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A Uniqueness Theorem
for Nonstationary Navier-Stokes Flow Past an Obstacle.

JOHN G. HEYWOOD (*)

1. — Introduction.

In this paper we consider the initial boundary value problem for the
Navier-Stokes ‘equations in the case of a three-dimensional exterior domain.
Using results given in [11] and [17] (}) concerning the completions of certain
classes of solenoidal functions, we show that the difference w of two solu-
tions % and » must satisfy the identity

1d

1) 3 [Vl | Paw]* =[(©0-Vo — w-Va)- Pdwao,

Q

provided Vu, Vu,, A and similar derivatives of v are square-summapble over
a space-time cylinder. Then, estimating the right-hand side of* (1) and
integrating with respect to ¢, we prove the continuous dependence of solu-
tions on their initial values in the Dirichlet norm. Finally, estimates of
the same type used to prove this result are shown to provide the basis for
an existence theorem. In equation (1) above, P is a projection of L% R)
onto a subspace of solenoidal functions; our notation is fully explained in
section 2.

The results of this paper are obtained without hypotheses on the pres-
sure functions corresponding to # and », and without assuming that » and v
differ from the prescribed velocity at infinity, or from each other, by only
square-summable amounts. Thus, in contrast to the uniqueness theorem
given in [11, p. 89], which is based on an energy identity, the continuous

(*) University of British Columbia, Vancouver, Canada.

(*) I wish to thank Dr. Chun-Ming Ma for supplying the proof of Lemma 2;
this important lemma is presented in his paper [17].
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dependence and uniqueness theorem given here applies to solutions which
may possess non-finite wake energies. Although the present theorem re-
quires more regularity of solutions than the theorem in [11], the regularity
required is no more than what is known for solutions obtained by the method
of Kiselev and Ladyzhenskaya [15, p. 167], or by the method given in the
concluding section of this paper. Related uniqueness theorems have been
given by Graffi [7], Cannon and Knightly [2], and Rionero and Galdi [20].
These theorems, in contrast to ours, require assumptions concerning the
pressure as well as the velocity, but do not require the velocity to tend to
a limit at infinity or to satisfy any global integrability conditions. Another
uniqueness theorem which should be mentioned here is one given for the
Cauchy problem by Cannon and Knightly [3] and Knightly [13]; this the-
orem is particularly remarkable for being based on an integral representa-
- tion which yields asymptotic estimates for the solution.

In the final section of this paper we give a method of proving existence
which, like the uniqueness theorem, is based on an estimate of the Dirichlet
integral rather than the energy integral. In this respect, it is related to
existence theorems for bounded domains of Prodi [19] and Shinbrot and
Kaniel [21], where such estimates were first used. Even though our estimates
for an exterior domain give only local existence (i.e., the solution is shown
to exist for only a finite period of time), we have chosen to give them in the
specific context of the starting problem (which concerns accelerating a body
from rest to a constant terminal velocity). We think these estimates may
be of use, eventually, in proving that a solution of the starting problem
exists globally and converges to steady state. In any case, giving our esti-
mates in this context will serve to illuminate some of the problem’s inherent
difficulties. It should be mentioned that a potential theoretic study of the
starting problem has been recently initiated by Knightly [14].

Throughout this paper, 2 represents a spatial region filled with fluid
and is taken to be an open connected set of R? with a bounded (possibly
empty) complement £° and a twice continuously differentiable (possibly
empty) boundary o0Q. Spatial points are denoted by x = (@, 2., #5) and
the time variable by ¢. Space-time cylinders 2 x (g, T'), with 0<e < T, will
be denoted by @ . or simply by @ if ¢ = 0. The initial boundary value
problem to be considered is that of finding an R3-valued vector field wu(z, t),
which is defined in the closure of a given space-time cylinder @, and satis-
fies the following: there exists a scalar function p(z, ¢) such that

(2a) w+ uVu=—Vp+vdu+db,+f in Qr;
(2b) Viu=0 in @r;
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(2¢) u(z, 0) = a(x) for x€ Q;
(2d) w(z, t) = b(x,t)  for (»,%) € 0RQx(0,T);
(2e) u(x, t) —> b (t) as |#| > oo, for te (0, T).

