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An Approximate Layering Method for Multi-Dimensional
Nonlinear Parabolic Systems of a Certain Type (*).

AVRON DOUGLIS (**)

Abstract, — 4 new method is described of solving initial-value problems for PDE systems
of the form

d
(E) ou,fot + 3 (0/ox;) fis(x, t, u) + gz, t, w) = p;du;, 1=1,..,n,
i=1

in d dimensions, where d > 1, u; > 0. The method is an outgrowth of ideas previously
put forth by N. N. Kuznetsov [Math. Zametki, 2 (1967), pp. 401-410] and the
author [Ann, Inst. Fourier Grenoble, 22 (1972), pp. 141-227] in connection with
scalar first-order PDE’s. Time t starting from 0 is divided into short intervals
Z, = {(m—l)h<t<mh}, m =1,2,... Bounded, measurable values of u =
= (Uy, ..., U,) are supposed to be prescribed at time t = 0, and the first step is to
smooth them. Then in Z, an approximate solution vl(z,t) = ot = (vi, ..., v}) of
the first order system (E), to which (E) reduces when the u; are replaced by zero
t8 obtained such that at time t = 0, v' coincides with the smoothed initial data.
Once v™'(x,t) has been constructed in the time-interval Z,_,, its terminal values
v, (m — 1)k) are smoothed to do duty as initial data for an approximate so-
lution of (E),, v™(x,t), in the next following time-interval Z,. In this way, a
«layered » function v®)(z, t) = v™(z, t) for (m — 1)h <t < mh, m = 1, 2, ..., is built
up. If the smoothing at each step is carried out appropriately, its effects accumulate
in such a way that, for small h, u®)w, t) will approximate a solution of (E) at least
for a certain finite interval of time. The derivatives of u(™ with respect to x and
their difference-quotients with respect to t will be well behaved if the f;; and g; are
sufficiently smooth.

(*) This research was partially supported by National Science Foundation
Grant MCS 75-07141-A02,

(**) University of Maryland, Department of Mathematics, College Park.
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194 AVRON DOUGLIS

1. - Introduction.

Summary.

In this paper, a new approach is presented to the construction of solu-
tions of multi-dimensional parabolic systems of the form

3%,-

(B)  Fiu]=—

i 3 .
+,Z:15?0; (fii(m’ ) '“)) +gd@, tyu) = p, duy,  i=1,..,m,

where p;> 0, @ = (@1, ..., Ta), U = u(@®,1) = (Uy(, 1), ..., Un(w, 1)), and A de-
notes the d-dimensional Laplacian. Systems of equations of this kind arise
in diverse contexts, for instance in theories of chemical reactions, thermal
diffusion, population growth and diffusion, predator-prey interactions, and,
with some (not all) u; equal to zero, of enzyme-morphogen interaction, and
of nerve excitation.

The present study is restricted to initial-value problems, in which solu-
tions u(z, t) of (E) are demanded in time-space zones Z7 = {(z,1): 0<t< T,
2 € R4 of appropriate duration 7' under initial conditions of the form

(I0) u(x, 0) = u’(x) for xe R°.

(Real cartesian space of d dimensions is denoted by R¢ with d>1.) Sub-
sequent papers will show how the methods used in these initial-value problems
can be adapted to boundary problems for (Z) and can be extended to other
types of systems of equations, in general leading to convergent calculational
schemes. A treatment of the Navier-Stokes equations from this point of
view is being worked out at present jointly with E. Fabes.

We assume f,(w, ¢, ) and g,(z,t, ) to be sufficiently smooth and w°(x)
to be bounded and measurable on R4 To construct functions that will ap-
proximate a solution of an initial-value problem (E), (IC), our procedure,
in outline, is as follows:

(1) Select a suitable averaging operator S. (¢ > 0) acting on functions
o(x) that are bounded and continuous on E? For instance, S; might be re-
peated arithmetical averaging, i.e., 8, = 4,°, where b is a positive integer,
and, for each x e R% A.v(x) is the arithmetical average of the values of v
on a d-dimensional cube of center # and edge length 2e.
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(2) Divide the half-space R%*!= {(#,¢):¢>0, ® € R% into thin layers
Z, = {=1t): (m—1)h<t<mh,zeRY}, m=1,2,...,

of «duration », or « thickness», h, h> 0.

(3) Approximate the initial function #°(x) by a smooth function u*(x)
depending on A, approaching °(z) in the sense of L}, as b — 0, and in ab-
solute value having the same bound as its limit. Then, in particular,
|u*(w)|< M, for xe€ R, where M,= sup,. |u°(x)]. Choose arbitrarily a
number M such that M > M, -+ 1.

(4) For each ¢ =1,...,n determine an averaging parameter ¢; by a
condition of the form & = Ak, in which 4, is a certain constant propor-
tional to x;. In the first layer Z,, find a (vector) function w%'(z,?) =
= (u3(@, 1), ..., up(®, 1)) that, on the lower face of the layer, complies with
the initial conditions

’“’il(w; 0) = S,‘u:(w) y t=1.,mn,
and, in the interior of the layer, satisfies approximately the «layer equa-
tions »

(H)o Ful=0, i=1,..,n.
Then in Z,, for each m = 2,3,... in turn, find a function u™(,t) =

= (u}(@,?), ..., wl(w, t)) that again is an approximate solution of (E), and
that satisfies at the bottom of the layer the initial conditions

(2, (m — 1)h) = 8, u(®, (m—1)h), i=1,...,m.
Let m, be the largest integer, finite or infinite, for which

™, t)|<M for (w,t)€Z,, mMm=12,..,m,,

and define in the zone Z™ the «layered solution », or « approximate layered
solution »,

uM(x, t) = u™(@,t) for (m—1)h<t<mh, e R m=1,2, ..., m,.
Provided that, in each Z,, u™ satisfies the layer equation closely enough

for the purpose, ™ will be found for small h to approximate a solution
of (B), (10).
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In more detail, our main results are as follows.

(4) A common zone Z7Z (T > 0) exists in which, for sufficiently small &,
all 4™ are defined and, in absolute value, are <M (Section 5). For certain
special types of systems (), values of M corresponding to any choice of
T'> 0 can be determined such that |[u®™(z,t)|<M on ZT. (An instance is
given in Section 54.)

(B) The derivatives with respect to # of u™(x,?) are subject to cer-
tain estimates in Z7 provided that ¢> 0 and that A is sufficiently small.
The derivatives of k-th order, namely, in absolute value are <o, (M, T)t™*?2
with constant o,(M, T) independent of =, ¢, h (Section 6). Notwithstanding
that «® is discontinuous across the interfaces between consecutive layers,
analogous estimates also hold for first and higher difference-quotients with
respect to ¢ of approximate layered solutions and of their derivatives with
respect to x (Section 7). Thus, the artificial discontinuities created in the
layering method are less disordering than might be feared.

(C) Approximate layered solutions converge to a certain limit w(x, t)
a8 layer thickness h approaches zero. The convergence is uniform in any
subset of Z7 having positive distance from the initial plane (Section 8).

(D) The limit u(z, t) is a solution of equations (X) and also satisfies
the initial conditions (IC) in a generalized sense (Section 3).

Our presentation departs from the natural order of ideas in two respects.
The central and motivating fact that the limit of layered solutions must be
a solution of (E) is the first thing proved. The discussion of averaging,
being outside the main flow of ideas in the paper, is relegated to an ap-
pendix at the end.

Remarks and short illustrations.

(1) Layering for the heat equation. The cumulative effects of the
repeated averagings performed in a layering process are a manifestation of
the central limit theorem. Only a special form of this law is involved, that
which pertains to repeated application of a type of one-dimensional averaging
operator 8,. For an operator of that type, which is to act, say, on funec-
tions o(x) that are bounded and continuous on the real line R, S.v(x) is an
integral expression,

Sev(@) = j ke(& — @)v(&)dE
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in which k(&) = e1k(£[e), where k(&) is a function on R having the fol-
lowing properties: k(£)>0, [k(€)dE =1, [Ek(E)dE = 0, my = [E2K(£)dE <oo.

(The interval of integration in all cases is R.) Thus S:v = ke % v, the star
signifying convolution, and, therefore,

Sio(@) = [ROE — o)o@)ds for j=2,3,...,
where k,% = ¥ % ke %... % ke, ks occurring in the convolution product j times.

The central limit theorem says that if ¢ — 0 and j — oo in such a way that
myje? has a finite limit o2, then

Sio(w) - J' (27)"to~! exp [— (@ — £)/20%10(E)dE .

The mechanism through which this law acts in a layering process is most
vigible in connection with the heat equation

Us = PlUge (‘U, > 0) ’

for convenience taken here in one dimension. A solution is desired in R%
satisfying the initial condition

u(z, 0) = w(») for xeR
with bounded, measurable u°(x). Select at pleasure a layer height & > 0,
and determine the averaging parameter & through the condition &2 = Ah,
where 4 = 2u/m,. In this case, the layer equation is 4, = 0 and consequently

wm(w, t) = w™(x, (m — 1)h) = Sew~'(z, (m —1)h) in Z,, m = 0,1, ...,

under the convention that #°(z, 0) = u°(x) (here we can dispense with u*).
These relations imply that

u™x,t) = S"u’(®) for (m—1)h<t<mh, x€R,
and thus that
uP(w,t) = 8™u’(x) for (m—1)h<t<mh, oeR.

Now fixing #, 7, with 7 > 0, we can easily find the limit of 4®(x, ) as b — 0.
For each value of h, let N denote the integer for which (N — 1)h< 7t < Nh.
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Then
u(h)(wy T) = “N(m’ T) = Sfuo(w) ’
while
myNe? = myANh —>myAv =2ur a8 h—>0.

From the central limit theorem in the form described, we thus have
Timy 0@, 7) = [(4rum) =+ exp {— (¢ — @)Y} u0(8) dE ,

the standard representation of the solution of the problem stated.

In an entirely different connection, a somewhat similar construction for
the heat equation and, more generally, equations of the form ou /ot =
= (— 1)*Y(0%*u/ox*), k = 1,2,..., was given in 1953 by I. J. Schoenberg
[23, pp. 203-204].

(2) Layering for scalar conservation laws. The estimates in this paper
all derive from the central limit theorem, and such estimates explode as
p —0. In the scalar case (n = 1), estimates of an entirely different kind
can be made of layered solutions u® = u{® of (H). These estimates are
uniform with respect to u as well as h, are passed on to u,= lim, ,, u{,
and assure that a null sequence {4} will exist such that u,,,has a limit
as k — oo. The final limit u is a weak solution of the limit equation (E),.
Estimates of this second kind are obtainable, for instance, with respect to
the variation of layered solutions. Exactly the same means may be used
to derive and to apply them as were given in [13] and [4] in connection with
scalar equations of first order.

History.

Existence theorems applicable to parabolic systems of type (E) in initial-
value or boundary-value problems are already available by various means.
M. I. Visik [27] uses something like Galerkin’s ideas. Ladyzhenskaya, Solon-
nikov, and Ural’ceva [15, Theorem 7.1, p. 596] prove a priori parabolic esti-
mates and appeal to the Leray-Schauder fixed-point theorem. S. D. Eidel’-
man [7], first treating linear systems by means of a fundamental solution
and its potentials, handles quasilinear systems by iteration. W. von
Wahl [28, 29] makes use of elliptic estimates and semi-groups. (We do not
mention the many papers devoted to the scalar case or abstract treatments
of evolution equations not specialized to parabolic partial differential equa-
tions.) The results arrived at in these several ways are quite general in some



AN APPROXIMATE LAYERING METHOD ETC. - Sect. 2 199

respects, but require that the initial data be smooth in one degree or another,
while boundedness and measurability suffice in the present treatment.

The subject of greatest interest in this paper is believed, however, to be
its method. The idea of using a layering process to construct solutions of
parabolic systems goes back to 1972 and was a rather natural extension of
layering methods for first-order scalar conservation laws, and for equations
of Hamilton-Jacobi type, previously developed by N. N. Kuznetsov [13, 14]
and the author [4,5]. Ensuing work on parabolic layering schemes was
restricted for a time to one-dimensional systems (%) with hyperbolic layer
equations (E), (see [6]), but these limitations were overcome in 1976 by
using approximate instead of exact solutions of (E),.

Layering procedures have an obvious relation to the so-called method of
fractional steps (see, in particular, A. Pazy [21, Cor. 5.5, p. 96], J. E. Mars-
den [19], and Chorin, Hughes, MacCracken, and Marsden [2]). A computa-
tional method of fractional steps for the Navier-Stokes equations was put
forth by A. Chorin [1] in 1973. In that scheme, Euler’s equations and the
heat equation are solved numerically in alternating short intervals of time.
Marsden [20] justified Chorin’s procedure in principle by proving convergence
for a parallel construction in which Euler’s equations and the heat equation
are solved exactly in their respective layers; the question is further discussed
in [2]. Perhaps approximate layering methods will provide an entirely dif-
ferent approach to theory and calculation in this problem.

2. = Main notational conventions.

Real d-dimensional Euclidean space is denoted by R?% a point of RS,
for instance, by » = (%, ..., #;). Such a point as well as its coordinates
are referred to as spatial, a (d + 1)-st coordinate ¢ as temporal. All points
of R considered here are confined to the half-time-space

Z, = {(x,t): e R, t>0}
or to «zones » or «slabs» in time-space such as
ZT = {(a,t): ve R, 0<t<T}.

All the closed «zones », «slabs», or «layers» in the discussions to follow
will be of the type
Zy 1= {(@,0): e R 1, <1<},
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these including, in particular, the consecutive layers
Zp = Zip_rypur, = {(@,0): ®€R®, (m—1)h<ti<mh}, m=1,2,...,
for any k> 0. The half-open counterparts
Z,, = {(®,t): e R% (m—1)h<t<mh}

of this sequence of layers also will be considered.
To a bounded, measurable function »(x) on the domain R¢ is attached
the norm

1) [v] = ess sup [v(x)],

to a bounded, measurable function v(x,?) on a slab Z such as Z7 or Zy 1.5
the norms
[o(+, 8)| = esssup |v(w, 1) |,
z€RY

vlz= sup |v(w,?)[;
(x.t)eZ

« ess sup » stands for «essential supremum ».
For M >0, T>0, 0<t'<<t’, let

(¢, t”; M) = {(.’L', t,v): @ € R?, t’<t<t”9 0= (V1) ..., Vn), |’UI<M} ’

where |v| = max; [v;|, and let Z(T; M)= Z(0,T; M). For a bounded,
measurable function H(x,t,v) on Z(t',t"; M), we define

[H(:y1, -)| = esssup |H(z, t, v)|,
xERS
lol<M
|H | z4:0y = esssup |[H(w, ¢, v)|.
(z.t.0)EZ( 4" M)

The «length» of a vector V= (V,,...,V,), say of s components, in
general is measured by

V| = max;_, [Vil,

and the norm of a vector function V(z) = (V,(#), ..., V,(#)) with bounded,
measurable components Vi(x), ¢ =1, ..., s, is defined by

1V = max, [ V] .
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But if V is a funection of «, ¢, the norm considered will relate to a particular
time ¢ or to a particular layer Z, , and if a function of #, ¢, v to a particular
time or to a zone Z(#',¢"; M), as in the scalar case.

The d-dimensional veetors f, = (fi, ..., fis) and the array f = (f, ..., f,)
are partial exceptions to the previous rule, for we stipulate

d
|fil=5§1|fiil and  |f| = max, [f|

with similar understandings for their norms, which pertain again to time ¢
or to some zone Z(t',t"; M).

Partial differentiation with respect to ; will be indicated by the symbol o,
or by means of the subscript x; and partial differentiation with respect to ¢
by 0; or the subscript . The symbol 0, will refer generically to any par-
ticular 9;, of to any particular partial differentiation of k-th order with
respect to x,, ..., ®;, Vv denoting the array of all partial derivatives of v
of k-th order with respect to @y, ..., 2;. For an n-dimensional vector func-
tion v(x) = (v:(®), ..., va(®)), v, will denote the set of derivatives V29
t1=1,..,n, j=1,...,d, and we write

Iv:cl = IMax,; ]vi.le 9 ” vx” = sup |vz| .
ZERS

Similarly for a vector function of x, ¢ given on some layer Z, ,.

The vectors f; = (fa, ..., f«) and the array f = (f,, ..., f») again are par-
tial exceptions to the general rules, for we define (using the summation con-
vention)

fi,a:=fii,zj and fz'—_'— (fl:c"")fn,w)
with

Ile = Imax; Ifi,a:l .

For the array of n?d quantities f;, , We set
[ful = max; ¥ (it | -
ik
As t0 g = (g1, ---) gn), We use analogously
9l = max,lgif; gl = maxizlgis,l, 1. = max; 3 g,

In all cases, similar conventions are made as to norms on appropriate zones
Z@,t"; M).
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In general, for a function H(q) of an s-dimensional vector g = (g, ..., ¢,),
H, will denote the array of partial derivatives {H,, ..., H,}. Accordingly,
for any s-dimensional vector r = (r,...,7,), by H,r will be meant the

scalar product H,r; (summation on ¢) with similar notation when H is a

vector. Consistently with this and previous conventions, by f,v, is meant

If, in (scalar or vector) functions depending upon x, ¢, v, the argument v
is replaced by a (vector) function w(x,?) to produce compounds such as

g*(x, 1) = g(m’ b, w(w, t)) ’ f’:(w’ ) = fi(w" t, w(w, t)) y
*, t) = f(w7 1, w(w, t)) ’

derivatives of the compound functions are written in such notation as the
following:

(1= Tt = fii.m, + fii.ul Wies
(f):c - ((fl)m? AR (fn)z) ’

summation again being performed on repeated indices.
In this notation, equation (E), is abbreviated as

3. - Approximate layered solutions and a characterization
of their limit as a solution of the full parabolic system.

In this section, we describe the kind of approximate layered solution
u®(@, ?) to be employed in this work and verify for this kind that, if lig u®
exists, then the limit satisfies the full parabolic system (), as desired.
‘We begin with some remarks about the two processes that are alternated
in a layering procedure: (a) smoothing, and (b) solving the layer equations
exactly or approximately.

(a) Smoothing in our layering procedure will be performed by means
of averaging operators K, transforming any function v(x¢) bounded and
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measurable on R¢ into

Keo(@) = k() oo + o) d€ = [ k((y — o)fe) oy dy -

(When integrating over R¢, a single integration sign is used, and the limits
of integration are not indicated explicitly. Similarly when integrating over E.)
It is assumed that

k(é) = k(él) k(fd) ’

where k(s) is a one-dimensional averaging kernel such that %(s) >0, f k(s)ds =1,
k(s) = k(— s). This one-dimensional kernel additionally is required to be
sectionally continuous and sectionally of class C®, and also to have certain
other properties, all of which pertain, in particular, to the kernel

E(s) =% for [s|<1

=0 for |s|>1

of arithmetical averaging. Iterated kernels of arithmetical averaging—i.e., the
kernels that belong to an arithmetical average of an arithmetical average,
and so forth—as well as a Gaussian kernel

9(s) = gy(s) = (2m) 45~ exp [ 8*/20%]

also are acceptable for use as k(s).

