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Existence of Solutions of Nonlinear Hyperbolic Equations (*).

L. CESARI (**) - B. KANNAN (***)

1. — Introduction.

In this paper we consider the question of existence of solutions of ab-
stract equations of the form

Ex = Nz, wxelkX,

where X is a Hilbert space, F is a linear operator with a possibly infinite
dimensional kernel X, and such that the partial inverse H of F on the
quotient space X /X, is bounded, but not necessarily compact. Our theorems
therefore apply to quasi-linear hyperbolic partial differential equations and
systems, in particular wave equations.

Our purpose here is to point out how much of the recent developments
in the theory of nonlinear elliptic partial differential equations can be ex-
tended naturally to obtain existence of solutions of nonlinear hyperbolic
problems.

In the recent years there has been an extensive literature on the ques-
tion of existence of solutions to quasilinear elliptic equations of the type
Ex = Nz (E being a linear operator with a finite dimensional kernel, the
partial inverse H of F being compact, and N nonlinear) and we have already
shown [4, 5, 6, 7, 8] that in this situation suitably conceived abstract exist-
ence theorems essentially contain most of the results just mentioned for
elliptic problems.

It is therefore the purpose of this paper to state and prove analogous
abstract existence theorems for the present more general situation (here X,
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Pervenuto alla Redazione il 16 Maggio 1978 ed in forma definitiva il 3 Otto-
bre 1978.
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is infinite dimensional and H is bounded but not compact) and to show that
known and new specific existence theorems for hyperbolic problems can be
naturally derived from the abstract theorems. In particular we derive ex-
istence statements for specific problems of the forms u,, — Au = f(-,-, u)
or u,,— Au = f(+,-, %, u;, u;) Will contain as particular cases results which
have been proved by W. S. Hall [11,12] and H. Petzeltova [15] only for
f = &g, ¢ a small parameter.

In another paper [9] we shall continue this programme showing, as in
the elliptic case, that most known specific results for the hyperbolic case,
and new simple criteria, can be derived from our abstract theorems.

The basic formulation of our abstract theorems for the hyperbolic case
is about the same as in the elliptic case. It appears therefore that some
unification has been brought about in a rather large variety of specific
situations.

2. — The auxiliary and bifurcation equations.

Let X and Y be real Banach spaces and let |#|x, ||y denote the norms
in X and Y respectively. Let D(E) and R(¥) be the domain and range of
the linear operator E: D(E) -~ Y, D(F)c X, and let N: X - Y be an
operator not necessarily linear. We shall now consider the equation

1) Fr= Ny, xeDFH)cX.

Let P: X - X, Q: Y — Y be projection operators (¢.e., linear, bounded,
and idempotent), with ranges and null spaces given by

R(P)=PX=2X,, kerP=RUI—P)=(I—P)X =X,,
RQ) =QY =Y, keQ=R(I—Q =(I—@Q ¥=7,.

We assume that P and @ can be so chosen that ker # = PX, R(H) =
= Y, = I —@)Y. This requires that ker £ and R(E) be closed in the
topologies of X and Y respectively. Then F as a linear operator from
D(H) N X, into Y, is one-to-one and onto, so that the partial inverse H:
Y, - D(E) N X, exists as a linear operator. We assume that H is a bounded
linear operator, not necessarily compact, and that the following axioms
hold: (i) HI—Q) E=1— P, (ii) EP=QE, and (iii) FHI—Q)=1—¢Q.
We have depicted a situation which is rather typical for a large class of
differential systems, not necessarily self-adjoint. Let L be a constant such
‘that |Hy| x<ZL|y|y for all y€¥Y. We have seen in [3] that equation (1)
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is equivalent to the system of auxiliary and bifurcation equations

(2) = Pr+ H(I— Q)Nux,
3) Q(Ex— No)=0.

If o* = Pre X,, and ker ¥ = X, = PX, then these equations become

(4) ®=a*+ HI— Q)Nz,
(5) - QNxz = 0.

Thus, for any * € X,, the auxiliary equation (4) has the form of a fixed
point problem x = T, with Tz = a* + H(I — Q) Nx.

For X = Y, a real Hilbert space, Cesari and Kannan [7] have given
sufficient conditions for the solvability of equation (1) in terms of mono-
tone operator theory.

Again, for X = Y a real separable Hilbert space, E self-adjoint and
N Lipschitzian, Cesari (cf. [3], § 1, ns. 3-5) has shown that it is always pos-
sible to choose X and hence P, Y, @ in such a way that the operator 7T is
a contraction map in the norm of X, and thus the auxiliary equation
# = Tx has a unique solution in a suitable ball in X by the Banach fixed
point theorem. McKenna [14] has extended the result to nonself-adjoint
operators F in terms of its dual E* and the self-adjoint operators EE*
and E*FE. Recently, Cesari and McKenna [10] have indicated the set-
theoretic basis for the extension of the basic arguments to rather general
situations.

In general for F not necessarily self-adjoint and X, Y real Banach spaces
ag stated above, Cesari and Kannan in a series of papers have considered
the situation where Y is a space of linear operators on X, so that the oper-
ation (g, ), Y XX — R is defined, is linear in both x and y, under the fol-
lowing natural assumptions.

(m) KKy, 2)|<K|y|y|2|xfor some constant K andallz e X,y e Y .

