)

From (3.28) and (3.29) we deduce that V|h| < ¢/2

n
830 3 [Iris D uldo<olT, o 0-00 4 P40 4 |ufiiifoo}
Q(o)

Furthermore, from (3.27)

2 feta < T){|D'u

5,060 [ (D"W)gan) |4+ 7} < (U, 0) {|D"ulf g5y 155 ata00} -
Now, by lemma 1 of the appendix
[tz < oK) {1 -+ D' uf3 qao} -

Hence we conclude that V|h| < o/2

330 3 [lraD'ulrde<o(T, o)je+2-0-
i=1

Q(o)
{1 4 B0 + |ulp a0 + D' uléaea) -
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The last inequality is trivial if ¢/2<|h| <20 and so the proof finishes as
in theorem 3.I1.

By theorems 3.II and 3.IIT we prove, using an iteration argument, the
following

THEOREM 3.IV. If we H™ N O™ Y4Q, RY) is a solution of system (3.1)
under the hypotheses (1.9) (1.20) (1.21), then

(3.32) uwe H*%(Q,RY), Vo<bO<1

loc
and YQ(o) cc Q(o,) cc 2 (%)
(3.33) 1D’ 3 gy < €(0y 60— 0, U) {1 + F**° - Jul} o0} -

In particular

(3.34) we H™YQ, RY) .

loc

ProoF. Let Q(30) = @(«° 3p) cc £2 and choose 0, such that 0 < 6, < /2.
From theorem 3.ITI we conclude that

u e Hnt+0o n Om—1, 1( RN)

loc

and

(3.35) |D"uls, oy <e(e, U) {1+ F + [ul} o) -
Then, by theorem 3.III

u € Hn+0 N Om=14(Q(3-1p), RY)

with

0, =0, 4 6,(1 —06,)< 0, —I— A (1 —6,)
and
(3.36) 1D wl5, a1y <@y U) {1 4 F**7 + [uff, o5} -

By induction we obtain that for every integer ¢

we Hm+0 n Om—1, A(Q(3_z RN)

loc

(*) Qo) =Q(2° 0), @(ay) = Q(2", a).
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with

(3.37) Z (1— 6o)

and -

(3.38) 1D ulf gy <0l U) {1 + F*+0s - Juf?, gap0) -

Now, from lemma 2.IV it follows that YQ(c) cc @(s,) cC 2
(3.39) D" |3, ooy < (0 6o— 0, U) {1 + F* 7% Ju)2 o0} -

As {6} is an increasing sequence that converges to 1, (3.32) and (3.33) are
proved. Using theorem 2.I, (3.34) follows from (3.32) if we fix 6 such that

(3.40) <b<1.

n
n 4 44

Proor oF THEOREM 1.I. The previous results enable us to complete the
proof of the differentiability theorem (theorem 1.I).
Let Q(20) = @(2° 20) cc 2 and y e 07°(2) with

o<y<l, y=1 1in@Q(), =0 in NQ3o).

Let |k| < ¢/2. From inequality (3.3) and lemma 3.I, in which we assume ¢
small enough and p = 4, we conclude that

(3.41) é [7en D' wl? dw <e(U, 0) AL+ F* - [uflyq0en} +
Q(o)
+om ¥ f 1Dl [0 D" ul* .

! gl
Now, using lemma 2.II

ean [0l hD"unzdw<( f attas) ( [ireaDruleas) <

Q(80) Q(20)

<ch2( j"D'ull‘ d@) Nt e0en <h?e(E){1 + |u|maes) -

Q(20)
Then, for |h| <o

(3.43) > |lriaD'u|2dr<e(U, 6) h2{1 + F? + |u|p 4000} -
=1
Q(o)
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Therefore, from lemma 2.I we get that u € H™1(Q(0), R¥) and
(3.44) [l2 11,00 <0(U, 0) {1 + F* 4 [ul} , oo -

The proof of theorem 1.I is complete.

REMARK 3.I. In order to prove (1.29) we have only to estimate the
term ulz, 4 0e0)-

Let us suppose that Q(20)cc 2 and 0 < < }(d(+°) — 2¢). Having
chosen 0 such that

= n
. 2 — -
(3.45) max{\/ 1, n+4l}<0<1
we have
21+ 0)n
w201 =t

Then, by theorem 2.1,

14— (D Wt dm<eto, YD ufGED
Q(20)
and so

f||D’u||‘dw<o (0, U ID’ulé’&L‘? (o) Iulfn,o(zo) .
Q(20)

Now, by lemma 1 of the appendix
[l 0020 < (K) {1+ D" w5530}

Thus, recalling (3.33)
(3.46) I“!m,4,o(2av)<c o, U {ID'uléf&;’;’ + 1}<e(o, U) {1+ F* 4 Iulfr{;%(;gld) .
Again, by lemma 1 of the appendix and (3.33)

[l imaieas o< olE) {1 -+ 1D wlGd o} <cloy U) {1 + F¥O+O 4 i Gl oy} -
According to (3.45) we have 2/(1 4 0):<1 and then
(3.47) []r 4,00y <clo, U) {1+ F2 4 |u172n,0(2(a+6))} .