This formulation of the initial boundary value problem is sufficiently general
to include the case of flow around a body which undergoes translational ac-
celeration because a time dependent velocity at infinity is allowed. The
time derivative of the velocity at infinity appears in equation (2a) as a
fictitious force; instead it could have been absorbed into the pressure term.
By taking £ = R® and dropping condition (2d), the Cauchy problem is
included as a special case of problem (2).

Our results concern what we call class H, solutions of problem (2), in
keeping with the terminology of our papers on the Stokes equations [9, 10].
A class H, solution is a vector field « € L] (Q,) which, with its distributional
derivatives, satisfies the following conditions:

(3a) Vu and Au are square-summable over @,, and Vu, is square-sum-
mable over @, , for every positive ¢ < T';

(3b) w satisfies (2b), and a scalar function p(z,?) exists which together
with u satisfies (2a);

(30) ”Vu(t) — V(L“L,(Q) -0 as t - 0+;
(3d) (2d) is satisfied by the trace of v on 02 x (0, T'), and (2e) is satlsﬁed
in the sense that fdtf]u(x, 1) — b (t) |2 || 2dx << oco.
0o Q

Regarding (3d), we remark that every function € L] (@), with deriva-
tives Vu square-summable over Qr, possesses a limit w_(¢f) at infinity in

T
the sense that fdtf]u (@, t) — u_(t)|? |x|-2de <oo; see Lemma 3. The limit
u.(t) is unique up to a set of ¢-measure zero because f |z|~2de = oo.

It may be noticed that without assumptions about the prescrlbed initial
and boundary values, conditions (3) do not imply the initial condition (2¢).
Condition (2¢) is assured, in the sense that |u(t) — apq — 0 as ¢ — 0%,
if one assumes either that hm f |b(z, t) — a(x)|>ds = 0, or that 11m b (t)=a,

where a_ satisfies f la(z) — am[2 |#|-2dx << co. Neither of these assumptions
Q

is needed for the following continuous dependence and uniqueness theorem,

28 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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which is our main result. However, for this theorem we assume that

T T
[Ibal2@t < oo and [[b[py2eedt < oo
0 V]

THEOREM. Let uw and v be two class H, solutions of problem (2). Sup-
pose the prescribed boundary values and forces b, b, f are the same for both u
and v, and that the initial values u, and vy, which are permitted to be dif-
ferent, satisfy

(4) Vo — Voo 2< (4T) F exp [~ u— H(T)],

where p is a constant depending only on v and Q, and where
t
H(t) = p[{|PAu]® + [Vu|* + [b— bo|ry2om + [bal* + 1} dr.
0 .

Then, for all te[0, T],

(5) [Vu(t) — Vo(t)||> < |Vu, — Vvo|l2exp[ +H(t)]

The proof of this theorem is given in section 3, following some pre-
liminary lemmas in section 2. The related existence theory is presented in
section 4.

2. — Preliminaries.

The notation of this paper is similar to that of our papers [9,10].
Function spaces consisting of R3-valued functions are denoted with bold-
faced letters. In particular, the spaces L?(@) and L?(G) consist of functions,
vector and scalar-valued respectively, which are p-th-power summable
over a given region G of space or space-time. The spaces L} (@) and L (&)
consist of functions locally p-th-power summable over G. C°(Q) is the
space of smooth vector-valued functions with compact support in G. If X
is a Banach space, L%(t,,%,; X) is the space of measurable X—valued fune-

tions ¢(?), which are defined on the interval (t,, t,) and satisfy f lol% dt < oo.
In keeping with the usual notatlon of vector analysis, the ¢- th components

of u-Vo, Au and Vp are Zu 81) i10%;, z 0%u,/0a} and Bplaac respectively ;
i=1 i=1

alsouv—Zuv Vu: Vo = zau/am ov,/[0x; anqu—E@u/@m

i 74
i=1 B,i=1
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Some frequently needed norms and seminorms are, for p>1 and G c R3:

