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L” Regularity for Weak Solutions of Parabolic Systems.

SERGIO CAMPANATO

Introduction.

Let 2 be a bounded open set of RB* (n>2) with a sufficiently regular
boundary 9%, for convenience of class 0. Let 7'> 0 and @ = X (— T, 0);
m and N are integers >1, (|) and ||-| are the scalar product and the
norm in R¥.

H*(Q, R¥) and HY*(Q, R¥), k integer, are the usual Sobolev spaces of
the vectors u: Q — R¥; if p = 2 we shall write more briefly H* and Hj.

If we H**(Q, R¥) we define

wn = { [ Z 12 ur) "]

Q2

b= [{ 5 127wl "asf

Q

(0.1)

If p = 2 we shall write more briefly ||, , and | -[;,q-
If X is a Banach space and 0 < 6 <1, H%a, b, X) is the space of the
vectors u € L*(a, b, X) such that

(0.2) [ i) = f it ﬂ’i“)“—]%ﬁi‘ds <+

with the usual norm.

Pervenuto alla Redazione il 4 Dicembre 1978.
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Let Asp(x,t), 2| =m, || = m, be N XN matrices defined in @ with

(0.3) AM e L*(Q) and { > > (4AM }<M

bk |6 =m |B]|=m

(0-4) 2 2 (Aaﬁfﬁlf“)w 2 l&=I®

l#|=m |B]=m

for any system {&"}, _,, of vectors of R¥.
Let f*(», t) € L*(Q, R¥), |a|<m; we consider the Cauchy-Dirichlet problem

05) (—1)» 3 3 D*(AspDou) + a’t‘ = Y (—1)*D*f* ingQ

lo|=m |B]=m 0 loj <m

D*u =0 on 02X(—1T,0), Ja]l<m—1
(0.6)
w(x,—T)=0 for xef2.

A weak solution of this problem means a vector u € L*(— T, 0, H™(2, R~))
such that

0.7) fz S (Aup DPul D) — (

[a]=m [Bl=m

)dwdt —[ s (|p*g)dwat

[a’ <m

Vo e Wa(Q): p(2,0) =0

where
(0.8) W,(Q) = L*(— T, 0, H™(Q, RY)) N H"(— T, 0, L*(Q, R¥)) .
Further, in general, we write 0u = {D*u}, <, and Du = {D*u}, ., and let
1* = f*(=, t, 6u) for |«|=
f*=f*(=,t,Du) for |aj<m —1

where f* are vectors in RY¥ which are meagsurable in («, t), continuous in du
and Du respectively and which satisfy the inequalities (1)

i@ty o0l <O{lg*l + 3 1Dul} tor [al=m

(0.9)
i@ty Dol <0{lge] + 3 1Dulf  tor faf < m 1

(1) We can perhaps impose a more general growth condition, but we shall not
deal with this question in this paper.
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with gx(x,t) € L*(Q, R¥). We consider solutions e L*(— T, 0, H™Q, R"))
of problem (0.7) with * which satisfy (0.9). In this situation have included,
in particular, also the linear parabolic systems with the elliptic part not
reduced to the principal part alone as in (0.5).

It is well known (see for instance [6],[8]) that if f*(«,t) e L*Q, R¥)
the problem (0.7) has a unique solution and

0
0.10) f||u||;wdt<o 3 Fprasa.
—-T Q sm

We shall prove in section 1 that Ip, > 2 such that if p €[2, p,) and

*(x, t) € L*(Q, R¥) for |x|=m
(0.11)

f*(«,t) e L*(— T, 0, L*(2, R¥))  for |a|<m —1
then
(0.12) D*ue L*(Q, R¥) for |a|=m

and the estimate (1.21) holds.