With reference to a given averaging operator K., we shall refer to &
loosely as the «averaging distance». When layer height &> 0 has been
fixed, an individual averaging distance

& = (lih)*

is associated with each u;, ¢ =1,...,n, where 1, is a constant depending
both on u; and on the type of averaging. A vector w(x) = (w,(), ..., .(z))
will be smoothed by applying the operator 8; = K, to its ¢-th component,
the smoothed vector being denoted by Sw(z) = (S;w,(®), ..., Spw,(2)).

(b) Exact solutions of the layer equations are obtainable, and can
be used in layering, only in special cases, in particular, (i) in the scalar case
(n = 1), (ii) in case the layer equations are hyperbolic, and d = 1, and (iii)
in the case in which the layer equations are ordinary differential equations,
i.e., f = 0. Approximate solutions of the layer equations are more easily
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and more generally available than exact solutions and by various means,
one of which is discussed in Section 4. There, under certain requirements
as to 8, and with f and g, and their partial derivatives of various orders,
assumed bounded in a region Z(z,7 + v'; M) (0<r <7+ 7/, M >0), an
approximate solution v(w, t) of the layer equations is constructed in a suffi-
ciently narrow layer Z_,.,, 0<h<7', to the following specifications.
Given a function w(x) of class C®, j,>1, such that

o< M, ”aiw"<ojh_5/27 J=1,..,4o,

with certain constants ¢; supposed to be sufficiently large, it is required
first that

(@, T) = Sw(z) .
Secondly, v(z, t) is to be of class C* and to be subject to the bounds
"v”Z1_1+D<M’ "ai,vulr,rn<65h_”2’ j = 1’ '“7j0'

Thirdly, again for sufficiently small k, v(z, ) must satisfy the layer equations
approximately in the sense that

10, F 0]l 2, s n < @B 7D, §=10,1,..,5,—1,

where F[v] = v, + (f(=, ¢, v)),, and where the o; are constants possibly de-
pending upon M, and r is an integer >2. Finally the derivatives of v and
of F[v] are required to satisfy certain further conditions, which are stated
in inequalities (4.28), (4.29), (4.29)* in the conclusion to Theorem 4.3. By
means of the construction of Section 4, a positive quantity h* depending
only on M and M — |w| is produced such that all the foregoing demands
(with jo>2r) are met for 0 < h<h*. Without commitment to this particular
construction, these properties always will be assumed for the approximate
solutions of the layer equations considered in this paper.

In general, the given data «°(x) have to be replaced by an approxima-
tion u*(w) of class C* for which, with sufficiently large constants C;,

(1a) ur] < My, ||3;u‘|] < oih_m for j =1, ...,

(1d) lim u*(x) = u°(x) for almost all « in RS
A0

(The replacement is not necessary in the case, for instance, in which 8 is
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Gaussian.) To obtain u*, we apply a Gaussian operator to «° or, in case S
is arithmetical, apply the iterated averaging §* to w,.

Let M be any constant > M, -+ 1. The first step in layering, after the
previous adjustment of the initial data, is to find in Z, an exact or ap-
proximate solution wul(z,t) of the layer equations (F), satisfying the initial
conditions u'(x, 0) = Su*(z). (We could just as well define u'(z, 0) = u*(z).)
The second step is to find in Z, an exact or approximate solution u2(x,?)
of equations (), such that u%(x, h) = Sul(x, h). Continuing from layer to
layer in this way, let m, be the largest index for which a chain exists of
exact or approximate solutions w'(z,t),..., u™(x,t) of equations (E), on
Zy, ..., Z,,, respectively, such that um(z,?) is of class C¢% in Z, and that

wm(®, (m — 1)h) = Sum(x, (m — 1)h)
and

lum] 7, <M

for m =1, ..., my, where u’(x,0) = u*(x). Previous remarks imply that
mo>1 if h is sufficiently small; possibly m, = oo.

The 4™, m =1, ..., m,, are parts, which we assemble into a whole, the
«layered solution », or « approximate layered solution », 4 defined as

!
uP=u™ on Z,, m=1,..,m,.

By definition of m,,

(2) [P | ma < M .

From the preperties attributed to approximate solutions of the layer equa-
tions and thus, in particular, to the «™, ™ will be of class C* in each Z,,,
m =1, ..., m,, and, if b is sufficiently small, its derivatives will be subject
to the bounds

@) 105 u® | gmp <™, =1,
The conditions
3)  uM(x, (m—1)h) = ™ (z, (m— 1)k 4 0) = Su®(z, (m — 1)h— 0)

will hold upon the layer interfaces. Again for sufficiently small b, in each Z,,,
u® will satisfy the layer equations approximately in the sense that

(4) “gh) + (f(ﬁ, t “(h)))z + g(=, t, '“(h)) = f)(h)(a"f t),
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where

(5) 1950 zmp < @B 702, j=10,1,.., 50— 15

as before, r is an integer >2. Certain further conditions result from ap-
plying inequalities (4.28), (4.29), (4.29)* to the «™, m =1, ..., m,, indivi-
dually. These conditions, some of which will be used later to estimate the
quantities

pg‘h)(t) = tm”aiu(h)(" D, Ji=1,.,5—1,
are that, for 0 <t<mh,

(2)* P <X, j=0,1,..,5,—1,

(5)* PRI, D] <RV, j=1,., 5,1,
and, if jo>r 4+ 1,

(B)** 2P, )| < Xt A2, i=0,1,...,5,—r—1,

where X; and Y; depend polynomially upon p"(¢), ..., p{(t), and kV2; ¥; de-
pends polynomially upon p®(), ..., p®,,,(¢); and X,, ¥,, ¥; also depend
upon M, myh.

Now that we have described layering, we can explain why it should be
expected to be of use in parabolic problems. Postponing all intermediate
considerations, for this purpose we make, with reference to some zone Z™,

T,> 0, the following hypotheses:

(A) For all sufficiently small, positive k, exact or approximate layered
solutions u®™(x,?) exist on Z7 and satisfy an inequality of the form
[4®] ;zo< M, where M is a constant independent of h. Moreover, || zz, 1),

el zcr,nys Wl zczynys 190 2r,00) aTe finite.

(B) In the layers Z, contained in ZT°, the u™ are of class C? and satisfy
equations of the form

u? + (f(x, 1, u™)), + g(@, t, u®) = HP (2, 1),

where Jim §® = 0 uniformly on any compact subregion of Z,, with any
positive 6 << T,.

(0) A constant M,(T,) exists such that, for all sufficiently small,
positive h, [[u®(-,t)| <M (To)t7t if 0 <t<T,.
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(D) As b — 0, the u™(x, ¢) approach a limit u(z, t) for ¢ > 0, uniformly
on any compact subregion of Z,, . The limit u(x, ) is continuous in (w, ¢),
of class O with respect to ¢, and of class 02 with respect to #, for 0 < t<7,.

Of the various requirements later to be laid upon the averaging kernel
e 1k(x/e), we here demand that the first four absolute moments

m, = [K(@PdE, k=1,2,34,

be finite.
Our first contention is:

THEOREM 1. Under assumptions (A) to (D), and with an averaging operator
as described, the limit u(x, t) is a solution of the parabolic system of equations (E).

Later (Theorem 2) we shall also verify that u(x,t) satisfies the initial
condition (IC) at almost all points of the initial plane ¢ = 0.

The main task in proving Theorem 1 is to show that wu(x,?) is a « weak
solution » of equations (E) in the following sense.

DEFINITION. A bounded, measurable funection w(x, ) is a weak solution
of (K) if the conditions

(6) —ff{uitpt + fi(z, t, u) o, — (pgi}dacdt = U; fuiAzpdwdt t=1,..,m,

Z7To ZT0

are satisfied with any (scalar) « test function » p(z, ) of class C* and vanishing
outside a cylinder

C(Xy; 6, Ty) = {(m,t) € Zsp,: || < X}

of finite radius X, and base-elevation é (0 < § < T,).
By f.p. is meant the scalar product f;¢,, summation over j from 1
to d being understood. The vector (f,¢,);~,. ., Will be denoted by fe..

.....

PrOOF OF THEOREM 1. If u(x, t) is a weak solution of (H), i.e., satisfies (6),
and if u(z, t) also satisfies Assumption (D), then it is easily established using
integration by parts that w(wx,t) also satisfies (¥), as claimed. To prove
u(x, t) to be a weak solution, we start by multiplying both sides of equation (5)
by a test function g(z, t), integrating over Z,,, and then integrating by parts.
Let um™, m =1, ..., my, again denote the « parts » of ™, and for convenience
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assume (m,— 1)h < To<myh. We obtain
fqp(m, mh) um(z, mh) dz —f(p(w, (m — 1) b) wm(», (m — 1)h) do

—[ [ g, + f@, t, um 9. — pg(a, t, um)} dwdt
Zﬂl
sz¢bmdwdt for m=1,..,m,.

Zm

Summing for m =1, ..., m, gives, since ¢ is supported in C(X,; 4, T,),
(M - f f{“(h)% + f(@, t, u®) @, — g(w, t, uP) @} dwdt = T® + H® |
C(X430,To)
where
Mo
=3 f @(@, mh){um+1(z, mh) — w(z, mh)}dz ,
1

and
P — f J‘ ob™ ddt .

C(X,:0.T,)
In view of Assumption (B),
(8) limH® = 0 uniformly on C(X,; é, T,)
h—>0
and, as we intend to prove,
9) lim 70 = (12)me 2, [[ wdpdodt,
A0 O(XeB.T0)

T®™ being the i-th component of 7™, 4 =1, ..., n. If (9) is granted, then in
view of (8), letting h — 0 in (7) gives (6), but with m, 4,/2 in place of y;.
Consequently, u(z,t) is a weak solution of (E) if A; is determined by the
condition m,4,/2 = u;.

Contention (9) is implied by the following lemma.

LeEMMA 1. For ¢> 0, let K. denote an averaging operator as previously
specified. If v(x) is a bounded, measurable function on R* and @(x) a function
of class C* in R® with compact support, then

10) | [p@)K,0(@) — v@)}dn— (my/2)e* [v4pdal < (@24 mlp |5 o]s,
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where

|‘P“) |L =J.ma'xi.!.k.l i‘paaz,zgm |dw .

That this lemma implies (9) is seen as follows. In view of (10), T™ dif-
fers from

(my)2) € g J‘uﬁ")(aa, mh) Ap(w, mh)dz
1

by a quantity that approaches 0 with k. The last expression differs by a
similarly vanishing quantity from

T,
(ma2)eh) [ [uP(a, 1) Apla, tydodt,
]

since, by Assumptions (A) and (D), a constant M: exists for which
T,

lu| 5. < M7 for s<mh<T,. Hence, T{ and (my/2)4 [ [u{ Apdwdt differ
0

by a quantity that vanishes with h, while the second of these two converges
as h — 0 towards the second member of (9), in view of (4) and (D). Thus,
condition (9) follows from the indicated lemma, as asserted.

ProOF OF LEMMA 1. Accompanying any vector & = (&, ..., &;) in R?
are the «re-directed » vectors

5(:3) = (13151’ eery ﬂdfd) ’

where 8,= 41 or —1 for j=1,...,d, and g = (8,, ..., B;). Since k(&) is
even in each coordinate of £,

k(§) = k(£(B)) -

By reflection of the appropriate coordinate axes, we thus have

[x@ 0@ + eb)aE =[k(@)o(a + o£(68)) @&

for each of the 2¢ «re-directing » vectors . Summing over all the re-directing
vectors and dividing by their number gives

f k(&) o(@ + e&)dé = 2~ ﬁz J' k(&) o(w + &(B)) dé .

14 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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Hence,

1) [oe [E@ o + o) dg)do = 2~ s [o@)( K@ o(a + e5(8)) dt) da
- 2—d;fk )( [e@o(o + e5(6)) az) as
=273 [ie) fola— et(p)(ote)ac)
=f ola) [x(e2- Sl £(f)) d) do

For fixed p, by Taylor’s expansion,
(12)  g(z— £(B) = pl@) — ¢ Z Biig. (@)
(6412) 3 Bufs6 612, @)
— (6%16) 3 BiB B &£ 11 Pure,s, (@)

idk

(34/24)"% lﬂdﬂiﬁkﬂtéefjfkfz?’ﬁkl(m, ) y

where the indices 4, j, k, ! are summed from 1 to d, and
Pun(®, §) = 4 f Pae,ae (T — e(1— 1) E(B)) tdt .
0

We need to sum both sides of (12) over all re-directing vectors §. For each
set of values of d — 1 components of §, however, the remaining component
can take one of just two values 41 and —1. Hence, summing linear or
cubic expressions in the f;, as occur in the terms in (12) of orders & or &,
produces 0 out of total cancellation. Summing the terms of order &2 gives

A3)  (@12) 3 T ABLL P @) = (€2) g{; BB}, (@)

If i j, then > B,8; = 0 for the same reasons as before. To argue this in
B
greater detail, consider > f§,f, as representative of such sums. The set of
8

all re-directing vectors f = (8,,...,6;) can be grouped into pairs, the

members of which are identical except in their first components. The two

terms in the sum > BB, corresponding to the two members of such a pair
B

cancel: hence, the sum is 0, as asserted.
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For ¢ = j, the inner summation in (13) is
z ﬁ? = z 1= 2d7
8 B

there being 2¢ terms in the summation. Therefore, the summation (13)
reduces to

(¢%/2)2° 3 & Pra (@)
i
and the result of summing (12) over all § to

274 ;'p(w — e£(B)) = p(x) + (£%/2) Z & Qpr (@) + £'r(, &),
where

i, )] < (L[2)]p] > EE 1] = (/2001991 (3 I&I)'

SCEIL ) o el

iaﬂ'

with |¢¥| = |p“W(®, &)| = max,, ,,, [@pes(® &)|. Substituting this in (11) shows
that

f «p(w)( fk(E)v(w + sé)dé) f @)dw + (£2m,/2) |v(z) Ap(a)dw + R,

since f k(&)|&:|*d& = m,, for all ¢ and k. For the same reason, the coefficient
of &*, namely

R = [oa)@)r(z, ) doat,

is, in absolute value,
4!
<@2O0, 3 '—wfkmlslru.. |£alied .
7R

1t et ig=al10 o0

The integral in the last expression is equal to m, ... m;, and thus to one of
the monomials
t, mim mym, mi, m
my, 1My 1Mg 29 4

From the fact that none of the quantities m,, m}, mt exceeds m?, it follows
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that each of the five monomials is <m,. Therefore,

4!
IRI <(1/24)|¢(‘)1Lm‘_ Z ]

it Tia=a bl e dg!

= (1/24) |0, m, d

and the lemma is proved.
To justify the initial conditions (IC), we add to the previous hypotheses
concerning K. the supposition that, for any v(#) integrable on RS,

(14) | Ki@(8)v] <const o‘*“’flv(w) |dz

where ¢*? = je? - 62, and G(d)v(x) = f g4(y — 2)v(y)dy. In the case in which
K. is Gaussian or arithmetical averaging, such an inequality follows from the
remark inserted after Theorem 2 in Section 9. (The remark pertains to
d =1, but is easily extended to any d.)

THEOREM 2. Under supposition (14) in addition to the hypotheses of

Theorem 1, we have

(15) lim u(z, t) = u°(x) for almost all x in R4
>0

ProOF. Note first that, if j = [¢/h], i.e., jh<t< (j + 1)h, then

(16) lim 8/ y* = y° almost everywhere in R4,
h—0
t—0

Since w*(z) = G(J)u’(x) =fg;,(y— z)u’(y)dy, in justifying (16) component-
wise, it suffices to show that if ¢ = ¢(h) and é = (k) approach 0 with &,
then for any bounded, measurable function v(x) on R?,

an ImKIG(8)v =
a0

i—0

at the Lebesgue points of v.
Let k*(§) = k*(&,) ... k*(§;) denote the kernel of the averaging operator
K* = K!G(d): K*v(x) =fk*(y— z)v(y)dy. Then for any a > 0

K*o(0) — o(o) = [l*(y — o) [o(y) — v(@)]dy

=J‘ +Iz=11+12’

lv—z]<ao*
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I, being an integral over the complement of the (d-dimensional) interval
ly — #| < ac*, which is a union of semi-infinite intervals, on each of which
ly; — ;| > ao* for at least one index j.

Let 7 > 0. Chebychev’s inequality and the boundedness of » show that,
if ¢ is sufficiently large, then |I,| < #/2. Using inequality (14) in I, gives

|1, < const o* ¢ f [v(y) — v(@)|dy ,

ly—=|<ac*

so that |I,| < n/2 for sufficiently small ¢* if # is a Lebesgue point of ». In
this way, (16) is established.
Since

u(@, t) — u*(@)| < [u(@, 1) — uP(@, )| 4 [P (@, 1) — §u*(@)| + |§ w*(@) — uo(@)],
and in view of (16) and assumption (D), to prove (15) it suffices to justify
the inequality

(18) [u® (-, 1) — Su*]| < M’

with suitable constant M’ depending on 7,: To do so, we consider the
equations

(19) u' + (fe, t, ™), + 9@, t, w™) = §"(x, 1) in Z,

satisfied by the «parts» wum™(z,t), m =1,..., m,, of any layered solution
u™(x, t). Taking a particular time 7 for which 0 < 7 < T, and j = [7/h] > 1,
we apply S+ to both sides of (19),, for 1 <m < jand then integrate with respect
to ¢ from (m— 1)k to mh. Since u™(x, (m — 1)h) = Sum(z, (m — 1)h), we
obtain

Si=mym(w, mh) — Si-m+1iym=1(z, (m — 1)h)

=— [ s=n[(f(o, 1, w). + gla, t, um)] dt

(m—1)h
mh
+ f Si-mpm(z, t)dt, m=1,..,j—1.
(m—1)h
Besides these, we have similarly
wi(@, T) — SuY(w, (j— 1)h)

=— [ @t w). + g, t, w)lét + [ Y@, nat,

@G—1n @G—1)n
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and adding all j relations, we obtain

mh
W@, ) —Srura) = — 3 f S (F(@, ty um)s - g, 1, wm)] dt
m=1
(m—1)h T

— f [(f(@, t, u") o+ gl@, 8, w)]dt

@G—1h
T

mh
+5 f Simhm(z, 1) dt 4 f Bi(w, 1) di .
m=1(m—1)h @G—1h

This implies the needed inequality (18), in view of assumptions (4), (B), (C)
and Theorem 2 is thus proved.

4. - A type of approximate solution in thin layers
of first-order partial differential equations.

In Section 3, we listed the properties needed in this paper of approxi-
mate solutions of the layer equations

Flu] =u, 4 (f(‘”9 t u’))z + g(@,t,u) = 0.

The approximate solutions of interest exist in a layer Z, ., , and satisfy initial
conditions of the form

(1) o(@, T) = w(®),
where the initial data are averages,
@2) w(x) = Sw(w),

with averaging distances &; proportional to k¥. Under appropriate hypotheses,
we shall here show that approximate solutions as desired can be obtained
in the form

(3) v(*’”} t) = w("‘v) + z bi(‘”)(t_ 77)!9
i=1

in which by(w), ..., b,(x) are determined by the requirement that, for = > 0,
(4) Flo]=0(t—7)7) inZ_,.,a8t—7—>0().

(') There are surely many ways of obtaining approximate solutions. We mention
in particular a new method of F. Treves [24] as possibly useful in the present context.
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A new stipulation concerning 8 is made, that
10:80] <xlo|b™, i=1,..,r+1,

with certain constants e, ..., &,,,. This condition is satisfied, in particular,
by arithmetical averaging repeated r + 1 times.