1/p
fiura
1
G
3

o =(3

auip 1/p
[Vel,o =(Ef oz, d””)
G
3 0%u; |2 \l»
2 =3 -
| D*u ¢ (M’%J o, 6, dw) ,

G

The subscripts to these norms and seminorms will be suppressed when they
take the values p =2 or G = Q; thus || = ||‘[,0, |'l, = |"l,0, and
I*lg=1"lsq The spaces W;(G) and W;(&) consist of R*-valued functions

with finite norms

lullwyer = (l]g + [Ve|g)?
and
lulwae = (lulg + Ve + |1D*u|d)t,

respectively. If 0G is k-times continuously differentiable, functions » € W(G)
possess boundary values (or « traces ») in W’;‘*(@G). Denoting these boundary
values also by u, the inequality

(6) ul wr-haoa) < Cgllul wH@)

holds, with a constant C; depending only on G; conversely, assuming a
little more regularity of 0@, it is known that every function in W:=#(0@)
can be extended to a function in WZ(@) satisfying the reverse of inequality (6),
with a different constant. These results as well as definitions of W:=*(0@)
and its associated norm can be found in [18, pp. 81-104].

We denote some spaces of solenoidal functions as follows:

D(Q) = {p: pe CY(2) and V-¢ = 0},
J(2) = Completion of D() in norm |¢|,
Jo(2) = Completion of D(2) in norm |Vg| .
The projection P mentioned in section 1 is the orthogonal projection of L2(£2)

onto its subspace J(£2). The following lemma was proved in [11], where it
was used to prove a uniqueness theorem for the steady Stokes equations.
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The assumption that (2 contains a complete neighborhood of infinity is
used in its proof; as was pointed out in [11], the result is not true for some
types of domains.

LEMMA 1. In order for a function u € L} () to belong to Jo(£2), it is neces-
sary and sufficient that its first derivatives be square-summable over £ and
that V-u =0 in 2, =0 on 00, andJ[u(w)lz'lxl‘zdw< oo,

We need two further spaces of solenoidal funetions which were introduced
in [9]. Their elements may be regarded as certain solutions of the inhomo-
geneous Stokes equations.

DEFINITION. K,o(R) is the set of all we Jo(R) such that [Vu: Vgdw =
= —ff*(pdm holds for some fe D(2) and all p € Jo(Q). 2
2

Clearly, at most one f corresponds to each u e K (), and therefore a
map A: K(Q) — J(R2) is well defined by setting Au = f. Adopting this
notation, we have

(7) JVu:V(pdw: —fﬁu'tpdac

for all we Ky(2) and ¢ € J,(2). It can be easily shown that the map
A: Ky(Q) — J(R) is closable.

DEFINITION. H,(8) is the domain of the closure of the map A: Ky(2) — J(2)
or, equivalently, the completion of K,(2) in the norm |u|g o = (|Vu|? +
+ | du|2)t. The extension of A to Hy(Q) is denoted again by A.

The proof of identity (1) hinges largely on the following result due to
Ma [17]; Ma’s proof utilizes, again, the assumption that £ is an exterior
domain.

LEMMA 2. In order for a function w e Jo(£2) to belong to Hy(£2), it is neces-
sary and sufficient that Auw e L*(Q). In this case Au = P Au.

In the next lemma, due to Finn [5, p. 368], we let E, = {x: |»| > r},
where >0 is arbitrary.

LemMA 3. If we Ly (B, and if Vu is square-summable over E,, then

loc
there exists a constant vector . such that

(8) [lu(@) — v |?+ ]2 dow < 6] V|5, .
E-
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As u, is uniquely determined, it will be regarded as the generalized
limit of the function # at infinity. Below, a number of different constants
will all be denoted by C, usually with subscripts to indicate what they
depend upon.

We let @ = {weQ: |v| <r}, where r>r* = max |v|. Setting 4, =
= {w:r* < |w| <r}, (8) implies |u— u,|3 <6r®|Vu|?. TUsing a type of
Poincaré inequality [18, p.113], namely |p]% <Co,(IVel%, + lpl3),
one thus obtains

(9) lu— ualo,<Co,[Vul .
This leads to the following:

LEMMA 4. If we L. (2) and if Vu is square-summable over £2, then

(10) - u— uafs< Co|Vul .

Because of (9), v — u,, can be extended to a function v which is defined
in all R® and satisfies |V]p<Co|Vul; see [18, p. 75]. Further, v can be
approximated in norm [|V- |, by smooth functions with compact supports,
see [5, p. 368], and therefore satisfies the Sobolev inequality

(11) [o]l6, < ClIVO] gs -

Clearly, (10) follows from (11).

