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Lp Regularity for Weak Solutions of Parabolic Systems.

SERGIO CAMPANATO

Introduction.

Let Q be a bounded open set of Rn (n &#x3E;- 2) with a sufficiently regular
boundary aD, for convenience of class C°°. Let T &#x3E; 0 and Q = S2 x (- T, 0);
m and N are integers &#x3E;ly ( I ) and II. II are the scalar product and the
norm in RN.

Hk,’J)(Q, RN ) and Ho,p(, RN), k integer, are the usual Sobolev spaces of
the vectors u : Q --&#x3E;- RN ; if p = 2 we shall write more briefly H k and Ho. k

If u E Hk,’(Q, RN) we define

If p = 2 we shall write more briefly I - Ik,l and 11 - 11 k,D -
If X is a Banach space and 0  0  1, HO(a, b, X) is the space of the

vectors 11 E L2(a, b, X ) such that

with the usual norm.

Pervenuto alla Redazione il 4 Dicembre 1978.
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Let A.,O(x, t), ix I = m, lfl == m, be N x N matrices defined in Q with

for any system ($")pj= of vectors of RN.
Let flX(x, t) E L2(Q, _RN), loc I m; we consider the Cauchy-Dirichlet problem

A weak solution of this problem means a vector
such that

where

Further, in general, we write

where f " are vectors in RN which are measurable in (x, t), continuous in bu
and Du respectively and which satisfy the inequalities (1)

(1) We can perhaps impose a more general growth condition, but we shall not
deal with this question in this paper.
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with gx (x t) E L2(Q, RN). We consider solutions U E L2{- T, 0, H7;(Q, RN))
of problem (0.7) with /’ which satisfy (0.9). In this situation have included,
in particular, also the linear parabolic systems with the elliptic part not
reduced to the principal part alone as in (0.5).

It is well known (see for instance [6], [8]) that if fX(x, t) E L2(Q, RN)
the problem (0.7) has a unique solution and

We shall prove in section 1 that 3p,, &#x3E; 2 such that if p E [2, p,,) and

then

and the estimate (1.21) holds.
This result is known ([10], [11]) in the particular case when m = N = 1

and f " = 0 for I rx I : m - 1. This last restriction, however, would not, even
in the case m = N = 1, permit us to obtain the result (0.12) when f "
satisfy (0.9) and gtX satisfy the conditions (0.11) [see section 3] and hence
would not lead us to obtain the Ll local regularity for weak solutions of
the system (0.5), namely for vectors U C E2 (- T, 0, H-(S?, R-)) which sat-
isfy (0.7) Vq E C-(Q, .RN) [see section 4].

In order to obtain the results of sections 3 and 4 stated above, we must
first prove some El regularity results of this kind:

Let u be a solution of (0.7); if f’ c- L2(Q7 RN), m, then, for every «
with 0 Irxl == im-l,

There exists a po &#x3E; 2 such that if p E [2, Po) and

then
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and

These results are proved in section 2 and are also of interest in

themselves.

1. - Linear systems. Ll-regularity.

The main result of this section is theorem 1.I which we obtain by
proving some lemmas which have an interest in themselves.

LEMMA 1.1. If A,,,,O, Ix = m, I# = m, are N X N matrices which satisfy
the conditions (0.3), (0.4) and if K = M(l + ) with $ &#x3E; 0, for every system
{Â t¥}/t¥/ = m of vectors A" E RN we have

PROOF. Let A* be the adjoint of the matrix A,,,O. We denote

Then

But

where sup is taken over all the vectors -Inoll, _., 1]tX ERN, such that

Since A is a symmetric and positive bilinear form
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Hence

Moreover as

we have

(1.1) follows from (1.2), (1.3), (1.4).

REMARK 1.1. If ..A.(¥p = ..A.:p, lal I = m, IPI I = m, we can assume K = M
and it follows from (1.3) that the inequality (1.1) holds with the constant
(M - v) on the right-hand side.

Let u be the solution of the problem (0.7) with the conditions (0.3), (0.4).

