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On Bombieri’s Asymptotic Sieve.

JOHN FRIEDLANDER (*) - HENRYK IWANIEC (*)

1. — Introduction.

Let (a,) denote a sequence of non-negative reals and let

Az) =3 a,,

n<e

for x < X where X >2 and the numbers a, may depend on X. A basic goal
of the sieve is the estimation of the contribution to the sum A(x) of those
terms for which n has relatively few prime divisors. This information is
usually deduced from information about the sums

Aw,d)y= Y a,.
n<x
n=0(mod d)

AssuMPTIONS. We assume that the latter sums may be written in the form

A(z)
A, d) =—=—= 4+ R(x, d
subject to the following:
(4,) The function f(d) is multiplicative, f(d) > 1 for d > 1, and f(d) > d*.
(4;) There exists 6, with 0 < §,<1 such that, for every B, for every

>0, and for X>2>2,

sup |R(y, d)| < A(x)(log )2,

a<zt—t 1<y<ez

the implied constant depending on 6,, ¢ and B.

(*) Scuola Normale Superiore, Pisa.
Pervenuto alla Redazione il 3 Maggio 1977.
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(A4;) There exists ¢ > 0 such that we have, for X>2>2 and d < x"",

F(d)

|B(w, )| < 0—= 4(z)(log 2)°
for some F(d) satisfying
F2
> _W)< C(log x)° .
d<az% d

(4,) We have a,>0.

(4;) There exist a number field K, a real number » with 0 < 5 < 1,
an integer N such that 1< N <X, and a function f(n), such that:

(i) f satisfies (4,) and is independent of N and X,
(ii) we always have f(n)>f(n) and, if (n, N) =1, then f(n) = f(n),
(iii) if G(s) is defined by

dgl ;(d)ds = CK(S + 1)G(3) ’

then the Dirichlet series for G(s) is absolutely convergent for o>— .

(A¢) There exists an integer g>2 such that, for x< X,

> |R(@,m’)| < Aw)(log z)2,

m<z'lv
where the implied constant may depend on g.

NoTE. We stress that, although (a,) and f may depend on X, the parame-
ters 6,, 0, f, g do not, nor do the implied constants in the above assumptions.

ExaMpPLES. It is a simple matter to construct examples of sequences
which have been treated by the linear sieve and which satisfy the above
assumptions. We mention only three.

ExAMPLE 1. Let b be a non-zero integer and define
an, = A(n +b),

where / is the von Mangoldt function. This sequence satisfies the assump-
tions with 6, = 1 and g = 2. The only assumption not trivially verified
is (4,) and this is an immediate consequence of the Bombieri-Vinogradov
theorem,
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ExAmpLE 2. Let H(x) denote an irreducible polynomial in Z[] of degree h,
with the coefficient of #* being positive. Let a, =1 if n = H(m) for some
positive integer m and a, = 0 otherwise. Here the assumptions hold with
0, =1/hand g = h + 1.

ExAMPLE 3. Let
1 ifn=gmn+a<X, melZ,

a, =

0  otherwise,

where (a4,q9) =1 and 1< ¢< X* Here one may take 0, =1— « and
g = any integer > (1 — o).

SOME DEFINITIONS. In a study of integers with few prime factors, it is
often convenient to define the generalized von Mangoldt functions

Ay =puxL*, for £k=0,1,2,..

where u is the Mébius function, % denotes Dirichlet convolution and L is
the function L(n) = logn.
For a vector (k) = (k,,..., k,) of non-negative integers, we define

Ay = Ay % cox 4,

Letting |k| =k, + ... + k,, we have (see Lemma 1):
If w(n) > |k|, then Ag(n) = 0.

This fact offers partial justification for the first statement of this paragraph.
Further justification is offered (see the discussion in [2]) by the fact that
linear combinations of the A, can be used in approximating a rather wide
class of functions whose support is the set of integers with «few » prime
factors.

In the sequel we shall denote by f(x) a function satisfying

A
f—t(i)dt<ﬂ(x)A(w) log .
1
Trivially, we may choose B(x)< 1 and, in practice, we usually have much

more, e.g. f(x) < 1/log x.

STATEMENT OF RESULTS. Bombieri has proved [2] the following result.
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THEOREM 1 (Bombieri). Assume that (a,) satisfies (A,-A;) with , =1 = N
and K = Q. Assume that we may take () >0 as x — co. Let (k) be a
fized vector with maxk,>2. We then have

2 a”A(k)(n’) ~ y(k)HA(.’ﬂ)(log w)lkl—l ,

n<e

e-nl-)e-)

(B!
YKy = W——-lﬁ’

where

and, in turn, (k)! = k,!... k,!.

Our goal is to weaken the assumption 6, =1, and to simultaneously
give an estimation uniform in (k). This leads to the following result.

THEOREM 2. Let (a,) satisfy assumptions (A;-Ag). Let 0 < 0 <6, and
A = (6r)'°°. Let |k|>2 and define a = max k,. There exists a positive con-
stant ¢ depending at most on 0, 0,, g, f, K and C, but not on (k), r, or N,
such that, if

(IZI) 1—0)<1, |k|>ed and log X > |k |l

then
> a, Agy(n) = yu HA(X)(log X)H~'(1 4 9E),

n<X

where |p|<1 and

N (R

REMARKS 1.

1) The constant 16 can be improved (and perhaps replaced by 1 4 ¢).
It is probably sufficient to take log X > exp (c|k|) but this would have
required a strengthening of A, and a surprising amount of extra effort.

2) Although (4,-4;) are essentially present in Theorem 1 we have found
it is advisable to introduce the additional 4, for Theorem 2. In the case
where one assumes 4, with 6, =1, the assumption 4, with 6, =1 seems
quite mild. Even in the case where A, is not known with 6, = 1, it may be
possible to show that A4; holds uniformly for d < #. Such is the case for
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Example 1 and this example has already been investigated by Bombieri
in [1]. It may, however, happen as when A(x) < #'¢ for some ¢, such as
Example 2, that the assumption of A4, uniformly for d < x becomes unreal-
istic. It seems that, on the other hand, the assumption of 4, with d < a%,
while much more reasonable, is insufficient to the completion of the proof
and that 4,, an assumption which seems reasonable for sequences satisfying
A(x) > %, is a suitable method for filling this gap. It might be mentioned
that, were we to suppose that the support of a, consisted only of square-
free numbers, 4, could be dispensed with and, indeed, the technical details
of the proof of Theorem 2 could be greatly simplified.

3) The other changes in the axioms, the introduction of the field K
and the parameters N, X, were motivated by the wish to include sequences
such as given in Examples 2 and 3 respectively.

4) It should be mentioned that Bombieri [2] uses Theorem 1 to prove
results on Y a,g(n) for a wide class of functions g(n) with support on

n<e
« near primes ». Due to the less precise estimates in the case 6, < 1, we make

no attempt to discuss this.

