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Littlewood-Paley a Priori Estimates for Parabolic Equations
with Sub-Dini Continuous Coefficients.

E. FABES (*) - S. SROKA (*) - K.-O. WIDMAN (*¥)

0. — Introduction.

Consider the initial value problem
(0.1) Lu=0 in R*"x(0,T) =8y, u(,0)=g
where the coefficients #A.(x,t) of the parabolic operator

Lu(», t) = z #A,(@, t) Dy u(x, t) — Dyu(, t)

[al<m

are assumed to be uniformly continuous for |x| = m and bounded and meas-
urable for |x| < m.

From the theory of singular integral operators, see [4] and [11], it fol-
lows that if the énitial data g are smooth enough, say g € Cy°, then a solu-
tion of (0.1) exists. On the other hand, it is of course well known that if
the coefficients are smooth, then (0.1) is solvable if g e L?(R"); the initial
values are then taken on in the sense that lim [u(-,¢) — gz = 0.

In the last decade there has been a growing interest in parabolic equa-
tions with continuous-only coefficients, mostly in connection with diffusion
processes. The standard reference is [14]. However, at present it is not
known whether uniform continuity of the highest order coefficients is suf-
ficient to guarantee the solvability of (0.1) with L? data g.

(*) Department of Mathematics, University of Minnesota, Minneapolis.
(**) Department of Mathematics, Link6ping University.
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In this paper we consider operators whose coefficients are slightly more
regular in that we assume that the modulus of continuity w(r) satisfies

2
fw_md,@o,
T

0

a property which we have dubbed «Dini (1) continuity ». For these oper-
ators we give a priori estimates which allow the whole existence and unique-
ness program to be carried through.

The crucial necessary estimate, sufficient to imply the solvability of (0.1)
with g in L?, see [3], is

(0.2) sup [u(+, )|z <k|g|zs,
o<t<T

valid for all solutions of (0.1) with g e C;°(R"), say. In fact we prove much
more, namely so called Littlewood-Paley estimates, involving also the deriva-
tives of the solution, as well as a supremum estimate, see Theorem 1 below.
These estimates lead, via approximation arguments, to the existence, The-
orem 2, and uniqueness, Theorem 3, of solutions. Note that the supremum
estimate implies that the solution takes on the initial data also in the almost
everywhere sense.

We also prove an inverse Littlewood-Paley inequality, i.e. an inequality
where the L? norm of the initial values are estimated by a weighted integral
of derivatives of the solution, see Theorem 4. An immediate consequence
of the Littlewood-Paley inequalities is a Fatou type result, Theorem 5.

The program for finding the key Littlewood-Paley inequality is the fol-
lowing. First the proof is reduced to the case when the coefficients depend
on x only, and the elliptic part of the operator contains only highest order
terms. Then a representation formula for solutions and their spatial deriva-
tives is derived:

t—e

Doz, 1) = f DIz — y, 1)g(y)dy -+ lim f f DTy —y, t— ) Ty, s)dy ds +
Rn 0 Rn

e—>0

t_
+ 3 tim [ [DeLio = o)tot0) — Aote 1 Douty, ) ds.
0 Rn

[Bl=m e—>0

Here D=I(y, s) is a derivative of the fundamental solution of the constant
coefficient operator obtained when freezing the coefficients of L at 2. For
|¢| = m the integrals in this representation become singular.

In order to be able to use the theory of (vector-valued) singular integral
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operators the potential integrals are modified, in section 6, by the splitting
off of terms which can be treated e.g. by approximation, integration by
parts, and the Hardy-Littlewood maximal theorem.

The remaining hard core terms involving genuinely singular integrals are
handled in section 7, using a result on Hilbert space valued singular in-
tegrals by Benedeck, Calderon and Panzone.

We end this introduction by a short review of earlier work in the area.
To facilitate the discussion of continuity conditions which are weaker than
that of Dini we propose the label Dini () continuous for a function whose
modulus of continuity satisfies

1/
fa)*(‘t) dr < oo,
T

0

For operators L whose coefficients are Holder continuous in either the
x-direction or the ¢-direction the estimate (0.2) is known through the work
of Eidelman [2], and Kato [8]. (See also [5], chapter IX). However, the
Littlewood-Paley inequalities seem to be new even in this case.

One of the present authors showed in [3] that Dini () continuous coeffi-
cients is sufficient to guarantee the estimate (0.2) and in [12] the second
named author extended this result to Dini(}) coefficients in the case
2 <p< oo,

In the elliptic case, with Holder continuous coefficients, the Littlewood-
Paley inequalities for p = 2 as well as Fatou type theorems for p > 1 were
proved by the third of the present authors in [15]. See also [10] for a related
result.

The only relevant counterexample known to the authors is that of
IVin [7], which shows that (0.2) cannot hold in general for p =1 if only
Dini (x) continuity with « < } is assumed.

1. — Notations and statement of results.

We will let D* denote differentiation with respect to = (wy, ..., #.) € R",
o being the usual multi-index (ay, ..., &), while ¢-differentiation is denoted
by D,. The convenient abuse of the symbol D’ for an arbitrary, or all,
derivatives of order j will also be continued in this paper.