L:tlBf.MA 1.11. There exists a po &#x3E; 2 such that it P e [2, Po) and it

PROOF. The idea of the proof is standard (see for instance [9]). We
obtain the result by proving the following theorem of existence and

uniqueness:
There exists a po &#x3E; 2 such that Vp E [2, p,) the problem (2)

has a unique solution and moreover (1.6) holds.
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Note that, Vp &#x3E; 2, if FOI.EL’P(Q,RN) and if K &#x3E; 0 then the problem

has a unique solution and

We obtain this result, for instance, y using the interpolation theorem of

Stampacchia ([2], [12], [1] section 3) between these two situations:
If p = 2 there exists only one solution of problem (1.8) and

where 6(Q, Rll) is the John-Nirenberg space on Q with respect to the

parabolic metric (see [1])

The estimate (1.11) is obtained as in [1].
In (1.9) we can suppose that

and it is known that (see (1.10))



71

Let

and let, d u e LfJ(- T, 0, H,fJ(Q, RN)) with p&#x3E;2, U == bj)U be the solution
of the problem (1.8) with

We equip Hf:,V(Q, BN) with the usual norm

There exists a po &#x3E; 2 such that, Vp E [2, po), ’G., is a contraction mapping on

Lv(- T, 0,, H-,1(92, BN)). In fact if U = ’G,u and V = ’G.,v then from (1.9)
and by lemma 1.1 we have

But, from (1.13), (1.14), (1.15), we have

Then 3 a po &#x3E; 2 such that Vp E [2, po) bi) is a contraction mapping of

Lv(- T, 0, .Ho D( SZ, RN)) into itself, therefore it has a fixed point u = ’G,u
which is obviously the solution of (1.7).

The inequality (1.6) follows in a standard way.
Let u be a solution of the problem (0.7) with the hypotheses (0.3), (0.4).

LEMMA 1.III. I f p E [2, Po 1B 2*) (3) and
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PROOF. For any fixed cx with loc I m - 1, let U’ be the solution of the
Dirichlet problem

It is known that

and by the imbedding theorems with respect to x

Then, under the hypothesis (1.16), the system (0.7) can be rewritten as
follows :

Since Joe + #1 = m, by lemma 1.II and (1.18), we conclude that

and this is the required assertion.
We can now state the main theorem

THEOREM 1.1. If u is a solution of (0.7) with the hypotheses (0.3), (0.4),
there exists a po with 2  Po  2* such that if p E [2, po) and if
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2. - Linear systems. Further results on L" regularity.

We now prove some theorems on Ll regularity which have an interest
in themselves and which are used to extend the result of theorem 1.1 for

solutions of a certain class of non linear parabolic systems and to obtain a
similar local result for solutions of linear and non linear systems without

boundary conditions.
Let u be the solution of the problem (0.7) with the conditions (0.3), (0.4).

THEOREM 2.1. I f 0 Joel = jm-1 then we have

and

PROOF. If u is the solution of (0.7) it is well known ([6], [8]) that there
exists a U E L2 (.R, H’(.Q, RN)) such that

where -- is the Fourier transform in t.

On the other hand if Ojm-1 and s&#x3E;O

where the constant c does not depend on E. Therefore choosing
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Then, if

But from the imbedding theorems with respect to t, if 2  p  2m/i and
lxl = i we have

Then (2.2) follows from the inequalities (2.6), (0.10), (2.5).
The lemma which we shall prove below generalizes theorem 2.111 of [3].

LEMMA 2.1. Let FEL2(-T,0,H-i(Q,RN)), Oj:m, and let v be the
solution of the problem

then

and

PROOF. It is well known (see (0.10)) that if j = m

(4) ( , ) denotes the pairing between H-1(0, BN) and HIO(Q, B N).
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It is proved in [3J (theorem 2.111) that if j = 0

Then (2.8), (2.9) follow by interpolation (see [7] prop. 9.4 p. 302).

REMARK 2.1. By the imbedding theorems with respect to t and

from (2.8), (2.9) it follows that, V 2 p  2m/i,

Let u be the solution of the problem (0.7) under the assumptions (0.3), (0.4).