This result is known ([10], [11]) in the particular case when m = N =1
and f* = 0 for |x|<m — 1. This last restriction, however, would not, even
in the case m = N =1, permit us to obtain the result (0.12) when f*
satisfy (0.9) and g~ satisfy the conditions (0.11) [see section 3] and hence
would not lead us to obtain the L” local regularity for weak solutions of
the system (0.5), namely for vectors u e L*(— T, 0, H™(2, R¥)) which sat-
isfy (0.7) Vo e 05°(Q, RY) [see section 4].

In order to obtain the results of sections 3 and 4 stated above, we must
first prove some L” regularity results of this kind:

Let u be a solution of (0.7); if /e L*Q, R¥), |a|<m, then, for every o«
with 0< |a| =j<m —1,

(0.13) D*uwe L*(— T, 0, L*(2, RY)) with 2<p < 2]—"”

There exists a p, > 2 such that if p €[2, p,) and

j*e IP(— T, 0, IXQ, R¥)) if |a|=m

(0.14)
f* e I*(@, B¥) it Jo) < m —1

then
(0.15) e L*(— T, 0, Hy(2, RY))
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and

(0.16) D*ueI?Q,RY) if |aj<m —1.

These results are proved in section 2 and are also of interest in
themselves.

1. — Linear systems. L”-regularity.

The main result of this section is theorem 1.I which we obtain by
proving some lemmas which have an interest in themselves.

LemMA 1.1. If Aag, |@| = m, || = m, are N XN matrices which satisfy
the conditions (0.3), (0.4) and if K = M(1 4 &) with &> 0, for every system
{2*}a)=m of vectors A*e€ RN we have

.KA“ z Aaﬁ }»ﬁ

1Bl=m

=m

H
Veora +vize —a{ 5 e
Proor. Let A}, be the adjoint of the matrix A.s. We denote

Aa:% = %(Aaﬁ + A;a) ’ A af = 2(Aaﬁ A;a) .

Then
t
(1.2) { > | Ka - lz ApAP 2} <
jo|=m Bl=m
H 2)4
R e R e
x| =m ﬂ— la|=m =m
But
2) ¢
L2, | = 2 e | -
—sup[ S ()= 55 (4l )} = sup (02, )
I“l m 18f= n

where sup is taken over all the vectors -{n* }I“l"'n’ n* € RY, such that

> 7o = 1.

o] =m

Since A is a symmetric and positive bilinear form

({2}, (7)) <V A({27, (1) V A}, {r}) < , .
<or=n{ il Lz brif
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Hence
2)3 1
wn |3 Jaw— s app[feor—n{ 3 perf
x| =m Bl=m x| =m

Moreover as

2 E (A;ﬂl‘“]l“) =0

j#|=m [B]=m
we have
(1.4) 1 ‘51&[1 - lz a5 M‘2§2 2 A=) +| ]Z ” Z A2

x| =m Bl=m m =m

M2(1 + 52) Z 1]

a==m

(1.1) follows from (1.2), (1.3), (1.4).

REMARK 1.I. If A,; = A%, || = m, |f|= m, we can assume K = M
and it follows from (1.3) that the inequality (1.1) holds with the constant
(M — ) on the right-hand side.

Let « be the solution of the problem (0.7) with the conditions (0.3), (0.4).

LemmA 1.I1. There exists a p, > 2 such that if p €[2,p,) and if
f*e L@, R~)  for |a|=m,
f*=0 for Jaj<m—1

(1.5)

then u e L?(— T, 0, H™(2, RY)) and

(1.6) f |u|mpgdt<0f ( 5 ||f~nz) dwd.

ProoF. The idea of the proof is standard (see for instance[9]). We
obtain the result by proving the following theorem of existence and
uniqueness:

There exists a p, > 2 such that Vp €[2, p,) the problem (2)

we IP(— T, 0, HM(Q2, RY))

(1.7)
f,a,é',,, 3 (A Duipry) - (o

% )dwdt-— S (f|Drg) dodt
ot le]=m

has a unique solution and moreover (1.6) holds.