LEMMA 5. If we L (8), if both Vu and Au are square-summable over £,
and if V-u =0 in Q, then

(12) | D2 < Co(|PAu| + [V + v — o] wyzea) -
This lemma will be proved in several steps. First, we can show

(13) | D*u)lg, < Co, (1P du] + |Vu]),

by referring to Lemmas 3 and 7 of our paper [11]. Setting v = 4 — %,
one finds as a consequence of inequalities (26), (32) and (33) in [11] that

[ D205, < Co (1P Av| + Vo] + [(40)v]a,)

where  is a scalar cut-off function which equals one for |#|>r and vanishes
for |z|<(r + r*)/2. The inequality (9) for v implies [(A4L)v]q < Cq,|V?|.



434 JOHN G. HEYWOOD

Since the derivatives of 4 and v are the same, we obtain (13).
In the bounded region £2,, again letting v = v — u,,, we use the estimate

(14) 1ol w@n < Oau(|P Av]o, + [v]wirea,)

of Solonikov; see [15, p. 78]. It can be shown that the fractional derivative
norm over 0f2, satisfies

I lwareeen < Caq(ll - | wireay+ |+ lwi2emn) »
and thus (14) implies
| D2u o, < Cop(IPAul + [u— uelwyron + |4 — o] wires,) -
This together with (13) implies (12), if we observe that
lu— wallwyror) < Crlu— velwin < Cou(| P Au] + [Vul) .
Here A = {x:r < |[¢| <r + 1}; in the first step we have used the inequal-

ity (6), and in the second step the inequalities (13) and (9), the latter with »
replaced by r 4 1.

LEMMA 6. Under the hypotheses of Lemma 5, there holds

(15) sup lu(@) — ue| < Co(|PAu] + [Vu|| + |u— ug|wyzew) -

Since 012 is of class C2, there is a family F of geometrically similar cones,
each contained in £, such that each point of Q is the vertex of one of them.
The inequalities (10) and (12) imply

Sup % — U |wgn < Co(|PAu| + [Vu| + |u— welwyaen) s
from which (15) follows by a well-known Sobolev inequality.

LEMMA 7. Under the hypotheses of Lemma 5, there holds
(16) IVals< Co(|P Al [Valt + [Vu| + |u— velwyreon) -

To prove (16) we only need to know that functions ¢ € W3(Q) satisty

amn lels< Ca(IVel It + lel) ,
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because one can then obtain (16) by substituting Vu for ¢ and using (12).
For ¢ € O°(R®), and by a density argument for ¢ € Wi(R?), the inequality

I@ll5,0< ClVo [ 5 Il

is well known [6, p. 24]. This implies (17) because it is possible to extend
functions ¢ defined in 2 to functions Py defined in R3, in such a way that
| Byl < Colpl and [V(Ee)|p<Co(IVel + lgl); see [18, p. 76].

LeEMMA 8. Suppose u is a class H, solution of the initial boundary value
problem (2), and that the presom'bed boundary values and limit at infinity

satisfy f [o]] W3/2(ag)dt < oo and f |bo|2dt < oo. Then, for every positive ¢ < T,

f[u Vu[zdmdt< co.
Qe,r

The conditions (3a) imply sup |Vu(f)| < co. Therefore, in view of
e<t<T

conditions (3a) and (3d), the inequality (15) implies

T

f]u Vu 2dx dt <fsup |u(x, t)lfqudedt

€

<Ca sup [Vu| f(llPAul + V] 46— beo|lrgacon) + [beo[?) dt <oo.

LEMMA 9. Let w be the difference of two class H, solutions of problem (2),
both of which satisfy conditions (3d) with the same values on 082 and at in-
finity. Then w e L*(0, T'; Hy(R2)) and, for every positive ¢ < T, w, € L*(e, T';
Jo(2)). In particular, w, € LE (Qxr).