5) The proof of Theorem 2 will make it clear that the conclusion of
Theorem 1 remains true even if the assumptions K =@ and N = 1 are
dropped provided, say, that X >N and we consider Ea,,/l(k)(n).

n<X

CONSEQUENCES OF THEOREM 2. The import of Theorem 2 is that if (k)
ranges through a sequence of vectors and X — oo, then, under suitable
circumstances, one obtains an asymptotic formula for > a, Agy(n). This
is illustrated by the following corollary. n<X

COROLLARY. Let (a,) satisfy (A,-Ag) and assume B(X) = o(1l). Let
0<0<8, There exists a constant ¢, depending at most on 0, 6,, C, K, g
and f such that if (k) ranges through a sequence of vectors and |k| — oo subject to

| . loglog X
log loglog X’

(ii) (Ikl)<(1 —0)-9,
(iii) r < ab3

(iv) @ <clog (1/B(X)),

then we have
> a, Ay () ~ ygy HA(X)(log X)lkl-1
n<X



724 JOHN FRIEDLANDER - HENRYK IWANIEC

REMARKS II.

1) If (k) is a scalar, so that » = 1, conditions (ii) and (iii) are trivially
satisfied.

2) If M >1 is fixed and |k| < Ma then condition (ii) is satisfied prov-
ided that
(M — 1)
_—_M-;i—— > 1 - B .
If 6 approaches 0, then the best admissible value of M approaches 1. If 0
approaches 1, then the best admissible value of M approaches oo.

3) For each fixed r, there is a constant (r) =1 — (r — 1)""!/¢" such
that, if 6 >0, |k| < ¢loglog X/logloglog X and |k| < ¢log (1/8(X)), then
the asymptotic formula holds as |k| — oco.

NoraTioN. We shall use ¢, ¢, ¢y, ... t0o denote positive constants, not
necessarily the same at each occurrence. These, as well as all implied con-
stants may depend on f, g, K, 0, 0, and O, but not on (k) or N.

OUTLINE OF CONTENTS. In Section 2 we consider some special sequences
associated with the field K. In this case the sum Y a, Agy(n) may be eval-
n<X

uated without reference to the sieve, as an elementary consequence of the
prime ideal theorem. The proof is complicated by the search for a result
uniform in (k). Aside the obvious special interest of the result for these
sequences, this result will be used in the proofs of the theorems.

In Section 3 we prove a fundamental lemma of Halberstam-Richert type
(see [3]). This result will be used repeatedly throughout the paper.

In Section 4 we give a proof of Bombieri’s Theorem 1. Qur proof involves
some modifications of that in [2], which we believe simplify the presentation.
The proof also serves as an outline of the essential ideas of the more tech-
nically complicated proof of Theorem 2.

The remaining sections are devoted to the proof of Theorem 2. Section 5

consists of several lemmata to be used in the proof. The sum z @, A gy (n)
<X
is dissected into three parts and these are estimated in Sections 6, 7 and 8.

In Section 9 these estimates are combined and the proof is concluded.

Acknowledgement. We are grateful to Professor Enrico BoMBIERI for
several helpful conversations during the course of this work. We thank
the Scuola Normale Superiore (Pisa) for providing a pleasant atmosphere
in which to work. For their financial support, we thank the C.N.R. and
the Accademia Nazionale dei Lincei.
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2. — Some basic sequences.

Before, commencing with the proof of the main results of this section,
we list some results from [2], that will be needed.

DEFINITION.
DEFINITION. Let (k) = (ky, ..., k,) and (k) = (hy, ..., h,). We say (h)< (k)

(k)
(h)

(o) =1162)-

(i) Ak+1 = AkL + Ak * Ay
(i) Agy(n) <Ay (m) < (logn)™,
(ili) |Egn)| < |2/1(,6,(41) < (log )",
dln

if 0<hy,<Fk, for each » and denote by , the « binomial » coefficient

LEMMA 1. We have

(iv) If (m,n) =1 then
(k)
(h)gw)((h)

(v) If w(n) > |k| then Ay (n) = 0.

Agy(mn) = )/l(m(m)/l(k—h)(") .

Proor. All of these are to be found in [2]. The latter inequality of (ii),
which is not specifically mentioned, follows from (iii).
We define the integers b(n), b,(n) and b,(n) by their generating functions:

tale) = 32,
-y =3 )
WL O W) =2 =0
by(n)

1—@p))r=3

degp=1 n?

’

where the two products run over those prime ideals of K which are of the
first degree.
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The following properties will be frequently used.
(1) bi(p) = bu(p) = b(p) <[K:Q],

(2) p*(m)b(n) <bi(n) <by(n) <b(n) <K ne,
and all of these are multiplicative,

(3) For ¢ =1, 2, we have
ba(p* ") <bi(p™) bi(p")
and hence b,(mn)<b,(m)b,(n) for all m,n>1.

LEMMA 2. For >1 and k>1 we have

(4) 3 up*(d)b(d)Au(d)d* > (log ®)* + O(k log 2k (log cx)*?)
a<w
(B) 2 by(d)Ax(d)dr< (log »)* + O(k(log cw)+1).
a<w
Proor. For k =1, these are well known elementary results on the
distribution of prime ideals. We assume that both results hold for k. From
Lemma 1,

3 b A< 3 ban) 2 10g 0
+ 2 by(n) Ay(n)n Z by(m) A(m)m—1 <
<3 bn )A"(”) logn + 3 by(n) Ay(n)n-t (logg + 0(1)) =
n<ax n<ax

= Z by(n)n=tA,(n)(log z + 0(1)) < (log )*+* + O(k(log cr)¥) .

n<w

S ur(n)b(n) Ay s (n)n—t =

= 5 wobm = ogn + 3 mp)bimp)

N mp<a 14

Ay(m) logp _
m

k k 1
= 3 wonpm 2 1ogn 13 psomypim) 24 ;/ b(p)%Jr
1
+o(g, womnm S5 v 3E).

Since b(p)<[K:Q] and w(m)<k, we have > b(p)log p/p < log 2k, and (4)
p|m

follows from the induction hypothesis as did (B), but with slight additional
complications.
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LEMMA 3. There exists a constant ¢ > 0, depending only on the field K,
such that
(4) 3 u*(m)b(m) Agy(m) > ygye(log 2)~1 — oHa(log we)* 2,

m<e
(B) X by(m) Agy(m) < ygya(log &)~ 4 oln(log we) M 2.
m<e
Proor. We assume k < loglog x, since otherwise the result is trivial.
We first consider the case where k is scalar. For b, a positive integer we have

z(log x)° > f(]og )’ dt > z(log #)° — bar(log x)° 1.
1

Assume that ¢, > klog 2k, and we have

> by(n) Ai(n) = ka(log x) ! + pe,x(log me)*—2 ,

and
S ui(n)b(n) Ay(n) = ka(log @)1 4 pe,w(log ex)—?,

n<e

where |p|<1. For k =1, the prime ideal theorem gives such a result. We
have, by partial summation,

> by(n) Ax(n) log n = kx(log x)* + ge,x(log xe)*—1
n<e

- [ (k(log t)*— + @oy(log te)+—2) dt

= ka(log 2)* + O (e, @(log cx)*?)

and the same estimate holds for ¥ u*(n)b(n)A,(n).
We have n<w

2 pi(mn)b(mn) Ay(m) A(n) = 3 u*(m)u(n)b(m)b(n) Ay(m)A(n)

mn<x m<e

+ 0 3 pmppim) i) 3 b(p) logp).

m<x
p<afm

Since b(p)<[K:Q] and > logp < klog (x/m), the error term is
plm. p<a/m

<k > um)b(m)A(m) log% < k2x(log 2)x! + ke,x(log we)*—2

m<z
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by partial summation and the induction hypothesis. Also,

zbz(mn)/lk( m) A(n) < z by(m) by(n) Ai(m) A(n) .

mn<x mn<e

We write this last sum as

z +z’* Z :S1‘|‘Sz."83-

M<yg NSz MA<AZ

(The same is done for > w*(m)u(n)b(m)b(n)A(m)A(n). We omit the de-
mn<e
tails for this sum which are entirely similar).