Rather strong differentiability assumptions are called for in the present
method. With M a constant for which |w| < M, we shall assume that, in
Z(v, v + h; M),

a(@y b, u) = fu("”a 1y u) and  e(x, t, u) = fo(@, t, u) + g(@,t, u)

have bounded partial derivatives of orders <r - j°, where j°>7. We shall
also assume w(x) to be of class C#* and the conditions

ol <NBR, j=1,..,5°

to hold, where N> M, and the §; are certain positive constants depending
on oy, ..., &. Defining w(x) by (2), and using condition (4) to determine the
coefficients in (3), we shall find concerning the resulting function v(w, ¢) that,
if h is sufficiently small, then [v|, .. <M,

1 o] 5, <95h'('wi_l)/2’ i=0,1,..,5°—1,

and
”ai”"zf.m<Nﬂ:‘h—jlz’ i=1..,5,

the constants g, depending on bounds in Z(z, v + h; M) for the partial deriva-
tives of @ and ¢ of orders <j 4 .

These results will be consequences of Theorems 1 and 2 to follow.
Further properties, which are of importance in estimating the derivatives 9%v,
are given in Theorem 3.

Theorem 1 is not concerned directly with w or with S and requires only
the assumptions that

(3) w] =a <M
and
(6) [o¢w| <a,h™* for k=1,..,5°+r,

where a,, ..., a; ,, are constants,
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THEOREM 1. Let 0<t <7t -+ h. Under assumptions (8), (6), the coeffi-
cients by(x), ..., b(x) determined by condition (4) satisfy inequalities of the form

(7 193b,] < ijh—(Hkm

for j=0,1,...,3° k=1, ..,7. Thus, for 0<t— v<h,
r

@y Joi(, 0 <{a, + 3 a2}
k=1

If h<} and a, + 20*B < M, where o* = max,_, __, 0o, then Iolzepn< M. If
in addition, h*<1/40*, then

(8) 1 P[0l 7, < @B 72, j=0,1,..,5°—1.

The g; depend just on bounds in Z(r, v 4 h; M) for the partial deriva-
tives of a(w, ¢, ) and c(w, ¢, u) of orders up to r 4 j— 1, the g, on bounds
for these derivatives of orders up to r 4 j. The constants a, ..., a,; also
are involved.

Proor. If v(x,t) is given by (3) with any coefficients b;(x), Taylor’s ex-
pansion of F[v] will produce an expression of the form

r—1
9 Flv] = sz(wy %y boy byy oeey by)(t— T)* + F\[0],
k=0

in which b, = w. Then the b;, j =1, ..., r, are determined by the conditions
(10) By,=0, B;=0,..,B,_,=0.

Although this procedure is well known, we sketch it to call attention to
what is essential in proving contentions (7) and (8). To this end, we introduce
a concept of « weight » as follows. The weight j - & is attached to 9%b,,
j=0,1,...,7r, k=0,1,.... The weight of a product of weighted quanti-
ties is to be the sum of the weights of the quantities, the weight of a sum
of weighted quantities the greatest of the weights of the summands. The
weight 0 is attributed to any constant and also to a(-,,*) and ¢(+,-,*), and
to their first and higher partial derivatives, evaluated at (a,¢?, w(w)) or
(, t, v(, ). (At the same time, v(z, t) might be endowed with the weight 0,
for instance by giving to ¢ — v a suitable negative weight such as — 1.) It
follows, in particular, that if p is a polynomial of weight j in the derivatives
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okw (recall w = b,), the coefficients in p being quantities of weight 0, then
under assumptions (6) |p| <const B2,

As a preliminary to making the Taylor expansion of F[v]= v, |
+ a(@, t, v)v, 4 c(x, t, v), we first verify that

Ly
(11)  Bie(=, ¢, v(w, t)) =iz Pis(@y by 0(@, 8); byy ..oy b,) (E— T
i

for 1=0,1,2,...,5°,

where p,; is a polynomial—more exactly, p;; is a vector whose components
are polynomials—in b,, ..., b, of weight at most j with coefficients that are
bounded functions of #, ¢, v(x,?), and where L; << oo. Analogously,

(12) dila(=, t, v(@, 1)) v.(x, 8)] = %q‘m(t—— r)mi  for i =0,1,...,

m=4

Y U

at most m 4 1 and with coefficients that are bounded funections of =, ¢, v(z, ?).
Each term in the polynomial ¢,, contains at least one z-derivative of some b;,
Le., at least one component of some gradient vector b, .

Identity (11) is proved by mathematical induction. In the case i =1,
we have

where M; < co, and g, is a polynomial in b,, ..., b,, by s, by s, ..., b, , of weight

o,6=¢,+ ¢, v

r
=0, + 0.._2 bjj(t_ 7)1,

i=1

so that p,; = ¢, + ¢,b,, and p,; = je,b; for j>1. The weight of p,; is j,
and thus (11) is verified in the case 4 = 1. If (11) holds for an integer i>1,
then

. L‘ .
oitle(w, t, v) = 8,{ > pyt— 1)5“}

i=i

Ly r Le
=§2{Pa‘5.t + I’a.vkzlkbk(t - T)k_l}(t — )T S py(f— O — vyt

i=i+1

It is not necessary to collect the coefficients of the various powers of ¢ — 7
to verify the contention as to their weights. For instance, in the double
summation, the coefficient of (t — 7)**~i-1is kp, ,b,, and its weight, which
is equal to the weight of p,; , plus the weight of b,, is at most j 4 k. This
accords with the rule stated in connection with (11), and the other coeffi-
cients also obey this rule, as is seen in a similar way. Thus (11) is proved.
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To justify (12), Leibnitz’s rule is applied to express 0i(av,) as a sum of
the terms

(13) (k) (@ *a)(Fvs), K0, .i.
By (11),
a@ k Ky s itk
a = ng Ics ]
8=i—k

Q;, being a polynomial in b, ..., b, of weight at most s, and m,_, being finite.

Since v, = Y b;.(#)(t — 7)’, the produect (13) becomes
(]

1\ M-k
(2). %, 36— =k 0 benate— o=t
s=i—k i=k
The weight of b,,Q;_«,, being <j + 1 + s, it is clear that if the double sum-
mation is rearranged to take the form of the right member of (12), then the
weight of g,,,, the coefficient of (! — 7)™, must be <m -+ 1, as asserted. Con-
tentions (11) and (12) thus are both proved.
By (11),

850(5177 2 ’D(.’I?, t)) |t=r = pii('% 7, w(w)’ bl: s b,) ’
and Taylor’s expansion of ¢(z, ¢, v(»,t)) in powers of ¢ — 7 takes the form
r—1

o(w, t, v(w, t)) = ez, 7, w@)) + > Pit— 1) +o,,
1

where P; = p;(#, v, w(®); by, ..., b,)/i! is a polynomial in b,, ..., b, of weight
at most ¢ with coefficients that are functions of z, 7, w(x). The remainder ¢,
is expressible as

(14) ¢ =[(r—1)!1- f(t—s =195 (w, 8, v(x,8)) ds —f t—s) '-12P,,(s— T)i~*ds

by (11), where P,; = p,;/(r — 1)! is a polynomial of weight at most j in the
quantities b,, b, ..., b, and their derivatives with coefficients that are func-
tions of @, s, v(z, s).

Similarly, by use of (12), we have

a(w, 1, v)v.(2, t) = a(x, T, W)W, +rilQi(t_ 7 44,
1



AN APPROXIMATE LAYERING METHOD ETC. - Sect. 4 219

where @; = ¢;;/i! is a polynomial in b,, ..., b,, Doz, ..., b, , Of Weight at most
¢ + 1 with coefficients that are functions of #, v, w, and where

3

M"
(15) A, == D[t — 92 3 gruls — D)rds.

m=r
T

Itis important to note that each term of @, contains at least one derivative b, .
r—1

The expansions of ¢ and av,, and the equality v, = > (j + 1)b;.(t — 7)?
give Taylor’s expansion of F[v]: i=0

Flv] = v, + a(®, t, v)v, + ¢, t, v)

r—1
= 20: B,(t— ) + F,[v],

where
B, = b, + a(x, 7, w)w, + ¢(z, T, w)
Bi=(G+1biy +Q;4+P;, i=1,...,r—1,
and
F.=A4,+ec,.
We now verify that conditions (10) can be used to determine b,, ..., b,

recursively and that b, so determined is a polynomial of weight j in the
derivatives of w with coefficients that are bounded functions of #, 7, w. This
work out for b, immediately. In the case ¢ > 0, the condition B; = 0 is equiv-
alent to

(16) (i+1)bi+l=_Qi_Pi°

Sinece P, is of weight <<, P, contains no b, with j > ¢. Since @, is of weight
<t -+ 1, @, contains no b; with j > ¢ 4 1 and also contains no derivative of
bij1y «.ey b,. Furthermore, each term of @; contains some derivative b, and,
being of weight <7 - 1, cannot also contain b,,,. Consequently, @, is free
of by, ..., b, and of their derivatives, so that (16) is a recursion stating that

b, = Sl(bo,z) ’

b,‘+1 == Si+1(bl7 eeey bi’ bo’m, bl,ﬂ?’ seey bi,a:)’ i == 1, veey r— 1 9

where each §; is a polynomial of weight <j in the indicated arguments, its
coefficients being functions of #, 7, w. From this recursion, an argument of
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mathematical induction, which we omit, shows that for ¢ =1, ..., r,
(17) b, = Ti(Way Wagy oevy OLW) ,

where T, is a polynomial of weight ¢ with coefficients that are functions of

@, T, w. From (17), 0’b, is obtained as a polynomial in w,, w,, ..., & w

of weight ¢ + j and with coefficients that again are functions of 2, 7, w. Under

assumptions (6), conditions (7), and therefore (7)', follow from this.
Conditions (7)’ for j = 0 imply that, for 0 <t — 7<h,

[o(@, )] < w(@)] 4 ¢* X B
1
<@, + 2(_)*h1/2

since we are assuming Vh<}. (Recall a4, = |w], and o* = max,_, 0o
Hence,

I'U(m, t)l<M on Zt.r+h ’

and a(z, t, u), e(w, t, u), and the partial derivatives of these functions of the
orders entering into our process, are bounded accordingly on Z _.,.

Before proceeding to (8), we must consider the effect of differentiating
with respect to x an expression of the form

J

(18) P =3 p,t— ),
0

in which p; is a polynomial of weight at most j 4 { with coefficients that
are of weight 0 and are (smooth) functions of =, ¢, v(»,?). We shall con-
clude that a derivative of this expression of first order with respect to x is
a sum of the same form in which the coefficient of ({ — 7)? is a polynomial
of weight at most j 4 { + 1. To this end consider a typical term of p;, say

A(w, t, v)G(d) ,

in which @,(b) denotes a product of b,’s and their derivatives of weight at
most j 4 {. Differentiating this term with respect to x gives a sum

A(w, t, v) G4, (D) + A, 1, v)Gi(D) + A, (, 1, 0) zr:bm(t — 7)*Q4(d) ,

k=0
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in which @,,, is a polynomial of weight at most j + £ 4+ 1. This result is of

r
the form Z P,;(t — 7)* with polynomials P, of weight at most j 4 k 4 ¢ + 1.
k=0
Hence, 0,p; also is of this form, so that, in form,

J r
P,=3 > P,t— 1),
k=0j=0

with P,, again denoting a polynomial of weight at most j + k + ¢ 41
in the b, and their derivatives. Arranging the right-hand side in powers
of t — 7 gives a representation of P, similar to (18), except that the coeffi-
cient of (¢— 7)' will be a polynomial of weight I + ¢ +1, 1=0, ..., J, as
contended.

The previous remark is applied to the Taylor remainders ¢, and A, given
in (14) and (15). With respect to the first of these, we find

t '

Lr

80, =[(t— 8y 3 Posls — 7y-ras,
. j=r

where L:< oo, and P,; is a polynomial of weight at most ¢ - j in the

quantities b, ..., b, and their derivatives with coefficients that again are

(smooth) functions of x, s, v(z, s). In view of (7), |P,,| <const h~¢+92 5o that

I, )
|0te,| < const D BTN — 7)1
j=r
L
< const z h(]—i)/z

i=r

< const =2
for h<}, 0<t— v<h. In an exactly similar way,
|0; A,| < const htr—i-D/2

Since F[v] = F,[v] = A, + ¢,, by (9) and (10), the foregoing estimates
imply that
|9; Fv]| < const htr—1-d/2 |

justifying (8). Theorem 1 is thus proved, except for a count of the derivatives
of a(z, t, ) and ¢(=, t, ) involved. Scrutinizing the previous arguments shows
that derivatives of orders up to ¢ — 1 enter into b,, derivatives of orders up
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to r — 1 into v(=, t), and derivatives of orders up to r into F,[v]. This infor-
mation underlies the statements made in the theorem about differentiability.

To use Theorem 1 in a layering process, it is of course necessary that
inequalities of type (6) be fulfilled in every layer. This will be the case trivially
for averaging kernels k(x) of sufficient differentiability, but less stringent
conditions will do as well. In fact, concerning S, it suffices for this purpose
that constants «, ..., a, exist such that

(19) |oiSw|<a;|w|hi2, i=1,..,r,

for any bounded, measurable w(z).
The proposition to follow is stated in terms of the numbers

A =max (a,...,«,), Ay=A-+1, and 4,=A44,,+1, m=1,2,...,
recursively defined.

THEOREM 2. Suppose a(x,t,u) and c(x,t, u) to have bounded partial
derivatives in Z(t, T + h; M) of orders up to (q + 2)r, where q is an in-
teger >0. In the construction described in Theorem 1, let w(x) be given by (2)
with S subject to (19) and thus to:

(20) [0iSw| <A|w|hi2, i=1,..,r.
If o] <N, o) e Catir and
(21) o0 o] < NA h-mrtdl2 - =1, .. 7r, m=0,1,..,q,
then v(x, t) € CetVr, and for sufficiently small h,
(22) 127 0] 5, < N A Brr 072
for the same indices, ¢ =1,...,r, m = 0,1, ..., q.
REMARK. Inequa)lity. (22) justifies the assertions at the beginning of
this section concerning 0)v for j =1, ..., j°in the case in which j* = (¢ 4 1)r.

To obtain the other cases, in which gr<j°< (¢ 4 1)r for some positive in-
teger ¢, only trivial changes need to be made in the following proof.

PrOOF. Apply 0™ *ito (3)fori=1,...,7,m = 0,1,...,¢. In view of (17)
and the remarks subsequent to (18), the result is of the form

r
(23) oty = grrtiy ST, L (B, ..., BT )t — 7)7
i—1
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where T';, denotes a polynomial in 9,w, ..., afj‘"w of weight j 4+ k with
coefficients that are bounded functions of », 7, w. The coefficients can be
estimated in absolute value by quantities that depend on N, T only, it

being understood that 0<7 < v + h<T. For the derivatives of w of orders
up to (¢ + 1)r, we have from (21) the estimates

(24) o tiw| < o™ Ho| <NAB ™2 =1, ..,r, m=0,1,..,q.

For the derivatives of orders (¢ +1)r +1 to (¢ + 2)r, assumptions (20)
(with ¢ = #) and (21) give

(25) Jo5r+ D] = 0,80, w]

< NAA, ptmtvrtalz i=1,..,7r, m=0,1,...,q.
By use of (24) and (25) we have estimates of the form
(26) | Tjmrsi(0aty ooy 02 w) | <Ay (Aoy ovvy Ay N, T)himrtitilz

where A,, is a polynomial in A,,..., 4, with coefficients that depend
upon N, T. It follows from (26) that, if we require A to be such that

.
z Aj’mhilz < N ,
i=1

then

1057+ 0] g n < 1057 20| + WA 2,
In the case m = 0, we use the estimate
|0;w] < ANR~2,
arising from (20), to obtain
10iv] 4, o <N(A 4+ D) b2 = NA b2, i=1,..,r.
In the case m > 0, applying (25) with m replacing m -+ 1 gives

[omtiw| < NAA, h~ ™2
and thus
[0+ 4, . <N(AAp_y + 1) B~ H 02

these results verifying (22) completely. Theorem 2 is proved.
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The following results will be used in obtaining bounds for the derivatives
of layered solutions, which ultimately will be of the form |ofu®™(-,?)| <
<t~*¥2P, in each zone in which 4™ is known to exist and be bounded.

THEOREM 3. Suppose (19) to hold for ¢ =1, ...,r 4+ 1. Suppose also that
for some k>1,

27 lho|<W,z7"2 for1=1,2,..,k.
Then for h<rT,

(28) 1057 0] 4, .n < Xy TH2R- 12

and

(29) 105 F[0]] 7, o0 < Vit */2RO-D/2

where X, and Y, depend polynomially on Wy, ..., Wy, tV%, V2, and also de-
pend on bounds in Z(z, v + h; M) for the derivatives of a(x,t, u) and c(x,t, u)
of orders up to r + k. If 0<j<k—r—1, then

(29)* 19} Fl0]) 5, < ¥, 70+ DRE2

with Y; depending polynomially on Wi, ..., W, .1, 7% and also depending
on bounds in Z(t, T + h; M) for the derivatives of a and ¢ of orders up to j +r.

Proor. The derivatives of w = Sw of orders <k can be estimated by
means of W,z-v2, ..., W, *2, the derivatives of w of orders k¥ 41, ..., k 4
+ 7 4 1 by means of o, Wi v—*2h"2for =1, ..., r 4+ 1, respectively. These
estimates will imply bounds for 9*'d,, which, being of weight j + %+ 1,
is a sum of terms consisting of products of the type

(30) (axw)p‘(aﬁw)”' vee (ai"'ki-lw)llnkﬂ
multiplied by bounded coefficients, where

(31) P12+ + G+ E+D)Prn<j+k+1.

In (30), (oLw)™ is to be interpreted as a product of p, derivatives of w of
l-th order, the p, derivatives not necessarily being alike. Bach such deriva-
tive, in absolute value, is < Cy,(h)y,(7), where
@ (h) =1 it l<k,
=h"0B2 it p<l<r4+k+1,
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y(r) =77 if l<k,
= gk if k<i<r+k+41,
and where C is a generic constant to signify possibly different values in dif-
ferent usages. Thus, in absolute value, the product (30) is

i+k+1

<0 11-1 (b y,(7)”

= QP20+ A RDE ROkt D) |~ HOk41 + 20040+ H U+ DDr4941)
This is of the form Ch~*2¢~ Y2 where
’

X+ Y=p+2p+ ... + (k+J+1)Peyija-
By (31), X + Y<j + k -+ 1, and our previous estimate of (30) is seen to be

(32) < Gh—x/21—}(i+k+1—x)
— CT—(i+k+l)l2(T/h)Xl2 .

Again by (31),

X =P+ 2Pke+ oo + (G + 1) Prssina

j+1 : j
< (m) [k 4+ 1) Pesr+ oo+ 4+ G+ 1) Prsnl<i+1.

Hence (7/h)*2 < (z/h)¥+ V"2 for h< 7, and substitution in (32) shows any quan-
tity (30) to be, in absolute value, < COr~*2p~+1'2, (Consequently,

(33) |65+ D, < Cx~*2R—0+D2 1,y
for k<7, and
r
1054 0] gy < 135 0] +521 19, b,|¥

< Wit ™ p L Qv ¥+ B R+ ..)