Inequality (1.29) follows from (3.44) and (3.47).
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REMARK 3.II. The functions f* that appear in condition (1.20) could be
assumed to satisfy the following more general hypothesis:

(3.48) F= 3 D*f*e H "(Q)

lal<m
which means (see for instance [5], chap. I, n. 4) that f*e L%(Q) with

2n

1 "
"m 4 2(m—1—|a|)

qa=max{ } if m—1—|x| %=,

IS W

9.€(1,2) if m—1—|a|=

In this case, under the same hypotheses of lemma 3.I, we get instead
of (3.18)

(3.49) ll Z f(a“(x, Du)|t;_a D*(yp*™ 7T, nu) )de <8f1pz"']['r¢,;.D’u|[2dw +
8 @

+ e(o, ¥, U)||p=2+2E=2{1 + | F |2 + |ufnp.0e0) -

To do this we note that, if hypothesis (3.48) holds, then Y& > 0

> f o] 70 D77y ) |
sz|<mg
<ol [ on 0 T op W), rom) <EB] 1 F 1[99 op Ul iz <

3
<db]-|F] ( f wmun,m'uuzdw) o) F ] [Tp om0t <

<e f W[ Dl do 4 o, K)REL 4 | F I + [ulaeo) -

Q

Hence, inequality (3.25) becomes

(3.50) D" uls omy<o(U, 0) {1+ || F|2 + ]2 o0y + D' %[5 00007}

and inequality (3.33) becomes

(3.51)  |D'ul; gy<elo, 60— o, U) {1+ [ F|2+ [uln ooty VO<O<LI.

No change is required in the proof of theorem 1.I or inequality (3.44),
except from replacing F? by |F|2 It is known (see for instance [5]) that
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[ F]| is equivalent to

E 1710,

a<m

Using (3.51) and repeating the argument of remark 3.I, we can estimate
%5, 4,000y @8 follows

(352)  [ulhs0en<clo; D)L+ [F[Y7 + ull qperapt, YO <O<T.

4. — Partial Holder continuity of the derivatives D*u, |a|=

Let we H™ N ¢" V42, RY) be a solution of system

J-l 1z (a*(@, Du)|D*g) dw= 0

(4.1)
Vo € Hr N Hn=1(Q, RY)

under the hypotheses (1.9) (1.20) (1.21). We have shown that « € H:Y (2, RY)
and then, by a standard calculation (see for instance [5], chap. V, n. 1),
we obtain that for every open set £,cc Q

we H™*1 0 "V, RY)

is a solution of the quasilinear system of order 2(m -+ 1)

(4.2) f” 3 3 (Borpsl@, Du) Dy DO | D, D) dos =
af=|fl=m rs=1

=| > E(G"‘“(w Du)|D; D> )—|— z Z (a*(@, Du)|Dys D*¢) dz

lef=m s=1 <m 8=1

V(pEOo ('907R )

L

where B,, s, = {Bit ;} are N x N matrices defined in 2, X R as follows

daj
4:.3 B(xr g — 61-8 N_F
(4.3) B8 = apg

and G**: Q, X R — R¥ are the following vectors

__0a*(w, Du) %D Doy da*(x, Du) '

G“;a —
(w, Du) 0, 1Bl<m k=1 317%
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System (4.2) is strongly elliptic and, according to (1.21),
(4.4) @%@, Du)| < ¢(K) {1 + || D' u|2}

if xe 2, and |[D"u| < K.
Assume that

0a*(x, p)
opi "’

e =|f| =m and 1<k<N
are uniformly continuous in xR and that in condition (1.20) we have
f* e L*(Q) with p >n

or, more generally (see also remark 3.II)

F=Y D*f*eH "1?Q) with p>n

el <m

which means (see for instance [5], chapter I, n. 4) that 7* € L*®(Q) where

n . n 1 1
*® =maxjl lfm—l——oc F—, — —_—
4.(p) {’n—{—p(m—l~locl)} lod = 50 5+ o
. n
2.(p) € (1, D) if M—l—la}=§;.

Then system (4.2) satisfies the hypotheses of theorem 3.1, chap. IV of [5] (®),
and from this theorem we get the partial Holder continuity result contained
in theorem 1.IT of the present work.

Once we obtained the Holder continuity of the Dowu, |o| = m, system
(4.2) reduces to a linear system with smooth coefficients and right hand
side. Therefore, the higher regularity of # is a consequence of the theory
of linear systems.

Appendix.