By the prime ideal theorem,

. A(m) 1
Si= 3 nm ) w(1+0(10gm))

which, by Lemma 2 is

= 27*g(log #)* + O(k(log 2k)x(log cx)*?) .

By the induction hypothesis,

A(n) k=
S wn;\/_ () ( ng_l) ke (1 +0 (k log cw))

= (1 —2*)w(log x)* + O(c,x(log cx)*?) .

By the induction hypothesis

A =( > by(m)Ax(m )( 2 A(n )<< kx(logx)"—l(l + O(Icl(fﬁ))

m<+yz N< 5

Collecting together we get the result for k 4- 1 with ¢, , < ¢;, which com-
pletes the proof for scalar k.
Now, let (k) = (ki ..., k), (k') = (k1y ..., k,_;) and @ = k,. Assume that

S wt(n) b(n) Agoyn) = ~— )

"=t w(log x)¥1=1 4 O(c¥lz(log cx)*1-2) ,
n<x

and that Y by(n)A,.(n) satisfies the same estimate.

n<x
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‘We have

2 1 (n)b(m) Agy(n) = 3 p2(m)b(m) Age(m)u*(n)b(n) A,(n)

+0( 3 wmbm)Agyim) 3 pn)bm)4,n).

m<wz (n,m)>1
n<a/m

If a =1, the error term is estimated as in the scalar case. If a>2, we
write n = ps, where p|m, and Lemma 1 gives

<§ (a) D 1s)b(s) day(s) X b(p)Ai(p)<

(nm)>1  j=1\1/ s<z/m D|m
m<z/m p<ux/ms
X 2 [a x '\’
<[K:Q13 ( ) S p#(s)b(s) Aarils) (10g_) <
i=1\1/ s<z/m ms

<tx:01 3 (5)(1oe )" 3 mp Ao tog

s<az/m

The sum over s was estimated in the scalar case and so the above is
< c(w/m)(log cx)*—2. The error term is thus

< c*w(log ex)*=* Y pu*(m)b(m) A, (m)m1.

m<z

This sum is estimated by partial summation and the induction hypothesis,
making the error

< ¢*w(log we)M=2(1 4 ¢l(log ex)™?) .

We turn now to the main term. (We omit the details for b,(m). The main
term is similar, using by(mn)<b,(m)b,(n), and there is no error term cor-
responding to the above).

By partial summation,

Aa i . g i—ld
”gmmm)bm)—ﬁ(log fL) — f ((og )" + O(a(10g cty*—)) (1og§) &
1 1

= j(log x)““fu“ (1 —u)~'du + O(a?j(log cw)eti-1) =

0
14! . )
= (aa_,_?:,’)! (log x)*+ + 0(a27(10g cm)a+]——l)

(see p. 56 of [5]).
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Hence

; #3(n)b(n) Aq(n) Z p*(m)b(m) Ag)(m) >
(k)!
= (-

+ 0 (clk'l (Za._}_(l—l‘;;cl’—l:__‘m‘);—i w(log cw)|k|—2) -+ 0(c|k'| ik/ Iaz‘/v(log cw)|k[—3) .

(k)!

(’k ! 1) 1 a? Ik’ |{D(10g (,‘x)fkl—gl) +

=11 vy #(log @)kl = 1—1—0(

Collecting the estimates together gives the final result.

LEMMA 4. The sequence b,(n) satisfies the assumptions (A,-A,) for every X,
with 6, = N = 1.

Proor. We denote by a an ideal of K (all our ideals will be integral),
g an ideal which is square-free and free of prime ideals of degree >1, >* a
sum over ideals of this type, b an ideal free of primes of degree >1, >**
a sum over ideals of this type, and p a prime ideal.

We note that there exists 4 > 0 such that

3* 1= V2 + 0(a9),

Na<ax
and
z** 1= V& + O(*?),

Na<ezx

where the implied constants depend only on K and 6, where

Vi= I1 @—@p)y) TI (1— (Np)™) res iy,

degp=1 deg p>1
Vo= [] (1— (&¥p)?) reslx,
degp>1

and res (g is the residue at s =1 of the simple pole of (x(s). (We omit the
proof of these estimates which follow from a routine application of Cauchy’s
theorem, using the estimate

|Cx(8)] < [t*=*,  for |t >1>0).
Now, fixing g as above
ok | o v Y 0 Y \t-¢
(N%YI _?G”(v)m;y 1= ‘(2”(”){ "Ny (E) }=
a.8) =
Srr (i) o (e L+ o).

Plg
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Thus

Z* 1= Zws Z ,u(b) — 2**;“(5) 2**1 —
Na<Y Na<Y b3a (b.g)=1 Na<Y

(a.9)=1 (a.9)=1 (a.g)=1
b%ja

Y 1 Y1~
- — %5 Np)-1) | =
(5.92)::::‘ #io) {V2 (NDb)? ,l;_|£(1 N ) + 0((Nb)2(1 ) H (1 + (Np)e ))}

—V,Y H(1 + )_1
P deg p

vlg

1(1 ) ) —}—O(Yl"" H 1+ (Np)o—l)) =

7Y H( L Np) "o (1 [T+ o).

plg

We are now in a position to evaluate the function f(d) for the special se-
quence b,(n) and to estimate R(z, d), thus verifying the assumptions. We may
take d to have no prime factors which are not norms in the field, since for
other d we take f(d) = oo and have R(z,d) = 0.

r
Let d =[] p}*, and let g, be the product of all g, prime ideals of
=1 r
norm p;. Note that g, = b(p)<[K:Q]. Let g = []g,. For a vector
-1

(et) = (&tay -.. &), We have

U= 2*¥1=3 >* 1=3 3*1,

Na<z Pl  Na<z P Na<a/dw)
o7 |Na (a.g)=1 (a.g)=1
viliNa 1L e pla

where (p),, denotes a subset of primes p{, ..., p¥, for each 1 =1,...,7 and
dy=p7...py. We have