We can always choose norms in X or Y, or the operation {y, >, in such
a way that K = 1. Furthermore we assume that:

(my) for ye Y, we have ye R(E)=Y,, ie., Qy =0, if and only if
{Qy, *> = 0 for all x* e X,.

As simple examples of the above situation we have the following. Here ¢
denotes a bounded domain in any ¢-space R, ¢ = (¢, ...,1,), v>1.
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a) X =Y = L(Q), Ky, )| = Uy(t)w(t) dt}< lyll#| with usual norms
in L,. ¢

b) X = Ly(@) with L, norm |z|, ¥ = L,(@) with norm |y|., and
then <y, 2| = |(meas @) [y(®)a(t) @ < y].|a].
¢

¢) X = L.(G) with usual norm |#|,, ¥ = L.(G) with norm |y|.,
and then again [y, z)| = l (meas G)—lfy(t)fv(t)dt‘< 9] el @)l o
G

d) X = H™(@) with usual Sobolev norm |z|,, ¥ = L,(@), and then
Ky, 2] = | [ya(0) @ < Lyl |2l < Iy ] Jo] n-
G

3. — An abstract theorem for the elliptic case.

For the sake of simplicity we limit ourselves here to the case of Hilbert
spaces.

Let X, Y be real Hilbert spaces, and let ( , ) denote the inner product in X.
Let us consider equation (1) in X with X, = ker F of finite dimension,
and let H be compact, and P and ¢ orthogonal projection operators, hence
|P| =1, |Q] =1, and let L = |H].

Thus, let w = (w,, w,, ..., w,) be an arbitrary orthonormal basis for the
finite dimensional space X, = ker £ = PX, 1<m = dim ker ¥ < oo. For
x* € X, we have a* = > c¢,w;, or briefly a* = cw, ¢ = (¢, ..., ¢») € R™, and

i=1
then |¢| = |#*|, where |¢| is the Euclidean norm in R”. The coupled system
of equations can now be written in the form » = cw + H(I — @) Nz, and
@QNxz =0. Let a: Y, > X, be a continuous map, not necessarily linear,
mapping bounded subsets of Y, into bounded subsets of X,, and such that
a1(0) = 0. Thus, QNxz = 0 if and only if «QNz = 0. The following ex-
istence theorem holds:

(3.i) Let X, Y be real Hilbert spaces, and let E, H, P, Q, N as in §2.
Let X, = ker E be nontrivial and finite dimensional, let H be linear, bounded
and compact, and let N be continuous. If there are r, B > 0 such that (a) for
all z*e X,, € X,, |o*|<Ry, |z.|<r, we have |N(x* 4 @,)| <L~'r; and
(b) for all |z*| = Ry, @] <r, we have (xQN(z* + @), #*)>0 [or <O0], then
equation Bx = Nz has at least a solution |z]z<(RZ -+ r?).
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For a proof of essentially (3.i) and the variant above, we refer to Cesari
and Kannan [8, 9], and to Cesari [4, 5, 6] for extensions to Banach spaces
and other remarks. A topological proof of essentially theorem (3.i) may
be seen in Kannan and McKenna [13].

We present the theorem in the form (3.i) because no requirement is
made concerning the behaviour of N(2*+ «,) outside the set § = {(2*, ,) € X,
[#*]| <Ry, || <7}, and thus it allows for an arbitrary growth for N(z) as
|| = oo. If (a) |Nw|<d, for some constant J, and all e X, and (b’) for
some R, inequality (b) in (3.i) holds for all |#*|>R, and |,|<LJ,, then
(@), (b) certainly hold for R, as stated in (b') and r = LJ,. In [4, 5, 6] we
discuss the determination of suitable constants R, r for various cases of
growth of |Nz| as ||| — oo.

4. — Preliminary considerations concerning the hyperbolic case.

Let E, N be operators from their domains D(Z), D(N) in L to Y, both X
and Y real Banach or Hilbert spaces, and let us consider the operator equation

Er = Nz

as in §2. Its solutions x in X may be expected to be usual solutions, or
generalized solutions according to the choice of .. We shall consider first
smaller spaces X and Y, say X c X, Y c Y, both real Hilbert spaces, and we
shall agssume that the inclusion map j: X — X is compact.

We shall then construct a sequence of elements {z;}, #, € X, which is
bounded in X, or |#] <M. Then, there is a subsequence, say still {x;}
for the sake of simplicity, such that {jx,} converges strongly in X toward
some element (. On the other hand, X is Hilbert, hence reflexive, and we
can take the subsequence, say still [k], in such a way that »;, — 2 weakly in X.

Actually, ¢ = jx, that is, { is the same element « € X thought of as an
element of X. In other words:

(4.1) If x, > weakly in X and jx, — ¢ strongly in X, then { = ja.

Indeed, j: X — X is a linear compact map, hence continuous (see, e.g. [2],
p. 285, Th. 17.1). As a consequence, z; — weakly in X implies that
jo, —jo weakly in X (see, e.g. [2], p. 295, pr. no. 12). Since ja, —{
strongly in X, we have { = jx.

We shall assume that X, and X, contain finite dimensional subspaces
Xiny Xon such that X,,C X;nC Xy, XonC XoppaC Xy, n=1,2,.., with

38 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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U X, = X,, U X,, = X,, and assume that there are projection operators

n n
R,: X, - Xy, 8u: Xy - X,, with R, X; = X,,, 8,X, = X,, (cf. similar as-
sumptions in Rothe [16]). Since X is a real Hilbert space, we may think
of R, and §, as orthogonal projections and then |R,x|x<|2|x, [S8.2*|x
< ||@*| x for all x € X, and «* € X,.