< Or %2 h-—} ,
this justifying (28).
To prove (29), we must estimate 9%¢, and 0¥4,, but only the latter is
considered in detail. From (15) and the remark made in connection with (18),

t
(34) %4, = [(r—1)] f (=)™ > Gum(s — 7" ds .

m=r
T

15 - Ann. Scuola Norm. Sup. Pisa Cl. Sct.
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Here ¢;,» is a polynomial of weight at most ¥ + m 4 1 in the coefficients
by, by, ..., b, and their derivatives of orders <k + 1. Since b, forj=1,...,r
is a polynomial in the derivatives of w of orders <j, it follows that g, is
a polynomial in the derivatives of w of orders <r -+ k 4 1. The previous
methods show from this that

| Q|| < OT—(k+m+l)/2(T/h)i((r+ Dir+Ek+1))(m+E+1) pm

— Cr—kl2(h/.[)(k(m-—r))l(2(r+k+1)) Rir— 1)/2+(m—'r)/2;

to arrive at the final equality requires some elementary calculations. It fol-
lows from this and (34) that

1054, < Ct ¥R D21 4 Bt + B 4-...)
< Cr~*2Rr=12  for h<t.
Since o%¢, is subject to a milder estimate, inequality (29) follows. Conten-

tion (29)* is established by similar means, this completing the proof of
Theorem 3.

5. - A common domain independent of layer height,
and a common bound, for approximate layered solutions.

It is essential that, for sufficiently small &, layered solutions w™ exist
in a common zone. As will be seen in this section, this will be so if the §;
are Gaussian, or arithmetical, or result from one or more repetitions of arith-
metical averaging. More generally, the smoothing operators in this discussion
are required to commute with differentiation and to satisfy certain inequal-
ities. Again, as in Section 3, let S = (8,,...,8,) act on vector functions
(@) = (0:(®), ..., V,(®)) to produce Sv(@) = (S;v,(x),..., S,v,(®)). Also, let
Siv@) = (Sjvy(®@), ..., Sv,(x)). Recall that S; = K,, and let

& = min;¢;, &* = max;eg;
2 .
Ax = ex/h, A* = ¢e*2[h, py=min,pu,,

A =e*eg =VI*[Ay -
The requirement of commuting with differentiation is that for all »(zx) e C?,

(1) 0,(Sv) = 8(0,v), 0,(Sv) = S(0,v) .
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The inequalities referred to state that for all bounded, continuous n-dimen-
sional veectors v(x) on RY

(2) 18,80] <si(jed) o] for j=1,2,...,
and
(2), ” a:sjq,” <32(j8§)‘1””" for j =2,3,...,

where s, and s, are absolute constants. These follow (in some cases with
different’ constants) from the one-dimensional inequalities (9.1), (9.2).

That the 4™ exist in a common zone will follow from limitations upon
their growth implied by certain integral relations we now derive. Holding A
fixed at first, let wm(x,?), m =1, ..., m,, denote the parts of the approxi-
mate layered solution «®™(x,t), as in Section 3. For each m, u™(®,?) is, in
particular, a C'-solution in Z, of an equation of the form

(3) w4 (f(w’ t “m))w + g(=, t, um) = Hh™,
where
(4) 19™) 2, < @oBt -

For 0 < v < my b, define
m, = [t/h] = largest integer m such that mh<7;

thus «® = u™*!in Z,, .. Now apply 8™*'~™ to the two members of (3)
to obtain

(B)n S™HmaR 4 S (f(a, 8, un (@, 1), + 9(@, 1 W@, 1) =8

for m =1,...,m,.
In view of (1),

mh
f S ul(@, t)dt = & u™(@, mh)— S u™(z, (m— 1)h)
(m—1)h
for any positive integer j, while by construction

w™(@, (m — 1)h) = Sum1(z, (m — 1)h).

Hence, by integrating both sides of (5), with respect to ¢ from (m — 1)h
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to mh we have

(6)  Smti-mym(z, mh) = Smtr-myn—1(p, (m — 1)h)
mh

—[{smrn(f(@, t, wn(@, 1)) + Sm1-mg(a, 1, wn(a, ) }at + Hm
i for m=1,...,m,,

where by (4)

o~ = || fgmm—m@mdtn <ot .

(m—1)h

In the equation for m =1, we have used the convention that #°(z, 0) =
= u*(z). Similarly to (6), we also have

6)  wmti(w, 7) = Su™(2, mh)

- f {f(=, t, wti(z, 1)), + g(o, t, umti(2, t))} dt + ™z, 7)

myh

with |9™+1(+, 7)| <ooh¥(t — m,h). Adding the m, 4 1 relations (6) and (6)’
and making appropriate cancellations gives

(1) wmtix, 7) = S™Hiu*(z)

mh
Smtim{ (f(x, t, um(w, 1)), + g(x, t, un(z, 1) }dt

(m—1)h

!
L%E

—f{(ﬂw’ t, umti(z, t)))m + g(z, t, wmt(w, t))}dt + Iz, T),
myh

where [|3™(-, 7)| <g,7h'. In view of the definition of »™, this implies the
estimate

8 u(-, )] < |Smriar] + f 1O, 1) + g®(-, 1)t
mh

mh
+ 21 f [Smetr=m (-, 2) + gP(-, 1)) | dt + 0o THY,
(m—1)h

where [M(, 1) = f(z, 2, u¥(a, 1), §P(e, 1) = g(, t, WD (@, 1)).
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We interrupt our present argument with the remark, which will be of
use in Section 6, that a similar procedure to the foregoing provides estimates
of derivatives of 4™ with respect to #. It is necessary to assume %™ to be of
class C%, j,>2, in each Z, and to satisfy conditions (3.2) to (3.5). The fune-
tions f(w, t, u) and g(=, ¢, u) also must be sufficiently smooth. (If u® is con-
structed by the method of Section 4, it is simplest to require that j, = (¢ + 1),
¢ being any nonnegative integer, and that f(x,¢, ») and g¢g(w,t, u), in
Z(0, (m, + 1)h; M), have continuous, bounded partial derivatives of orders
up to (¢ + 2)r +1 and (¢ + 2)r, respectively.) Under these assumptions,
o% can be applied to the two members of equation (3) with k<j,— 1. After
that, S™+1-m ig applied and then exactly the same steps followed as previously
had led to (8). In view of (3.4) and (3.5)*, the outcome here is the inequality

) [105u® (-, )| < [Sm*tOgu*| +f|| %1 + g™ at

myh
mh
my my
+ Zl f [8mt1=m (P + )| dt + Zl@:'c"-l-@k(f) for k=1,..,j—1
"= (m—1)h =
with
mh
gp=| 1eEsmrmyi, o),
(m—1)h

T

ou(0) = [ 185V, )] dt

myh
Our present aim is to use (8) to obtain an estimate of

U(t) = sup [u®(-,s)]|
0<s<t
that is independent of .
Let F(t, v), F*(t, v), F\(t, v), G, v), Gy(t, v) be positive continuous func-
tions for ¢>0, v>0, nondecreasing as ¢ increases or v increases, such that
for ze R, 0<t<T, |u|<v,

V(a;’ ty u)|<F(t’ ), Vu(a’, ty “)‘<F*(ty v), ]fz(m’ t, u)|<F1(t’ V),
lg(, t, w)| < G(¢, v) 9=(2, t, w)|,  |gu(®, ¢, w)|<Ga(ty ) .

In case f has bounded, continuous derivatives with respect to x, u of order
k>2, also let F,(t, v) be a positive continuous function, nondecreasing in
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both arguments, that is an upper bound for the absolute values of the
derivatives of f with respect to x, u of orders up to k. Let G(¢,v) play a
similar role with respect to the derivatives of orders not greater than %k of
9@, t, u).

In addition, let Uy(t) = |S™+tiu*|| for mh<t < (my 4 1)h.

We shall use these quantities to estimate the terms on the right side
of (8). First, with reference in (8) to the integral from m,h to 7, we
have

1975 O <19, 0] <6(t, T®) <6(z, U(v)
and by (3.2)

10,/%(-, )| <Fy(z, U(x)) + F*(7, U(2)) 1k~

Concerning the summands in the summation occurring in (8), we have
obviously

[gmti=mg®(, 8| <G(t, U@) .
Furthermore, by applying properties (1) and (2),

Ilsm|+1—m amf(h)(., t) ” = ” asz‘“—mf(h)('r t) ”
< 8y(my +1— m)—ie:lnf(h)(,’ t) "

< sy(my, +1—m)"telPF(t, Ut)) .
But for m<m, and (m—1)h<t < 7 << (m, + 1)k, we have (crudely)
9) (my +1—m)h>3{(m; +1)h— (m —1)h} > 3 (v — 1) .
Hence, for (m — 1)h<t < 7,
[0 P, )| <VEs Atz — O E(t, U) -

Substituting from these inequalities into (8) shows that for 0<7 <
< (my 4+ 1)h, |u™(-, 7)| is not greater than the right hand member of the
relation

(10) U< Tu(x) + HFi(x, U) + FH(z, U@) 6l + 6(z, U)]

+[(VEaai = 9B, UO) + 6(t, U@}y dt + o7kt
0
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For that reason, this relation (10) holds for all 2> 0 and all = for which
0<t<T and U(r)< M.

From relation (10), it is easy to show that all layered solutions u™(z, t)
exist in a common zone if h is sufficiently small. Assumptions appropriate
to the construction of Section 4 are made as to the smoothness of f(x, ¢, u)
and g(w, t, u).

THEOREM 1. Given [u'|<M,< oo, let M>M,+1 and T>0. In
Z(0, T'; M), suppose f(z, t, u) and g(x,t, u) to have bounded partial derivatives
of respective orders up to 3 and 2. Let u*(x) be an approximation to u’(z) of
class 02 satisfying conditions (3.1a,b) with j, = 2, and in carrying out a
layering procedure, use averaging operators that satisfy conditions (1), (2).
(Gaussian averaging, arithmetical averaging, and repeated arithmetical averaging
are among the admitted operators.) Under these hypotheses, positive constants T,,
ho ewist such that all layered solutions u™(x, ) for which 0 << h<h, ewist on ZT°
and obey the restrictions |u®|,1.< M, |uP|,1.< C,h~F, where C, is a constant
depending on M, T.

ProoF. Recall that Uy(r) < |u°] < M, and hex! = Ay 'es. For this reason,
positive hy, T, exist such that when, in the right member of (10), (1) & is
replaced by h,, (2) the functions of (, U()) are replaced by the corresponding
functions of (T, M), (3) the functions of (¢, U(t)) occurring in the integrand
are replaced by the corresponding functions of (7, M), and (4) the upper
limit of integration is changed from 7 to 7,, the new expression obtained
is <M. Since the replacements made can only increase the value of the right
hand side of (10), it follows that U(r)<M, and thus that |u®(:, 7)| <M,
for 0<7< Ty, 0 < h<h,, as demanded. The estimate of u follows imme-
diately from the construection.

Layered solutions »™(»,¢) with arbitrarily small A cannot in general
be expected to exist outside limited belts Z. This is because the solutions
of parabolic initial value problems under hypotheses () to (d) in general
have restricted domains of existence. (See A. Friedman [8], H. Fujita [9],
R. T. Glassey [10], H. A. Levine [16, 17], Levine and Payne [18], M. Tsut-
sumi [25, 26].) Under special circumstances, restrictions on the domains of
existence, however, will disappear. In fact, a family of layered solutions
u™(x, t) will exist on a band of given height T if positive numbers M,, h,
can be found such that, first, f and g have bounded derivatives of the requisite
orders in Z(T; My), and, secondly, it is known by some means that U(t) < M,
for 0<t<T, 0 < h<hy. One condition under which a priori bounds M,
exist for layered solutions is discussed in the appendix to this section.
Other conditions will appear in papers to follow.

We remark that a priori bounds have been given for actual solutions of



232 AVRON DOUGLIS

certain quasi-linear parabolic systems (see T. D. Wentzell [31], A. Jef-
frey [11], Ladyzhenskaya, Solonnikov, Ural'ceva [15, Chapter 7], and W. von
Wahl [30]). It seems likely that the layered solutions too of such systems,
if of form (E), will be bounded a priori.

5A. - Appendix to Section 5 - The existence of layered solutions
over long periods of time. The sublinear case.

Here we consider the situation in which (in the notation of Section 5)
F(t, v) and G(, v) are linear functions of v. The result we prove is the following.

THEOREM 1. Suppose the hypotheses of Theorem 4.1 to hold for all T > 0,
M > 0, and again require the averaging operators used in the layering procedure
to satisfy comditions (5.1), (5.2). In addition, suppose that for ve R, t>0,
and |u|<v,

[f(z, 2y u)|<a + Bv, |9(2, 8, w)| <o + o,
with positive constants o, . Then for any T > 0, a number h, exists such that,
if 0 < h<hy, all layered solutions u™ ewist on ZT. If 0> 0, it is possible to
determine hy so that, if 0 < h<hg,

1) [u®(-, )| <1 + 0) Myp(2nsiB2Ax'0)

where the function p(t) is representable by a certain series
p(t) =1+ 3 ¢,
k=1

converging for t>0. The series is described in the lemma of this section.

PROOF. Let M =— M, denote the number represented by the right side
of (1) when ¢ is replaced by 7. In the light of the new hypotheses, in-
equality (5.10) can be rewritten as

(2) U(r)<My+ C(T, M)kt + 2428, A5 ot 4 ar

+ 28, 454 — 0 Tt + B[ U,
0 (1]

the quantity O(7, M) being >1 and independent of A, 7. With any h > 0,
this relation holds for all = for which 0<*<T and U(t)< M.
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Taking 6 > 0, require hr; to be such that
hp<6® O(T, M)™* M2 .

Then for 0 < h<hy, we have C(T, M)ht<6M,, and by referring to (2) and
using standard reasoning, we have U(r)<P(r), where P(r) is a solution of
the equality

P(r)= 1+ 0) M, + 2425, A7 ar? + ar
+ \/ﬁslli*ﬂf(r— 1)~ P(t)dt + ﬂfp(t)dt
0 0

Under the substitution P(7) = (1 + 0) M,p(2ns?f*Ax ' 7), this equality takes
the equivalent form

3) o) =1+ w0t + a0 + 7+l — 5)4p(s)ds + b p(s)ds,
where ’ ’
= 20{(1+ O MaBVAY,  an= ahsl@all + O MostfY, b= Auf(2a5ih)

It will be proved soon in a lemma that p(¢) < oo for ¢ > 0, and it will follow
that if 0 < h<hy, then M = P(T) is an upper bound for U(r), and hence
for |[u®(z, )|, in ZT. Hence, in particular, u®(z,t) exists in Z” and also
satisfies (1). Thus the theorem is proved.

As A. Pazy has pointed out, it is not necessary to use p(c¢) in order to
derive an a priori bound for U(z) on an arbitrary zone. Instead, first obtain
from Theorem 5.1 positive constants d, M’ such that U(r)< M’ for 0<r< 4.
For § < 1< T, make the substitution

T -6 <t

f(z—t) LU () dt _f+f<a— fU tdt 4 264 U(z) .

As a result, (2) is transformed into a more usual type of inequality from
which an a priori bound follows by standard means.

We have to characterize p(c), however, for later applications as well as
the previous use.

LEMMA 1. An integral equation of the form

Q o c
) p(0) =1+ 3 a0 + 77 (0= 8)*p(s)ds + b [p(s)ds
e=1 0 0
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with b > — } has a unique solution on the interval 0>0. The solution can be
represented as a series

(5) p(o) =1+ 3 ¢
i=1
converging absolutely for o> 0.

Proor. To solve (4), it suffices to determine a series of the form (5) that
satisfies (4) formally and that converges absolutely for ¢>0. Formally sub-
stitute series (5) into (4) and use the rule

o 1
6) a? f (0 — 8)~¥s*ds = a—tg**H fs“(l —5)~tds
0 0

=a t""*Bla+1, ) =" a4+ )M+ (x>-—1),

B(r, s) and I'(r) denoting Euler’s beta function and gamma function, respec-
tively. Under the conventions ¢, =1, ¢_; = 0, we arrive at the recursions

eq=a, + I'((q + 1)2){((q + 2)/2)} ey + 2bl)eeyy q=1,...,Q,
and

;= I((+ V2N + 2)[2)} ea+ (2bfj)esay j>Q +1.
These recursions are simplified by writing them in terms of the new variables
(7) d,~=l"((j—|—2)/2)c,~, i=12..,
the second set, in particular, becoming
(8) dij=d;_,+bd; 5, j>Q-+1,
since I'((j + 2)/2) = (j/2)I'(j/2). The solutions of the system (8) are linear
combinations of the two solutions d, = r*, where r is determined by the con-

dition 7* = r*-1 4 br*-2, This condition is equivalent to the quadratic equa-
tion r?— r— b = 0, the two roots of which are

rn={1— 1+ 4b)#}/2, r= {1+ 1+ 4b)}}/2.

Thus, the solutions of (8) are quantities of the form

djzalﬁ‘*'“z"';’ j=Q+1.
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The constants «, and «, appropriate to our recursions must satisfy the con-
ditions
dgyy = “17‘1”1 + “2’”3“ =dg + bdg_,,

dgip = o it 4 ayry Tt = doyy+ bdg = (1 + b)dy + bd®~t,

with values of dy and dy_, obtained from the first ¢ recursions, which per-
tain to dy, ..., dq. With these constants, we then have

6 = {F((] + 2)/2)}_1(“17{ + “2"’;) , Jj=0Q+1,

and it follows from Stirling’s formula that the series (5) converges absolutely
for 0>0, as contended.

It is still to be shown that the integral equation (4) has no other solu-
tion than the function p(¢) just constructed. Therefore, consider any solu-
tion y(s) of the homogeneous integral equation corresponding to (4). If
|y(s)| <y, in the interval [0, d], it is elementary to verify that, if ¢ is suffi-
ciently small, then in fact y = 0. If [0, s,] is the largest interval on which
y(8) = 0, similar reasoning shows that s, is not finite. Since this means
that y(s) is identically zero, the solution of (4) is unique, as asserted.

We conclude with a lemma very like the previous that will be applied
in section 8.

LEMMA 2. An integral equation of the form

9) P(r) = A + Bt f (z— 1)+~ P(t) dt + Crt f 4 P(t)di

0 0

in which A, B, C are nonnegative constants, and B > 0, has a unique solu-
tion for 1>0. The solution is representable as

(10) P(r) = Ap(nB2?71),

where p(o) satisfies the equation

c

(11) p(0) =1+ (ofa)* (6 — 5)45*p(s) ds + oo [s~4p(s)ds

0 0

with ¢ = C|aB? and is given by a series of the form

(12) | plo) =1+ 3 o,0M
k=1

converging absolutely for a=0.
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Proor. Under the substitution’ (10), it is immediately seen that (9)
and (11) are equivalent. Uniqueness follows in the same way as in the previous
lemma. To justify the series expansion for p(¢), again it suffices to determine
a series of the form (12) that satisfies (11) formally and that converges ab-
solutely for ¢>0. In a formal substitution of (12) into (11), rule (6) shows
that ¢, = v/z and that

Cp = ck—lr(k/?’)/r((k 4+ 1)/2) + (20/(";— 1)) Cy—2
for k>2, where ¢, = 1. Since the quantities

satisfy relations

dk == dk—l + bdk_z fOI‘ k>2 9

which are identical in form to (8), arguments given in the proof of Lemma 1
will show here that the series (12) does converge absolutely for ¢>0, as
asserted.