Lemmas 1 and 2 immediately imply w e L*(0, T; Hy(£2)), in view of
conditions (3a) and (3d). Similarly, Lemma 1 will imply w, € L*(¢, T; Jo(£2)),
once w, is shown to belong to L, (Qr) and to tend to zero on 02 and at in-
finity. To prove the distributional derivative w; is a locally summable func-
tion, one must use, in addition to (3a), either the boundary condition or the
condition at infinity. We will consider first the case £ = R3, for which
there is no boundary condition to work with. Clearly, w, belongs to L} (Qr)
and tends to zero at infinity, if, for every positive ¢ < T'/2,

T—e
(18) [ [ 1wyl ol-2azar < o,

& R®
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holds uniformly as ¢ — 0, where w, represents a mollification of w with
respect to the time variable (or the space and time variables) of radius .

T—e
Now, from condition (3a), one obtains f f [Vw,[2dedt < C, for small
¢ R®
values of p. Thus, by Lemma 3, there is a function u(t; o) such that
T—e
[ [ hog(@, t) — uit; o)* |o|-2dwdt < C,. To get (18), we will show u(t; o)
& R?

vanishes almost everywhere as a function of f, for each fixed p. For any
values of ¢, and ¢, satisfying ¢ <t <<t, < T — ¢, we obtain through the
Schwarz inequality:

ta
c, >flw|-2f[w0,—— plrdtds
ty

>Ilw|_2(tz— )~ {f( @, 1) — u(t; @))dt}zd:v
ty
(t; — t,) f]w| 2{ (e, t,) — ,tl)—tlf,u(t, g)dt} dx .

Using the condition at infinity (3d), one obtains f [wy(@, t) |2+ [x|~2dw < oo
for every t. So, by the triangular inequality, B

f|$|'2{ f,u(t, 0 dt} do < oo.

t

This implies x4 = 0 almost everywhere because ¢, and ¢, are arbitrary and
[lel-2de = oo.
R,

If 0Q is not empty, we set w = 0 in £Q°, and the arguments above remain
clearly valid; in particular, w, and Vw, are seen to be locally square sum-
mable over R3x (0, T). Since w, = 0 in £°, the trace of w, on 02 vanishes
for almost every ¢.

3. — Proof of the continuous dependence and uniqueness theorem.

Let u and v be two class H, solutions of problem (2), let w =v— u
be their difference, and let ¢ be the difference of their associated pressures.
Then equation (2a) implies

wy + (0 Vo— u-Vu) = — Vg I+ vAw.
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Each term in this equation is locally integrable over Q x (0, T, as a result
of Lemmas 8 and 9. Thus, for every solenoidal vector field f e C(‘;"(.Q x [0, T'7),
and for every positive ¢ < 7', there holds

(19) f[w,+ (Vo — u-Va) — v Aw]fdedt — 0 .

Qs,1

The pressure term is absent from (19) because it vanishes through an in-
tegration by parts.

It was proven in Lemma 9 that we L*(0, T; Hy(£2)). Because K,(Q2) is
dense in H,(£), this implies the existence of a sequence of solenoidal func-
tions f, € C(2 %[0, T']) such that

J'(f,, — PAw)dzdt — 0, f(vqp,,- V)2 dwdt — 0
Qr Qr

as n — oo, where ¢, is the unique element of L*(0, T; J,(£2)) which satisfies

[4y: Vpudodt = — [yp-fuasar,

Qr Qr

for every y e L*(0, T'; J(2)). One may insert these functions f, into equa-
tion (19) and let n — oo. Since w, € L*(¢, T'; Jo(2)), as proven in Lemma 9,
one has

fw,,-f,,dwdt = —wat: Vo, dzdt — —fthi Vwdxdt .
Qe,7 Qe, 7 Qe

Remembering also the result of Lemma 8, that u-Vu, v-Vve L¥Q, ,), one
can pass to the limit in (19), obtaining

f[th: Vw— (v-Vo— u-Vu)- P Aw + v(P Aw)?]dx dt = 0 .
Qe,7
Equation (1) follows now, because ¢ is arbitrary.

REMARK. The uniqueness theorems based on energy estimates given
in [11] and [8] depend upon inserting into equation (19) a sequence of sole-
noidal functions f, e Cy?(2 %[0, T']) such that

[, — Vwpazat >0, [(f,— wydvdt 0
Qr Qr
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as m — oco. For several types of domains, including that of a three-dimen-
sional exterior domain, and for w, Vw € L%(@,), the existence of such a
sequence of functions was proven in [11]. The resulting uniqueness theorem
is valid for all solutions # of problem (2), such that v — b, 4.— b,, and
Vu are square-summable over @, and w— b, e L*(0, T; L¥9Q)).