Thus, we see that in the process of limit just mentioned, x, — x weakly
in X, jo, — jo strongly in X, the limit element can still be thought of as
belonging to the smaller space X. This situation is well known in the im-
portant case X = WY(@), X = W3(&), 0<n<N, Xc X, G a bounded open
set in some R’, »>1. Then, the weak convergence #, —« in W)Y (G) im-
plies the strong convergence jz, — jor in W3(@), and { = jr is still an ele-
ment of the smaller space X.

Concerning the subspaces X,, of X, it is not restrictive to assume that

there is a complete orthonormal system [vy, vy, ...,?,,...] in X, and that
Xon = 8D (V1 Vay ..oy ¥s), ®=1,2,... We shall further assume that there
is a complete orthonormal system (w,, w,, ..., w,,...) in ¥, such that

{w;, v;» = 0 for all ¢ j. We shall take Y,, = sp (@, ..., w,) and denote

by S;, the orthogonal projection of Y, onto Y,,. Then, S,',QN:c = 0 if and

only if (QNw,v;> =0, j=1,...,n, and this holds for all n =1, 2, ....
We consider now the coupled system of operator equations

(6) = 8,Pr+ R,H(I— Q)Nx,

(7 0=8,QNz.

We note that we have S,QNz = 0 if and only if (QNz, 2*> = 0 for all

r* e Xop.
We may now define a map a,: Y,, - Xy, by taking

0y = 2 Y, 0 v; .
1

Then, we have 0 = §,QNw if and only if 0 = «,8,QNxz. We conclude that
system (6), (7) is equivalent to system

(8) ¢=28,Pr+ R,HI—Q)Nwx,

9) 0=a,8,QNx.

(4.i) (a lemma) Under the hypotheses above, let us assume that there are
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constants R, r > 0 such that

(@) for all a* e X,, ®, € X,, |o*|<R, ||#,|<r, we have
|N@* 4 @) <L'r;
(b) for all |a*| = R,, |a|<r we have
(2, 8,QN (z* + m,), 2*)>0 [or <O].

Then, for every n, system (6), (7) has at least a solution x,€ D(E) N (Xon X X14),
@, = @y, + 05, 8, P2, = @p,, with |z, | < M = (B2 + r*)}, M independent of n.

Proor. If we consider the subset C, of X,,+X,, made up of all
& = a), + @, with |a},[| <R,, |2,,]<r, Wwe see that

|RoH(I— @Q)Nz|<r for all xeC,,
(2, 8,QNz, 2*)>0 [or <0] for all ze C, with a* = R .

In other words, the assumptions actually used in the proofs of (3.i) in [8]
and in [13], are satisfied with L—'r replacing J, and the same R,. The
proofs of these statements can be repeated verbatim. Now the compactness
of the bounded operator R,H follows from the fact that R,H has a finite
dimensional range, and the finite dimensionality of the kernel of E is now
replaced by the fact that the range of a,S8,QN is certainly finite dimen-
sional. The bound M = (R% + L?*J%} is now replaced by the bound
M = (R% 4 +*)}, certainly independent of n.

5. — An abstract theorem for the hyperbolic case,

In order to solve the equation Ex = Nz we now adopt a « passage to
the limit argument.» We assume that both the Hilbert spaces X and Y
are contained in real Banach (or Hilbert) spaces 0 and Y with compact
injections j: X — &, j': ¥ — Y. Actually we can limit ourselves to the con-
sideration of the spaces £ and Y made up of limit elements from sequences
in X and Y respectively as mentioned in § 4. Hence, X is identical to X
and Y is identical to ¥, though they may have different topologies. We
shall write X = jX, Y= jY.

Analogously, we take Xy =jX,, Y=3'Y,, X, =jX,, Yy=4'Y,, and
the linear operators Z: L — XL,, 2:Y — Y, are then defined by Prx = x*
inX if Pv =m in X; 2y = y* in Y if Qy = y* in Y.
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We now assume the following:

(C) 2, > weakly in X and jx, — jr strongly in X implies that Nz, — Nz
strongly in Y, 8,Px, — Pz strongly in X, and R,x, — 2 strongly in X.

By (4.ii) there are elements z, € X, such that

(10) &, = 8, P, + R, H(I— Q)Nuw,,
(11) 0=a,8,QNz, ,

where |z,| <M for all n. Hence, there exists a subsequence, say still {z,},
such that », — « weakly in X and jz, — jo strongly in X. Then, by (10)
and (11), proceeding to the limit, we have

x=Px+ HI—QNx, 0=QNz, xel.

Indeed, as » — oo, S, converges to the identity I: Y, — ¥, and «, con-
verges to a homeomorphism «: Y, — Y, in the sense that S,y —y,
%Y —> Y a8 m —> oo.

We now remark that, in X the operator  may have no meaning and
thus the concept of solution of Fx — Na has to be properly understood.
However, # € X and thus, by §4, « is still an element of X on which F is
defined. Further, as a consequence of the hypotheses on P and H, we have
QE = EP =0 and FH(I — Q) = I— @. Thus, from the above limit equa-
tion we have

Ex = EPx + EH(I — Q)N

— EPy 4 (I— Q)Nz + QNz = Nu.