U(“’—Vldm,n( Np) 2140 ((dm) i H(1+<Np)6-l))=

plg P (P P|8

=Viz H (g‘\) (1 + ) P+ O(w‘"" H(g‘) + pim e p- ”“‘)

%,

and

X 1= ¥ U(a,lewlL[ > (g;)(l _]_i)_ pr

Na<az (®)=(8) =1 = \&1 P
Na=0(mod d) i
r
- 1y — g
w0l 3 0 ptonaon (%))
I=1m=p 24}

47 - Annali della Scuola Norw. Sup. di Pisa
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This formula makes it clear that f is multiplicative, that

1 r 1

fp) ~fp>) =~ T f(p)’
that

1 1\~

— =1—(1+= 1

f(p) ( +p) <
and that

=30+ ()50

a=p
<2[K: Q] p—ﬁ (1 +

1
—8
p—l) e

Noting that the error satisfies

r
[R(m, d)l < wl—d 1—[ 40;1)56—1)/3, & 4[K:0]w(d)(w/d)l—6
=1

it is now easy to check the remaining assumptions. We give only the details
for (4,). Letting ¢ =[K:Q],

4a0(d)
4aw(d) x/d 1_6<£E1_6$(1_8)d
d<§‘“ ( / ) dgw d =
1 1 49
<gpl—es H 1+ 4«(— + =+ ) = gl—ed H (1 + ) < w1—%%(log cx)¥ .
p< » P p<w p—1

3. — A fundamental lemma.

The following lemma is eésentia,lly due to Halberstam and Richert (see
p. 82 of [3]). We, however, shall have need of a somewhat different for-
mulation of their result.

LEMMA 5. Let 2>2. Let P* be a set of primes and P*(z) = [] p. Let

»<2z
peEP*

$>2 and y = &*. There exist two sequences {A3}; ps, of real numbers such that
(1) A+ =1, |AF|<1 and AFf =0 for d>y,
(ii) for all D|P*(z), D>1

YAiF>0, > i;<0.

d|D a|p



ON BOMBIERI'S ASYMPTOTIC SIEVE 733

(iii) for all multiplicative functions f(d) satisfying the condition

1 1 logw)"
1 1———)>—{—— or some K,>1
( ) w<g<z( f(p)) Ko(logz ’ f ° ’
peP*

some x>0, and all z, w with 2> w>1

we have

() s (1——1—){1 4 0(e)
le'(z)f(d) o | P*(z) f(d) ’

where the implied constant depends only on K, and x.
REMARK. As in [3], the error term ¢* can be improved.
Proor. Let f>2. We choose u(d)AFf as the characteristic functions of

the sets D=*;

D = {d [P¥(2); d = Py oo Pry Py < oo < P1< 2, Ph1s1P21 o P1<Y

for all 1<l< ’:1},

“

D™ = {dIP*(z); A=D1 Dy Pr< . < P1<2, PPo1—1 oo P1<<Y
for all 1 <l<%} .

It is easy to see that
deD* =>d<y.

For D|P*(z), D >1 we have

2'13: = E (l,}h—l-ﬂ-.-i‘;(p))

da|D d|(D/v(D))

where p(D) is the smallest prime divisor of D. Hence, we get (ii).
We have

Af V(Pars)
(3) S~ V() + )
lez‘(z) f(d) (%) r; WID1. . Dar) E<Dgr1 <...<D; <% Py Prosa)
Dat+1 <W/Dy ... D)V /P for 1<I<r
and
A= V(pzr)
(4) 2 =TV()— —_—
dllg(z) f(d) ( ) 121 (VDy...Dar—1) B<par<...<py<2 f(pl -es Par)

D31 <(¥/D1...Da1-1) "8 for 1<I<r
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where
V) = [] (1 1 )
p|P*(2) f (p ) '

If d= P o Daryy Parp1 << ...< p, appears in the sum (3), then p,...p,
<y ~=%0 for 1=1,...,r (by induction on 7) and hence

Parga > YOO and  p,syEF
Similarly, if d = p, ... Pary Por < ...<< p; appears in the sum (4), then

Dy oo Dy <yt THOTHBY for =1, ...,

Py > YU and  p > gH@+-D

Hence
_ V(yuina-2ipry ( 1 \er+1
(5) D V(Per+1)[{(P1 - Parsa) STE DT Lameap oy f_@)—))
and
V(y(ll2ﬂ)(1—2/ﬁ)’)( 1 )27
6 V(per < ) .
(6) 2 V(P2 [f(P1 oo Do) @)1 uulw_,;@qm )
From (1) we have
1 logz)
—<xlog| Ky ——
o g( *Tog w

so, the sums (5) and (6) are less than

B 2\-r 1 13 ﬂKo 2r41

and

B

+ % log ﬂKo)2r

28(. 2\ 1
V(z)Ko—s—(l—B) @ )'m* ogﬁ

respectively. Note that, for s> f 4+ 2r, the sum (5) and, for s>p 4
+ 2r — 1, the sum (6) are empty. Thus,

Vv
—+<
B+2r<s f

1 —r 1 1 /3 1 X 2r41
(z)mg;s( _B) (2r+1)!(’” 85 3 +xlogp o) <




ON BOMBIERI'S ASYMPTOTIC SIEVE 735

2\ 1 ﬁ 2r+1
< ﬂKO V(Z) eb—s f;l (1 —_ B) m (K@T 10g ﬂ—-‘_—‘z + xe ].Og ﬂKo) <

< V(z)e,

since for sufficiently large absolute § the series > converges.
r=1

We can do the same with (4). This completes the proof.

4. — A Theorem of Bombieri.

In this section we shall give a modified proof of Theorem 1 of Bom-
bieri[2]. Hence, we assume that axioms (4,-4;) hold for N = 6, = 1.
Axiom A, will not be needed. We also assume g(z) -0 a8 £ - coand K = Q.

We begin by dividing the sum Y a,A4,,(n) into three parts as follows:

n<e
Let (k) = ((k'), @), where & = max k, (The order of the components is clearly

immaterial).

2y = z andg(n) ,

n<e
(n.P(2))>1

n a
D= 2 an % La)(d) (log Zl) )

n<w
(n.P(2))=1  d<v

n\*

L= 3 a3 tw@(ogh).
n<e din
(nP(z))=1 d=v

Here, ¥y and 2 will be chosen later and P(z) = Hp.

<z

REMARK. In the case when (k) is scalar, £, is just the Mobius function.

The division of the sum into 2, and X, corresponds to Bombieri’s division,
while the introduction of X, allows us to avoid Bombieri’s use of a sup-
plementary set of coefficients 4;, at the same time enabling us to estimate 2,
much more simply. Each device makes it possible to estimate 2, at the right
order of magnitude. In comparison with X, of [2], ours is complicated slightly
by the condition (n, P(2)) = 1. In practice the choice of z will be suffi-
ciently small so that, with the aid of the fundamental lemma, we can see
that the asymptotic formula is not destroyed.

LEMMA 6. Let g5 be defined by
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Then, for z2>1,
D lgslot .