The principal part of the operator, L,

Lu(z, t) = > #alx, t) D*u(, t) — Dyu(w, t),

|x|<m
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where m > 2 is an even integer, is assumed to be strongly elliptie, i.e. for all
(@, t) € 8z = R* X(0, T) and for all £e€ R* we have

Re( 3 a(o, 0(i8)%) < — Akl

o] =m

for some A > 0. Also, all coefficients are assumed to be bounded and measur-
able with
p = sup {|Aa(@, 1)]: (@, 1) € Sp, 0< |a] < m},

while the coefficients of order m are uniformly continuous in Sr,. We put

wy(7) = sup {|#« — Ay D) fo—y|<7T, 0<t< T, |x| = m}

(2,
wy(7) = sup {|#a(x, 0) — #a(y, 0): |0 — y| <7, |a| =m}

() = sup {|A«(@, t) — Aa(®, 3)|: (%,1) € Sr, (®,8) €8, |s—t| <7, |a| = m}

(
wy(7) = sup {|Aa(@, t) — #a(x,0)|: xER" 0 <t <7, || = m},

and define

(1) = wy(7™) + wy(7)

wo(7) = @y(7Vm) + wy(7) .
We will say that the m-th order coefficients are Dini (3) continuous
when
2
f (7) dr<<oo.
T
V]

The space L?(L*(8;,7)), 85 r = R X (8, T), consists of those locally integrable
funetions for which

Wlisnmn = | [ (1o, rad)eaa] s < oo

R® 6

and by W;;(8,) we denote the closure of O3’ (R"*?) with respect to the norm

I lwmicsp =I E D% | po(zagsey) T 1Dyt pogzacsmy)
xlssm

while W' = Wy,
Note that all elements of W’“(ST) have a locally integrable trace on
{t = 7} for all v€[0, T].
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THEOREM 1. Suppose that f (w3(r)[7)dr < co. Then for 1 < p < oo and
for all we WZ"z (Sg)

| sup |u(-,t)||ze@m + Z [[¢#1m=% D*u|| po(zacsry) <
o<t<T 1<la|<m

Olu(+, 0)|zoam + Cr

tF
0(t) 74[”(1,'(.91))

for every positive nondecreasing function 0 on (0, T'] such that 6[(0’(1) [T)dr < oo

and such that 0(t) >w;(t) -+ tm. The constants C and Crp depend on p, T, n,
Ay 4y my o, and 6. Moreover, for fized p, Cr tends to zero with T.

THEOREM 2. Let 1<p << oo and suppose that
fw"( )dr< 0o.
T
o

Then to every g € L*(R") and every f such that

fL < o0
?(L*(ST))

for some non-decreasing 0 such that f (6%(7)/7) dv < oo, there ewists a fumc-
tion w with the following properties: °

i

(1.1) lW)

) || sup Ju(y )|zomny + D [PV Dru azacsy) < 003
o<t<T

1<|ol<m
(ii) Zu = f almost everywhere in Sr;
(iii) lim w(x, t) = g(x) for almost every x in R".
t—0+
Furthermore, if f € L% 1 < ¢ < oo, locally in Sy then u belongs to W' locally.
THEOREM 3. Let L have Dini (}) continuous m-th order coefficients, i.e. as-

sume that
2
jw ir) dt < oo,

0

and let p, g, f be as in Theorem 2. Then there is at most one function satisfying:

(i) we Wpy(8s,p) for every 6> 0;
(ii) Lu = f almost everywhere in Sr;

(iii) lim u(-,t) = g weakly in L*(R").
-0+
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THEOREM 4. Let L, f, and p be as in Theorem 3. If a solution w of Lu = f
satisfies
u(+, 7) € L*(R")

for some 7€ (0, T, and if

S dim—¥ Dy, t)| € LP(L*(8r))

1<|yj<m

then, provided 0(t)[tt is monotone,
(i) w(-,t)e L»(R") for all te (0, T);

(i) (-, 0) = lim u(-, ?) exists as a limit in L? and as a pointwise limit

almost everywhere;

(iii) [u(-, 0)]zo@m< 0["“(': )|z + ; [[¢Him=% D% ]| po(zacsmy) +
1< <m

Al
5
?(L*(St))

where C depends on w and the parameters mentioned in Theorem 1.

0(t)

THEOREM 5. Let L, f, and p be as in Theorem 3. If w is a solution of

Lu = f satisfying
ue Wy3(8sp) for all 6>0
and
sup ||u(+, ¢)|zoam < oo
o<t<T

then u(w, 0) _——=tl_i>1(1)q u(z, t) exists as a limit in L?(R") and pointwise almost
everywhere in R».

2. — Proof of Theorem 1.

We will start by showing that the proof can be reduced to a simpler
case. In fact, we first observe that it is sufficient to prove Theorem 1 for
some T = T,> 0, depending on the parameters indicated.

Let p e C°(0, o) be zero in (0, T,/2) and one in (T,, 7). By the results
of [4] and [11], for 0 <j<m

[ D¥(ypu) ”L’(L’(S:r)) <0 ”I’('I’“) ”m(L'(sT))
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and trivially

I L(yu) | zo(zrsan < |9 L] zo@scsey) + |9 %] mo@ssn) <
3
CT,[ ¢

E(T)Lu
sup Ju(e, 0]<_sup [ua, )]+ [IDon(o, ]ds
o<it<T 0<i<T,

L + || sup Iu(‘yt)”m(m)]o
»(L*(ST)) 0<t<T,

On the other hand,

and for 1<j<m
[897=3 DIt po sy < 18" DI pogagey)y + Cr, 1D (910) | 1o(zagsmy) -

Combining the above inequalities we find

m
| sup |u(@, )| ||sszm + 3, 67 D] poaacsn) <
o<t<T i=1

Or,
0<t<T,

| sup |u(z, ?)]

#
L?(R"™) + " %

b
»(L*(St))
which obviously implies the assertion.
The next step is the observation that it is sufficient to consider operators
of the form
(2.1) = > #u@)D*— D,,

I“I m

i.e. operators with derivations of the highest order only and whose coeffi-
cients are independent of ¢. In fact, if Theorem 1 is valid for this type of
operator then for one of general type we write

L=1I"+ 3 [#a(®,1) — #u(x,0)]D*+ 3 #a(x,t)D*

loe|=m Jo|<m

where L' = > #u(w, 0).D; — D,. Then

[a]=m

) s, 060, s + 3, - muum,(s,»

Clu(, 0)||ze@m + Cr

Lv(zn(sﬂ)

L’(L’(ST))

e(t)

} !
Oflu(-, 0) || zo(am + CT{ ty(?) D

B(t)

oy L
(L*(87))
»(L3(St))

0(t)

0(t
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We need now only observe that for 1<j<m—1

3
N t% Diu L’(L'(ST)) < Tl—(o‘+1)/m”,;f/m—i Dfu" 2o(L3(81))
while remembering that 6(f) > w,(t) + tY» and that Cy tends to zero with 7,
in order to realize that the undesireable terms in the right hand side may
be absorbed by the left hand side for small enough 7'.