&) lp+1/p' =1
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Note that, Vp>2, if F*e L*(Q, R¥) and if K > 0 then the problem
UeI’(—T,0, H» (2, RY))
L.8) fKMz (D* U|D*p) — ( t )d a=| 3 (|pgina

Vpe Wy(Q): p(x,0) =0

has a unique solution and

(1.9) f|U[£,,,gdt<g K)f( S )“dxdt.

We obtain this result, for instance, using the interpolation theorem of
Stampacchia ([2], [12], [1] section 3) between these two situations:
If p = 2 there exists only one solution of problem (1.8) and

0
(1.10) f|U|;,th<;?f > || F¥|? dwat.
-T Q fri=m

If F*e L°(Q, R¥) then D*U € §(@, R¥), |x| = m, and

(111) 'agm[ﬂ U]S(Q,RN)< C|a]§m“F "Lw(Q,RN)

where §&(Q, R¥) is the John-Nirenberg space on  with respect to the
parabolic metric (see [1])

(1.12) d(a, t; 9, 7) = max {Jz — y]|, [t — vt}

The estimate (1.11) is obtained as in [1].
In (1.9) we can suppose that

(1.13) lin; 9(p, K) = ¢9(2, K)
D>

and it is known that (see (1.10))

(1.14) 92, E)<g.
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Let
(1.13) E> ——

and let, Yu € L*(— T, 0, Hp»*(2, R¥)) with p>2, U = G,u be the solution
of the problem (1.8) with
K =M1+¥§

F*=f+KED*u— Y AapDPu.
Bl=m

We equip Hp'?’(£2, R¥) with the usual norm
o] e, B = (|, p,2 -
There exists a p, > 2 such that, Vp €[2, p,), T, is a contraction mapping on

I*(— T, 0, H3*(2, RY)). In fact if U= G,u and V = G,v then from (1.9)
and by lemma 1.I we have

KD*(u — v) — Z A“pDﬂ(u — )

2} »/2
fIU V1 madt<g*(p, >f{”z } dodt<
x| =m
Q

(o, K){M(1 + V1 + &) —»p [u——v[

-T

mn.Q

But, from (1.13), (1.14), (1.15), we have

)y MO VI E)
fim g(p, K{M(1 + VI +8) —}<——yr7 7

Then 3 a p,> 2 such that Vpe[2,p,) G, is a contraction mapping of
L*(— T, 0, Hy*(2, R¥)) into itself, therefore it has a fixed point u = G,u
which is obviously the solution of (1.7).

The inequality (1.6) follows in a standard way.

Let % be a solution of the problem (0.7) with the hypotheses (0.3), (0.4).

LemmA 1.III. If p e[2, p,A2%) (3) and

=0 for |aj=m,

(1.16)
f*e L*(— T, 0, L*(2, R¥)) for |¢|<m —1

() 1/2% =} —1/n.
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then ue L*(— T, 0, Hy?(2, RY)) and

. 0 0
(1.17) ﬁu]fn’de Cfdt(fl ] y ”fauzdm)r/,
” al<m—1
-T Q

-7

Proor. For any fixed o with |x|<m — 1, let U* be the solution of the
Dirichlet problem

U*ec H» 1l g2n=le)(Q  Rv), (—1)»~*l ¥ DEDFU* = f*.
1Bl =m—]a]|
It is known that

(K% ”2(m—[a]),9 < O[f*|pa,mm

and by the imbedding theorems with respect to «

w (3 U“nz) 40 < 01U 0% O oy
q .