Since Vo — u-Vu = w-Vw + w-Vu + u-Vw, equation (1) can be re-
written as

(20) [Vw[* + »[ P Aw]* =

2,
dat

Lo =

= |w-Vw - PAwdx + |w:Vu-P Awdx —l—fu-Vw-PAwdw.

2 Q2 Q

The first term on the right side of (20) can be estimated using Holder’s
inequality and Lemmas 4 and 7. For any « > 0, one obtains

]fw-Vw'PAwdxl<]|w”6-[|Vw[|3~||PAw|]<

< Co| Vw(|P dw|}|Vw]? + [Ve]) | P dw]
<Ga|Vw|t 4 Ca|Vwl® + a| P Aw]*< Cu[Vw* 4 Ca|Vew[*+ o] P Aw|?.

The constants C, here and below, depend on £ as well as «. In estimating
the term |Vw|¥|P Aw|?, we used Young’s inequality ab <a®/p + b%/q with
p =4 and ¢ = %. The second term on the right side of (20) can also be
estimated using Hdlder’s inequality and Lemmas 4 and 7. For any « > 0,
there holds

jfw-vu-PAwdx < e [Vaulse | P Aw]

< C.wl§IVuls + al P dw|?
<O Vw* (1P Au* + [Vul® + [b— bo|wyre0a) + «|Pdw]®.

The third term on the right side of (20) can be estimated using Lemma 6.
For any « > 0, one obtains

| fu-Vw-PAwdw|<sgp lul- [Vao] - | P Aw]
<Ou(|PAul®+ [Vu]® + b — ba]wyzee) + [bol) [Vo]* + a| P dw]®.

Using these estimates for terms on the right side of (20), and setting o = »/3,
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we obtain

(21) V| <4u|Vw|® + k()| Voo ?,

d
i
where

h(t) = p{| P Au|* + | Vu]* + [b — bo|wy2ea + bal* + 1},

and u is a constant depending only on » and £.

Conditions (3a¢) and (3¢) imply that |Vw(t)|? is continuous on [0, T]
and absolutely continuous on (0, 7], as a function of ¢{. Over any sub-
interval I of (0, 7'] on which |Vw(t)| is everywhere positive, (21) implies

d
S log Vo2 < 4u Vo] ¢ + Bt

If ¢, <, are numbers lying in such an interval I, one clearly has

2
Vet |2 |Vt [* exp [ [4u]Veo]* + hit)] dt.
iy

From this it can be seen that
t

(22) [Veo(t)|2< [Vo(0)]* exp [[4uVeo]* + B()]de

holds for all ¢ € [0, T], regardless of whether |Vw(?)| is everywhere positive
or not. To verify this, let ¢, represent an arbitrary point of (0, 7] with
[Vw(t,)| > 0, if there are any such points, and then pass to the limit as ¢,
tends to the left boundary of the largest subinterval I of (0, 7], which con-
tains ¢, and on which |Vw| is positive.

Now suppose |Vw(0)|] < A, where A is any given positive number,
and let [0, T,] be the largest subinterval of [0, 7] on which |Vw(t)]<A.
Then using (22) and setting

t
H{l) = f h(z)dr,
0

one obtains

(23) [Vw(#) |2 < [|Vew(0) | 2 exp [4udtt + H(2)]
for te[0,T,]. Clearly T, = T if
(24) [Vw(0) ]2 exp [4ud*T + H(T)]< 4 .

Choosing 4 = (47)~%, our theorem follows at once.
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4. — Existence theory. The starting problem.

The estimates used in the last section to prove uniqueness can be used
in some situations to prove the local existence of a class H, solution, even
when the external forces are not square-summable. This observation may
prove useful in dealing with the « starting problem », which is to demonstrate
that a steady wake develops at ¢t — oo, if a body initially at rest and sur-
rounded by a fluid at rest is smoothly accelerated to some constant (slow)
velocity and then held at that velocity indefinitely. Methods based on a
similar observation have proved useful in treating the starting problem
for the Stokes equations [9,17]. To date, the starting problem for the
Navier-Stokes equations has been solved only in special cases where the
prescribed boundary values and forces are such that the limiting steady
wake possesses finite energy [8]. Here, we will examine the starting problem
for a body with rigid boundaries to which fluid adheres; this is a case for
which the expected steady wake possesses infinite energy [4].