6=z

Proor. One checks readily that, by (4;),

Gy(s) = 3 gs071°

6>1

is absolutely convergent for o< — 7, so
2 195107t <& 3 gy 0" <2
[>27

LEMMA 7. For 2>2 4 (log N)?, we have

11 (1 ‘ﬂl?) =11 (1 _11») {1 + 0} < (log#)™

<z »<z

o)

REMARK. The same method shows that, if f is replaced by f, this result
holds for z>2. From this, restriction (iii) of Lemma 5 follows easily for P,
the set of all primes, and, a fortiori, for P* any subset thereof, with » = 1.

where

ProorF. We have

1 1 1\-*» 1\et» 1 1
Sﬁ‘ull(“@)(“ﬁ) —J;(l—ﬁ) (HWWTW"')—
1 b(p) _ )
= — 2B openy).
Q(”ﬂp) p 1o

We assume 2> ¢(f, K), so log S is meaningful (for smaller # the result is
trivial) and hence

log 8| < >

=2

__I__M e—% -1 M e—3% -1
flp) » l+z <<p§zlg|p +p|zNP T s

=2

if ¢ is sufficiently small, since the second sum is < log N/(zlog z).
This gives the first half of the result, the latter half being well-known.
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LeMMA 8. For 2<z< &, we have
1 log @
L
dgm f(d) "logz
(d.P(z))=1
Proor. We have f(d)> f(d) and
1 1 1 1pv@®  logw
<K 14— < 1+- L —.
. 3%321 R JL (i )< L) e

LeEMMA 9. Denote

1 1 by(d) 1\
- = g2 —) .
Sa= 13,4, (1 f(p)) i (1 p)

For 2 + (log N)2<z<w, we have

log
8. <2
d%a |8l <2 log 2
(d.P(2))=1

Proor.

1 1 { 1 b(p)
4= T ——|—H —=
s H(d) (ml;(lz) (1 f(P)) p[lf;!z) (1 P) )+
, 1 bz(d) —1 b(p)
(" )D.Qz> (=5

by(d)| 1 by(d)
A lf(d) : d<x (i z ]gOIb (6 + z 2d .
(a.P(2)=1 (d.P(2)=1 et (d. P(z)) 1
(d.N)>1

The former sum is < Y |g,/07! Z b,(8')(8') " L znlog ¢ by lemma 6.

=2
The latter sum is

_1+1,—[

=2

-+
<—1+0(£[V( )[“])<

N
< —1 —l—exp(czll(:)g )<<z-n .

g2

Moreover,

<

b(p) b(p?)
0 .)

The result now follows from Lemmata 7 and 8,
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LeEMMA 10. For fized (k)
Yy < A()(log )72 log z 4 o(A(w)(log )H~?) .

Proor. This follows from Lemmata 1 and 2 of [2] where the same
bound is given for an obviously larger sum.

This proof can also be simplified by means of the fundamental lemma.
We shall not do this as, in the sequel, we shall be giving a bound uniform in (k).

LEMMA 11. If 2y < & and 2ot < y < a'-¢, then

@X a+1 ,
2, < A(x) (log;j) (log z)/¥1 (logz)—2,

where the implied constant may depend on f, C, and e.

Proor. Using Lemma 1 we get

22<(10g::—;)a (log z)*' z > .

<
(d. P(z)) 1 (n P(z))=1
=0(mod d)

By Lemma 5 we get

> a.< Y a. z A= A A, vd) <

n<wx n<uw | P(z)
(n.P(2))=1 n=0(mod d) v[P(z) r<z?
n=0(mod d) <22
A(x) ( 1 )
<A@ 1—— )+ R(z, vd)| .
f(d) vll;(L) f(p) Vle(z) | ’ l

r<{2*?

The result follows from (4,), (4;) and Lemmata 7 and 8.

LEMMA 12. Let ¢>0. If $>2, 2>2 and 2,y <x'"¢, then

S, =HA@)F + 0 {(6—3_’_ﬂ(x) + l—f)(ge_)x + 27 log m)A(m)(log w)lkl—l(i_g___ia:)z}

where c(e) depends only on & and

1 Lan(d) (. @\°

F= (=1 &) =) .

za|1>(z)(1 p) dgy 4 log p
(d.P(z))=1

Proor. We have

a

a
2y =2 (1) (—) > Land)logd) > as(logn).
b= b a<y n<x
(d.P(z)) =1 (mP(2))=1
n=0(mod d)
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The sum over n has upper and lower bounds given by

S oaogn) T AE=31F 3 a,logn)’.

n<w v| P(2) v|P(2) n<we
n=0(mod d) v|n v<2¢ n=0(mod rd)
r<z*

Partial summation (twice) gives

> au(logn) = Az, vd)(log 2)* — | A(t, vd)d(log {)* =

n<w

n=0(modd») :
A—(x) ) b—f(ﬂ—)- R )d b
= (a7 0oz J (o + 200t
1 b
= oy fid) 2, telogm + O(llog ) sup (R(,vd))

By Lemmata 5 and 7

1 A <1ogw)b)
— b 0 8
2, Oallogny = f(d) I (1 f(p))éx“"“"g”) + (6 7@ loge

(n.P(2))=
n=0(mod d)

+ O((log @ 3 sup |R(1, vd) ) -
v|P(2) t<wz
v<2®

By partial summation

S an(logn)® = A(x)(log 2)’(1 + O(bp(@)))

n<a
and hence

_ _ Laey(d) ?2)
2 A("”Ml;[n(l f(p)) 2 @ (“’gd +

(d.P(2))=1

+0((e-*+aﬁ ) () (log 2)1- 1(;2?;)2-{-c(e)A(az)(logw)""”z).

Using Lemma 9 we can remove the dependence on f from the main term,
getting

2y =HA@)F +0 {(C"8 +B@) + 1o ( ) o T @7 log w)A(w)(log Ik~ 1(1322)2} .

This completes the proof of Lemma 12.
CONCLUSION OF PROOF OF THEOREM 1. Choose y = x'7%, 2 = #**" and
8 = ¢~ '3, (This is clearly not an optimal choice, but is sufficient). We have
& 63 A(w)(log @)1,
Z, = HA@)F + 0(c e~ A (x)(log )" 77



740 JOHN FRIEDLANDER - HENRYK IWANIEC

and
X, < &3 A(x)(log o)* 1

(since a>2) provided x> %, (¢, (k)). Thus

Y a,Agy(n) = HA@)F + 0(c'* A(z)(log #)"1~7)

n<e

Since the sequence a, =1 satisfies the axioms, the above result holds also
for it and with the same F. Combining this with Lemma 3,

F = ygy(log 2)¥=1(1 4 0(e*?))

and hence the result follows.

5. — Auxiliary lemmata.

This section contains various lemmata whih will be needed for the proof
of Theorem 2.

LeEMMA 13. There exists a constant ¢ such that, if  >1 and k<< } nlog x
then

2 Ay(n)

N ()

+ ck(log cx)*1 .