6. - Estimates of spatial derivatives of approximate layered solutions.

Congsider an approximate layered solution w™(x,?), as described in Sec-
tion 3, that is of class O, j,>2, in each half-open layer Z,, m =1, ..., m,,
and satisfies conditions (3.2) to (3.5) as well as (3.2), (3.2)*, (3.5)*. Assume
f(@,t, u) to be of class C® in Z(0, T; M), where T = myh, and assume
g(w, t, w) to be of class ¢ — 1. Assume also that constants F*, F,, G, exist
such that, on Z(0, T; M),

(@) ”fu" < F*,

(b) the partial derivatives of f(»,t, w) of orders 0 through % are, in
absolute value, <F,, k =0, ..., jo,

(c¢) the partial derivatives of g(x,t, u) of orders O through ! are, in
absolute value, <@, 1 =0,...,j5,— 1.

In this section, we shall establish the following consequences.

THEOREM 1. Under the foregoing hypotheses, positive quantities h, =
= h(M, T) and 0, = o (M, T), k =1, ..., jo— 1, ewist such that, if r >k and
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0 < h<hy, then
[Eu®(-, 8)| <ot  for 0<t<T.
Proor. It suffices to find bounds on (0, 7] for

Py(t) = sup {s"2|ku®(-,s)|}.
t

0<s<

The desired bounds will result from inequalities (5.8), after estimations are
made of the individual terms of the right-hand members.
At first it is convenient to consider only those t for which

(1) my>4k + 4.

In view of (1), and because
r<(m, +1)h<(m, + 1)1,
inequality (9.3) implies

2 [S™rr ekt = [opsmt et
< 3k8:k(m1 + 1)—kl2nu* ”

< skAkl;ka—k/z ”,uo u .
By (3.5) in the case j = 0, by (9.3), and by (1) and (3.5)%,

(8)  9r<s00er f(my +1— m) FERTTVE for m<m, 4+ 1— 2k,
<Y [(m—1) h]—kl2 plrvie < 2k2 Yk_r—k/2 pirt2

for m; +1—-2k<m<m,.
Similarly,

(4) 'i)k(T) < Yk(ml h)_k/zh('+l)/2< (8/7)kl2 Yk T—k/2h(r+1)/2 .
By (3.2)%,

®) [ 1950P + g™ ae
myh

<(8)T)R{z~®HV2(P, | 4 GV b+ F W kv 2},
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where V, and W, depend polynomially upon ¥, P,(7),..., P,(r), and also
depend upon M. For m =1, ..., m,;, from (9.1) we have by use of (5.9)

mh
6 [ ISmEmEOC, ) + g0 ) a
(m—1)h
mh
<sieim +1—my)h [ JEOC, 0 + g, 0t
(m—1h

mh
<vVEsdt [ {18700, 01+ 18, O - e,

(m—1)h
For values of m for which

(1)m m<m, + 1— 2k,

with the help of (9.3), we also obtain the alternative estimates

mh
(M [ ISP )t <a e ® g 1 m) ¢ DR E
(m—1)h
and
mh
(8) [ 1smrimmakg®(-, by | dr<sertom, + 1— m)"HEG,h.
(m—1)h

Let m, = [m,/2]. In view of (1), m, +1 < m;— 2k 4 1, and m satis-
fies (1),,, in particular, if m<m, +1. We shall use (6) in (5.8), for
m = my + 2,...,m;, and we shall use (7) and (8) for m =1,..., m, + 1.
We also substitute from (2) to (5). Since

mh myh T
my
= < )
m=me+2
(m—1)h (mg+1)h /2

and since, if >0, then

£t/ f p(t)dt <2¥2 f t*2(t) dt < 242 f 2 y(t)dt,

7/2 7/2 0
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the result may be written
(9) Tkl2 " al;u(h)( . ‘t) " <8k/1k}~:k12 "uo "
4 2®+Dizg gt f (& PC, 0] + 18790, )~ at
0

ma+1
_l_ 3k+1‘tk/28;(k+1)1’7'0h z (ml 'I" 1 — m)-(k+1)/2
m=1
mg+1

+ 5,725 * Gk > (my + 1 — m)~H2
m=1

my+1—2k
_|__ stOTklzs:kh(r+l)/2 2 (ml + 1 — m)—kl2 _|_ Rk ,

m=1

where

(10) By = By(Py(7); .., Py(x), 7, )
= (2k)2"*{ T RTVE L (B, + G Vo™t + P WA,

(9) holding for 4(k + 1)h<t<T, k>1. (For such 7, ht'*<h*/[4(k 4+ 1)] in
(10).) The remainder R, depends polynomially upon its indicated arguments.

To estimate P,(f), 0 <t<T, take k=1 in (9). Respecting the first
summation on the right-hand side, we have

me+1
exth Y (my +1—m)"! < e 2hlog [m,/(m)—my,—1)]< Ay ' log 4,

m=1

since m, — my— 1>m,(2 — 2 > m,[4. Similarly,

me+1
alh Y (my+1—m)"t< 37,
m=1

my
e KTVE Y (my + 1— m) < 3a5 AARTDR,

m=1

Respecting the integral in the second member of (9), the integrand in the
case k=1 can be estimated by {(F, -+ G,)tt + F*P,(t)}(r— )~ and the
integral itself thus by

F*|Py(t)(z — t)~4dt 4 (n/2)(F; 4 Go)7 .

0
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Using these results, we deduce from (9) that

(11)  Py(7)<ou|u® |+ o T4 o, T+ ylfpl(t)(T— t)idt 4 R,
0
for 8h<t< T, where

o =8, At

o, = 8, FyAx ' log4,

dyp = 8 Aa HauFy + (0 + 3) Gy + 30K~V
y, =28, A F* .

For 0 < v<8h, (3.2)" implies that P,(t)<8tC,. Hence, if the first term in
the second member of (11) is replaced by o* = max (o, [u°|, 8¢ C,), the re-
sulting integral inequality will hold for 0 <7< 7.

Consider the function Pj(t) satisfying the relation

(12) Pl(s) = o® + 1+ ay e + o407+ [ Pi0(T — ) Fat.
0

A substitution of the form P’;(t) = (a* 4+ 1)p(at) with suitable constant o
. changes (12) into an inequality of the form

PO) <1+ Buot + froo + a7 [p(s)(o — 5)Has,
0

where o = ar, 8 = af. As was shown in Section 54, such an inequality
implies an a priori bound for p(s¢) on any finite interval. Consequently,
Pi(z) is bounded on any finite interval. Let P!* be an upper bound for
Pj(z) for 0 < v<T, and determine h, = hy(M, T) by the conditions that
h, < h, (described in Theorem 5.1) and

R (P}, T,h)<1.

Since P;(0)<Pj(0), since Pj(¢) satisfies (12), and since P,(?) satisfies an
inequality like (11), but with o* in place of «,, it follows that, if 0 < h<h,,
then P,(r) < Pj(z) for 0 < v<T. Thus, Theorem 1 is proved in the case
k=1.
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In a mathematical induction, now suppose that, for some integer &k >2,
constants ¢, ..., 0;_, have been established such that

(13) Py(t)<a

for I=1,...,,k—1. The case k¥ = 2 has just been treated.
Conditions (13) imply of course that

13y’ [OLu®(-, t)| <at™™, 1=1,..,k—1.

We shall incorporate assumptions (13) into (9) and then use arguments
like the preceding to arrive at a bound for P,(t), completing the induction.
The three terms in the second member of (9) containing summations are,

in toto, < Zak,r with suitable constants o;;; the condition r>% is used

in connectlon with the third summation. Estimating the integral in (9) is
based on the fact that, for any sufficiently differentiable function f(x, v) and
any vector function v(x) = (v4(®), ..., v.(®)), the k-th derivative 9%f(x, v(z))
is a sum of terms of the form

a(w, v(x)) (jjl ity )5.‘) (IJ akn«,v”)im),

n Im

where > > ki <k, and where (9!v,,)’ symbolizes the product of j deriv-
m=1 i=1
atives of v, of I-th order. The k-th derivative 9%, occurs only in the term

Ton(®, 0()) 0kv,. These remarks and (13)' give us, in particular,

| a’;f(h)( a1 )| <F* Py (t) + Z mlclt,/2
and

12 " ak 1 (h) ” < zn t”z

where the m,; are functions of Fy, o, ..., 0:_1, and the n,, functions of
Gy_1y O1y ..., 0x_1. The integral in (9) is estimated by means of these in-
equalities and the fact that

T 1

ft“(z—t)—*dt — 1 — g tds
(1] (1]
= Ba+1,})"*
= aH{la +1)/T(a + P}

16 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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for « > — 1, where B and I" are Euler’s beta and gamma functions, respec-
tively.

Now we replace the second member of (9) by the estimate arising from
the foregoing considerations, and we replace the first member by P,(z).
The result is a relation of the form

k+1 g
(14) Pyr)<ay]u?] + 3 a7 + y, [Ptz — ) at + Ry,
=0

0

in which o, = 8,452, y, = 2+ V25 27V F* and a,,; depend upon k, A, Fy,
Gy_1y Oy ...y 0p_,- Inequality (14) is good only for t>4(k 4 1)h.

The rest of the argument to establish that P.(¢) has a bound for
0 <t<T is parallel to the reasoning that followed the derivation of (11)
and need not be given. Thus, in effect, the proof of Theorem 1 is complete.

7. - Difference quotients with respect to i.

We now consider difference-quotients of various orders for «™(x, t) with
respect to ¢. These « time-difference-quotients » will be seen to be equal
approximately to certain functions of the spatial derivatives &’ u®. The
functions are the same as those which relate time-derivatives to spatial
derivatives of solutions of the limit equation,

(1) v, + (f("”a t, 'U))a; + g9(z, ¢, v) = p.{a?/v + ...+ agv} )

in which 0, = d/o»,, « =1, ...,d. Respecting the bold-face symbol u the
convention is adopted that for any n-dimensional vector w = (w,, ..., w,),

RW = (U W1y «oey YnWy) .

(The u; are the coefficients associated with the equation for w, in the
system (E).) Bold-face symbols A, €, €2, and so forth, will be used in what
follows analogously to p.

In the formal process of constructing the functions referred to, we shall
attribute sufficient differentiability to v(z,?), a presumed solution of (1),
as well as to f(z,t, u), g(z,t, u).

It will be convenient in this section to denote by Viv the array con-
sisting of all spatial derivatives 6’;'0‘ of k-th order with respect to «,, ..., 2,
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of all the components v,, ..., v, of v. (Thus, V2 here does not represent the
Laplacian.) Let g, be a vector having the same number of components as
VEv, k=0,1,.... The functions of Vv desired are n dimensional vector
functions

Hy (2,1, qoy ..., qux) = (Hia(@y by Goy ooy qai)y -y Hinl(@y by Goy -y Gor))
such that a smooth solution of (1) will satisfy
(2) 0¥y = Hy(,t,v,V,v, ..., V¥v) .
The first of these functions comes from equation (1), according to which

v, = — f (2, t, v) — [ (@, t, v)V,0— g(@, ¢, v) + w(2v + ... + O%v)
= H,(, 1,7, V,9, V:'U) ;

H,(z,, q,, qi, g5) is the function obtained from the second member of this
equation when v, V,v, V2o are replaced by gq,, g, g., respectively.

Modifying previous notation, let (1) = (I, ..., [;) signify a multi-index of
«order» I =1, 4 ... + I, with o¥ = ok ... 9%. Along with H,(, ¢, qo, g1, 95)
we must also consider the functions H, (,t, q,, ..., q;;,) for which, by
successive differentiations with respect to the x4, of the equation
v, = H,(x,t,v,V,v, V2v) and application of the chain rule we have

(3) ag)”t = H, (@, t, v, Vo0 ooy V;+2"’)

with H, = H,: By H,, we shall mean the aggregate of all H, ;, for multi-
indices of order 1.

For k>1, each function H,(z,t,v,V,v,..., VZ¥p) results from formally
differentiating H,_,(, t, v, V.9, ..., V¥~2p) with respect to ¢, using the chain
rule, and substituting H, ; (@, t, v, V,v, ..., Vi*20) for 0¥v,. In the notation
described in Section 2,

(4)  Hy=,t0,V,o,..., V:k"’) = H,_, (@t 0, V,0,..., V:k~2’0)

2k—2

+ 3 Hy o t,0,V,0, .. VE 20)H, (@,1,0,V,9,..,V,%0), £=2,3,...
i=0

The difference-quotients we wish to consider are of the type

(@, t + ph) —p(z, 1)
ph

Ay(z, )=
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with p = +1, 4+2,..., w being an arbitrary function of x, . For ¢> 0
N
and any positive integer N, let A~ denote an operator of the form H a,,

where p,, ..., py are nonzero integers such that i=1

(6)  pib, (P D)) by (i + D0, + Dby ooy (D1 + Dot ... F DY) R>—12

for all distinet indices ¢, j, k,... =1,2,..., N. Our main aim is to estimate
A¥3u™ in a band Z” in which

(6) [Viu® (-, t)| <o;t™¥*  for j=0,1,2,...,r, r>2N 41,

the first member in (6) signifying the maximum of sup,.,|0®u®(z, t)| for
all multi-indices (j) having order j. For 4™ constructed by the method of
Section 4 and satisfying the condition |u™|,r<a,, bounds of type (6) with
j>1 require f, and f,+ g to have bounded, continuous derivatives in
Z(0, T; a,) of orders <2r, where r is the degree of the polynomial introduced
in (4.3), and where 2N + I<r (see Section 6). In the forthcoming discussion,
if the method of Section 4 is again used, these differentiability conditions
will again suffice with respect to any A4*0!u® for which 2k 4 I<r. What-
ever the construction of ™, we shall always assume with reference to a
fixed, given integer r>2, that f and g are differentiable enough to justify
considering oL A*u®™ for 2k 4 l<r.

The theorems to follow are formulated with respect to approximate
layered solutions u™(x, ¢) as described in Section 3. Such functions satisfy
within each layer approximate layer equations of the form

(7) (@, 1) = (@, 1) + P, 1)
where, according to (3.4), (3.5),

Mz, t) = G(x, t, uP(, 8), V,uP(x, 1)) ,

G(“"y ty u, Vz“) = - fx(wy ) u) - fu(wr 2 u)qu - g(wf 12 %) y
and

(8) I agzb(h) "z“‘<95h('—j—l)lzy 0<jgr—1.

THEOREM 1. Let u™(x, t) be an approximate layered solution of equations (1)
in a zone Z7, satisfying conditions (6), (7), (8) in each layer. For 0 <t<T,
let py, ..., Py be nonzero integers satisfying condition (5) as well as inequali-
ties of the form

nw<|p;b|<n* for i=1,..,N,
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where 0 < 7y <77* <1. If nu>h, then a quantity oy, independent of x, t, h
exists such that

9 4% 0QuM(, 1) <oyt~ ¥~
for multi-indices (1) of order 1 for which 2N+ I<r.

THEOREM 2. Under the same hypotheses as in Theorem 1,
(10) AN = HY + 1,

where HM(x,1) is the function that results from replacing q; by Viu®(w,1),
j=0,..,2k, in Hy(®,t, gy, ..., qon)- If 1«>Eh, where E is a positive
constant, then a quantity o';,., independent of x, t, h exwists such that

(11) IVarP (e, ) <oyn e ¥ 102,

Several preliminaries precede the proofs of these theorems. In the first
place, it will be helpful to express symbolically a relation such as (9) or (11)
of the form |w(w,t)|< CD(t, b), C being a constant independent of x, h, t, as

w(x, t) ~ D, h).

Secondly, as in Section 4, a concept of « weight » again is convenient.
We attribute the weight 0 to any bounded function of x, ¢, u™(x, ) and,
for t> 0, I>0, N>0, the weight {/2+ N to any member of the aggregate
A¥ V. u®(x, t). The weight of a product of weighted quantities is to be the
sum of the weights of the quantities, the weight of a sum of weighted quan-
tities the greatest of the weights of the summands. These conventions are
to apply even to expressions in which the functions «™(x, t) and their spatial
derivatives and time-difference-quotients appear in different places with
different (positive) values of the «time-argument» {. The conventions
also are to apply to integrals of such expressions with respect to the time-
argument on intervals [t,¢] for which 0 <¢'<t'. Under these conven-
tions, if, for instance, p™(x, t + s6) is a polynomial of weight j in quantities
that belong to the aggregates 4YV:u®(x, t 4 s0) forl, N>0,t>0,t 4+ s> 0,

and 0<0<1, the coefficients in the polynomial having weight 0, then
1

f pP(w, t + s0)dO also has weight j. If ¢t + s>t/2 and inequalities (5) hold,
0

then the polynomial described and its integral are both ~ 7.

The members of the aggregate H")(x, t) have weight 1+ j/2, the members
of V/G™ weight (j + 1)/2. By mathematical induction from (4), H{(z, ?)
has weight .
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The last preliminary is a formula for the deviation of a function from
its average of a kind given in [4]. As in Section 3, but now dropping ¢ as
an index, let K be an averaging operator, defined say for functions v(x)
bounded and continuous on R, by

Ko(o) = [k(§)o(a + o) ¢
with
k(&) = k(&) ... k(&) -
The one-dimensional kernel k(s) is required to be sectionally continuous

and to satisfy the conditions k(s)>0, f k(s)ds = 1, k(s) = k(— s). The de-
sired formula for Ku — u is a consequence of the one-dimensional result

’

fk(s) o(r + es)ds — v(r) = &¥(d?/dr?) f { ﬁs'ﬁ:(s")ds”} o(r + es)ds ,
Jsl

holding for bounded, continuous functions v»(s) on R, and easily verifiable
by carrying out the indicated differentiations (see [4, D. 177]). For any
bounded, continuous function »(z) = v(x,, ..., #;) on R% and for each index
a=1,...,d, define

Ko@) = [k(8)0(@y, -vey ursyy @ + 88, Ty oy 7)5,

M, v(x) ..—_f{ fds'fk(s”)ds"}v(wl, ey By 1y By - E8y By gy ey Ty)AS

lsl &

For these one-dimensional transformations, K = K, ... K;, and, in view
of the previous identity,

(12) Ko—v=¢"02M,v» (no summation).
Note that, if v e €% then 02M,» = M,d%.

PropPosITION 1. Define

Jﬂ=MﬂKﬂ+1"'Kd forﬂ=1’ ..-’d—l,

J, = M,,
the domain of each J, being the space of functions v(x) that are bounded and
continuous on R®. Then

d
13) K—1I=2¢YaJ,,

a=1
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where 1 is the identity operator on the same space of functions v(x). For v(x)
of class C¢,

d
(13)’ K—Dov=2e3d,0.
o=1

REMARK. J, is a (d — « + 1)-dimensional integral operator:

J,0(x) =f...fja(sa, ey 8V By oeey By_qy By + £Syy vony By - £85)d8, ... dsy,

where

oo oo

a5ar ey 50 = { [08' [0 Y5, ) . G5,

ls.] &

(It is understood that for & =1, v has arguments @, + e&s,, ..., @; 1+ &84,
and that for a = d, k(s,,,) is to be replaced by 1.) Note that

fja(sa, vey 85)88, ... ds; = (3) |$2K(s)ds = my[2 .