Thus, in the remaining parts of the proof we assume that the operator
has the form (2.1). Also, it is obvious that it is sufficient to consider func-
tions « belonging to Cy°(R~t1).

We define

Iz, t) = Cnt—”/’”“?"s(exp( 3 Aa(z)(ié)“))(w/t”m), t>0,

lzx|=m,

where ¥, denotes the Fourier transform with respect to & and C, is a suit-
able constant depending on = only, such that I, becomes the traditional
fundamental solution of L with coefficients frozen at z, i.e. for the operator

L,= 3 #s()D*—D,.

2
lf"]=m

For v € C°(R*+') and ¢ > 0 we have the following easily derivable represen-
tation formulas.

t—e
Diy(z,t) =ijI’,(w —y,t)uly, 0)dy + limffoPz(x —y,t— 8) L, u(y, s)dyds
&0
B® 0 En

where
Djrx(w_ Yy t— §) = D:;;I;(w7 t— s)lw=x—ﬂ

and where the limit exists for all # and ¢. Now we write L,u = Lu -+
+ (L,— L)u and so for 1<j<m

vim=% Diu(x, t) = ti/m—}fl)i[’z(x — ¥y, t)u(y, 0)dy +

Rl
t—e
lim t"/'”'*ffl)"l’x(w — vy, t— 8)Lu(y, 8)dyds +
&e—>0+
0 Rn

t—e

Tim #im—t f f DT — gyt — 8)(4u(0) — #a(y)) D*uly, 5)dyds.

|of =m e—>0
0 R™
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In section 6 it is proved that the limit of the last two terms exists in
Lr(L*(8y)).
We now define for 0 <j<m

D"Io(g)(w} t) = f Dil(x — y, t)g(y)dy

R™

i—
DiV(f)(@,1) = lim ffD’Tm(w —y,t—8)f(y,s)dyds,
&0

0 R™

and in terms of these operators we have

(2.20) u = Iy(u(-,0)) + V(Lu) + > (#V — VA)(D*u)
[

x| =m
and for 1<j<m
(2.25) tilm=% Digy — ti/m—iDiIo(u(.’ 0)) + tim=¥ DiV(Lu) +
4 tilm=t 3 (A DIV — DIV Aks)(D%u) .

o =m

Theorems 6, 7, and 8 show that
n : 2
” sup u(w, t) ”Lp(Rn) + Z ”t’lm_}D”ll/”Lp(Lﬂ(sT))<
o<i<rT i=1

1 LS :
Clu(+y 0)| zsam + C ”——Lu“u + C,0(T) 3 [tm=t D u| go(za(smy)
0(t) (L2(s7)) i1

where
T

O(T) = o(T) + ( f “’1(’) dr)*.
0

To complete the proof we note that we can choose T, such that
0,0(T,) = % and then absorb the final sum on the right side into the left
hand side of the above inequality.

3. — Proof of Theorem 2. ,

For an arbitrary g e L?(R") choose a sequence g, —g¢ in L? such that
g,€ C3(R"), and let "€ O5°(R" X (0, o)) be such that

A A
mf ﬁﬁf
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in L»(L*(8r)) as » tends to infinity. By the results of [4] we know there is
a solution, wu,, of the initial value problem

Lu,, — fv in ST ul’(wy O) = g"(m)

lying in W}»}(S,) for every 1< ¢ < oo.

Set W””z(S ={ue W:‘2(S ): u(x, 0) = 0}. Now L is an isomorphism
from W;"," ) onto L»(L(8,)) (see [4]). Hence if p(t) € 05(0, o) we have
lo@)(w, — w) lwmicsp < CUeM(F, — f) lza(zacsny + 19" O, — w,) |o(zrsay)- BY
Theorem 1 the last term is bounded by

) L»(v(sa)]'

We conclude that the sequence {u,} is convergent in W;”:;(S‘,,T), for every
0> 0, to a function « which clearly satisfies Lu = f. By selecting a sub-
sequence we may also assume that

i
C sup ls‘v’l[l[gv“ gull oo + “W) v

Diy, - D' and D,u, — D.u

pointwise almost everywhere in Sy for 0 <j < m.
To prove (i) we note by Fatou and Theorem 1 that

m
| sup [w(@, )| zozm + 2 [#mF Diw| po(zasmy) <
o<i<T i=1

m
lim sup || sup |u,(@, 1) ||caam + > im sup [#m=% Div, | po(zasm)
v—>00 o<t<T i=1 wv—>o0

6(t )f Lr(v(sT))
< 0| 9| zezm + OT

<0 hm sup 95| zoan + Cr hm sup ”

L
ilL#(L2(s2))

To show (iii) we first set

Ay(x) = lim sup u(x, t) — lim inf u(x, t) .
t—0+ =0+

Now for a fixed positive number § we have

[{we Br: Ay@) > 8}| = |[{w e Br: A, (@) > 8}
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since A4,,(#) = 0 for all #. Hence

[{m: Ay(w) > 6} <%‘: ” sup |u(@, t) — us(@, t)l”i’(R")
0<t<T

which, by Theorem 1, tends to zero as » —> co: We conclude that tl_i)l(}} u(w, t)
exists pointwise almost everywhere. But also