We summarize now the hypotheses and the conclusions, concerning the
operator equation Bz = Nz, we have obtained.

(5.1)) THEOREM. Let E: D(E) > Y, D(E)c Xc X, E a linear operator,
N:X — Y a not necessarily linear operator, X, Y real Hilbert spaces, X, Y
real Banach or Hilbert spaces with compact injections j: X — &L, j': Y=Y,
with projection operators P: X — X, Q: Y — Y and decompositions X =
=X+ X,Y=Y,+ Y, X, =PX=kerE, Y,= (I — Q)Y = Range E,
X, infinite dimensional, and let B have the bounded partial inverse H: Y, — X, .
Let L = |H|, let N: X — Y be a continuous operator, and let P, Q, H, H, N
satisfy (i), (ii), (iii) of § 2. Let Y be a space of linear operators {y, x), or
Y X X — Reals, satisfying (m,), (7.) of §2. Let Xony Xin, Yon be finite dimen-
sional subspaces of X,, X,, Y, with orthogonal projection operators R,: X, — X,,
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8, Xy = Xgy 8,: Yg— Y, with RX, =X,,, 8,X,= X, 8, Y= Y,
satisfying (C) of the present Section. Let a,: Y,, — X,, denote the map de-
fined in § 4. 1If there are constants R, r > 0 such that (a) for all x* € X,
@ € Xy, |o*| <Ry, || <r, we have |N(x* + x,))|r<L; and (b) for all
[o*] = Ry, |, <7 we have (. @QN(@* 4 ,), 4*)>0 [or <O], then the equa-
tion Ex = Nz has at least a solution |z|x<(RE -+ r2)t.

In this theorem (5.i) no requirement is made concerning the behavior of
N(a* 4 »,) outside the set § = {(z*, #) € X, |o*|<R,, |@]<r}, and thus
it allows for an arbitrary growth for N(z) as ||| — + oo.

However, it is easy to see that, if (a) |Nw|<J, for some constant J,
and all x€ X; and (b') for some R, the inequality (b) in (5.i) holds for all
|o*| > R, and |x,| <Ld,, then (a), (b) certainly hold for R, as stated in (b)
and r = LJ,. We shall see in [9] that an analogous determination of R,
and r can be made in cases of slow growth |Nz|<dJ, + J,|2|’, 0 <» <1,
and even of arbitrary growth |Nz|<@(|z|), in particular |Na|<dJ, 4
+ Ji|2|’ v>1.

REMARK 1. Also note that the bifurcation equation in the problem,
or oc"S,:QNw,, = 0, can always be replaced by the equation

(12) J,a,8,QNX, =0,

where J,: Xy, — Xo, is an invertible operator. When this is done, we may
require that (b) holds with the inequality replaced by

(13) (J,2,8,@Nz, 2%)>0 [or <O0].

The following corollary of (5.i) is of interest. Again L= |H]|.

(6.ii) Let N: X — Y be a continuous map, and there be monotone non-
decreasing nonnegative functions «(R), S(R), R>0, and that (i) z € X, |z|z<R
implies |Nx|<a(R); (i) @y, 2,€ X, |2, |7] <R implies |Na,— Na,|<
<B(R)|@y— @,]. Let us assume further that (iii) there are numbers Ry, r>0 such
that Lo((RB2+12))<1; and Ry+LA(RE+r*) <7, and (iv) (x, S,QN (z*+a,), #*) > 0
[or <O0] for all |o*| <R, and |z <r. Then the equation Ex = Nx has ai
least a solution = a* + @, €B, B = ((#*, @), |o*| <R, || <7).

Proor. We proceed as for (5.i) where now we follow ([3], § 1, nos. 3-5).
Let B, = {(#5,; ®1a); Ton € 8, PB, ©,, € R,(I— B)B}. TUnder the hypotheses
of the theorem it can be proved that the truncated auxiliary equation
= 8,Px + R,H(I — Q)N, is uniquely solvable for each arbitrary but
fixed 8, Px = =, and that the unique solution =, is of the form z, = T(z",,),
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Pz, = @, where T is a continuous map from {z*|a*| <R} into {(a*, =)
|#*| <Ry, |@:]<r}. The truncated bifurcation equation is then reduced
to «,8,QN T(w;”) = 0. The inequality (iv) is now applied to obtain the
existence of a solution «, of this equation. Since |},|<R, and |a,| =
= | T(wy,)| < (R: 4 r*)} and these bounds are independent of n, we can
now proceed as for (5.i) to obtain the existence of a solution of the equa-
tion Ex = Nuw.

6. — Applications.

We first consider the existence of solutions wu(t, ), periodic in ¢ of
period 2z, of the hyperbolic nonlinear problem

(14) Uit + Upzoe = [y 2y Uy .0.), O0<o<m —00<t<< -+ o0,
(15) u(t, 0) = u(t, ) = Upe(t, 0) = Uye(t, w) = 0,

(16) u(t + 27, ) = u(t,x), O0<az<m —oo<t<< -+ co.