ProOF oF PROPOSITION 1. It follows from (12) that

£2a§Jﬂ = KﬂKﬂ+l “es Kd_ 'Kﬂ+l ”"Kd fOI‘ /3 = 1, ceey d— 1 9
and

£02J,=K;— 1.

When the second members of these equalities are substituted for the sum-
mands in (13), the resulting sum telescopes to K, ... K;— I. Thus, (13) is
verified ; it results also as a special case of formulas (1, 5) in [4], pp. 176-179.

Proof of Theorem 1.

With fixed ¢ > 0, let m, = [t/h]. To justify (9) first in the case N =1,
consider

Amu('”(w, 1) = (p, h)_l{“(h)w, t+ ph)— u(h)(m’ t)} .

Since u™(r,t) varies smoothly as ¢ increases from (m — 1)h to mh— 0,
but is discontinuous from mh— 0 to mh + 0, m being any positive in-
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teger < m,, we have from (7)
1 1
(14)  puhdyu®(s,t) = pih[G(@, t + 0:1p1h) 81 + pih[YW(a, ¢+ 0,p11) dBy
0 0
Dy
+ > {u® (2, my 4 m) h) —u®(z, (m; + m)h —0}.
m=1

Dy
By (3.3), the summation in (14) is equal to > {Su®(=, (m; + m)k — 0) —
m=1 Py d
— u®(m, + m)h — 0} and thus, by Proposition 1 just proved, to €23 3 J,-
m=1a=1
-02u™(@, (m, + m)h — 0). This and the previous calculations give the result

1 1
(15) Amum(w’ 1) =fG(’”(:L‘, t + 0,p,h)do, ‘l‘fbh(“}’ t =+ 0,p.h)do,
0 0
+ ) 3 3 T.otum(s, (my + m)h—0) .
m=1 &=1

To the extent that «™ is differentiable, any spatial differentiation o,
will commute both with J, and with the other integral operators in (15).
Hence, in view of (6) and (8), applying 0. to (15) shows that

(16) a;Arlu(h)(w, t)~t—1—1/2 + h(’r—l—l)/2<t—1—l/2{l + T1+l/2}

for I 4 2<r, this implying the case N =1 of inequality (9).

In preparation for the general case of inequality (9), we show now that
it 4,, 4,,...,4,, be applied serially to G®(z,t+ 6,p,h), ie., 4, to
P, t + 0,p,h), 4, to 4, ¥(x,t 4 6,p,}), and so forth, then at each step
the weight of the expression is increased by 1 and, furthermore, the time-
arguments of the expression at each step are >?¢/2. As already noted,
G® (2, t + 0,p,h) has weight §, and ¢ 4 0,p,h>1/2 because p,h=>—1/2 by (5).
From the integral form of the mean value theorem, we have

a7 4,6%@, t+6,p,h) =
1
= [{6} + 65, 4,4V (@, t + 0,9, 1) + 6}V, 4,,uP (@, t + 6, p, h)} 8,
0

the starred derivatives of G(w,?, ) having the arguments

zy, t+40,ph+ 00,0,
02u(h)('77, t+46,p,h 4 poh) + (1— Oz)u(")(w, t+06,p,h),
02Vmu(h)(x, t+4 0,90+ pyh) 4+ (1— oz)vm”’(h)(“"? t+6,p,h)
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in place of , ¢, q,, q,, respectively. In view of assumption (5), the time-argu-
ments in (17) are all >¢/2. It is also clear from (17) that A,,,G(")(a;, t+ 0,p.h)
has weight 3. Next, consider A,,'AmG"‘)(x, t -+ 6,p,h). To calculate this, we
apply 4, termwise to the second member of (17), using the identity
4,(v(e)w(0)) = v(e + ph) 4,w(s) + w(c)4,v(s), and representing A,,.G';,
A, G A,,'G:l by integral formulas analogous to (17). The result is an

s 9o
expression in which a polynomial of weight § in

5 J n 0 0
A, u® A, w4, 4,0, V4,4, VA, u, VA4, 4,u",

evaluated at various time-arguments involving 0,, the coefficients in the
polynomial having time-arguments that depend upon three parameters
0,, 0,, 05, is integrated with respect to 0,, 6,. Thus, 4, A4, G®(xz, ¢t -+ 0,p, k)
has weight §, and, because of (5), the time-arguments involved in it are all
>t/2. Similar reasoning in a mathematical induction will show that for
each »=1,..., N, the (v—1)-st order time-difference-quotient A*~*G®.
‘(@ t+0,p,h)=A4,4,  ..A4,3 @+ 0,ph) has weight y—} and, in
fact, results from » — 1 integrations with respect to v — 1 parameters 6,, ..., 0,
of a polynomial of weight » — 1 in time-difference-quotients of orders up
to v —1 of u® and V,u®™. The » — 1 parameters enter into the coefficients
of the polynomial, and all time-arguments are >%/2. Since 0, commutes
with the integrations performed upon the polynomials referred to, each
application of 9, to A" *G™(x,t + 0,p,h) increases the weight of the ex-
pression by 1. As a result,
ota, 4,  .4,6% @+ 0,ph)
is a quantity of weight (I — 1)/2 4 »; the time-arguments that occur in this
expression are all >1/2.

Having this last result, we can now finish the proof of (9) by mathe-
matical induction. The case N = 1 having been established in (16), let (9)
be granted for N =v»—1, v>2. To justify (9) in the case N =», we
apply 0,4, ... 4, to both sides of (15). The first term on the right be-
comes

1
(18) [84,, ... 4,69 @ 1+ 6,p,h)d0,
]
with the integrand an expression of the sort just described of weight

(I—1)/2 + ». The time-difference-quotients of 4 that enter this expression
are of orders up to v — 1, and their time-arguments are >¢/2. Since (9) is
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assumed in the case N = »— 1, we can conclude that (18) is ~ ¢*~0¢-D2,
The second term on the right-hand side of (15) becomes in absolute value,
when the indicated operator is applied,

1

| [ 45, - 4,89 (@, ¢ + 0,p, )8,
0
<27hRT  max,,, | oL H (-, 8) ] <21 T S

Concerning the third term in the right-hand member of (15), the operator
applied commutes with J, to give

I 2 d
(l/pl) 2_1 §1Ja a;+2 A”' ~..Ap’u(h)(m, (ml + m)h_ 0) )

an expression of weight /2 + » again containing time-difference-quotients
of 4™ of orders at most »— 1 and with time-arguments /2. Therefore,
this expression ~¢~"""%2 and in view of the previous estimates pertaining
to the first two terms in the second member of (15), we find that

a;Azu(h)(w’ t) ~ t—v—(l—l)/Z + ﬂi_vh('_l_l)lz + t—v—l/2

< t—v—ll2{1 + Ti‘ _|__ Tv+"217},_”h('_l_l)/2} .
Since 2y 4 I<r, h<nyx <1, and 2<v< N, we have
n‘]&—vh(r—l—l)/2<hi <1 ,
(9) following for N = ». The mathematical induction thus is complete and
inequality (9) completely justified.
Proof of Theorem 2.

The first and main step in this proof is to show that

(19) A4, uP(@,t) = BP(2, 1) + rP(, 1),
where
(20) oL A1, 1) ~ p, it~ 27EH2

for k, 1=0,1,...,2k 4+ I<r. Since
d
V(1) = HP(2,1) — p. 3 8P, 1),

a=1
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it is clear that (15) implies a relation of the form (19) with
(21) "(1h) =FE, + E, + E;,
where

1
E, =J{G(h)(m, t+4 0,p,h) — G(h)(w’ t)} do, ,
0

D d
= 1/p) S 3 A, EuP(z, (m, + m)h— 0) — po2u®(z, 1)} ,

m=1 a=1

1
B, =ff)(h)(m1 t+ 0,p,h)do, .
0

=

With respect to E;, we have
22) G®@,t 4+ 0,p, k) — GP(x,1)
aﬁmm@+auwwﬁ+@mm—wwm1
o
+ @ [V, u®(x, t + 0,p,h) — V,u®(z, )]} a0,
the starred derivatives of G here having the arguments

@, t+600,ph, 6uP(@,t+ 0,ph)+ (1—0)uP(,1),
OV, u®(z, t + 0,p,h) + 1— )V, uP(x, 1) .

Let m = [0,p,]. In the case, for instance, in which both ¢ 4 6,p,h and
t + mhe[(k—1)h, kh] for some integer k, we can use (7) in the layer
[t + mh,t + 0,p, k] to obtain

uM(@, t 4 0,p,h) — uP(z, 1)
= [u®(x, t + mh) — uP(z, 1)] + [wP(@, t + 0,p,h) — uP(2, t + mh)]

0,7k 0,7,k
— mhA, u™(z, 1) + j M@, t + ¢)do -+ J' 5™z, t + 0)do,
mh

mh

as well as the accompanying relation obtained by applying o, to the first
and third members of this one. The complementary case to the one just
considered leads to entirely similar results. Hence, rewriting (22) according
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to these results and substituting the outcome in the integral for E, produces

a form to which the operator 8;A" can be applied in the same way as in
the discussion of (15). The effect in the present instance is that

(23) aiAkEl ~p1ht—k—l/2—§ + n;kh(r—tﬂ)/z )

With reference to E,, for each a = 2, ..., d, let us set &' =z, = (@, ,...,a,_,),
&' = x,= (%,,...,x,), and write # = (¢, ") on the understanding that '

&)

will be empty in the case « = 1. At the same time, let s" = (s,, ..., s;) and
write the formula in the remark after Proposition 1 as

Jav(x) ——:fja(s”)v(w’, z"+ es")ds" .
The kernel j, is even, i.e., jx(8") = ja(— §8”"), and for this reason

Jav(1) = f ja(8")(3) fo(@’, @'+ es") + v(@', &' — es")}ds"
= (myf2)0(0) + [ias DI, &+ e8') + o(', 2 e8] — o(a)}ds’

d
= (maf2)0(a) + (€12) [ia(s") 3 558,
By=oa
1
( [(38, 060, 2"+ e0") + 052,00, o' — es"}(1— o)do)ds”,

0

the last equality resulting from a second-order Taylor expansion with in-
tegral remainder. Using this in E, gives

E, = wE, + B,

where

D1 d

Eé = (l/pl) z E {aiu(h)(my (m, + m)h—O) - agu(h)('”a t)} y
m=1 a=1
d d .
Dy

E; = (€2/2p,) zl 21 f 'a(s”)ﬁz ( f {03050,u™ (@', 2"+ €ps", (my + m)h—0) +

m=1 o= Yy =a

0
+ 02050,u™ (2, 2" —€ps”, (my + m)h—0)}(1— o) dg) 858, ds”,

since u = Am,/2. (The bold-face symbol € is employed in arguments of u™
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to signify that e will occur in ™, i =1,...,n.) We have
, /21 d
E, = (1/p,) z z {B2u™ (@, (my + m)h— 0) — 3Zu™(z, m,h — 0)}
+ 3 [2uP(e, mh— 0)— EuP(, my )]
a=1

d
+ > [02uM (@, myh) — OZuP(z, 1)]
a=1

=€ + 6 + ¢,

and

s ]
e, =1/py) > > mhA, ZuP(z, m,h —0),

m=1 a=1

€, = —§g*

*©

J 5 0302u™ (2, m;h —0) ,
1

~ M=

€ =— é f{aiG"”(w, s) + 32H®(z, 5)} ds .

The last formulas show that

a;:Akel ~plht—k—2-l/2 ,
a:chke2 ~ ht—k—2—1/2 ,

& Aoy ~ Rt FE-U2 g kpr—i-Dz

the result for e, depending on the fact that for any u(s) and any permis-
sible integer ¢

Aafzp(s)ds zanzp(s)ds.

myh myh

Therefore, 0, A*E,~ p ht™*~27 V2 4y kp(r=1=12 Qince 9! A*H, ~ ht~*~2712
as follows from the previous expression for E,, we conclude that

(24) & A By ~ py ht™E27N2 gk pr—i-12
Again by familiar arguments,

a;AkEs ~ n:kh(r—l—l)ﬂ ,
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this, (23), (24), and (21) showing that for k>1,
al Akr(lh)(w’ t) ~p1 ht—2—-k—l/2 + n;kh('_'_l)/z<n*t_2_k_"2{l _|_ T2+k+ll2E—k},
&
since 2k + I<r, 7;*>Eh*. This verifies (20), the first step in a mathematical

induction.
As the second step, assume that for some integer N >2,

(25) A¥-1,, (h) H(h) . + r(h)

where

(26) A (@, )~y VY2 for k, 10, 2k + 14 2N <r.

With p = p, apply 4 = 4, to both sides of (25) to obtain

27) AV u® = AHP | + AP,

By means of a second-order Taylor expansion with integral remainder, we have
y )

(28) AHE \(@,t) = 1/ph){HY (2, t + ph) — HS (=, 1)}

2N—-2

yo1a T 2 Hy 19,V 4u® (@, t) 4 phly,
Fon
where

1
2N —
IN =J‘{H;_1_u+2 Z V1 u(h)x t)]HN 1.tqs
0

2N—2

+ S IV A, ]IV A, t)]H;v_l..,‘q,} 1—6)as,

4.3=0
the unstarred derivatives of H,_, having the arguments
z, t, ViuP,t), i=0,1,..,2N—2,
and the starred derivatives the arguments
t 4 0ph, OViuP(z,t+ ph)+ (1—60)ViuP(2,t), i=0,1,..,2N—2.
In view of (4), (28) can be written as

(29) AHQ | = HY + phly + Jy,
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where

2N—2
Ty = 3 Hy_rqfn b, 6@ 1) ey VI *uD(o, ) (V2 4uP(o, ) — B, 0}

We now estimate 0, A*J,. The definition of H, ;, implies that 0¥ H®(x,1) =
= H¥, (2, t), the last expression denoting the function of «, ¢ obtained from
H, (@t gy -, §u42) by replacing q; by ViuP(w,1), j=0,1,..,1+ 2.

Hence equation (10) in the case N =1 (or equation (19)) implies that
20 4w = HY), + 000D,
which implies that

2N—2
(30) Iy =2 Hy_ 1 q(® ..., V2" 2uM(w, 1) Vir{(, 1) .
j=0

)

Therefore, 0. 4*Jy is a sum of terms of the form
(31) (0 A" Hy_y )05 " A F ")

with the previously indicated arguments and with 0<?' <1, 0<k'<k. Since
HYP | has weight N —1, the weight of Hy_,, thus being <N —1—j/2,
and since applying 0, adds } to the weight of an expression, and applying 4
adds 1, we find that o A¥Hy_,, has weight <N —1—j/2 + V2 + k.
Therefore,
az’Ak'HN ) ~ N FIE b
z —1.9;

so that, in view of (20), the term (31) ~#*¢~¥~!7*"¥2 Hence
(32) LAy~ VIR
Similar calculations show that

8;A’°IN ~ t—N—l—k—l/z X
Thus, from (29),

AR, = BY + 1,
where
(33) ‘ a;Ak,r;sh)N n*t—N"l~k—ll2 A

Then by (25)
A% = AR, 1 4, = HP D,
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where #® = ¢ ® . ArP | (33) and (26) showing that
al Akrg;)Nn*t—N—l—k—lm .

This completes the mathematical induction and thus justifies Theorem 2.

8. - The convergence of layered solutions.

If the initial data are bounded, it will be seen in this section that layered
solutions converge uniformly as b — 0 in any layer Z;,, 0 < d<<T. The
rate of convergence will be estimated. Our main result is the following:

THEOREM 1. Let ZT be a slab on which approximate layered solutions u™
produced by Gaussian or arithmetical averaging have uniformly bounded norms
[u™ | 4z, say for 0 < h<hy (ko> 0). Suppose that f(z,1,v), g(x,t,v) satisfy
hypotheses (a) to (¢) of Section 6 with j, = j° + r, j°>7r, the integer r (r>2)
indicating the degree of approximation of the solution, as in Theorem 4.1. Under
these conditions, a constant C(T) exists such that, if 0 < h'<< h<min (k,, 87%),
then

[u® (-, ) — w®(-, 1)

< O(T)[t— htlog (T/h)] *{ktlog (T/h) + K=V} for hilog (T/h) <t<T.
This theorem of course implies that a function u(z,t) exists such that

|u™(-, ) — (-, )]
< O(T)[t— htlog (T/h)]"t{htlog (T/h) + K"~V  for hilog (T/h) <t<T,

in proof of our contention.

REMARK. By using Petrov’s more refined estimate referred to in con-
nection with Theorem 9.3, the quantity log (T/hk) occurring in the previous
inequalities can be replaced by [log (T'/h)]E.

To justify the theorem stated, we begin with equation (5.7), giving the
integral relation

mh

my
(1) ufla, 7) =S Dut(@)— 3 | (Spriom e, o) + S m g, O} de
m=
T (m—1)n

—f{ﬁﬁ(wy 1) + gsh)(x’ )} dt + 32")(977 7)), t=1,..,m,

myh
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where f®(z, t) = f(z, t, uM(, t)), and similarly for g™ (a, t); recall that from
Theorem 4.1 |S™(-, )| < g, 7h" 12, where r is an integer >2 specifying the
exactness with which the layer equations are solved. The required estimation
is obtained by comparing this and the analogous relation pertaining
to u®(x, 1) .

To carry out this comparison effectively, it will be helpful to approxi-
mate S{*!~™ by the Gaussian operator G(v — t; u,) Where

Gls; ) o(@, 1) = [6(s; ) o], 1)=[g(@— & 85 w)o(é, 1)dE
with

a
g(@, 85 u) = (27)~¥%(2us)” Y% exp {— 2?/dus}, a*= Y a?.

i
i=1

Let 7, and 7 be numbers such that

(2a) Bh<Te <1,

(2b) TW<T,
and

(2¢) 2h<n< T4[2 .

The main step in making the comparison required is to reduce (1) for values
of 7 in the interval

(2d) w<t<T

to a more convenient form as follows.

THEOREM 2. Let

(2e) T =T« fr—n< 7
=t—n fr—n>7..
Then

z*

W@, 7) = Glz; )4} (@) — [6(z — t; ) {a, §) + ¢P(, )} dt

N + EP@, 1) + S, 1),

where
1B®-, 0| < C(T) v 4y + 7 + [og (T/R)Fhes ¥} for ta<e< T,

C(T) representing a constant depending on T. If 8h*<log (T/[h), then deter-

17 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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mining 1 and T, o that
29 = ekt log (T/h)

assures conditions (2a,c) and gives us the estimate
|E®(, )] <Ot re  for a<t<T,
3

C(T) here representing a different constant from before. Values of h less than 8~
will do.

(If Petrov’s estimate referred to is used, then log (T/h) occurs in place
of [log (T/h)} in the first estimate of |E®(-, 7)|. The form of the second
estimate is not changed, but in it we take 25 = 7« >[hlog (T/h)]}.)

To prove this proposition, we shall in effect make a succession of changes
in the second member of (1), each change producing an error to be incor-
porated into E. In stating the relevant estimates, we shall use € as a generic
absolute constant—or constant depending on 4,, ..., 4, (which are constants)—
representing individual constants that may be different in different places.
We shall use O(T) generically to indicate quantities, such as bounds in Z7
for functions of x, ¢, u™(x, t), that depend upon 7.

We also shall drop the subscript ¢ attached to u, f, g, &, u, 4, S.