Then, under the hypothesis (1.16), the system (0.7) can be rewritten as
follows:

(1.19) fl 33 (g DDy )——(u

=mifl=m

op _
~a—t) drdt =

=fl S S (DPUHD*+Pg)dedt Vo e Wy(Q): p(x,0) = 0.

x| <m—1 |l =]a|—m

Since |« 4 f| = m, by lemma 1.IT and (1.18), we conclude that

0

fl“L”adKC > ('m:%_'a,IID‘“U“llz)plzddeCfdt( f > Hf"‘n*’dx)"”

Jof <m~1 lMm<—1
-7
and this is the required assertion.
We can now state the main theorem

THEOREM 1.I. If u is a solution of (0.7) with the hypotheses (0.3), (0.4),
there exists a p, with 2 < p,<2* such that if p €[2,p,) and if

*e L*(Q, RY) for |x|=m
f*e L*(— T, 0, L¥ 2, R¥)) for |a|<m —1

(1.20)
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then we L*(— T, 0, Hy*(2, RY)) and

(1.21) _f:wmw,gdw(@)of (.2 1) aoae f:‘”(g 3 prraf”

\ml

2. — Linear systems. Further results on L” regularity.

We now prove some theorems on L” regularity which have an interest
in themselves and which are used to extend the result of theorem 1.I for
solutions of a certain class of non linear parabolic systems and to obtain a
similar local result for solutions of linear and non linear systems without
boundary conditions.

Let 4 be the solution of the problem (0.7) with the conditions (0.3), (0.4).

THEOREM 2.1. If 0<|o|=j<m —1 then we have

(2.1) D*uwe I’(—T,0,L*82, RY))  with 2<p < ‘?‘Jﬁ
and
0 /:
(2.2) flu[j,gdt<C(Q) Ul lg ||f"‘]]2dwdt} .
By ¢S

ProoF. If u is the solution of (0.7) it is well known ([6], [8]) that there
exists a U e L*(R, Hy(£2, R)) such that

U=u on@Q

(2.3) f“ U"m St +f|r| HUIIL,(Q @ flaKm"f“l[zdxdt

where — is the Fourier transform in {.
On the other hand if 0<j<m —1 and ¢> 0

|U‘a 9<8” m o+ ce’!t= M)HUHL‘(Q R¥)

where the constant ¢ does not depend on ¢. Therefore choosing ¢ = |v|¢~™/m

[l =m0 g gdt < [ TN 0t + of 12110 s mdr-
R R R
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Then, if 0< |a| =j<m —1,

Dawe HS(—T, 0, I*Q, B¥))  with 6, — % ﬁ%

(2.5) and
(D ““]:1”(— 17,0, L9, EM) < ¢ Ial;m” f*|2daadt .
Q

But from the imbedding theorems with respect to ¢, if 2<p < 2m/i and
|z =4 we have

(2'6) "Dt"u “L”(—T,O,L’(Q,RN)) < O{HDD"M ”L’(.Q,RN) + [D“u]ﬂoj(—T,O,L’(-Q,RN))} .

Then (2.2) follqws from the inequalities (2.6), (0.10), (2.5).
The lemma which we shall prove below generalizes theorem 2.III of [3].

LemmA 2.1. Let FeL*(— T,0, H (2, RY), 0<j<m, and let v be the
solution of the problem

ve L¥— T, 0, HYQ, RY))

(2.7) f,i (D*v|D*gp) — (

x| =m

0
g—‘f) dodt = f (Fypddt  (3)
-7

Vo e Wi(Q): p(2,0) = 0

then

(2.8) ve HY—T,0, H"Q, B¥)  with 0, = '”7;—’
and

(2.9) v “201(_ T,0,H{(2,RY)) < Cf ”F”?I"(D.R")dt :

-7
Proor. It is well known (see (0.10)) that if j = m

0

(2.10) [ 102,08 < O |F [ mg,aylt .
-7 -7

(*) <, > denotes the pairing between H—¥(2, BY) and Hi(2, RY).
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It is proved in [3] (theorem 2.III) that if j =0
ve H¥(— T, 0, Hy (L, RN))

(2.11) \
1912, _ g0 mpco < © f 112, g

Then (2.8), (2.9) follow by interpolation (see [7] prop. 9.4 p. 302).

REMARK 2.I. By the imbedding theorems with respect to ¢ and
from (2.8), (2.9) it follows that, V 2<p < 2m/j,

(2.12) dt.