Let I = [0, #] X[0, 2], G = [0, 7] X R. Let D denote the set of all real
valued functions w(t, ), 2x periodic in ¢, of class ¢ in G and such that
D¥*g(t, 0) = D¥¢(t,n) = 0, k= 0,1,2,... Let A, denote the completion
of D under the norm
3

Juln = ([ [LDPay + (D2 uy1dtda)
I

Thus, 4, is a real Hilbert space with inner product
(u, v),, = (D}*u, D{*v) + (D*"u, D*"v), wu,vEA,,

where (,) denotes the inner product in L,(I), and thus A, = L,(I). Let E
denote the operator defined by Ew = u;; + %upe,. For ge A,, we shall con-
sider the linear problem Eu = g. Then, we say that « is a weak solution of
this problem with boundary conditions (15), (16) if v € 4,, and (%, E¢), =
= (9, ¢),, for all p € D. Then, both equations Eu = ¢g and boundary con-
ditions (15), (16) are understood in the weak sense. A complete ortho-
normal system in A4, = L,(I) is

{69} = {2tz sin Kt sin lw, 2821 cos kt sin o, 7~ sin lo},

whose elements can be indexed by 1 =1,2,...,k=0,+1, +2,..., as
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usual. A complete orthonormal system in A4, is

{7} = {7~ (k> + lem)~4 sin k¢ sin Iz,

7w (k2m - 14m)~ cos Kt sin Iz, 7—1-2 sin o} .

It is easy to see that any element u € A4, has Fourier series > a,e™ with
Zak,< + oo, as well as, zak, (B*™ + 1"™) << + oo. Kt

From Sobolev type 1mbedd1ng theorems (Aubin [1]), as well as by
direct estimates on Fourier series and Young-Hausdorff theorems, we know
for instance that:

() If we A,, then u e C, u, € L, for any q < 6 (at least), u,, %, € L,,
and [ufa, )z, [z, 1%z, <vlu|; for ued,, then u, u, u,, u,€C,
Wigy Unpe € L, fOr any ¢ <6, ., Wis, Usses Uoses € Loy aDd U] oy [%:]cs
[%z]lcy [[%ez o ”'”’tm”L,’ ”umwllbaa II“ttnL,’ ”utxw”l:., ”umznb,’" “xwxm"L.<7”'"'”27
where 9 is a constant independent of %, and analogous relations hold for
any m>1 (see [9] for details).

As a consequence we have the following:

(4) If f(t,z, u) e O(G XR) is a given continuous function in G xR,
periodic in ¢, and u € 4,, say |u|,<b, then u is continuous, F(t, x) = f(t, »,
u(t, ®)) = fow is continuous in @, 2n-periodic in ¢, and |F|,<ec, hence
[F|z,<d, where ¢ and d can be made to depend solely on b.

Analogously, if f(t, », u, u,) € C%G X R?), 2x-periodic in ¢, and u € A4,,
say |ulls<b, then u, u, are continuous, F(t, x) = f(t, , u(t, ®), u(t, €)) = fou
is continuous and |F|.<C

From (A) and the expressions of F,, F,, F,, it can be shown that F,
is also continuous, that F;, F.,€ Ly(I), and that |F|,, |F.|.<¢, |F:|s,,
| Faellz,<d, where ¢ and d can be made to depend solely on b and f.

Also, if f(t, z, u, u,, u,) € C?(@ X R?), 2n-periodic in #, and u € 4,, say
|#|.<b, then u, u,, u, are continuous, F(I, #) = fou is continuous, F,, F,,
F,, € Ly(I), (F., as a distributional derivative), and |F[.<C, |F:|.,, |Felz,,
[Fez|z,<d, where again ¢ and d can be made to depend solely on b and f.

In each space A, we denote by A,, the subspace generated by the ele-
ments ¢{™ with k* = 4, the kernel of F in 4, and we decompose then 4,
in a direct sum A, = A4,,+ A,.. Before we proceed we note that if
g€ A, for some m, (m>0), then g= > a,¢" where > ranges over all k

kl

with k25414, or ordinary Fourier series

g=>guey with ¥ g4(k"+ P"? < + co.
kl kl
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Let us prove that u = Hg = z Gu(k2 — 1) 7169 belongs to A4,.,,. Indeed,
for gp = (k2 — 1*)~2(k% 4 14) we have

2912;1 _ l4)— k'm-i—l + l2(m+l) < z gil@kl(km + l2 )2

and all we have to prove is that |g.;|<1. Indeed, (I*— k%)% = (12— k)2- -
(1 + k)2 > (12 + |k|)*>1* + k2, and hence [gs;|<1 for all k=0, 41, £+2,...,
1=1,2,..., k1% Wehaveproved that |« |, .= |Hf|mu<|g|forge A,.

(B) If we take X = A,, Y = Ay= L,, then X, = A,,, Y, = Ay,
and we take for P: X —~ X, @: Y — Y the orthogonal projections of X
onto X,, and of Y onto Y, respectively. Then X; = (I — P)X = 4,
Y,=I—P)Y = A,,. Then for the operator H defined above we have
H:Y, > X,. If we denote by D(#) the range of H in X;, then D(¥)c X,
and ¥ maps D(H) N X, one-one onto Y,. The hypotheses (i), (ii), (iii) of
Section 2 obviously hold, and |Hv|,<|v[, for all ve ¥,.

Analogously, we could take X = 4,, Y = 4,, and assume with Petzel-
tova [15] that for every 4 € X and F = fou, we have F(¢,0) = F(¢, ) = 0
for all . Then, what we have proved in (A) shows that for ue X = 4,
we have Fe Y = A,. Then, any element v € Y, is mapped by H into X,.
If we denote by R(E) the range of H in X, then, as before, £ maps R(H) N X,
one-one onto Y,, (i), (ii), (ili) of Section 2 hold, and |Hwv|,< |v], for all
ve Y,. For cases with X = 4,,, m>3, we refer to [9].