THEOREM 2.11. There exists a po, 2  po2mj(m -1), such that if
p E [2, po) and if

PROOF. Obviously

where vi E L2(- T, 0, H-(S?, RN))) is the solution of the problem

whereas is the solution of the problem
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with

By lemma 2.1 and in particular from (2.12) we have

Therefore

and hence

Now recalling that it is proved in [4], [5] that there exists a po &#x3E; 2 such

that if p E [2, Po) 
’

The assertion follows from (2.15), (2.17) and from the fact that u = v + w.
Let u be the solution of the problem (0.7) under the assumptions (0.3), (0.4)

and let po be as in the previous theorem.

THEOREM 2.111. I f p E [2, PoIB2*) and

PROOF. From the imbedding theorems with respect to x, Yp  2* and
V 01m -1 we have
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and therefore

The assertion follows from this estimate together with theorems 2.1 and 2.11.

3. - Quasilinear systems. L’P regularity.

Let us write ðu = {Dt¥’U}I£¥Im-l and Du == {D£¥u}I£¥Im .,
Let u e L2(- T, 0, H7;(Q, RN)) be a solution of the quasilinear system

where

a) A,,,,o are N X N matrices which satisfy the conditions (0.3), (0.4);

&#x26;) f " are vectors in RN, measurable in (x, t), continuous in bu and D1l

respectively and which satisfy the inequalities

where

2 P  Po/B2*, where po is the exponent which appears in theorem 2.11.
In particular also the linear systems not reduced to the principal part

alone as in (0.7) are included in this situation.
From the hypotheses (3.2), (3.3) it follows that
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In fact since then by the theorem 2.1

so that

Then from theorems 2.11 and 2.111

(3.4) follows from (3.5), (3.2), (3.3). We also obtain the following estimates
from theorems 2.1, 2.11 and 2.111:

Thus the hypotheses of theorem 1.1 are satisfied and we can therefore

deduce the following

THEOREM 3.1. If u is a solution oi the system (3.1) with the hypotheses a), b)
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4. - Local -L’ regularity.

Let us suppose for convenience that 0 E 92. Let us denote

Let fat E L2(Q, RN), lexl m, and let U E L2 (- T, 0, Hffl(Q, RN)) be a solution
of the system ,

where A,,,o satisfy the assumptions (0.3), (0.4). In a standard way we can

localize the LV regularity results proved in the sections 1 and 2.
Let us suppose that Q(3a)eQ (5) and 0  Â  2. Let O(0153) and e(t) be

two functions with the properties below:

and

Let c be any vector in RN. The vector U = 00(u - c) belongs to

and it is a solution of the Cauchy-
Dirichlet problem

(5) This means that B(3a) C Q and (3a)2m  T.
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where

The next lemma follows from theorems 2.I, 2.II, 2.III.
u is a solution of (4.1).

LEMMA 4.1. If 0 : I a I == j  m -1 it follo1.vS that

and

where

PROOF. In (4.2) let us take A = 2. From the estimate (2.2) written

for U, for the cylinder Q(3Q) and for the vectors T’", we have

But, Ve E (0, 1) and for 0 C j  m -1,

Therefore we have (4.5). Finally (4.6) are proved by the homothetic trans-
formation

LEMMA 4.11. There exists a po &#x3E; 2 such that
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where

PROOF. Let po be the exponent which appears in theorem 2.11. If

p e [2, po) we have, by lemma 4.1,

Let us take Â = 1 in (4.2). The vector U satisfies the estimate (2.4) written
for the cylinder Q(2a) and for the vectors I’". (4.8) follows from this in-

equality and by lemma 4.1. Finally the (4.9) are proved by the homothetic
transformation

LEMMA 4.111. Let po be as in the previous lemma and

and
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where

PROOF. (4.10) holds by lemma 4.1. In (4.2) we take À = 1. The vector U
satisfies the inequality (2.18) written for the cylinder Q(2(y) and for vectors Fcx.
From this inequality and by lemma 4.1, (4.11) follows. Finally (4.12) are
proved by the homothetic transformation

We can now give a local version of theorem I.I.