2
1912, go.mpiammy < €| 1E 12 o am
-7

Let u be the solution of the problem (0.7) under the assumptions (0.3), (0.4).

THEOREM 2.11. There exists a p,, 2 < po<2m/(m — 1), such that if
p €[2, po) and if

(2.13) j*e I’(—'T, 0, I*&, RY))  for |a|=m
then u e L*(— T, 0, Hy (L2, RY)) and

0 0
(2.14) f|u|;,gdt<C(Q){fdt(flal§ ||fa”2dx)”/2+[ » llif"‘!lzdwdt}”’},
“r Sro s

Q
Proor. Obviously

m—1
U=w-+ D0 =w-+v
i=0
where v’ GLZ(— T, 0, H}(£2, RY)) is the solution of the problem

[

x| =m

%)dwdt_ S (D) dodt
“=’

Vo € W,o(Q): p(x,0) =0

whereas we L*(— T, 0, Hi ({2, R¥)) is the solution of the problem

fl S S (AesDPulDFp) ( l—)dwdt__ S (I DR ) dudt

x| =m |g]=m fa|=m

Vo € W(Q): p(x, 0) = 0
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with
F* = fa -+ D*p — z Aaﬂ.Dﬁ’D.
|8l=m

By lemma 2.I and in particular from (2.12) we have

0
2
ﬁw[;,ndt<0 Sl v2<p <3,
s
Q .

Therefore
0 0
a2 2m
(2.15) [v]? dt<C E ”f |* dacdt V2<p<—~1
-7
and hence
D)
(2.16) F*e I’(— T, 0, L}, R))  with 2<p < m‘—z’i

Now recalling that it is proved in [4], [5] that there exists a p, > 2 such
that if p €[2, p,)

0 0
(2.17) f|w|:1 dt< Cfdt( .
=7 p \ghl=m

v/2
Fa“wx)
n

The assertion follows from (2.15), (2.17) and from the fact that » = v + w.
Let » be the solution of the problem (0.7) under the assumptions (0.3), (0.4)
and let p, be as in the previous theorem.

THEOREM 2.1I1. If p €[2, poA2*) and
f*e I*(— T, 0, L*(Q, R¥))  for |a| = m
then Yo: 0< || = j<m —1 we have

D*ue I?(Q, RY)

. f <00 fdt(f.agmllmrdm)”” e[, 5 el

Proor. From the imbedding theorems with respect to x, Vp<2* and
YV 0<j<m —1 we have

5,0 < Clu[7s1,0
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and therefore
(1]

(2.19) flulﬁfp,ndK Y f []m,0dt.

-7 -T

The assertion follows from this estimate together with theorems 2.1 and 2.11.

— Quasilinear systems. L” regularity.

Let us write du = {D*u},,,_, and Du = {D*u},,, .,
Let u € L*(— T, 0, Hy(2, R¥)) be a solution of the quasilinear system

(3.1) fz > (AapDPu|D*p) — (ut%f)da“dt=

lof =m Iﬂl=m

:f (ﬁmg&mm@mm+ﬁlz (%(, t, Du)| D" ) dwdt
la]=m x| <m—1 .
Q

Yo € Wo(Q): p(x, 0) =0
where

a) Ass are N X N matrices which satisfy the conditions (0.3), (0.4);

b) f* are vectors in RY, measurable in (z,¢), continuous in du and Du
respectively and which satisfy the inequalities

Pt ou <o+ 3 pul}  for jal=m,

(3.2) lal<m—1
I, 1, Du)| < 0fg* +3 g} tor e am—1
where
9" € L7(@) if |oo| =
(3.3) A
g~ e L*(— T, 0, L)) if Ja|<m —1