To see how artificial is Petzeltova’s condition F(¢,0) = F(¢,n) = 0
we consider problem (14)-(16) with f =1, or f = 2, whose elementary solu-
tions are respectively

u(t, ) = 241wt — 12272 4 24 n’x

= 4n-1 Y (20— 1)~5 sin (21 — 1)@,

=1
and
u(t, ) = 120-1a5 — 36-n2x® + 7(360)'mtx
=23 (—1)Hissinle,
=1
while
F(t,2) =1 = 4n? 2 (20— 1)~'sin (21— 1),

Fi,o)=2=2 z 1)1 gin Iy

=1



EXISTENCE OF SOLUTIONS OF NONLINEAR HYPERBOLIC EQUATIONS 585

are analytic in G but do not belong to 4, since they do not satisfy Petzel-
tova’s condition. Petzeltova’s condition is not needed, however, as we are
going to show.

To this purpose let X = A4,, and take ¥ = 4, -+ W,, with 4, as above,
and W, the set of all functions of the form v,(t, ) = f,(t) + 2f,(), O0<a <,
te R, f,, fo 2n-periodic in ¢ and of class ¢ in R. Then, Y is contained in
the real Hilbert space ¥ of all functions V(t, ), ({, ) € @, 2n-periodic in ¢,
V € Ly(I) and inner product

(w, v) = (w, V) + (U, V¢) 4 (Ugwy Voa) -

Now, if f(t, x, u, u,, u,) is of class 02 in G X R3, 2n-periodic in ¢, and
u € A,, then F(t,x) = fou may not be in A,. However, f,(t) = F(t,0),
fo(t) = w*(F (¢, m) — F(t, 0)) are 2m-periodic in ¢ and of class C* in R,
and if we take F(t,x) = fi(t) + xfs(t), and F\({, x) = F(t, x) — Fo(t, x),
then F,(t,0) = F,(t, r) = 0 and we have the decomposition F = F, + F,
with F,e A,, Foe W, and Fel. Let P: X - X, Q: Y — ¥ denote the
orthogonal projections of X = A, onto A,,, and of ¥ = A, + W, onto A4,
and take X, = PX = Ay, Y, =QY = 4, X, = (I — P)z, Y, =(I—Q)Y
Note that any function F = fou = Fy(t, x) + F,(t, x), Foe Wy, F,€A,,
has Fourier series

F(t, ») = f,(t) + afa(t) + Fa(t, )
= 271a, + E (e, cos kt - by, sin kt)

+ [ z 1)H11-1 gin lm] [2-lc0 + 2 (¢ cos kt + d, sin %¢ ] + z Z a el

and we define w = H(I — P)F by taking

ult, @) = (2-1ay) [4n-1 E (21 — 1) sin (21— 1)@ ]
+ 4n? ? (20— 1)"1[(21 — 1)* — E2](a, cos Kt + b, sin kt) sin (21 — 1)@
+ 2(2-10)) [Z 1)1 sin lo| +
+ 2 z (— 1)1l — E2)~(cy, cos kt + d,, sin ki) ,

with the convention that the double series ranges only over those k, I with
(21 — 1)t 5= k2, or l* =~ k2, respectively.
We have proved in [9] that  belongs to A,, and thus H: ¥,—~ X = A4,,
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and moreover |H(I— P)F|<y|F|;. Again we take D(H)c X as the
image of H: V,— X,, and then F is one-one and onto from D(E) N X, to ¥,.
We shall now consider the elements y € ¥ as linear operators on X by

taking, as linear operation the inner produect in L,, or (y,z) = f yx dt do.
I
In each of the cases considered above the operation (y, ) satisfies the as-

sumptions (7,), (7,) of no. 2.

For the sake of simplicity, we shall refer to the case X = 4,, m = 2
and corresponding elements. We shall omit the upper script in the ele-
ments e¢™ when obvious.

We now define the finite dimensional subspaces X,, of X, as follows:
Xon is the subspace of X, in X generated by ¢, k2 =14, 1 =1, ..., n. Then
let X,, be the subspace of X, generated by e, k*=<104, 1=1,2,...,mn,
k=0,4+1,..,+ n Let R,, S, be the appropriate orthogonal projections
given by R,: X; - X, and S,: X, — X,,. Let Y,, be the subspace of ¥,
in Y generated by e, k2 =14 1=1,2,...,n. Then S," can be defined as
the orthogonal projection of Y, onto Y,, in Y.

We can now define the map «,: ¥,, = X,, by taking

n
w0y =3 ) e .
=1

Clearly S,',QNu =0 if and only if (@QNwu,w*);,, =0 for all u*e X,, and
further a,8,QNu = 0 is equivalent to S,QNu = 0.

Finally let J: X, — X, be the linear operator defined as follows: for
any € X,, w = W6, where > ranges over all k, I with k* = [*, take
J =3 k' uye, is obtained by e, replacing cos kt by sin k¢, and sin kt
by-cos kt. Then J is an isomorphism. Further (Ju), = u, and we take
J.,=dJ in (12) and (13). Since any u € X,, is a solution of the homoge-
neous problem, also #;, = — %y,,. Hence, for any wu,veX,,

(u, v) :f(uttvtt + UssonVaows) A AT = 2futtvtzdtda’ .
I I

In order to state our result we shall now note that the results in (B) above
can be summarized by saying that there is a monotone nondecreasing posi-
tive function y(R), B> 0, such that, u € X, |u| <R implies F € ¥, |F| <yp(R).
We shall, however, take into consideration only the case m =2, X = A4,.
Moreover, let L = |H]|.