Proor. We have f(n)>f(n) and

= >4 5 wn@=3p 3 n(3)

n<a n<az 0 m<e
m=0(mod 6)

Let m = dhu, where (u,0) =1 and h|6®, i.e. b divides some power of J.
This gives

)4 (hé)

=238 30m22 3 nw

(u,6)=1

Ar_s(u)
"

For the term j = 0, the only non-zero contribution comes when 6 = h =1
and by Lemma 2,
& (% (oh
S<(logx + ¢)* + z ( ) (log @ + ¢)*—4 Z [g_"l ;bz(h)A’( ) .
] <, 0 afe> h

i=1
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Sinece €* > uj/j!, choosing u = }nlogd h we get

by(h) A,(8h) < he(log Sh)i< he (%) jUORyI < (%) j1(Shynis
for ¢ < n/12. Hence

S < (logx ki1 S 4]”/7] S—1+n3 Y p—1+n/3l
< (log@ ) +ole Z logx +¢ Zlgl 5o

Since

h%o h_1+’7/3< Z h1_1+’7’3 h2—2+2n/3 < H2nl3 2 hl—l—n/3 z hz—2+2n/3 < &2nl3 ,

a6 INFLS T T2

by (4;) and the assumption on %k, S is less than
(log x)* + ck(log cx)*—*
LEMMA 14. There exists a constant ¢ such that, for x >1,

> wi(m) A(n)/f(n) > (log x)* — ck(log 2k)(log log 3N )(log cx)**

n<w

ProoF. For any ¢ (f) and k > ¢, log #/(log log 3x)(log log 3N), the result
is trivial. For smaller % it is clearly sufficient to prove that, for some c,(f)
we have
S ui(n) Au(n)/f(n) > (log @ — c(log 2k)(log log 3N))*.

n<a

‘We have

log p b(p) log p ( 9p10gp) b(p) log p
Ty = ——= 0 — >
péx f(p) pém P 2 p p%v p
>logx + O(loglog 3N)
which gives the result for &k =1.
Assuming the result for k, we get

2 p(n) Aea(n)/f(n) = 3 p(n) Ax(n) log n[f(n) +

n<a n<e

+ 3 ) An)in) 3 ptm) Agm)fm) >

n<a m<x/n
(mm)=1

Ai(n) b(p) log p b(p) logp
2 1 - el
ngm (n) f( ) { osm + ﬁszw/n y4 vgN P

— 3 nlE].
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Since n is divisible by at most & distinet primes, the expression in paren-
theses is at least log z — c,(log 2k)(log log 3N) which we may assume is
positive. This completes the proof.

LEMMA 15. For >1, we have

3 ) o) fn) <1 (log @)1+ e(log )1

where ¢y < (c|k|)™.

ProoF. We have the trivial estimate

T = E‘u n) Agy(n)/f(n) < (log z)* z ?(7) < (log o)kl +1

< Ny

so the result holds for |k|> }»nlog». For smaller |k| the result is proved by
induction on r. For r =1, it follows from Lemma 13. We have

i} Aa(m) Agey(n) Ay (m) Agnn)
T\ 2 2 < 2 (\
< 2 M) e ey = 2 Fm) w2 ™ n)

5 Aam) [yar (o, 2 \E! LA
§1)z§xf 7] logm + ey logm .

/L, t i 3 3
mém f(%) (log%) ::f(logg) asS(u) :—fS(u)d(logZ—j) <
1

1

Also

< —[{tog e+ 0(@ttog w1} a{1og ) =
1

= af(log g)l (log u)““l% + O(a*(log z)+t+-1) =
1

1A

(aa+ I (log )2+t + O(a2(log )*+-1) .
Hence
V(k) (log z)* + O ( 2 7)) + o) L(U"_i:l)_) logayii-1)
“H ] (@ + F—1)!

+ O(cg)a*(log x)k—2)
which gives the result.
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COROLLARY. For logz > (|k|!/(k)!)(c|k|)®> we have

Z%m““ Y® (1og a)

n<e ,U' f Ik [
Proor. Immediate.

REMARK. The same method works for sz(n)/l(k)(n)/n giving the same
estimate. n<e

LEMMA 16. Let ¢q>2 and 1>1. We have
1) z (ta(m))lm_l < el(log'/v + ql)a'7

n<z
(i) 7 (m)<g*™,
(iil) Toyp = Ta* Tp-

Proor. In the proof of (i) we use a result of C. Mardjanichvili [4],

S (r(m))' < AP w(log  + ¢,
m<e

where

¢ q
AP = T =

Hence, by partial summation we get (i). The parts (ii) and (iii) are immediate.

LeEMMA 17. We have

(l‘)n< nl< 2 (" + 1)"“.
(4 €

LEMMA 18. Let (k) = (ky, ..., k,), L(k) = IL"... % I* and

kk
b = |k [

Then
Cay < 2ygy and  Lgy(n) < cgy7,(n)(log ).

Proor. By Lemma 17 we have

kyfe)es ... (k,fe)
0(k>=%;)(,k|i< 2y -
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Also
L) <7,(n) sup (logu)s ... (logu,)r.

Uy eas Ur=Mn
wi=>1, weR

We use Lagrange multipliers. Consider
F(uyy ..oy uyy 2) = (log u,)™ ... (log u,)* — A(uy .. 4, — m) .

Setting 0F/ou, = 0, we get

o ky —
logu, ’]:_[ (log w,)% = Aty voe Uy«

Hence log u,/k; = constant (independent of 7). We have also
2'logu, =logn.

The result follows from these.

CoroLLARY. We have
(1) £y ()| <2y T, 42(n)(log )l
(i) Agy(n) <2y497, 1, (n)(log n).,
REMARK. We define y, = 1.

Proor. Let u, = p*...% u (r times). Clearly |u.(n)| <7.(n);

Loy = i1 * Ly

Now the result follows from Lemma 18.

LEMMA 19. Let P* and P*(z) be as in the fundamental lemma. For
(d, P*(z)) =1, we have

A(z) (1 1 ) R(x, vd
2 @ T ) g e
n o(gg;d) e

Proor. This follows from the fundamental lemma in the same way as
in the proof of Lemma 11.
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DEeFINITION. For simplicity we write

R*(w, d) = sup |R(y, d)|.

1I<y<e

LEMMA 20. Let ¢>2, a>2, 2>16(xq)® and

0, = T, (n) > oD,
. (d.PﬂT)‘)=1
We have
logx

%
> ,‘s"R (2, m) < (c fog 2

6(xq)*

) A(@)(log w 4 ¢*)0+ 0= (B
n<e
where B is arbitrary and the implied constant depends on B.

Proor. By Holder’s inequality we have

S 8.R*x, n)< (”E @)*( S nd(R*(z, n))i)% .

n<ao <z0 N n<a®

Each n can be uniquely represented in the formn = n'n', where (n’, P(z)) =1
and all the prime divisors of »' are <z. We have

By < Ty (0") 70 70 %) < (") (20g) ")

Hence
53 8
3 Sne ( 5 (Ta(n)) )( 5 (20@)39(”)%—1)<
n<z® N <zt N n<ud
(n.P(z)) =1

<es(logw + qa)q" I‘[ (1 — Ef.q_)_a)—l .