2 <p < po\2*%, where p, is the exponent which appears in theorem 2.1II.
In particular also the linear systems not reduced to the principal part
alone as in (0.7) are included in this situation.
From the hypotheses (3.2), (3.3) it follows that

e L7(Q, BY) for |o|=
3.4
549 f*e I*(— T, 0, (2, R¥)) for |x|<m —1.
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In fact since f*e L*Q, RY)), |x|<m, then by the theorem 2.I
D*ue L?(— T, 0, L* 2, R¥)) for |¢|<m —1

so that
f*e L*(— T, 0, L*(2, R*))  for |x|=m

Then from theorems 2.I1 and 2.II1

D*uwe L?(— T, 0, L*(2, RY)) for |a|=
(3.5) .
D*u e L*(Q, RY) ' for jaj<m —1

(3.4) follows from (3.5), (3.2), (3.3). We also obtain the following estimates
from theorems 2.I, 2.1T and 2.I1I:

0

ao) [ ( I, gﬂ_lllf“llzdw)m<
ol ol fasere s (e

' § Q2

(3.7) flalg 7?7 dedt <

C{f Z |g*|? dwdt 4- [ﬁalgm_llgulzdxdtra—k [Laémﬂpv‘u”mxdtrﬂ}.

Thus the hypotheses of theorem 1.I are satisfied and we can therefore
deduce the following

THEOREM 3.1I. If u is a solution o} the system (3.1) with the hypotheses a), b)
and 2 <p < p,A\2* then u € L*(— T, 0, Hy"*(2, R™)) and

(3.8) flulmz)ﬂdt< o} {f' IZ |g*|Pdwdt +
a

M /2 /2
+ |dt (f > [g“lzdx) + [f ﬂD"‘u”zdacdt] }
3 1ol <m—1 J lo| <m

-T
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4. — Local L” regularity.
Let us suppose for convenience that 0 € 2. Let us denote
B(o) = {wi ”wl[,, < 0'} and Qo) = B(o) X (— o2m, 0) .

Let f*e L*Q, RY), |a|<m, and let e L*(— T, 0, H™(Q, R¥)) be a solution
of the system

w1 [ S5 (dwDiulDo)—(u

o] =m |B|=m

%%) dedt =| 3 (f|D*¢)dat

lof <m
Vo € C(Q, BY)

where A.s satisfy the assumptions (0.3), (0.4). In a standard way we can
localize the L” regularity results proved in the sections 1 and 2.

Let us suppose that @(36)€Q (°) and 0 << 1< 2. Let 6(x) and o(t) be
two functions with the properties below:

6e Co(R™, 6=1 for || <Aoo

0<h<1, 6=0 for |z|>1+ Ao
and

o(t) e C°(R), po()=1 for t>— (dg)*™
0<p(t)<l, o(t)=0 fort<—[(1+ A)o]*".

Let ¢ be any vector in R¥. The vector U = fp(u — ¢) belongs to
Lz(—- (@ + 4)el2m, 0, HY(B([1 + Ao), RN)) and it is a solution of the Cauchy-
Dirichlet problem

4.2) > > (AasDf U{D“¢)—(U‘%‘tﬁ)dmdt =
Q(n +1]U)!al=m pi=m
- > (F*|D*p)dadt
Q([1+4)9) <m

Vo € Wo(Q([1 + Alo)): p(x, 0) =0

(5) This means that B(3¢)€ 2 and (35)2" < T.
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where

1 o@ 3 3 0= al) for jaj=m
|ay=m laj<m—1

(4.3)
o 3P+ 3 e alf o jajam—1.

a\m a<m

The next lemma follows from theorems 2.1, 2.1I, 2.1IT.
% is a solution of (4.1).

Lemma 4.1, If 0<|o| = j<m —1 it follows that

)
(4.4) D*u e I(— (20)™, 0, L(B(20), RY))  with 2<p < Jm

and

0
1/p m E
(4.5) ( f lu — IzB(2ct)dt) <h§00h(‘7){ flaghﬂf"‘]]”dmdt} +
Q(30)

—(20)'m

b
lu — c"zdmdt}

0(0){ f S [D*ult + oo
a(30) Ie|=t

where
C;,(O') — Ca,m—z‘—h-e-2m/p

(4.6) .
C(o) = Cg*™? 7,

Proor. In (4.2) let us take 4= 2. From the estimate (2.2) written
for U, for the cylinder @(3¢) and for the vectors I'*, we have

0
f2
lu—c |B<2a,dt<0<0){ f, 11 + Z [ D*(u c)]lzda:dt} .