The starting problem can be considered as a special case of the initial
boundary value problem (2) by prescribing the data appropriately. In order
to find a solution of problem (2), or of the starting problem in particular,
the first step is to choose an extension into 2 x [0, T] of the boundary values
b(w, t) prescribed on 02 x[0, T']. We will denote the chosen extension, as
well as the prescribed boundary values, by b(x, t). We require the extension
to have derivatives Vb, 4b, Vb, square-summable over @, to be solenoidal,
to have trace on 02 x [0, T] equal to the prescribed boundary values, and
to satisfy [(b(@,?) — bo(f))?|a|-2dw < co for all t€ [0, T]. Then the solution

2

of problem (2) can be reasonably sought in the form u# = v -+ b, with
v e L0, T; Hy(Q)).

It is known from the investigations [16], [5], [1] and [8], that the ex-
terior stationary problem

(25) wVw=—Vp+v4w, V-w=0in £
w=0 on 02, w(@) — W, a8 |¥| — oo

has a solution w(x) with Vw square-summable over 2, and that this solu-
tion is unique and stable (as a time dependent motion) provided w,, is suf-
ficiently small. Thus, if w, is sufficiently small, w(z) can be expected to
arise as the steady limit of a time dependent solution representing flow
around a rigid body £¢, which is accelerated from rest to the constant
velocity — w,,. Let us suppose the body’s velocity is given by — {(¢)w,
relative to the inertial frame in which the fluid is initially at rest, where {(t)
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is a smooth function of ¢ € [0, co), which vanishes for ¢ near zero and equals

one after the initial period of acceleration. The appropriate data for

problem (2) is then b.(¢) = {(f)w,, f(®,t) = 0, a(x) = 0, and b(x, ) = 0 on

0802 X [0, c0). As the extension of the boundary values into £ X[0, co) We

choose b(x,t) = ((t)w(x); this function meets all the required conditions.
Inserting v = v 4 b into equation (2a), one obtains

(26) v, +vVo+bVot+ v Vo=—Vp+vadv+g,

where g = vA4b— b-Ab 4 b, — b,. We seek v by a variant of the Galerkin
method. As basis functions, we choose a sequence {a’(x)} which is contained
in K,(£2), complete in H,(£), and orthonormal in J,(2). As n-th approxi-
mate solution we take the solution ‘

™, 1) Z o,(t) a

of the initial value problem: v"(z, 0) = 0 and

(27)  (Vop, Val) 4 »(do", dat) =
= (0" Vo", dat) + (b-Vo", da?) + (0" Vb, Aat) — (g, da?) ,

for t>0 and I =1, 2, ..., n. The brackets here indicate integration over 0.
The equations (27) are obtained, formally, by multiplying equation (26)
through by Aa’, integrating the result over 2, and using the identity (7).

ReEMARK. The differential equations for approximate solutions, used
when the existence theory is based on energy estimates, are obtained by
multiplying (26) through by ! rather than by PAa!. For problems in a
bounded domain £, one can choose eigenfunctions of the operator PA as
basis functions and thereby obtain at once estimates both of energy type
and of the type given here; see Prodi [19].

Taking linear combinations of the equations (27), and of the ¢-derivatives
of these equations, one obtains the following identities for the Galerkin
approximations (the superscript n is suppressed):

28) 2wy +v|iﬂv’|2—(v Vo, Av) + (b-Vv, Av) + (v- Ab, Av) — (g, dv),

2dt

©29) L& 0,2+ oAt = (0V0, Ao + (0-Vo,, Avy) +

2 dt
+ (b:* Vo, Z]'Ut) + (b-Vo,, Jv,) + (v, Vb, Zh’t) + (v-Vby, J’Ut)— (g9 th) .
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The first three terms on the right side of (28) can be estimated in much
the same manner as were the terms on the right side of (20). For any « > 0,
one obtains