2P p

For 0 << } we have (1— #) 1< ¢*. We have also

> 1< log(logw) +e

1<p<a P log 2
Hence
53 log \16(x0)*
_n 2~ 3\¢®
,,gm, < (clog z) (logz + ¢*).
We have

R*(x, n)< C F(Tn) A(z)(log z)° .
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Thus
> ni(R*(z, n))t< CA(x)(log )¢ Y o)

wSho /M

(B* (2, m))¥<

< CA(x)(log w)C( > F_%@)*( > R*(x, n)\)* <«

n<x® n n<ab

< (A(x))i(log z) Bt

This completes the proof.

LEMMA 21. There exists ¢ > 0 such that, for a>1 and z > (ca)®'® we have

1 log z\*/’
afMq, < ot A(x (1 — —) (c—)
Z ( ),,uﬂ(z) f(p)]\ log 2

(n.P’:(\z)m)=l
Lot S 00 S (R(e, )],
d<<ao/ v| P¥(z)
(d.P*(2))=1 r<<z?

where the implied constant is independent of o.

Proor. Let n = p,...p, where p,<...<p,. Put d=p,... p, where
t=[0l/4]. 1f t=0 then d=1<2%. TIf t>0 then p,>d", so a>n>
A’y t = d@" giving d<a'* <%,

Also
20 o WO . (4[6)(1+0(@)
Hence
S = z ocg(”)a,,< oo z (40)2(d) z a,.
n<a d<<aolt n<w
(n.P*(2))=1 (d.P*(2))=1 (n.P*(2))=1
n=0(mod d)

Substituting in Lemma 19 we have S <« 8; + §,, where

(4/6)2(d) 1
sese( 3 e I )
1=« ( d%m f(d) ) ,,[ﬂ(z) ! f(p)

(d.P*(2))=1
and
8, =0ol" 3 MWD S Rz, 4d)| .
a<<ad/t VIP‘(Z)
(d.P*(2)) =1 r<z?

The sum occuring in 8; can be majorized by

a4/6 as/ﬂ log x.),,t/’
1 — —_— —_—
Jl( i e T )< ("' Tog #
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by the lower bound for z. This completes the proof.

LEMMA 22. We have

k
2 (Eh;) voy < [k|2 .

(R)<(k)

Proor. We have y, <|k| and

(hé(k)(g;) =2kl

This completes the proof.

LeEMMA 23. For x>1 we have, uniformly for 6 >0,

Az, m®) < A(z)(0 log z)~2 .

2049 <<t 19

ProoF. We have

A@m) <A@ 3 — + 3 |Ble,m9).

2O <m<wt /o m>x0l4e f(mg) m<z'l?

By (4,) the second sum has the required bound and since g>2 and
f(m) > m? the first sum is

oo

< [t dt< 2000010 < 20710 < (0 log @)*.

20019

This completes the proof.

6. — Sieving out small primes.

We divide the sum > a, A,y (n) into three parts precisely as in Section 4.
n<X

In this section we estimate X, uniformly in (¥). From now on we take v = X.

LeEMMA 24, There exists ¢ > 0 such that, if

¢loglog X + (cfk|)“™"[k |"°'<logz<l“§rgllf ,
then
S 4, Agyn) < (clk) 4y A(X)(log XYM log 2.

<X
(n.P(2))>1

48 - Annali della Scuola Norm. Sup. di Pisa
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ProOF. Let ¢ = XYl 50 2< ¢. The constant ¢ is to be chosen (as
will be apparent) so that some of the previous lemmata may be applied.
For » a positive integer, write n = n,n, where all the prime factors of
n, are <, while those of n, are > (. .
Let
> adpn)= Y + 3 =8+8,.

( 7;)(\)) n,=>X0* gn,<X6/*
n.P(z))>1

If n,> X%, let m? be the largest g-th power dividing n,. Thus nym; ? has
at most |k| distinet prime factors, each <, and each occuring with
multiplicity <g— 1. Hence

n, ml—a < C(v—- 1)|k| and ,m'l.v >n, C—(V—l)lkl > X014
(assuming f¢ > 4g). Thus

8,<(log XM 3 AX, m?) < A(X)(log X)H-2,
m9>Xol
by Lemma 23.
Let N, denote the set of positive integers divisible by precisely ! distinet
primes <z. We have

x| L
8, = > e, Agn) =3 8,(),
1=1 a<X 1=1
neN:
n, < X0/2

and

8= 3 (33) D ngn, Ay (1) Ag—ry(n5) «

(h<(k) TS
hl|=> €Nt
n, < X0/

By Lemma 18 (Corollary) we have

k—h|
z aﬂln.A(k—h) (”2) < 2'})(k—h)(10g X)I ! z an,n, Tr+ 1("’2)
ny<X/n, ny<X/n,
(ns.P(8))=1 (ns.P(2)) =1

which, by the argument used in the proof of Lemma 21, is

<poplog HFMer £ 1M F (4 1)@ K q
a<<xon ny<X/ny
(¢.P(0))=1 ns=0(mod d)
(nyng, P*(0)) =1
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where P* is the set of primes not dividing »n,. By Lemma 19 this is

_ A(x) ( 1 )
_(log X)k=hl(y 4 1)4/0 1)@/02@ 11
<ye-nllog HIFHr + D 3 +1) {f(d)f(n,)p,l:[m i) "
(d.P(())=1
SPALEIRTS
v|P*(0)
A<y

Since n, is divisible by at most |k| distinct prime factors, we have

I _1 1\t log2k|
puﬂ(o(l f(P))\ml;(Io(l f(P))ﬂl(l f(P)) < Tlog¢ -

Now, summing over n, and then over (k) we get

log 2|k|
log

. Ah(nl) 10 |k] ((k)) .
2, Jny TN DH 3 A ) ren

8,(1) < A(X)

log X)(r +1)sle

(r+ 1)4"’(0 Tog

(EZ;) Y(e—ny(log X)lk—nl.

(R)<(k)
[r|=1

© 2 m(m) X (r 4+ 1)WO%D|R(X, m)| = Ty(l) + To(l),  say.
(d.é'f;';')ﬂ

By Lemma 20

log X\Unr
ro<o+ 03 ()ren (o) aconos o

50, by Lemma 22

|| (4r)12lo
S T,(0) < (r + 1)4 [k 2l (0 1°OLY)
=1

ogr) A@og X)H-2,

Before we estimate T,(I) we change the last sum over #, as follows

Apy(ny) 2 Agy(ny) e /llh|(”01) .
:‘%\% f(n1) <,’,’1§Xﬂ () f(n1) +nlgx(l pim)) fn)

3 ) 288 1 0 10g 2[4 10g X)P1-3 log log X)
"::JV’z !

by Lemmata 13 and 14.
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Now, T,(l) splits up in two parts corresponding to the sum over square-
free m, and to the error term [h|(log 2[h[)(log X)™"~(loglog X)

T,(1) = U,(1) + U:().