The changes to be made are of five kinds. Let

me = [ta/k] +1, m"=[7"/h],
where [2] denotes the greatest integer <a; then
T —h<m*h<t', Tue<mh<t,+h.

The first change is to delete from the summation in the right-hand side of (1)
all integrals corresponding to indices m such that m <ms«. The error resulting
from this change, in absolute value, is

mh
EKEIINWMMWWMMHMWMWM,
(m—1)h

since 9,8’ = §'0,, and |§'v| < |v||. The part of E; pertaining to [g™(-,?)]|
can be estimated by C(Z)m«h. To handle the other part of Ep, it is useful
to distinguish two cases: (i) 7« <T< 274, and (ii) 27« < v<7. In the first
case, inequality (6.1) implying that

|V, 8™, ) < (D),
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we have
mh
2.: f [Va8mt+1=mf®)(., ¢)[dt< O(T)(m, )< O(T)ri< O(T) 7, v~ 1.
m=1
(m—1)h

In the second case, by (9.1) we have

mh
5 f||V,Smx+1-mf<h>(-,t)||dt<0(1')he—1’§(m1+1—m)—*
m=1

(m—1)n
< G(T) h}{mi - (ml _m*)*} ’

while
mi - (m1 - m*)* = mt/[mi + (m1 - m*)i] < m*/{2(m1 - m*)*}

<h¥r, 4+ b)/2(r—7,—2h)}}< 3—}1@ SR S
in view of (2a4). Thus again

mh

b j [V, Sm+1-mph(. 1) |dt<C(T) v, .
m=1
(m—1)h

Since My h<7e + B<<(9/8) 76 < (9/8) Ttz ¥+, we conclude finally that
(3) E<C(T)r 7t .

The second change in the right-hand side of (1) is to delete the integral
from m,h to v and also to delete from the summation all integrals corre-
sponding to indices m for which m > m*; in consequence of the first two
changes, all integrals thus are deleted if 7< 7« 4 7.

The «error » produced by the second change, i.e., the difference between
the modified and the original quantities, is, in absolute value,

B < J{IVAC, 01 + 19, o]} a

™*—h
By Theorem 6.1, and since 7— n— h<t*— b,

T

4y Bp<0(D) [ ¢+ D@<ODE — (1= n— B + 0+ 1},

T—n—h
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from which it will be seen that

(4) Enp<O(T)riy.
In fact,

- (r—n— ki =@+ /[ + (r—n—WN< (n+ W/[{2(r—n— W)},
while  + h<3n/2 by (2¢), and 4+ h<57+/8<57/8 by (2a, ¢, d). Therefore,
T — (v — n— h)t < 3yt

Substituting this into (4)' and also using the inequality n 4 h<3%/2<
<(§)Tir1y, we obtain (4).

The third modification we make in the right-hand side of (1) is to re-
place S™*1~™ in the undeleted terms of the summation by the Gaussian
operator G((m,+1— m)h;u). Noting that G(jh;u) = G; (defined as
in (9.4)), we have from Theorem 9.3 that
[S™*1="0 — G((my + 1 — m)h; p)v]

< 3B|v|[log {(m, + 1— m)/3}}]¥(m, + 1 — m)~*

— 2-43B[o] L' (m, +1— m),
where L(y) = (2/3)[log (y/3)]! for y>1. (Since
L'(y) = {1— 21og (y/3)}/{2y°[log (¥/3)}} <0  for y>5

L is concave for y>5.) Hence, the total absolute error Ey; committed in
carrying out these replacements is

=0 if r<T, 19

<C(T) % L’(ml—l—l—m)f(t—*—{-l)dt ifr>7,+7.
e (m—1)a

In the last expression, since m>m, > 8, and h < T/m, the value of the
integral corresponding to the index m is

I, < hm—1)% L &
< (8/7)4hi{m~+ + h¥)
< C(T)mtm—*
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with C(T) = (8/7)¥1 + T# in this instance. Therefore,

(5) Enr=0 if r<w+7
<C(Mh Y L'(my+1—m)ym=t if 7> 74 4 7.
m=me
It will follow from this that
(6) By < O(T)[log (T/3h) 1 htst  for 7> 74 .

In fact, concavity implying that L'(N 4+1)< L(N +1)— L(N) for N>5,
we have

SLm+1—mymF <mgt S L'(m, +1— m,)

<m:*mz{L(m1—[-1——m)——L(ml—m)}

< my ¥ Lim, +1— my)
< Cflog (T/3m)ht =5t
since
Limy + 1— m) = ($){log [(m; + 1— ma) 3]} < (3)[log (T/3R)],

and (m4h)"t < 75t Inequality (6) follows.
The next change to be made pertains to the integrals of the form

mh
[ 6(m+1— mh; ) o(a, 1)t

(m—1)h

that have just been introduced, in which (z,t) stands for V,f®(M,¢) or
g®(z,¢). In these integrals, namely, we replace G((m,+1— m)h;u) by
G(r — t; u). Since, as a short calculation shows,

[1ea,t; w)lao<art,
we have

[18(e, tmy 41— m)h; ) — g0, 7 — t; p)|do <hf(z — ¢ — B
for (m — 1)h<t<mh, m>2 .
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Hence, the total absolute error owing to the last set of replacements does
not exceed

Ew<mﬂqﬁ—t—mﬂwt+um

Ts

with t* =7— 7 and 7> 7. + 7.
By an elementary integration,

ft“*(r—t-h)—ldt = (t —h)~tlog

Te

(r—h) =
(r—h)t —1t

< (v—h)~Hog {[(v —h)t + «*][[(v — h)} — 7*]},

t=1e

while
(t— Bt — "= (r— k)t — (r— )i
= (— W [{(r— W + (r— p)}}
> (n— B)278 > (H)yr?,

and (v — k)t + v*t < 274, Thus, the previous integral is estimated by

(8/7)¥z—tlog (87/n) < 27~tlog (8T[y),

and we have

(7) By < C(T)h{ZI"*IOg(BT/ﬂ) + log _z:::z:}

< C(T)hz—%log (8T [n) .

The fifth and final alteration to be made in the right-hand side of (1)
is to replace 8™*1u*(z) by G(r; ,u)u*(w). The resulting error, in absolute
value, is
(8)  Hy< [Smriu® — G((my -+ 1)h; ) u* [ + | G((my + 1)b; ) u” — Gz )’ |

<3B|u"|[log (T/3h)*Ph(z— )~ + d|u* |b/7
< C|lw*|(log (T/3m)*hr~
< C|u°|[log (T/3h)Fhe 75t .

The individual estimates (3,4,6,7,8) show that the total error
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E = E®(, ) resulting from all five changes satisfies the inequality

|B|< O(T)r ™}z 4 5+ [log (T/3k)Fha 7?4 hlog (8T[y) + [log (T/3h)Fhra ¥}
< O(T)v Hru 4+ [log (T/B)Fhrst}  for a<r<T.

This is the first inequality in Theorem 2, and the second follows from it
directly.

We are now ready to derive the estimate in Theorem 1 of |u®™(-,t)—
— u®)(-,1)|. Suppose 0 <h'<h< 8% and set 2y = 7, = hlog (T/h). The-
orem 2 shows with respect to both »™® and «®*’ that

9 [|EP(, 0] <0(T) v htlog(T/h), |E¥(-,7)|< O(T)v *htlog(T/h),

for k¥ log (T'/h) <t < T (the function st log (T'/s) increases with s for T'/s > et).
From the representations of u™(z,7) and u®)(, 7) given by Theorem 2,
subtraction gives

z*

10) 4P(@, 7)— w3, 7) = — [G(z— t; w) e, ) — 10e, )]t

Te
7

- —[er— G mePe, 0 — ¢, la

Ts

+ {EP(@, 1) — BN (@, )} + {SP@, ) — @, oy =L+ L+ B+ 3.
We consider this relation only for 7. <t< T, for which values we have by (9),
(11) 1B] < BP] + | BF| < O(T) v~ 1t log (T/h) .

With respect to I,, using the rule that G(t; u)9,v = 9,(G(t; u)v) gives us
1= | [{[Veat@— & v—t; w0 — 10, vnae}

<f {[W.80— & v— b m) P u®E, £ — w6, 1) g} as

< Folga) [P, ) — w®(-, 1)|(x — ) Hat,

and, similarly,

|1[<Gj]|u<"> , 1) — u™(-, b dt.

T
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These estimates and (10) imply that for r,<7<T,

(12) a0, ) — w0, o) | < Foloua) H U, ) — 0¥, )] (2 — ) a

Te

+ 6 [1uP(, ) — 4%, )] dt -+ B() + (o),

where E(z) is subject to (11), and ||| <2g,7h" V2
We use (12) to estimate

a(t) = (¢ — v ) u®(-, 1) — u™(-, 1) |

for 7, <t¢< T. Multiplying both sides of (12) by (z — 74)! and referring
to the previous estimates of |E| and || leads to the relation

(13) g <Folpem)Hz— wa)? (s — ¥t — ) Hq(t
+ G — [t — Tig)dt + O(T)W log (T/h) + O(T)KC="

Te

for 7. <7< T. In terms of new independent variables
$=1—Te, OC=7T— T, 0<8<o0,
and a new dependent variable
Q(s) = q(s + =) = ¢(),

inequality (13) can be stated as follows:

10 Qo)< Fo(u*n) it [(a— 8)-4s4Q(e)ds + Guot [s-4Q(s)ds
(1} 0

+ O(T)htlog (T/h) + O(T)hC~V2

for 0<o<T — 7,.
We shall estimate @(a) by means of the inequality Q(¢) < P(c), where P(q)
is a function that satisfies a relation identical in form to (14), except that
equality replaces inequality, and P replaces @. It follows from Lemma 2,
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Section 54 that
Q(0) < P(0) < C(T){h* log (T[h) + =12}
and thus that

9(v) < O(T){h log (T/h) + BT~%  for htlog(T/h) < < T,

a8 Theorem 1 asserts.

APPENDIX

9. - Estimates for repeated averages.

The smoothing step in the method of layering was carried out by means
of averaging operators, powers of which were required to satisfy certain
inequalities. The operators of Gaussian and of arithmetical averaging both
will be shown in this appendix to be of the requisite kind.

Only the one-dimensional case is treated in detail, since, in multi-dimen-
sional averaging, the kernels are taken simply to be products of one-dimen-
sional kernels. By arithmetical smoothing, or averaging, of a bounded,
measurable function v(z) on the real line R, we mean the transformation
defined, for any &> 0, by

40(0) = 4,(0) = (26)7 [ol0 + HdE;

by Gaussian smoothing, or averaging, the transformation defined by
Golo) = G,o(z) = (3[2m)} e [0(8) exp [— 3(o — &/2%1d% .

(The kernels in these two operators have equal variances, namely £2/3.) In
integrations over R, the limits of integration are omitted.
As previously, for a bounded, measurable function v(x) on R, let

o] = ess sup fo(a)]
z€R

The most vital estimates in the layering procedure are those of Theorem 1.
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THEOREM 1. ,If 8 represents either Gaussian or arithmetical averaging,
then constants s;, S, ... ewist such that

(1) |(@fdw) S'v|| <s,e™ Y~ Ho]  for j=1,2,..,
(2) I(@[da®) 8'v] <spe™*j o] for j=2,3,...,
3) I(@*/da’) 8] <s,e*i"[0] for k>2, j>2k,

for all bounded, continuous v(x) on R.

Proofs of (1), (2) for Gaussian averaging.

By the reproducing property of normal distributions, the j-th power G
of @ is equal to the Gaussian operator G; defined by

) G0(@) =[g0— &)v(E)dk
with
9;(®) = (3/2mj)de* exp [— 32?/2j¢e?], j=1,2,....

(See, for instance, H. Cramer [3], equation (17.3.2), p. 212.) Since the in-

tegral in (4) can be differentiated under the sign of integration, inequalities
of the form (1), (2) will be apparent when we have proved that

) [16;()lay = @B/}~
(®) (16} @)lay = 12(2m0) 47172,
To do so, using the abbreviation ¢ = (je?/3)%, note that

gw)=—0"2yg(w), g @) =Y — g .

0
Thus, f |9 (y)|dy = 2fg,'(y)dy = 2¢,(0), this verifying (5). Secondly,

[

[16w)1dy = =4[ — g dy + 2674 — Py =1, + L,

-0

We have I, = 0, because f g:(y)dy =1, and f y2g;(y)dy = o® The substi-
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tution y = oz gives

1
I, = 2(2n)—*a-2f(1— 2) exp [— 2%/2]d,

-1

while by partial integration

1 1
fz* exp [— 2%/2]dz = — 2 exp [— }] + |exp [— 2?/2]dz .
-1

-1

Thus, I, = 4(2ne)-to-2, and (6) follows at once.

Proofs of (1), (2) for arithmetical averaging.

Define
a, () =1/2¢ for |w|<e,

=0 for |w| > ¢,
s0 that Av(@) =[ay(&)v(x + £)dE. Then define, recursively,
(@) = f a(E)ay(@ — £)dE = Aas@w) for j=1,2,...;
in terms of these kernels,
Al v(o) =fa,.(§)v(w + &)dE =fa,.(n —a)o(p)dy  for j=1,2, ...

Each kernel a,(x) is of compact support and has sectionally continuous deriv-
atives of order j — 1. Hence,

(M) |(@/az) A'0(@)| = |[ajn— 2ot dn< [o] [lai@)ldy  for j=2,3,..;

similarly,

(8) (@/da®) 4'0(0) | < o] (o] (9)Idy ~ for j=3,4, ...

Except for the lowest values of j, we shall derive (1) and (2) from these and
suitable estimates of the integrals of |a;| and |a;|. (For the exceptional
values—j =1 in (1) and j = 2 in (2)—direct calculations are easily given
to the same effect.) The following result is needed.
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LEMMA 1. The kernels a;(x) are even, i.e., a;(— x) = a;(x). For j>2,
9) a;(@)<0 for 0.
For >3, a positive number a; exists such that

a;(x) <0 for O<r<a,,

(10)
>0 for a;<=.

PROOF. Their definitions imply through mathematical induction that
the a; are even. Therefore, in particular, a,;(— r) =— a;(m), a;.'(— x) = a;.'(w).
Inequalities (9) and (10) for j = 2,3 can be verified from the explicit for-
mulas

ay(x) =0 for r<—2¢,
= (2&)"Y1 + »/2¢) for —2e<2<0,
as(@) =0 for r<—3e,

= 22[16¢® - 3w/8¢2 - 9/16¢  for —3e<w<—¢,
— x2/8¢® - 3/8¢ for —e<2<0.

These are obtained by elementary calculations. To justify the inequalities
for higher values of j, mathematical induction is used based on the following
formulas:

(11)  a;, () = (d/dx) Aay(®) = (2¢) " a;(x + &) — a;(m — ¢)}  for j>2,
(12) a1 (@) = (2e)" Ha;(@ + &) — a;(w— &)} for j>3.

If (9) holds for some particular index j>2, then a;(#) is a monotonically
increasing function from —oco to 0 and a monotonically decreasing func-
tion from 0 to -+ oco. This and (11) show that a; +1(@), which is 0 for
large negative a, becomes first positive, then negative, and finally 0,
as @ increases. Since a, ;+1 18 odd, the transition from positive to negative
values of a,; +1(@) takes place at # = 0. Thus, contention (9) is proved for the
index j 4 1, and, by mathematical induction, therefore is valid for all j>2.

Let us now suppose (10) to hold for a particular index j>3. This and the
oddness show that, as x increases, a;(w) increases monotonically from 0
to a positive maximum attained at # = — a; (a4, > 0), decreases from this
maximum m; to the minimum — m; at # = a;, and from that point in-
creases to the ultimate value 0. The graph of a;(m) is illustrated in Figure 1.
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Because of the shape of this graph, it follows from (12) that, as « increases,
a;.' +1(®), again 0 for large negative x, first becomes positive, then negative,
next positive, and ultimately 0 again. By symmetry, this function must
change its sign at just two points + a,,,, and contention (10) thus holds for
for the index j + 1. With this statement, proof of the lemma is complete.

|

| a;

1 .

+

_aj :

Figure 1
The foregoing lemma implies that

(13) f |a}(2)|da = 2a,(0),
(14) [16} @) a0 = 4] .

In fact, by (9),

0 oo
f | (@) |dee - [o (@) do — of a)(@)dw = 24,(0) ,

and by (10)
oo aj oo
[16@)1d2 = — [a] (@) do + [} (@) o= — 24}(a)) = 2]4]] .
0 0 aj

(The fact that a,f' is even also is used.)
Inequalities (1), (2) result immediately from (7), (8), (13), (14), and the
estimates of a,(0) = |a;| and of |a;] in Theorem 2 to be given soon.

Proof of (3).

After (1) has been established, the following arguments produce con-
stants s, for k>2 serviceable in (2) and (3). The determinations of the s,
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thus obtained are rather crude, but the reasoning employed is much simpler
than in the discussion of s, just concluded. First, mathematical induection is
used to prove the following.

CrAiM. If j, 1, and r are integers, r>2, and j>1r, then
(15) [(dfdat) o] <she 20

For [ =1, this is true by (1). Then let (15) hold for j>1r, where I>1. If
j=1+1)r, it follows that

(@ da' ) 80| = ||(d)da) S™{(d' |dae’) 8~ v} |
< s 7| (d@)da) $T 0|
< s e e g7l 2 g,

a result confirming (15) for I 4 1 in place of 7 and thus completing the in-
duection.

With claim (15) established, let » = [j/k], r thus being an integer such
that r<j/k <r + 1. Then, in particular, j> kr, and by (15),

(16) (@ /da®) S'v| < ske™*r ¥ |v] .
On the other hand, r > (j — k)/k, so that
P By Ly e T )
By assumption, > 2, and therefore j/(j — k) < (r + 1)k/(r — 1)k<3. Hence
(16) implies (3) with s, = (3%k)**s*. Thus Theorem 1 is proved, except for

estimates needed of |a;] and |a;|, which will be justified now.
Let a; = (j/3)e.

THEOREM 2. For all integers j, 1 with j>2, 0<l < j,
a7 10 <e07" 7,
where the constants ¢;; have limits

lim Cj.0 = (27’[)_}, lim Cj1 = €1 = ﬂ_l,
j—>o00 j—>00

lime,; = ¢, = (27)~41-3-5-... 1—1)  for 1 =2,4,6,...,
j—>oo
=na1-2-4-...(1—1) for 1=3,5,17,....
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This theorem will follow from properties of the Fourier transforms of
the kernels in question. The Fourier transform of a,(z) is

d,(s) = f exp [ixs]a,(®)dx = (e8)~1sines,

and since a;(x) is the convolution of a,(x) by itself j times, we have for the
Fourier transform of a,(x),

d;(8) = (es)~¥(sin es)’.
Furthermore, as is well known,
0,(5) = [exp [iaslg,(a)do = exp [— jetst[6].
Let

Y(8) = y;(8) = (e8)~(sin &s)7,

2(8) = 2;(s) = exp[— je?s2/6].

The following result will be very helpful.

LEMMA 2. For 0 < es < /2, a function a(s) exists such that 0.006 987 <
< a(8) < 0.0969 and

(18) y;(8) = 2(s) exp (— «(s)afe’s?) .