[u@, ) — 9(@) | Locrm <

< |w(@, t) — w,(@, t) || pogny + 9, — 9l ommy + 1%, (@5 1) — 9,() | o(gny -

The first two terms on the right side are small for all » large enough uni-
formly in ¢ € (0, T'), while for » fixed the final term tends to zero as ¢ tends
to 04. In conclusion we have shown that

lim |u(z, t) — g(2)|| Loz = 0
t—>0+
and, therefore, also

lim u(x, t) = g(x) pointwise almost everywhere .
i—>0+

Finally, if f € Lj, we may choose the approximating functions f* above
so that they converge to f in Ij By Theorem 1 we know that

loc *
U, € Wf,""’l(ST) locally, uniformly in », with ¢, = min (2, p). This implies

that Diu, converges in L{: (8;) for

1 1 1

>.—_
@ @ nt+m

and 0<j<m-—1.

Also, since L is an isomorphism from
Wrl(8;) = {ue Wr(8,): u(@, 0) = 0}  onto L%(Sy),
we have for ¢ € 05° R" x(0, 7))

(o, — w,) lwrs,) <K [ Lipw, — @) | 1a,(s0)

m—1

<K§0 1D, — %) e suo0 ) + E NPT — 1) Lzessr -

i)

Hence the sequence u, converges in ng’l(ST) locally if ¢, <gq.
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Now the above process can be repeated, with ¢, instead of ¢,, so that
in the j-th step we obtain convergence in Wﬁ’l(ST) locally with any ¢; < oo
such that 1/g; > 1/gy— j/(n 4+ m), ¢; < gq.

This proves the assertion.

4. — Proof of Theorem 3.

We start by proving the implicit proposition that (i) and (ii) imply
that «(-, 7) € L*(R") for every 7€ (0, T]. In fact, let ¢ € C5°(R) be one in
(zy T) and zero in (0, /2). Then for almost every x

T T
lu(@, 7)| = { f D, u(w, t)p(t) dt + f u(, ) @'(t) dt'
7/2 /2
< K {|| D, u(x, Nz, + ”“(%')”L*(r/z,r)}

and the observation is completed by taking L? norms over R".
Now let u satisfy Lu = 0 with a weak L» limit equal to zero at ¢ = 0.
We set

L'= 3 A (»)D;— D, where #(x) = #,(z,7).

laf=m

Since we have assumed Dini (1) continuity of the coefficients in the whole
slab 8y we may apply the representation formula (2.2§) in §,, and with
respect to L':

(41) (@, t) = I, (u(+, r)(@,t) + V,[(L' — L)ul(, ?)
+ Z (J&;Vr—Vfﬁ;)(Dau)(w’ t)

lo]=m

where the kernel of I, and V, is I'(-,t— ) and I(-,"— r) respectively.
As in section 2 we find from Theorems 6, 7, and 8, and from Theorem 1,

| V.[(L"— L)w](-, ) +I l; (ALV, — V, &) (D*u)(+, 1) | pogamy <

<O, Ju(-,7) "LP(R") +5§ I — r)j/m_iDju”Lﬁ(L'(Sr,r)) <O Jul+,r) llmm’

where C,_, -0 as (t—r) — 0.
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If ¢ € C5°(R*) we multiply (4.1) by ¢ and integrate to find

| [u@, (@ da| <| [uty, » [Iuto— 3,1 — (o) dway
Rn Rn Rn
+ O, lg ”La(m) (-, 7) "LP(R") ’

1/q¢ + 1/p = 1. Since the weak L? limit of u(x, r) as r — 0} is zero we find
that the integral on the right converges to zero when r tends to zero.
Hence we have [u(*,?)|sspsy< C: where lim C, =0, ie. limu(@,?) =0
where the limit is taken in L?(R"). Hence, by Theorem 1, we conclude
that «# vanishes identically.

5. — Proofs of Theorems 4 and 5.
In view of the monotonicity property of § it is clearly sufficient to show

the inequality (iii) for 7 small, dependent on n, m, and ux only.
The first step is to see that (i) follows from the inequality

sup |u(z, t)|< |u(z, 7)| —I—le,u(m, t)|de

e<i<rt

<futs, 01+ [| 3 4 Dute, 0]de + [ o,
e 4

m
< |u(z, 7)| + ur sup [u(@, t)| + Kezll[t"”""-’D"u(w, )l ze,n
e<i<r i=

t
" K“W)J‘(w, 1)

L*(e,7)
which for ur < } gives

(5.1) sup ]lu(-,t)",;p(m)<|| sup ]u(-,t)l”Lp(Rn)
e<ti<t e<i<rt

m o . R
<Euly 1)zamy + Ko 3, |67 Dl paiaaisen) + K “ 0w’
P

[U'(L’(So.r)) ’

To prove (ii) and (iii) it is sufficient to prove that

6:2) [ty Dllzsan < O] Jut-, D + 3 1973 Do s

*|

LP(L'(SM)):I ’

Al
'omf
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for all » less than some p > 0 which depends on the parameters in the
theorem. In fact, we may then choose a sequence u(-,t%,), ¢, — 0, which
converges weakly in L?(R") to some function u(-,0) satisfying (iii). Bor-
rowing from the proof and notation of Theorem 3 we see that

[ute, typ(a)ao = f [u(@, ) — To(u(-, ) (@, 0] pl@)do

Rﬂ
+ Lo u(ut-, 1) @, 0 gl0) do
R'n

and [u(-, ¢) — Iy (w(+, %)) (5 8)]»<C,_, Where C, -0 as t—>0+4. As
t, — 0 the final integral on the right side converges to

ro )(@, 1) p(e) do

We conclude that « is the solution, in the sense of Theorem 3, of the initial
value problem with data w(z, 0), and then (ii) follows from Theorem 2.