In this appendix we prove theorem 2.I. The proof is completely ana-
logous to that of theorem 3.III of [3], which deals with the case 6 =1.
We can therefore suppose 0 << 6 < 1.

(5) This theorem extends the result of [4] to systems of order > 4.
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‘We note that (2.8) (2.9) are a trivial consequence of (2.7). To see
that, if

21+ 0)n
then VM >0
+ o0
f[]D,.u — (D;u)g|* do = sJ-tH meas {r € Q: | D;u(w) — (D;u)o| >t} dt =
Q ) M

= sfts—l meas {x € Q: | D;u(®) — (D;u)q| >t} dt 4
0
-+ co

+ sfts—l meas {& € Q: |D;u(x) — (Diu)q| >t} dt<
M

< (measQ) Ms+ q—i—s Meo—e Az

where A? = ¢(n, 0)|Dp|dq+ P[P+
Inequality (2.9) follows choosing M = A(meas @)~/e.
As in [3], we derive (2.7) from some interpolation formulas. Let

Qo) = Q(a°, 0) = {: |, — 2{| < o} .

LEMMA 1. For every uweH'™%(Q(o), RY), 0 <0 <1, the following ine-
quality holds

)1/2(1 +0)

1) [4]1,000) < C(my 0){(; | D ul3,a(0) Juld6E + ot u llo,a(a)} .

We give a proof for the reader’s convenience.
Let Ue H'*(R», R") be an extension of « such that (see for instance [1],
chapters IV and VII)

1T ]lo,z»<¢]%0,a00) 5

2
@ ULt (S DT <o {Julsow + 3 IDivlio] -

Via Fourier transform we get

)1/2(1 +6) . " Uﬂg’%ﬁm .

@) |Ulszn<e(n, 0) (3 1D Ulfen
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(1) follows from (2) and (3). The way how constants depend on ¢ may be
easily checked by a homothetical argument.

LEMMA 2. For every w e H'*%(Q(0), B), 0 < 0 < 1, the following inequality
holds

26/(1+0)

1/1+6)
) % — o600 -

4 21 D% — (Diu)a6,00) < O, 0) (Z |D; w00

Proor. Let &, be the class of all the polynomials in 2 with degree <1
and let P, = Y a,x; + a, be the polynomial such that

[t zipras=int [1u—Ppas.
Q(o) Q(o)

Let us set, also

n

Po(@) = 3 (D) q(o)(@; — #7) + thg(o) -

i=1

According to (1), written for (v — P,),

(B)  |u— Pilye0<|% — Polia0<

)1/2(1+0)

<e(n, 0){(2 |Dsul5,000) “|u— Py

0, 0, -
849 + o~ u—Poloac) -
Now, by Poincaré’s inequality

e — Po]

'
0,00 < | — P1[o,a0) <¢(n) 6|ts — P1]1,00) < (n) 0* *° (E | D; ul%,o(a)) .
1

Therefore

u — Pollolés” -

{6) o7 uw — Po 0,00 < c(n) (z ID;u[?;'Q(a))m(He)

Furthermore
) [ — Polo,ae <::11f | — ¢lloa) = [# — %a@ 0,0 -
Thus, (4) follows from (5) (6) (7).

We recall also the following lemma, due to John-Nirenberg [6]:

LEMMA 3. Let Q be a cube of R* and let Q = |J Q. be a subdivision of @
k

into a denumerable number of cubes Qy, no two having a common interior point.
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Let u be integrable in @ and assume that for fized p, 1 <p << oo,

(8) K(u)—{ sup Z (meas @) I—P( f]lu — g, dw) }1 <+ o0.

UQE
Then Yt >0

9) meas (& € Q: |u(x) — uo| >} <c(n, p) (Kpt(u))P .

We can now give the proof of theorem 2.I.
Let @ = J @, be a subdivision of @ into cubes §., no two having a
k

common interior point. Let u e H'*® N (%Y@, RY), 0 <6 <1 and 0 < i<1;
let finally ¢ = 2(1 4 0)n/(n — 204).
From inequality (4) we conclude that

0/(1+6)

1/2(1+6)
) e — a9

(10) f |Dyu— (D)o, dw <e(n, ) (meas @) T [ Dsull

As

6 ] 6 ] s 0 /]
||u—— U, Ho/g: ) < (means Qk)( 1(1+6))(3 + /n)[u]l{(al-k )

from (10) we get

a/2(1+06) 0/1¢ +o)
.Ok) [ ]a

(meas@ur-+( [12, — (0 wailds) <extn, ) (5 IDul
Qx

a/2(1+06) —2
<e'n, 0) (3 |Diulba)
1

(w03 | Diufhg, -
11
Then

12(1+6)
(11) K (u)<e(n, 0) (Z IDiulﬁ’o)a . [u];fé(um .

The result (2.7) of theorem 2.I follows from (11) by virtue of the John-
Nirenberg lemma (lemma 3).
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