(v Vo, do)| < Cu Vo2 + Call Vol® + o] Ao],
(6-Vo, Av)| < Cusup b Vo2 + o] dof?,
2

|(0- Vb, Av) |< Ca| VD [5[ V0 |2 + o] A0

The term (g, Av) may appear to present a difficulty because g is not square-
summable. However, the steady solution w can be written as w = w; -+ w,,
with w, a function that vanishes in a neighborhoed of 02 and equals w,,
in a neighborhood of infinity, and with w, € Jo(£2). Thus one can write
g = ¢ + 9., where ¢, = v{Aw — (2w-Vw 4+ {,(w,— w,) is bounded in L3(£2)
as a function of ¢, and g, = — {,w, is bounded in J,(2) as a function
of t. Using the identity (g, Av) = — (Vg,, Vv), one obtains

(g, A0)| <3| Vgs]l* + Callgn]® + 3[ V]2 + o o2

By combining these estimates for terms on the right side of (28) and setting
a« = »/8, one finds that

d -
30) Vo4 v [ Av[* < Oop g, [VO[* + Can|Vol* + [ Vg, [ 4 Cligi]? .

The form of this differential inequality implies the existence of an interval
[0, 7*] and of a constant C, both independent of the order » of the ap-
proximation, such that

T‘

31) Vo)< C for te[o, T*], and f||£vnzdt< c.
0
Equation (29) can now be used to estimate |Vv,|. For terms on the
right side of (29), we have

(00 Vo, Av))| < [0ills|Vols] Bo.| < Caf | Vo] 2+ | do]%} [ Vo |2 + a] dv. ]2,
(v Vo, J@u)l@gplvl' [Vodl [ dve] < Caf | Vo2 + [ Do) [ Vo2 4 o] dve|2,

|(be- Vo, dv,)|<Ca Sup [bef* | Vol + af dv,|?,

(b-Vor, do,) < Cusup bl [ Vo + | v,
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(00 Vb, Av)| < Oa|[VB]3] Vo 4 | dod] 2,
(0 Vb, dv)|< Cal V03[V ? + | Jo,|?,

(g, dv)| <3 Vguel* + Cullgn]® + £ Vo2 + o v, 2.

Using these estimates for terms in (29) and setting « = »/14, one obtains

& IV + v Ao, < Co {IVol + |02+ Cone }[Voul* +

+ Copue.t V0?4 [Vaae|* + C,llgne]* -

This inequality can be integrated over the same interval [0, 7*] on which
the estimates (31) are valid, yielding the further estimates:

T*

(32)  |Vedt)] < C for te[o, T*], and f1|Jv,|;2dt< c.

0
Sinece |Vv,(0)] = 0 for each Galerkin approximation, the constant C is again

T‘
independent of n. The estimates (31) and (32) for |Vo|, [||dv|*dt, and
0

|Vv,| are enough to ensure that a subsequence of the approximations con-
verges to a function ve L0, T*; H,(2)) with v, € L*(0, T*; J,(R2)), and
that v = v +4 b is a class H, solution of the starting problem, on the interval
0<t<T* We remark that by taking still another linear combination of
equations (27) one obtains

“jvﬂg"}" Vo, |2 = (v- Vo, Zi?),) + (b- Vo, LT?),) + (v-Vb, jvt) — (9, Zivt) ’

b =
Sl

which leads to the estimate |Av(t)| < C on [0, T*].

A local existence theorem for strong solutions for the starting problem
can also be based on energy type estimates, if the extension b is chosen
so that g is square-summable. For instance, one can take b(x, ) = {(¢) w.(),
where as before w,(x) is a solenoidal function which vanishes in a neighbor-
hood of 0£ and equals w, in a neighborhood of infinity. Then, setting
v = u— b, the norm |o(¢f)] will be finite for every ¢; it can be shown to
grow at most linearly by a method of Hopf [12]. However, [v(f)| must
necessarily grow infinite as ¢ — oo, and g will not vanish after the initial
period of acceleration. The advantage in choosing b as before and of relying
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primarily on estimates of the Dirichlet integral is that g then vanishes after
the initial period of acceleration and also |V(f)|, the principal quantity
being estimated, is expected to tend to zero as { — co. Even if it could be

7+1

merely shown that f [Vo(t)||2dt < 6 holds for all 7> 0 and for a sufficiently

small value of J, (30) would yield a global existence theorem.
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