As in the proof of Theorem 1 it is no restriction to assume that the
operator has the form

> #a(x)D*— D,
[*|=m
In fact, if we set L° = z As(®, 0)D*— D, and assume that (5.2) holds

Jo] =
for L° we find that (5.2) holds in the general case with (L°— L)u -+ f
substituted for f. All the terms of (L°— L)u except A,u are trivially swal-
lowed by the remaining part of the right hand side of (5.2). To estimate

[£=2m Aot 1o(as,.00)

we write, with K depending only on n, m, 0 and u

T

e, 0] o, )+ K 3 [1D7uta, o)1ds + [ o, ) s <
t t

m—1 %
< Jule, )|+ K S [59m Diuto, )] v + B |7 fo,

|+
)

+ Kvtim|st=tmy(x, s |!L’(t-;)+K(10g )||8*D"‘ w(@, )|z, -
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This last estimate yields the inequality

m—1
[t 1mau(e, t)]lp(u)<K[rl—”’"|u(w, 7)|+ 3 2= Dim|giin=} Diu(z, )| 13,5 +
=1

st

_|_ Tl—llm 6(8)

H(#,s) )—l— t|st=imu(@, 8)| g0 + 7] 8 Dmu(a, S)HL*(TJ)]'

\LE(r,T

Choosing 7 so that K7 = } we see that the desired estimate follows.
Let ¢ € 03°(R") be arbitrary, and denote by ¢, the solution in §, , of the
initial value problem

By Theorem 2 we know that

(5.3) I LSup. (-5 8)] ”L'I(R") + Zl It — r)im=tDig, ”L‘I(L’(Sr,r))<K”(p”L¢(R") .
i=

Also we have

(5.4) fu(m, r)p(x)de =fu(a:, 7). (@, T)dw ——JfD,(wp,) dzdt =
R'l

Srx

R"®

= u(x, 1), (2, 7)de — ; f (4. D*u) @, dadt — ; ffu./k“D“q;,dmdt
A lo=m ki=ms

. [[imasar

Srz

Now put £, (@) = A5(x) + [£,(x) — A(x)] with ¢ = (t— r)V", where A
is a suitable regularization of #4,, see section 6. The third (and worst) in-
tegral on the right hand side of (5.4) is then a sum of terms of the type

(5.5) f f A uD" @, dudt + J' f [£— A7 uD" g, dudt .

Sr,x Sr,z

The first integral in (5.5) is treated to an (m — 1)-fold integration by
parts and yields a sum of terms of the form

”(Dm—l—wr)pmp%dwdt, j=0,1,..,m—1.

Srr
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and S

For 0 < j <m — 1 we divide the area of integration in two, § ors

7,2
In the former we get, using (6.1),

t — /r)l
ff (t—r)m—1- n?.. |D'u || D, |dtde<
w(rl/m)“ (t— r)a'/m—%l)iu||m(p(s,,,)) || (t— r)l/m—} Dq)'”L“(L’(s,',)),

1/p +1/g=1. By (5.3) and Theorem 1 applied to u in S, this is less than
or equal to

7'1/"‘)[”“( y 1)l zo(am) + ”()(t

Lp(L:(S;,r))] ”(p”Lq(Rﬂ) '

In the latter case we get, again using (5.3), the estimate

K ”ti/m—‘} Diny “LP(L‘(Sr.r)) "*P "L’(R") *

For j = 0 we divide the area of integration into 8,, and 8, with ¢ to
be chosen, and estimate the L? norms of SUp, |u(+,t)| and S Juls, )]
by Theorem 1 and (5.1) respectively, and after applying Holder’s inequality
and (5.3) we see that these integrals are estimated by

f sup |u(@, )| f ol — r)n=3|Dg, |dide <
r<t<e
w?2(S1m
& ( j e ){uu<,r>um>+ng(t) RN 1
and ’
K {1t Dl + 3 [0 D0l gt Vb
respectively.

In the case j = m — 1, finally, a simple application of the Hélder in-
equality and (5.3) yields the estimate

[¢3=2/m Dm=14, ”LP(L'(Sr,'x)) lol zogn) -

Returning now to (5.5) we divide the second integral into two by con-
sidering 8, , and 8, , separately and proceeding as in the case j = 0 above
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we find that

! f (A — A")qutp,dtdm‘< ”w((t — )t [u|| D", |dtda

< & ([ a (1t e+ |, L,(s”»] I

f

o Byt Dl + 3,17 D + Jiobosan-

e(t)

L7 (L’(Sf.t))

Collecting all our estimates we have for (5.5) the majorization

Q
1/m
(5.6) K[w(el'm) + (f_—(z—) )]”“( 7)|| oz | @ || Zecrmy +

0
K [nu( lzram + 310 Do+ H

o 1l

L’(L’(Sr,v))

Going back to (5.4) we realize that there are still three terms to estimate.
The second term on the right hand side is treated in a manner similar to
that of the third one; in fact, our task is simpler here in that, after having set
&, = AL + [#, — A;], we need integrate by parts only once, and it is not
necessary to divide the area of integration. We end up with a majorization
of these terms by (5.6).

The first and last terms of (5.4) yield, via Holder’s inequality and (5.3),
an estimate which again can be subsumed under (5.6).

All in all, the left hand side of (5.4) is less than or equal to (5.6) and the
following inequality holds for r << o

Q
2(el/m )
(57) Hu( ) 'I’)"Lp(Rn)<K {(U(Ql/m) —I— (fg)—(—i-——) dS) } "'Il/( Yy 7') ”Lp(Rn)
0

K " tilm—% i (7
L L s P ov] BN

where K depends only on the parameters of the theorem and K, in addition
on g. It is now easy to see that (5.2) follows.
The proof of Theorem 4 is now complete.