—(20)*m Q(30)
But, Yee (0,1) and for 0 << j<m —1,
(4.7) %]} sy <€1% 5, Bso) T C(&; 0) |4 — €|l}am(sa),zm) -
Therefore we have (4.5). Finally (4.6) are proved by the homothetic trans-
formation
r =0y, =0T,

LeMMA 4.I1I. There exists a p, > 2 such that Yp €[2, p,) if

f*e L*(— T, 0, L2, RY))  for |a|=m
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then u € L*(— o®*", 0, H"(B(0), R¥)) and

{_fm'"'z’ﬂ‘“’dt}wd{ f 0”( | luémnf“uzdw)”‘}”%

—(30)2m B(30)
m—1 E
(4.8) + 3 Cj(a){ | é.”f"‘ﬁzdwdt} +

Q(30)

+0@{f Z"Wu2+rmw—wWMﬁF
Gy ™

where

Cy(0) = Comiv—

J

(4.9)
0(0-) — CO-Zm/p—m .

ProoF. Let p, be the exponent which appears in theorem 2.I1. If
p €[2, p,) we have, by lemma 4.1,

(4.10) F*e L?(— (20)*™, 0, L*(B(20), RY))  for |«|=m.

Let us take A = 1 in (4.2). The vector U satisfies the estimate (2.4) written
for the cylinder @(2¢) and for the vectors F'*. (4.8) follows from this in-
equality and by lemma 4.1. Finally the (4.9) are proved by the homothetic
transformation

r=o0y, t=o0""71.

LEMMA 4.111. Let p, be as in the previous lemma and p €[2, p,A\2%). If
f*e L*(— T, 0, L*(2, RY))  for |a|=m

and 0<|o| =Fj<m —1 then

D*u € L*(Q(0), R¥)
and
: 1/p . »/2|1/p
{ | lu—clip,mdt} <0m<a>{ | dt( [ = Ilf“llzdw) } +
b T AN W
m—1 ¥
(4.11) + > C,.(o){ f > ||f"‘[]2da¢dt} -+
h=0 |¥|=h

Q(30)

: ¥
T 0(a>{ flg ||D"‘u||2+o’”2'"||u—c||2dacdt}
x| =m

Q(30)

6 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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where
C,,.(a) — Co.m—a'+n/p—n/2

(4.12) Ch(0) = Qo™ i—h+Cmimip=—n/2

Clo) = Cgnt2miv—n/2—i

Proor. (4.10) holds by lemma 4.I. In (4.2) we take A = 1. The vector U
satisfies the inequality (2.18) written for the cylinder (2¢) and for vectors F*.
From this inequality and by lemma 4.I, (4.11) follows. Finally (4.12) are
proved by the homothetic transformation

r=0y, t=o0c*™7.

We can now give a local version of theorem 1.1.

THEOREM 4.I. Let u be a solution of the system (4.1) with the assump-
tions (0.3), (0.4). Let p €[2, poA2*) and we suppose that

*e L*(Q, RY) for |la|=m

f*e L*(— T, 0, L*(2, R¥))  for |x|<m —1.