THEOREM 4.1. Let u be a solution of the system (4.1) with the assump-
tions (0.3), (0.4). Let p E [2, Po/B2*) and we suppose that

where c is any vector in RN and

PROOF. In (4.2) we take A = 1. By lemmas 3.1, 3.Il, 3.111 we have
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Then, by theorem 1.1, we have - loc = m, and

Taking into account (4.3) and the lemmas 4.1, 4.11, 4.111

But, by (4.7),

(4.13) follows from (4.16), (4.17) and finally we specify the dependence
of various constants on a by the homothetic transformation

We shall also prove an analogous result of local Lp regularity for solu-
tions of quasilinear systems of the type considered in section 3.

Let U E L2(- T, 0, Hm(Q, RN)) be a solution in Q of the quasilinear
system

where Ao,,o and f " satisfy the assumptions a), b) of section 3, in particular
p E [2, Po/B2*). Reasoning as in section 3 we can prove that for every
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cylinder

And by a tedious but elementary computation, for Jxi l, we obtain the
estimate

where Cj(a) and C(a) are as in (4.14).
The (4.19) are exactly the hypotheses of theorem 4.1, so we can state

the following

THEOREM 4.11. If u is a solution of the system (4.18) under the assump-
1ions a), b) of section 3, in particular p E [2, Po!B2*) and

then V Q(3or)CcQ and J 1

where c is any vector in RN and OJ(O’), 0(0’) are as in (4.14).
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We note that, in particular, the estimate (4.22) follows from (4.13)
and (4.20).

BIBLIOGRAPHY

[1] S. CAMPANATO, Equazioni paraboliche del secondo ordine e spazi £2,03B8(03A9, 03B4), Ann.
Mat. Pura Appl., 73 (1966), pp. 55-102.

[2] S. CAMPANATO, Su un teorema di interpolazione di G. Stampacchia, Ann. Scuola
Norm. Sup. Pisa, 20 (1966), pp. 649-652.

[3] S. CAMPANATO - D. SACCHETTI - A. TARSIA, Risultati di regolarità per la solu-
zione del problema di Cauchy in spazi di Hilbert, Boll. Un. Mat. Ital., 12 (1975),
pp. 56-65.

[4] S. CAMPANATO, Regolarità Lp di soluzioni di equazioni differenziali in spazi di
Hilbert, Boll. Un. Mat. Ital., 12 (1975), pp. 389-396.

[5] S. CAMPANATO, Regolarità C0,03B1 e regolarità Lp per soluzioni del problema di
Cauchy astratto senza l’ipotesi di simmetria, Boll. Un. Mat. Ital., 14-A (1977),
pp. 409-418.

[6] J. L. LIONS, Equations differentielles operationnelles, Springer (1961).
[7] J. L. LIONS - E. MAGENES, Problemi ai limiti non omogenei (I), Ann. Scuola

Norm. Sup. Pisa, 14 (1960), pp. 269-308.
[8] J. L. LIONS - E. MAGENES, Problèmes aux limites non homogènes et applica-

tions, Dunod (1968).
[9] J. NE010DAS, Sur la régularité des solutions variationnelles des équations non-linéaires

d’ordre 2k en deux dimension, Ann. Scuola Norm. Sup. Pisa, 21 (1967), pp. 427-457.
[10] G. PULVIRENTI, Sulla sommabilità Lp delle derivate prime delle soluzioni deboli

del problema di Cauchy-Dirichlet per le equazioni lineari del secondo ordine di
tipo parabolico, Matematiche, 22 (1967), pp. 1-16.

[11] G. PULVIRENTI, Ancora sulla sommabilità Lp delle derivate prime delle soluzioni
deboli del problema di Cauchy-Dirichlet, Matematiche, 23 (1968), pp. 160-165.

[12] G. STAMPACCHIA, The spaces £p,03BB, Np,03BB and interpolation, Ann. Scuola Norm.
Sup. Pisa, 19 (1965), pp. 443-462.

Istituto Matematico dell’Universita
Via F. Buonarroti, 2 - 56100 Pisa