(6.1) Let f(t, x, u, uy, u,) € C*(G X R3) and let y(R) the corresponding func-
tion above. Let us assume that there are constants Ro, r such that (a) for
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all w*e X, u, € Xy, |u*|x = Ry, [t|z<r, we have

f(f(t, @y Uy Ugy Uy)) s Undidw <0 [or >0],
I

and that (b) L(R)<r where R = (R% 4 r®)}. Then, the quasi linear hyper-
bolic problem (14)-(16) has at least one solution wu(t, x) € Ay, with |ul,<ZR.

We shall only show that theorem (5.i) applies. Thus, we have to verify
hypotheses (a) and (b) of (5.i). Actually, by Remark 1 of §5, it is enough
to verify that

(Ja, S,',QNu, u*)x <0

for all w*e X,., |u*| = R,, and w = u;, + u*, u, € X,,, |u,]<r. Note
that here

(T, 8, @Nu, w*) x = 2((0t, S, QNu);, y) s
since Ja,S,QNu and w* belong to X,. Now we have

Nu = > (Nu, tx) s ,
QN“ == 2 (N’Il,, ekl)n'em )
KA=14

o, 8, QNu = >* (N, €11) 1,611
where >* denotes any sum extended to all k, I with 1<l<n, k? = 1% Thus
(“nS;QNu)t = >* (Nu, ), (€n)y = (Nu),
and in conclusion
(Jo, S, QNu, u¥)x = 2((0t, S, QNu),, uy) ;. = 2((QNw),, u,) <0 [or >0],

for all u € X,,, U € X1y, = w* + Uy, |u*|x = R, |ua]|x<r, hence |ju]<
<R = (R )

The two remarks above, together with theorem (5.i), show that the
truncated coupled system of equations have a solution w, = 4} + .,
ur € Xony U1n € Xy1n, and further |u,[r is bounded independently of n.

Proceeding as in Section 5, we now introduce the space X. For X we
choose C, the space of continuous functions on G = [0, 7] X R, 2n-periodic
in ¢. Then |u,|r are bounded and since |u|, |u:|, |u.]<R, any bounded se-
quence {u,} in X generates sequences {%,}, {(#.).}, {(#.),} Which are equi-



588 L. CESARI - R. KANNAN

bounded and thus the sequence w, is also equi-Lipschitzian. By applying
Arzela-Ascoli’s theorem we obtain that any weak limit element w of {u,}
in X is a strong limit in X. Proceeding to the limit in the coupled system
of equations we obtain that w € X is a solution, in the weak sense, of the
original problem.

Here the solution is Lipschitzian, u,, u, exist in the strong sense (a.e.)
and are bounded; the other derivatives .., %y, Uzsy Usony Wagzr €Xist in L,
in the distributional sense and they satisfy the original equation in the
weak gsense (a.e.) (in fact they satisfy pointwise a.e.).

We conclude this section with the following remarks. If the nonlinearity
involves a small parameter, i.c., f is of the form eg(t, x, u, u,, ;) then y(R)
is replaced by ey(R) and Condition (6).of (6.i) can always be satisfied by
taking ¢ sufficiently small.

Let us prove now that the conditions of (6.i) hold under the hypotheses
considered in [15], namely f = eg(t, , u, u;), ¢ > 0, g of class C?, and there
are constants «, §, u such that

9, (b @y wy ) >p > 27 (vt — v7)  for (¢, @, u,v) € Gy,
0<f<a=p—2Yrt— 1), |9 @, u,0)|<BR, for (I, x,u,v)e G,
Tt = Supan 9.ty @, u,v), T = Infao 9u(ty 2y u, v) ,
G, = {(t, @, u, v)|(t, ®) € G, |u|<R, p|<R}, R=(R:+ r)}.
Indeed, for u, = w) 4 u,, we have
(18) ((N'“n)u “:M)L, = &(g, + g,% + G, Wiz “:u)L.>

>€(g¢ + g, (wny + %y, + yut(“:u + Uy, ’“':u)L, .

On the other hand, for [uj| = R,, |u,|x<r and 7 = Supylg,|=
= max {|v*|, |v|}, 4 = Supe |g.|, we have

(19) (95 Uny) | <BR?, (9 Wiy Unye| <ArRy

(9, %snte Uny) | <TPR (9w, Yntt uky) > uR2
and we prove below that
(20) 19, 8455 Ume) | <277+ — T) [y |* = 27X+ — ) B

This last relation is a consequence of the following simple remark con-
cerning L-integrable functions: if ¢ € L,(I) and f f @dtdx = 0 then, for every
I
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¥ e L,(D), m<¥< M, we have

21) — o (M— m)”|<p|dtdm<Hsv<pdtdw<2—l(M— m)”|<p|dtdx.
I I

Indeed, if I+ = {(t, ) € I|p>0} and I~ = I — I+, then

[[patan = —”qadtdm = 2 [|platdo,
I+ I~ I -

and

flfgftpdtdw: (ff+jf)<MJ;I¢dtdm+m{!(pdtdx:2—1(M__ m)flflqvldtdw.