Then u € L*(— o*", 0, Hg"?(B(a), RY)) and

' ip AVE 1/p
f |l sz <C f (lagmuf*n) dwdt} +

—gtm Q(30)

ool ol el

~(30)'m B(30)
EH
+ C(o'){ f S ol + r“’“u—c[[“‘dwdt}
lal=m
Q(8a)

where ¢ is any vector in RN and

C,(0) = Qg™ i+n(lin—1
(4.14)
O(O‘) = (Qgrtemin—1)

ProoOF. In (4.2) we take 4 =1. By lemmas 3.1, 3.II, 3.III we have
F*e I”(Q(20), R¥) for |x|=m
F*e L*(— (20)*™, 0, L*(B(20), R¥)) for |a|<m —1.
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Then, by theorem 1.I, we have D*U € L*(Q(20), R¥), |a| = m, and

[

p/2

(4.15) f T2 4t <) f (l s npaue) dodi +
—(20)¥m ! 0

»/2
C(o)fdt( f s ||F“||2dw)
] <m—1
—(20)'™ ‘B(20)

Taking into account (4.3) and the lemmas 4.1, 4.IT, 4.11T

(4.16) j [ul? , 5oy <C(0) f ( 2 "f"‘”) dxdt +

—g'm Q(3a)

0
+ Clo) f dt( f 3 ||f"‘||2d:v)p/2+0(a){ 3 ||D"‘(u—-c)||”dwdt}m

Ja]<m—1
—(80)*™  'B(30) Q(30)

But, by (4.7),

(4.17) f s ||D"‘u—c"’dwdt<0(o‘)f S [ D%uf? + [u— e|*dwdt
. [o]<m )Ial=m

(4.13) follows from (4.16), (4.17) and finally we specify the dependence
of various constants on o by the homothetic transformation

r=90y, t=o0'"71.

We shall also prove an analogous result of local L” regularity for solu-
tions of quasilinear systems of the type considered in section 3.

Let ue L*(— T,0, H™(2, R")) be a solution in @ of the quasilinear
system

(4.18) fli > (AxpDPu|D*p) — (

o] =m [B]=m

op
”a?) dedt =

f f*(#, t, ou)| D*p)dedt +f' IZ (*(», t, Du)| D*@p) dadt
o] = x| <m—1
Q

Yo e C(Q, RY)

where A,z and f* satisfy the assumptions a), b) of section 3, in particular
p €[2, poA\2¥). Reasoning as in section 3 we can prove that for every
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cylinder Q(20)€@Q (,) we have

419 X, t, 6u) e L”(Q(20), R¥) for |x|=m and
19 f*(@, y, Du) € LP(— (20)2m, 01_L2(B(20'), RN)) for IOC] <m—1,

And by a tedious but elementary computation, for o<1, we obtain the
estimate

(4.20) {f(I“gm"faHz)plzdxdt}l/p_i_f:g:&w){ J?dt(B(o)lalz:j“f“”zdx)p/z}l/p<

Q(G) —gim
0
»/2 i/» m—1 »/2)1/p
<0{ f( S |g"‘|2) dxdt}\ + 2 Cj(d){ f dt(f Z,I!I“Izdx) } +
Q(30) o =m =0 —(80)tm B(Sa)l“]=:
i
o] [ 3 1+ o — ot
' o <m
Q(30)

where C;(o) and C(o) are as in (4.14).
The (4.19) are exactly the hypotheses of theorem 4.1, so we can state
the following

THEOREM 4.I1. If w is a solution of the system (4.18) under the assump-
yions a), b) of section 3, in particular p €[2, p,A\2*%) and

9" € L*(Q) for |e|=m

(4.21)
g*e L?(— T, 0, L*(2))  for || <m —1

then ¥V Q(30)€Q and o<1

1 1/p p/2 1/p
f[uI;,D,B(U)dt <C flalg lg*|?]  dedt -+

Q(30) 0
(4.22) —{—m}—:l(),-(a){ f dt( J Hz|ga|2dw)p/2}l/?+
i=0 o] =j

—(30)*™  "B(30)

i
+ 0(0){ f [ Ig [D*u|®* + o=2m||u —olladxdt}

Q(30)

where ¢ is any vector in R¥ and C;(c), C(o) are as in (4.14).

(6) B(20)€ R and (20)2m < T.
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We note that, in particular, the estimate (4.22) follows from (4.13)
and (4.20).
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