PROOF OF THEOREM 5. By Theorem 1 and the assumption on
[(+y?) || orny We find that

m
tim sup 5 (¢~ 0 Do,y < 0
e—0 =1

21 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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and then it follows from Fatou’s lemma that
m -
2; [[#7m—% DF || pozaspy) < 00
;&

Hence the assumptions of Theorem 4 are fulfilled, and from this the state-
ment of the theorem follows immediately.

6. — Estimates for the potentials.

In this section 4 will always denote a Dini () continuous function on R*
i.e. a function whose modulus of continuity satisfies f (w(7)/7) dr < oo.
By #, we denote a regularization of A,

(@) = o= [n((@— y)o~) Aly)dy
R’l

where # is an arbitrary but fixed non-negative ¢“ function with support
in the open unit ball and integral one. It will be convenient to set

A@) — A(y) = [A@) — £,(@) + A(@) — £(Y)] 4 [4(y) — Ay)] =

= (0, ¥) + @.(y) -
The following inequalities are immediate:

4(@) — 4| < 0l 1+ 22Y)
Dy A4(y)| < O w((’:) ’ k>0,
6.1
o ety )] < alo[1 + EZY]
lps(y)| < (o)
[Dyye(z, ¥)| < (6)

We will also have occasion to use the Hardy-Littlewood maximal function,

Mf(z) = sup @] flf(y

By(x)
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which satisfies
| M| pogzm < Clflpoamyy 1<p<oo.

THEOREM 6. For 1<<p << oo the potential
Io(g)(x, ) fI’ @—y,t)g(y)dy
Rﬂ
satisfies
m
” %Eg) |Io(g)(w, t)l”L"(R") + E ”tﬂm—*D’Io(g) ”sz(z,'(s‘,‘,))< C”g"Lﬂ(R") .
i=1
Here the constant C, can be chosen independently of the modulus of continuity

of the coefficients A .

Proor. The proof of the supremum estimate is of course standard
(see e.g. [13, p. 62]) since

T(g)(@, 8)| < Kt-vm f h (” - ) 19(3)|dy
R

where
1

MO T e

The estimates for D’I, are proved in Theorem 9.

THEOREM 7. For 1<p < oo

| sup |Vi@,t)|||zmm + 3 [/ D V| zo(usism)
o<i<T i=1

<ofpensfrou)

ProoF. If we set f(y, s) = st0-%(s)f(y, s) we realize for the sum it is
sufficient to show that for 1<j<m the limit

6(t)

L?(L*(Sr)) ’

where C = C(p, n, m, 4, p).

&e—>0

&)@, 1) = lim oo [DTa — 9, = 9 o, sy

0 R®

exists in L»(L%(8;)) and that the operator K; maps L#(L*(Sy)) continuously
into itself. This is done in Theorem 10.
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It remains to prove the supremum estimate. Note that

Vi, t) = —J‘J.I' (x—y,t—3s) ( ff(y, r)dr)dyds

—R Ly(x— vy, t)(ff(g/, r)dr)dy +ffdt1" w—y,t—s)(ff Y, T dr)dyds.

Hence, if once again we set h(z) = (1/[1 + |z|2]+¥9),

Vi, 1) < Kf _,,,,,.h( - )] f 1y, 1)

+ K6(T) f (t— 5 (log5) f (t—s)-"/mh(w)( f g 0, ) dyas

<K Ue ") )*M [( 0[ gy o7 Pdr)‘] (@) T

+ KO(T)M[( f iy 1) l’dr) ]<w>.

The desired estimate now follows from the Hardy-Littlewood maximal
theorem.

THEOREM 8. For 1<p << oo
| sup [(V(£D™u) — AV (D™w))(@, 8)|||zoam +
o<i<T

+ 3 [#m- DIV (ADm) — A DV (D u)]| <
i=1
TiIm

1 @*(8) 2 W] S yppim—i
<elo(Tm) +| | = ds) | X [#" 7 D aiarcsny)
0
where C = O(n, m, p, A, u).
ProorF. We start by proving that

(6.2) ”os?pr [V (£D™u) — AV(D™u)|(@, t) |z <
<i< m
< O’co(T”"‘),z1 (|8 m—% Di u"L’(L‘(Sf)) .
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By an integration by parts

— 5[: J. Iy —y,t — s)[je(w) — A(y)] (% f D™u(y, r) dr)dyds -

- J' f T'@ — g, O 4(@) — #(y)1Du(y, r)dydr +

0 R»

|3 3
+f f DiI'y(@ — y, t — 8)[A(x) — #A(y)] ( J Dmu(y, r)dr) dyds .
0 R® s

In the first term we use the decomposition

A(@) — AY) = Yom + Puim

and after an integration by parts in the y-variable

i t
| f Tu(0— 9, t) yum Drudrdy = f DIy(@— ¥, £) Ypm D 1udrdy
0 R» 0 R® ]

—f f]",(w — Y, t) Dyym D™ udrdy .

0 R"

By (6.1) we find, using the technique of the proof of Theorem 6, that the
final two integrals are majorized by

T
Kw(tllm) i n/mh( llmy)(frl 2/mll)m lu ?/’ lzdr) dy<
R 0
. ¥
< Ka)(tl/"')J!l'[(frl—z’m |Dm=tu(-, r) ]’dr) ](w) .
[}

For the second term we use (6.1) directly with ¢ = (£ — 8)*» and obtain
the estimate

t
[ (log t/s)t lz—y| r—Yy
w# ’f G—n ) @- sw'"( - s)lfm)” ((t—s)"m)
0

(! |[D™u(y, 7) |2dr) dy < Ko(t™) M[(frw"'u( r) I’dr) ](w)
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Together with the Hardy-Littlewood maximal theorem this proves (6.2).
Next we prove for 1< j<m

(6.3)  |[gim—i[DnV(ADIu) — £D™V(Diu)]||o(zasn) <

Ttim

< 0[w(TI'm) + ( f 928(—8)018)*] [#m=% DI porasay) -
0

By writing ti/m—t = gilm—t | g-1(gfi/m—t _ gilmt}) we divide the integral to
be estimated into two parts the first of which is seen to satisfy

" (A_Dm V - Dm Vd%) (si/"‘"*Diu) ”L"(L'(ST)) < Kw(Tll"‘) ]ls”’”‘*D’u ”L”(L'(ST))

after we use the decomposition A(x) — A(y) = y, -+ @, With o = TV» and
the known fact that the operator f — DmVf is continuous from L”(L*(Sy))
into itself (see [9]).