I+ I-

This is the second inequality (21). Analogously we can prove the first in-
equality (21). Now by force of inequalities (19) and (20), we see that (18)
becomes

((Nuwy,),s wpy)y,> e[uBg — BRE — ArRy— wrR,— rRy — 27 (v+ — ) Bj] =
= ¢g[(a— B)RE— ArR, — trR,]
and by taking r > 0 sufficiently small we have ((Nu,),, %p,);,>elx— B)R3/2.

REMARK. If we take J, = J* in (12) and (13), then we obtain a sta-
tement analogous to (6.0)) with the main inequality replaced by

f 1, @, w, u,, u,) w*dtde<0 [or >0].
I

Indeed we have here

(T a8, QN u¥) x = 2((J 4, S, QNw),y , tyy)
= 2((J 2. S, QNu), uy)
= 2(ot,, S;QNu, u*)
= 2(QNwu, u*) .

Further choices of J, are considered in [9] leading to a number of simple
criteria for existence.
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7. — Another application.

We consider here the problem of the periodic solutions wu(¢, ) of the
hyperbolic equation
Uy — (— 1)? D*?u = f(t, x, u)
(22) tt Y ’
u(t + 27, x) = u(t, ) = u(t,x 4+ 2x),

where p>1 is any integer, f is a given function in R? periodic of period 2=
in ¢ and . Let X be the real Hilbert space of all functions u(¢, #) periodic
in ¢ and « of period 2z with distributional derivatives w,, u,, D*’% all in
Ly(I), I =[0,2n]?, and inner product (u,v)x= (%, v) -+ (%, v:.) + (D**u, D**v)
where (,) is the usual inner product L,(I).

A complete orthonormal system in L,(I) is generated by the functions
eri(t, ) = exp (ikt) exp (¢lz). From Sobolev imbedding theorems we know
that there is a constant y such that |u|.<y|%|x, and also |u|s, [%:].,
[%s]l2y |%zea<y|®]x. The kernel X of E in X is now the subspace of X
generated by the elements e,, with k2 = 1?2,

Let X,, X, Y = LyI), Y,, Y, be defined as in no. 6, let <y, ) denote
the inner product in L,(I), and let X, X,,, Y., Y,., S,, R,, S,a, be
defined as in no. 6. Finally, let J: X, — X, be the linear operator defined
as follows: for any ue X,, w = > U6, let

k3=1%»

(23) Ju = 2 (— k) Unirs -

k2=1%2
Then, J is an isomorphism. Further (Ju),, = u, and since any u € X,, is
a solution of the homogeneous problem, we also have u, = D*u. For
any u, v € X,, then

(y v)x = [wo dt da + f (w0, + DPuDPv) dtdw = |uv dtde + 2 |, v, dtde .

I I I I

Proceeding as in no. 6 we obtain the following result.

(7.i) Let f be of class O, and there are positive constants R,, r, C such
that, for (¢, @) € D and |u|<yR we have |f|<C with CL<7r and R = (R34 r*).
Let us assume further that, for all w*e X,,, € Xy,, |u*|z= R, and
1| z<7y, we have

ff(t, o, wuididw>0 [or <0],
1

and this holds for every m. Then, the nonlinear hyperbolic problem (22) has
at least a solution wu(t, x) such that |u(t,z)|z<R.
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We shall only show that theorem (5.i) applies. Thus, we have to verify
hypotheses (2) and (b) of (5.i). In particular we have to prove that
(Jo, 8,QNu, u*) x>0 for all u*e X,,, w*=R,, and u = u, + w*, w, € X,,,
]l <. '

Note that here by force of (23) and by integrations by parts we have

(Jar, S.QNu, u*)x — f (Ja, 8.QNu, w*)dtds + 2 f (Ja, 8.QNu),, ul) dtde =

I I
= 3 (@, 5,0Nu, up) dtdo .
Now 1
Nu =3 (Nuy é)5,0)
QNu = 3 (Nu, €)1, %1 9
11=)2p .
8, QNu = > (Nu, ey); €3 = 0,8, QNu .

[

Thus

(00, 8, Q@Nu, u}) = (Nu, u)y, -

Note that the solutions whose existence are guaranteed in (7.i) are
Lipschitzian functions u, periodic in ¢ and « of period 2z, with first order
derivatives u,, u, almost everywhere in the strong sense and bounded, while
the other derivatives u,, u,,, u,,, D,u, 7<2p, all exist in the distributional
sense and are L2-integrable functions.

It remains now to prove that the conditions of Theorem (7.i) hold under
the hypotheses considered in [11,12], namely f = eg(¢, , u), ¢ >0, g of
class C', and there are constants « > 0, x> 0 such that

Gty wy u)>p, g, 2, u)|<a for (¢, x,u)e@@,
G = {t,x,wt, ) €L, lu|<yR}, R= (Bj+r)t.

Indeed, for u, = u} 4+ u,,, we have

— (N, uhy) = e((Nuy)y, up) = (g, + 9, (Un + Ur0)y 1) -

On the other hand, for |uy| = R, |u..|x<r and 4 = Sup,lg,|, K = Supglg,|,
we have

(g;, up) | < KR,
(9, %5, un) > EG,

(9, %14 U) | < ATR, .
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— (Nu,, uh,) >e(uR:— KR, — ArR,),

and the last expression is certainly >27'euR? for R, sufficiently large and
7 sufficiently small.
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