Proor. By Taylor’s expansion of sin ¢, we have

(19) t-lsint =1— 2/6 | t41A(¢),
where

(20) A(t) =t sint — 1 + 12/6)

(21) =1/5!— {(#2/T!—t4/9!) + ...},

the pairs of terms in parentheses in (21) all having positive derivatives if
t<6. Thus, if 0 <t<m/2, we have A(m[2) << A() < A(0), i.e.,
o< At)y<a, for 0<t<m/2,
where, by (20),
a, = (2/n)*(2[n — 1 + =?/24) > 0.00786,
a, = 1/120 < 0.00834 .
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Since, for |u| <1, log (1 — u) = — u— u?/2(1 — 6u)® with 0 < 0 < 1, we have
by (19)
log [t-1sint] = log [1 — #2/6 4 t* A(t)]

— — 12/6 - 11 A(t) — B[— 12/6 + At1]2,
where B = (})[1— 0(2/6 — At*)]-%; evidently, B> }and B < (})(1—n?/24)-,

ie.,
0.500 < B<<1.443 for 0 <t<m/2.

Thus,
log (t~1sint) = — 12/6 — Ct*,

where ¢ = — A -+ B(—1/6 + At?)® In view of the estimates previously
obtained for 4 and B,

0.002329 < 0 < 0.0323 for 0 <t<<m/2.
It follows that for 0 < es < 7/2

log y,(s) = j{— £2s2/6 — Ce*s%}
and thus that
9;(8) = #(s) exp [— 3007 &%),

which coincides with (18) with «(s) = 3C. Thus, the lemma is proved.

Proof of Theorem 2.

First consider the case I = 0. The Fourier integral inversion a,(z) =
= (1/2n) f d,(s) exp [— txs]ds implies that

la,] < @)t [d(s)ds = 7=y, (s)]ds
0

n/2e oo
AT )

Using the estimate y;(s)<=z;(s) in (0, z/2¢), as follows from (18), and the
estimate [y;(s)|<(es)~? in (n/2¢, oo) gives

n/2e oo

las] <= [es(s)ds + a2 (es)tds

0 n/2¢
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The first term on the right-hand side is < (27) *o;%, and the second term is
= (=) a2y
= (1/2v3)j*(j —1)"Y2/nY o] for j>2.
Combining the estimates for the two terms gives (17) in the case I = 0.

The norms of derivatives of the a; are estimated similarly. The Fourier
transform of the I-th derivative being given by

Slad1(s) = (— 48)'d(s) ,

we have |a{’| <(27)7"[|s/'y,(s)ds, and in the same manner as before,

7t/2¢ )
laP] <z j s'z,(s)ds + n? f sHes) " ds
0 7/2¢

<(e,+ ¢ )07t for j>14 2,
where

e = (B)GB) VR — 1—1)71(2[m) "t

Thus, Theorem 2 is proved.
In earlier versions of this paper, Theorem 2 in the case I = 0, but with
a larger constant in place of ¢ ,, was proved by use of the inequality

t-1sint<1— (¢m)2 for |t|<m.

The inequality follows from Euler’s product representation and was suggested
for this application by P. Mikulski and R. Syski.

REMARK. Consider the operator K* = K!K., where K, and K. are
operators of Gaussian or of arithmetical averaging with kernels k(&) and
k,.(&), respectively. The kernel k;(&) of the operator K is of course the con-
volution of k,(&) with itself j times, and similarly for the kernel k;(£) of K./
The kernel k*(&) of K" is the convolution of k; with k. Let ¢> and ¢'2 de-
note the respective variances of the distributions with densities k,(£), k.(&):
for instance, ¢* =fk,(§)§2d§. The variance of the distribution with density
k*(&) is ¢*2 = jo® + j' 0’2, and we have

| E*v| < const a"lflv(a:) |dz

18 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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for any v(x) integrable on R. This follows from the inequality
IE*o(0)| = | [1(y — @)otw)dy| < 1* | [1o(9) | ay

and an estimate of |%*| obtained by use of (18) as in the proof of Theorem 2.
The next results are used in showing that layered solutions converge
as layer heights approach zero.

THEOREM 3. Constants A and B exist such that

(22) lg;— o]l <oy %6 for j>1
and that
(23) [1a:(@) — g,(@)|dw < Bilog (0,/e) ¥(efo)

where we can take A = 0.40, B = 4.1.

REMARK. In a far more thorough analysis than that which follows,
Petrov [22] gives general asymptotic expansions that pertain to a;,— g,
(Theorem 15, p. 206) and to f|a,,~— g;|dx (Theorem 18, p. 212) for large j.
His results imply inequalities (22) and (23), but without the logarithm. In
Section 8, in which the inequalities are applied, the improvement from
using Petrov’s result is, however, rather slight. Hence, and for the sake of
completeness, we use Theorem 3 as stated, its proof being comparatively
direct.

Proof of Theorem 3.

First we must estimate |g;, — a,|. Let o abbreviate ¢,. Then using the
Fourier inversion formula as before, and referring to the previous lemma,
we have

29, — ;] < [lys(s) — 2,(s)]ds
n/2e

=2 fexp [— 025%/2]{1 — exp (— a(s)o2e284)}ds + 2 flyj(s) —2z,(8)|ds
0

n/2¢e

— oI, + 2I,.

To estimate I,, we use the inequality 1 — exp[— #]<®, which holds
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for >0, to obtain

I, < ac'azs’-fexp [— o2%s2/2]s4ds
0

= (3)(2n)ta" 07362,

where o* = max |x(s)|<< 0.097.
0<s<n/2

Concerning I,, we have

]

I, <fy(s)ds 1 [a(s)ds = I, + 1.

/2 n/2¢

By the well-known rule

(24) f exp [— &2/2¢2]1d& <jexp [— w&/2c%]dE
= (2¢2/x) exp [— x2/2¢?]
we have
I, < (4m)0~ 2 exp (— n26?/86%)
and, since
(25) £~ exp (— Ce~P) < (| Cep)™*

for positive a, B, C, &,
I, < 8n~2 exp[— 3]0 %2,
In addition,
I.< f (es)~*ds
n/2e

=(j— 1)

= (#/6)[j/(j — V)]0 2e(2/n)*""*",

275

since j = 3o%/e2. In this result replacing 2/z by exp [— log (x/2)] and again

referring to (25) shows that

I, < (n/6)[6e log (/2)1[j/(j — 1)10~%&?,

and in view of the previous finding for I;',

I, < {8n % exp [— 4] + (n/3)[6¢ log ([2)] ¥} o3
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In sum, therefore,

lg; — a;]| <m (I, + 1) < Ao~3e?  for j>2
with
A= n"l{(%)(2n)*ac* + 8n~2exp[— }] + (7/3)[6¢ log (7/2)]#} < 0.40

in verification of (22).
In proving (23), we shall require a serviceable estimate of

@

Aj(@) = |a,(§)dé

— o0

for large negative », an estimate we shall obtain by comparing A4,(z) with
Gy(@) = [o.6) .

Since d,(s) = y,(s) is even, the Fourier inversion formula for a, takes the form

(=]

a;(&) = n—lfy,(s) cos s&ds .

0

Therefore, integrating with respect to & on an interval (0, ) gives

(=]

Aix)— %= n‘lj.y,(s)s-l sin sz ds .
0

A similar formula holds for G,(z), and by subtracting the two formulas we
obtain for the quantity
R, =A,— G

the expression
Ryx) = =1 f r4(8)s~1 sin swds,
0
in which

74(8) = Y4(8) — 24(8) .
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Consequently,
ind /28 oo
|Ri(w)' < n‘lflr,(s)ls-lds= 7t—l{ I + f} = -I{J1 + J:} .
o 0 a2

To estimate J,, again by use of (18) and the in_equa.]ity 1— e < for x>0,
we obtain

Iy < oc'a’ezjexp [— 0282/2]sds = 20" 0—2¢2.
0

Concerning J,, we have

Ty <[us)s s + [ #e)s™1ds = 7, + 7,

/28 7T/28

while

Jy<[les) s s = j7H(2jn) = (B)o~*e@Im) < (o2,

n[2¢e

and

Jy = fexp [— o®s%/2]s 1ds < (2/nm)e J. exp [— no®s/de]ds

/2 /28

= (8/n*) 0™ %&% exp (— n°0?[8e%) < (8/n%)0 %€

In sum,
|Ri(2)| < A eto?

with

A, = 72" + } + 8/n%} < 0.426.
This result implies, in particular, that for # > 0
A(— o)< Gy(— x) + A 2072,
while, as follows from rule (24),

(26) Gi(— ©) < 2(2n)¥o[x) exp [— #2/26?] for > 0.
Thus,
(27)  Ai(— 3) < 2(2n)"¥(o/x) exp [— 2%/20%] + A, e2072 for 2> 0.
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This and (22) permit us to estimate
oo X oo
I=[ja,—glar=[+[=1,+ 1,
0 0 X

in which we take X = 2[log (a/e)]te. By (22),

I,<2A[log (o/e)JH(efo)?
and by (26) and (27),

I, < Ai(— X) 4 G4(— X)
< 4,(ef0)? + 2(27)~*[log (a/e)] (¢/o)?
< A,(efo)?
where A4, = A, -} 2(2xn)-% if j>3. In sum, therefore,
(28) [le,— g)lde = 21 < A,[log (s/e)¥(efo)  for j>3
with 4; = 2(24 + 4,) < 4.1, as stated in (23).
The final theorem is concerned with L! norms, the estimates in this

theorem pertaining to bounded, measurable functions v(x) that either are
periodic on R of period P > 0 or else are integrable on B. We set

P
oL =I|v(w)|dw in the periodic case,
0
=f|v(w)|dw in the integrable case .

THEOREM 4. Let 8 = 8, denote the operator of Gaussian or arithmetical
averaging. If v(x) is integrable on R, then a constant s, exists such that

(29) |80] <spe™!jHol,  for j>1.
If v(x) is periodic of period P, an inequality of the form (29) still holds, but

with s, replaced by @ quantity of the form constant -+ eji. For v(x) of either
type, a constant s, exists such that

(30) l(d/dw) 8v] <8672 o,  for j>3;



AN APPROXIMATE LAYERING METHOD ETC. - Sect. 9 279

in addition,

(31) [(d]dw) 8iv|, <8, tjHv|, for j>1.

Let k;(§) denote the kernel of S§7:
(32) §'0(@) = [Ie(& — @) o(6) di

(For arithmetic averaging, k;(£) = a,(£); for Gaussian averaging, k;(&) = g,(£).)

Proof of (29).

Inequality (29) is immediate in the case of integrable v(x), since
(33) %] = ks(0) <s*&~1j~

with a suitable constant s*, see (17) with [ = 0.
v(x) is periodic of period P > 0, we have from (32)

(m+1)P+x Ptz

(34) va(w)=zf Kol — ) (&) 2 — sz<§+m1>—w) (&)t

mP+x

—Efk (£ + mP)v(z + &) dE,

the summation being over all integers m. For 0 <&< P, of course mP<&
+ mP < (m -+ 1) P, and since k;(y) is even and decreases as y increases starting
from 0,

ki(& 4+ mP)<ki((m +1)P) for m <0,
< k;i(mP) for m>0.

Therefore,

S k(€ + mP)< zk,( 1)P)+zk,mp_2zk mP),

m=—oo m=0 m=0
evenness accounting for the second equality. Because k;(£) decreases for &£ > 0,

S ky(mP) < f hy(8) dE =

m=1
0
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Therefore,
> k(€ + mP) < 2k,0) + 1,
and
1890 ] <{2%(0) 4 1}folo < {25" 154 + 1} o] .

This formula justifies (29) in the periodic case.

Proof of (30).

By (32),
(35) (/o) $v(a) = — [k(§ — )o(6) df .
Hence, for integrable v(x),
(@/de) 80 ] < [R5 o]y,
inequality (30) following from the expression for k; in the case § = G, and

from (17) in the case 8 = A,.
For periodic v(x) of period P, we obtain from (35), analogously to (34),

(m+1)P+z P
(36) (djdo)So@) =—3 [ Ki(E—a)o(@)ds=—[ SK(E+mP)o(a+ &) a,
mP+x 0

the summation again being over all integers m. Since k;(&) is an odd function,

> k(& + mP) = k(&) + Zl{k;(zs + mP) — k;(mP)}
-1
+ X {k(& + mP)— ky(mP)} ,

while for 0<é< P
§+mP (m+1)P
(6 + mP)— EmP)| = | [ K)ds|< [ [e)lds.
mP mP

Hence,

S HE -+ mP)| < 5] + [ o) as<5]%]
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by (14) in the case § = A and by the analogous equality in the case § = G.
Using this in (36) proves

I(d/dw) Siv| <5 k; ||,

from which and from (17) pertaining to A and the analogous estimate per-
taining to @, (30) follows.

Proof of (31).

Let j>2. Again starting from (35), we have for integrable v(w),
[1ajaz) (@) do < [ [1k5(6 — o) l10(@) 5w < o, [ 1K)t < 2R (O)oly

(31) following from this.
In the periodic case,

P P
[1@1aa) 8,0(0) do < [ [¥(2) lo(o + £)1d% do< ol [I¥(2)1a = 2k,(0)el,,
0 0

(31) again being the consequence.
For j = 1, the previous methods again suffice in the case § = @, while
if 8§ = A the formula (d/dx)Av(x) = (2¢)~[v(® + &) — v(® — &)] is used.

REFERENCES

[1] A. J. CuorIN, Numerical study of slightly viscous flow, J. Fluid Mech., 57
(1973), pp. 785-796.

[2] A.J. CrHORIN - T. J. R. HUGHES - M. F. MCCRACKEN - J. E. MARSDEN, Product
formulas and numerical algorithms (1977), presumably to appear.

[3] H. CraMER, Mathematical methods of statistics, Princeton Univ. Press, Prin-
ceton, N.J. (1946).

[4] A. Doucris, Layering methods for monlinear partial differential equations of
first order, Ann. Inst. Fourier Univ. Grenoble, 22 (1972), pp. 141-227.

[6] A. DoucLis, Lectures on discontinuous solutions of first order monlinear partial
differential equations, North British Symposium on Partial Differential Equa-
tions and their Applications. School of Mathematics, University of Newcastle-
on-Tyne (1972) (multilithed).

[6] A. DoucLis, Layering methods for parabolic systems, Preliminary report. Notices
Amer. Math. Soc., 22 (1975), p. Al52.



282

[7]
(8]

9]
[10]
[11]
[12]

[13]

[14]

[15]

[16]

[17]

[22]
[23]

[24]
[25]

[26]

[27]

AVRON DOUGLIS

S. D. EIDEL'MAN, Parabolic systems, North Holland Pub. Co., Amsterdam, 1969.
A. FrRIEDMAN, Remarks on monlinear parabolic equations, Proc. Symp. Appl.
Math., 17 (1965), pp. 3-23.

H. FuJsita, On some mon-existence and non-uniqueness theorems for nonlinear
parabolic equations, Proc. Symp. Pure Math., 18 (Part 1) (1970), pp. 105-113.
R. T. GLASSEY, Blow-up theorems for nonlinear wave equations, Math. Z., 132
(1973), pp. 183-203.

A. JEFFREY, Stability of parabolic systems, Indiana Univ. Math. J., 22
(1973), pp. 1109-1135.

H. KAWARADA, On the solutions of initial-boundary problems for w, = wu,, +
+1/(1—u), Publ. Res. Inst. Math. Sci., 10, no. 3 (1974-1975), pp. 729-736.
N. N. Kuznersov, Weak solution of the Cauchy problem for a multi-dimensional
quasilinear equation, Mat. Zametki, 2 (1967), pp. 401-410; transl.: Math. Notes,
(1967), pp. 733-739.

N. N. KuzNETsov, Application of the smoothing method to some systems of
hyperbolic quasilinear equations, Z. Vy&isl. Mat. i Mat. Fiz., 13 (1973), pp. 92-102;
transl.: USSR Comput. Math. and Math. Phys., 13 (1974), pp. 115-129.

0. A. LADYZHENSKAYA - V. A. SOoLONNIKOV - N. N. UrRAL'CEvVA, Linear and
quasilinear equations of parabolic type, Translations of mathematical mono-
graphs, vol. 23, A.M.S., Providence, 1968.

H. A. LEVINE, Some nonexistence and instability theorems for solutions of for-
mally parabolic equations of the form Pu, = Aw + F(u), Arch. Rational Mech.
Anal.,, 51 (1973), pp. 371-386.

H. A. LEVINE, Nonexistence of global weak solutions to some properly and impro-
perly posed problems of mathematical physics: the method of unbounded Fowrier
coefficients, Math. Ann., 214 (1975), pp. 205-220.

H. A. LEVINE - L. E. PAYNE, On the nonexistence of global solutions to some
abstract Cauchy problems of standard and nonstandard types, Rend. Mat., (6)
8, no. 2 (1975), pp. 413-428.

J. MARSDEN, On product formulas for monlinear semigroups, J. Functional
Analysis, 13 (1973), pp. 51-72.

J. MARSDEN, A formula for the solution of the Nawier-Stokes equations based
on a method of Chorin, Bull. Amer. Math. Soc., 80 (1974), pp. 154-158.

A. Pazy, Semi-groups of linear operators and applications to partial differential
equations, Lecture Notes no. 10, Math. Dept., Univ. of Maryland, College
Park, Md., 1974.

V. V. PETROV, Sums of independent random variables, Springer, New York, 1975.
I. J. SCHOENBERG, On smoothing operations and their generating functions, Bull.
Amer. Math. Soc., 59 (1953), pp. 199-230.

F. TREVES, Approximate solution to Cauchy problems, J. Differential Equations,
11 (1972), pp. 349-363.

M. TsursuMi, On solutions of semilinear differential equations in a Hilbert space,
Math. Japon., 17 (1972), pp. 173-193.

M. Tsursumi, Ewistence and nonexistence of global solutions of the first boundary
value problem for a certain quasi linear parabolic equation, Funkecial. Ekvac.,
17 (1974), pp. 13-24.

M. I. Visik, Boundary-value problems for quasilinear parabolic systems of equa-
tions and Cauchy’s problem for hyperbolic equations, Dokl. Akad. Nauk SSSR,
140 (1961), pp. 998-1001; transl.: Soviet Math. Dokl., 2 (1961), pp. 1292-1295.



[28]

[29]

[30]

[31]

AN APPROXIMATE LAYERING METHOD ETC. - Sect. 9 283

W. voN WAHL, Gebrochene Potenzen eines elliptischen Operators und parabolische
Differentialgleichungen in Rdumen holderstetigen Funktionen, Nachr. Akad. Wiss.
Gottingen Math.-Phys. Kl. II, (1972), no. 11, pp. 231-258.

W. voN WanL, Einige Bemerkungen zu meiner Arbeit « Gebrochene Potenzen
eines elliptischen Operators und parabolische Differentialgleichungen in Rdumen
hélderstetigen Funktionen, Manuscripta Math., 11 (1974), pp. 199-201.

W. voN WaHL, Semilineare parabolische Differentiagleichungen mit starker
Nichtlinearitit, Manuscripta Math., 16, no. 4 (1975), pp. 395-406.

T. D. WENTZELL, An a priori estimale for the solution of some quasi-linear
parabolic systems, Vestnik Moskow. Univ. Ser. I Mat. Meh. 29, no. 1 (1974),
pp. 37-44 (transl. in Moscow University Mathematica Bulletin, 29, no. 1
(1974), pp. 28-34).