The second term is handled by an integration by parts in the s-direction,
giving

i
ffD"'I’ z—y, t—s)(a‘t(w Ay ))(st"/”'"*—s"/m”)(— %I%D"u(y, 7) dr) dsdy

0 R" 8
0 R™ t

-(fr—lDfu(y, r) dr) dsdy

8

and using (6.1) with ¢ = (¢ — 8)V» we find the pointwise estimate

tllm)f [(t:/m—} — gilm—¥)(g—2ilm _ ¢—2i/m)g X (tilm=¥ |- gilm—%)(g—2ilm t2—a’/m)]'

(t— 8)2 (t—s)
1 | [ 9 i
r—Y r—Y i 2
[ =i+ g G ([ o) e
R® 0
T

< Kw(t;/"‘) M[ s2iim=1|Diy(-, s) [2ds)* (@)
o |

and the proof of (6.3) is completed by squaring, integrating over ¢, and
using the Hardy-Littlewood maximal theorem.
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An ingpection of the proof of (6.3) shows that we may substitute any
function A(y,s) satisfying l.%(y, s)|< Cw(stm) for (sA(x)— A(y)), and we

obtain
Ti/m

(64)  [4m4 D V(AD) | goqarcon) < C(w(T”"')-l-( | “%‘s)ds)*)

[[¢m=% DIu | zo(za(sm) -
Finally we show that for 1< j<m—1

(6.5) |[t#™H{DiV(AD™u) — £D?V(D™u)]| ro(z(sr)) <

tim

° [w(T”m) + ( J- 012? ds)i] -2“"” ™4 DI po(z2(se) -
0

Using that
ADV(Dmu) = AD™V(Diu)
and
. mifm —j
Hgim Dy = D™=i(AgmDiu) — E ( % )(D"a‘%,x/m)(D’"‘ku)
k=1
one finds

ADIV(Dmu) — DIV (AD™u) = (AD™V — DmV 4£)(Diu) +
+ DV ((# — Apim)Din) + DIV ((fpim — £) Dmu) +

m=3 (o — i
+k§1 (m L 7) Di V(Dk a‘E,x/,,._Dm—ku) .

Now (6.3) and (6.4) gave the desired estimate for the first two terms here,
while (6.1) and Theorem 7 do the same for the remaining ones.
Theorem 8 is proved.

7. — Singular integral estimates,

We recall the potentials

DiLg)(a, t) = [D'Tuo— g, igp)dy, 1<j<m,
Rﬂ
and
t—e

K,f(z,t) = lim tf/"'-*f foFm(w — Y t— s)%?f(y, s)dyds, 1<j<m.

&—>0
0 R"
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Our main tool in showing that these operators are continuous from
L»(Br) — L»(L¥(8,)) and L#(L*(8z)) — L*(L*(8y)), respectively, will be the
following theorem by Benedek, Calderén, and Panzone [1] on vector valued
singular integral operators.

Let H, and H, be Hilbert spaces and k: R» — C(H,, H,) (= the space of
bounded linear operators H, — H,) be such that

T(f)(@) = [k(e — 9)fy) dy
-

18 defined for all simple functions f with compact support in R* and values
in H,. Assume

@) [[1T(@) |z, fosam < C1 | 1f@) g, |z2amys C1 independent of f,
(ii)I f ]IIk(a:— Y) — k(@) |ga,,m, 3 < Cy, O, independent of y.

z|>4ly
Then T can be ewtended to a continuous mapping from L*(R~, H,) — L*(R", H,)
for 1<p < oo and

1T e, Ny < Col €y + Co) |[1F N, oot -

It is obvious that (ii) is implied by the condition
()" [Vok(@) leqa,,my < Oale|—"

THEOREM 9. For 1< p << oo and for all ge L*(R")

21 [#9/m=4 D1 (g) | 1o(z(s 03) < C 19| zogamy
i<

where C = O(n, m, p, A, u).
ProoF. Since

Ty(@,1) = F(exp 3 #a(y)i)%) (@),

=

DIy 1) = [ ey ex| 3 Aoy — ie-a)as.
R"

Because of the parabolicity there is a constant ¢> 0 such that

DIT (@, 1) = [(y, £)(— i)’ exp (— olé]") exp (— ié o) dé

Rn
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where h(y, &) is rapidly decreasing in &, uniformly in y, i.e. for all multi-
indices o and f,

suep |E#Dgh(y, &)| < oo.
vy

- Hence
DiT (@, 1) =fH(y, 2) 2, (x— z)dz

Rn
where

H(y, 2) = Fg(h(y, §)(z) and  Qy(2) = Fy((— i)’ exp (— cl]9)(2) .

Finally we have the representation

tim=+ DiI,(g)(x, 1) =fH (@ 2) ("’f e _ff,),.{t”m = g0y dy)
R™ it
= | H(a, ) L(g)(=, 1) dz
-
where
L) = [ SO =2 g,

R

We will now apply the theory of vector valued singular integral operators
mentioned above to show that for fixed 2 I,: L?(R") — L»(L*8,)) con-
tinuously for 1< p < oo with norm bounded by a constant times (14 [2|Y).

Let H = L*0, oo) and for x € R* fixed define k(z): C -~ H (C = com-
plex numbers) by

k() = at—i-nim 0, (ﬁ z),

tll’" -
and for fe L?(R") we define the operator

Ef(@) = [k — y)1(y)dy .
Rn

Of course Kjf is nothing more than the function I,(g). Using Parseval’s
theorem it is easy to see that

oo

[ Ef 22 zrs o)) = Gflﬂ'" (@) (@) 2 J
Rn 0

2

F(Q;)(w[tr/m
TENE) F ot olgloam
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with C independent of z. Also for # = 0 Vk(z) is a continuous mapping from
C — H defined by

St = a-+m50, ().

As such a mapping its norm

:( [ IV, (@ftim — o) ﬂ)*_ L “1V9j<x'/tlfm—z>|zgz_t)*

f2(nt1)/m i - Ix |n+1 {2(n+1)/m t

where #'= x/|x|. Observe now that

{2(n+1)/m t f2(n+1)/m

=~

J‘ VQ (' [trim — 2) |2 at 4 (]V!),-(w’/tl/"' —2) lz) dt
0 ttim<1/2lz] t1im>1/2]a]
< O 4+ Clgpon
with again C independent of z.
From the above we conclude that for 1 < p < oo

[t/ D1 (g) |zoz2s ) = 1K(9) ”LP(L'(SOD))<O(1 + [e])m+ 191 zocm -

From our representation of ¢/m~tDiJ (g) and with the use of Minkowski’s
inequality we have

[t3/m=* DiI,(g) |}L,,(L,(Sm))<0fs2p ]H(w, 2)(1+ |z|)n+1‘dz]|g|[L,(R..),
R

and this concludes the proof of Theorem 9.

THEOREM 10. For 1<p << oo, 1 <j<m, and each T < oo, K; maps
L»(L*(8y)) into itself continuously and

T
1< o) + [ 2 as|
0

where C = C(n, m, p, A, u).

ProoOF. A standard argument in singular integral theory reduces the

proof to showing that the norms of the operator, K;,, defined by
t—e
. . 0(s)
Kef(@, t) = vt | DILo(w — g, 8 — 8) — [y, 8)dy ds

R™

T
is bounded independently of ¢ by C[6x(T)+ f (6%(s)/s) ds]* .
0
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Using the same functions as defined in the proof of Theorem 9, we can
represent the operator K;  as follows:

2, —syum—2)
K@, 1 —wa 2 (t“"'-*f f o= = 2= 2 00 sy, )y ) as

= [#@,5 K@, 2

R"

where K, is the (vector-valued) convolution operator

f»tz/m—*ffg( Y[t —s)tm —2) ‘9§—f)f(y, s)dyds .

(t — g)mtaim

Again we use the theory of vector-valued singular integral operators to
prove that K,: L*(L*Sr)) — L?(L*(Sr)) continuously with norm bounded by

( (fe Wa ))(1+1z|)N

We first set H = L2(0, T) and for x € R* we define k(z): H — H by

"0 (@)t — s)m — 2) 0
K@) () = timd (iﬁt_sﬁnwm D) f15)as

0

For fe L¥(8y) we set f(& t) = F,(f(x,1)(€). Then from Parseval’s relation
we have

Ts&'(gj)(é(t — 3)1/m) exp (iz-f(t _ 3)1/,7.) .

T
[ Eof|Zocsey = | dE | 29/m= (t — s)ilm

R

0(3)

f(&, 5)ds

T 42

+qu*Wth—Wﬂw§mamw

R® 0

dt< coH(T) ff

”"""f LRI |, oy 1as v

s)f/m

datdg .

Recalling that F(£2,)(£) = (&)’ exp (— ¢|€[?), the second integral above is
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bounded by

o f "0 ) fdsj & |2|e|wf exp(tli'f,': ") arag < 0 f PO a5t -

In the case 1< j < m we note that

¢ :
F0 — g)m) 1 ~
: (115)(—6(:)”"‘8) )i, ojas< C‘”’“fm f(& 9)|ds

t/2 t/2

tilm—1

and using a well-known lemma of Hardy ([6] p. 227) we see that

T ¢ T
[ (e = s)-mife, o)1a8) atag < of (176, 9)dsdé = Of marsny -

R" 0 2 R* 0

In the case j = m we note that

2

[
[ELEC= I g, 100 < i foxp (- le e — sym(ife, o).

t/2 0

Since we now have convolution in the time variable with an Li-kernel, it
is easily seen that

t

f mmj ( exp (— ofé|*(t— 5)) |f(¢, 9)|ds) dtds < O f f& viaar.

R" 0

We have now completed the proof that

T
1o flxsm < O (0(T> +([=2 ds)‘) [Hlarenn

with O independent of z and e&. For ## 0 the mapping Vk(x): H - H
defined by

V.Q z/(t— 8)lm — ¢ 0(8)
Aol i an

VE(@)()(t) = t”""*
0
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has norm bounded by a constant, independent of g, times

(em +( f ”—fﬁ—”)‘)(l + fe)Haiar.

To see this fact observe first that

t
\v/o) t — g)Um 0 VR, t m
i | ’éwi( s lf(s)lds<oe<T>f ot e i as
t/2

and hence the L2-norm over (0, 7) of this function is bounded by

V.Q z[tim — 2)| dt
T)f | (t(n/+1)/<m ! 7 IHlzen<COI) + &) e[| f] mo,n -

Secondly by Minkowski’s inequality we have

t/2
IVQ X (t — g)llm P 0(8)
|j($ i g)itD/m ) — [f(8)|ds

tilm—%

12(0,T)

0(3 V( ) ( ]V.Q (ftyim — 2)|? dt)

f2(n+1)/m 4

0 8

This last expression is bounded by

O(1 + [el) ol f O6) 1) as< 0Q1 + ) ( f 9%s) 4 ) e f e -

0
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