By Lemma 22 we have
L4 log 1+(r+1)40
g U,(l) < |k|t+@O 21kl (ch%z) A(X)(log X)l*-210g log X .
=1

For the estimation of U,(l) we write #, = nyn,, where the prime divisors
of n, are <z while those of n, are > 2. Using Lemmata 1 and 15 and
interchanging the order of summation we obtain
log X 1Jr(“fl)"‘A(X) (k)
U l & k 2+4/0( ) (
<l log ¢ log X W< (h)

h . o
.(i)g(h)(( ')) z e (ng )A(a)( ) 2 12(ng) Ag—jp(n )<<

(7)) 022 f(ns) n.<€"““ f(n4)

log X\t +(r+1" 4 (X) (4)!
< k2+4/°(c—£) 1 log 2)lil-
] log¢ logX<,);(k)lyl'( 0g%)

=1

))’(k—h)(log X)le=nl.

k h . )
.(a’)<(h)<(k)(§h;) (((7;) Ye=m 5 lh (lh jlog ()" I(log D)k -

In the summation over (h) we examine the ratio of the terms in going
from (h) to (k') where (k') adds one to one component, say the r-th one.
This ratio is

W(n') .

)"'Hf' logl _ ;. log¢
— Ifl

|| log X log X’

If the maximum of this ratio is < <1 then the sum is <M. (Term for
(k) = (j)), Where

M<@4o+4 ...+ My <@—p™

The choice of  can be made to ensure that ¢ < 1/2r and hence M < e.
Therefore we have

U,() < [k{2+40 (c lo_gz)”"“"”A(X) (j)! ((k

log ¢ log X (S 111!

1§]=1

U.;) Yie—n(i10g 2)¥ (log X)F=31 .
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Going from (j) to (') and computing as with (h), the ratio is < |k|log z/log X
and since z2<{, the terms for which |j| = ! dominate. The sum over these
terms is easily seen to be

(k)'
“I(E—T—1)!
k

Considering the ratio of consecutive terms in > U,(l), it is easily seen that
=1
the term ! =1 dominates, giving the result,

, (Ir log 2)}(log X)I¥I=t,

i

I
S U,(1) < |kj2+410 (c

A(X)(log X)H-21log z <

log X 1+(r+1)4° (k)!
logC) " (lk]—2)!

< (e|k]) 4" ygy 4 (X)(log X)kI=2log 2 .
Using the lower bound for z, it is easily shown that S§,, > T,(!) and
!
> U,(l) also have this upper bound (with some constant ¢) and the result
i

follows from this.

7. — Estimation of 2.

Recall that

2, = £ 1
n<X ; gl (Ogd)

(nP.(2))=1 d=v

LEMMA 25. If 1<y< X and X% > 2> (6r)'*°, then

log X/y\*( log X\®n"" Ikl —1
Sl<ro (T (o3) " AGos Xy

PrOOF. We have

2 (l ——a £ (d
<{lo Ay
! zl gy) ;[(k)

(n. P(z)) 1 a
(108 i;) vy 2 (r+2)%Ma,(log X)¥1.
pe

n<
(n.P(2))=1

and by Lemma 21 this is

(r+2)M0
< Vac)(l g X /y)A(X)(logX)[kl 1 _}_2)“0( lOgX)1+ e N

logz

+ (k)( /@/) (log X)M(r +2)40 3 (r 4 2)W02@ 3 |R(X, vd)|.
lo g.X < xol »|P(2)

(d.P(2))=1 r<z?



752 JOHN FRIEDLANDER - HENRYK IWANIEC
The last double sum is

< Y rm) 3 (r 4 2)W0%O\ R(X, m)|
m<Xe dlm
(d.P(2))=1

and by Lemma 20 this is

10g X\48(r+2)2le ,
< (c Tog 2 ) A(X)(log X)

giving the result, since 48(r 4 2)'¥% < (6r)'2/°,

8. — Estimation of 2.
Recall that

2= z Lan(d) > an(log%)a

n<X
(d. P(z)) 1 (mP(z))=1
n=0(mod d)
and define
b(p) a
»|P(z) p d<y d
(d.P(2))=1

LEMMA 26. Let 0<<e<<0,, 6 =0,—2¢, y=X° 2° = X° (¢ will be chosen
small enough to ensure s>2) and assume f(X)<1. If

logz> [k|°¥  and 27> ? (log X )3
(k)
then we have

2= H/A (X)F + 0(2a7(k')(

loc X (8(r+1))’
qas) A og )= 2)+
log X

log 2

—s o V&)
+o(<e + apn) 2278

)2A (X)(log X)MH —1) .

Proor. Following precisely the same argument as in Lemma 12 we have

X\ A(X 1
n= 3 s (o) G I (—755) +
(dP()) 1 bl

+ 0((6—’ + aB(X))(2 log X)a‘i%) 3 I’l}ké;i) I) n
(d.P(z)=1

+0(2mlog DM 3 w(m) 3 (r + 1)% B¥(X, m)) =
d|m

m<Xo0-e
(d.P(z))=1

=E +E,+ B, say .
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Applying Lemma 20 we get

log X)(S(r + 1))a

E;< 2“)/(1«)( Tog 2 A(X)(log X)lkI—2,

By Lemma 9 we have

—HAX) ] (1 _ 1)”(’” S @) ’(d) (log %)“ +

P p
rIre (d. P(z)g 1

753

+ O(A(X)(log X)H+15=1) = H' A(X)F + O(ye) A(X)(log X)li=2) .

To estimate E, we write

L0y (d) | < ICryi(d) | l 1 _bz(d)l /
2 @ &MYt 2 i@ | fe@
(d.P(2))=1 (d.P(z))=1 (d.P(2))=1

Using the simple estimate |L,(d)| <(log d)’1 of Lemma 1 and the argument

of Lemma 9 the latter sum is

! ,
< (log X)¥1157 < 28 ﬁ)gX(l g X)W1,

Moreover, since

(L3 (@) <X, Ay (0)
8ld
by Lemma 1, the former sum is bounded by

/ (%)

0<x | logz

Zd/l(k) )<<

a<y
(d.P(z))=1

by the Corollary and Remark after Lemma 15. Thus

{1 2
E, < (e + af(X)) 2“%')[(1(:)25) A(X)(log X)k-1,

Collecting these estimates, we get the result,

(log X

¥
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9. — Conclusion of proof.

Collecting together the estimates of the last three sections we obtain

A(X)(log X)H~2 +

log X (8(r+1))’
o) — B ACO T < 270 (0 15 )

logz

n<X

log X
+ 2% yan(e™* + af( X))(Og ) A(X)(log X)lkI=1 +

6 log XY™ | %)(log X)Hi-1
— a , —_— -
+ (1 —0)*ya) (0 logf) (X)(log X)k—1
+ yw(elk )4 (log 2) A(X)(log X)¥I~2
Since 2%(1 — 0)~* < log X the first term is less than the third one. Substi-
tuting z = X°* we arrive at
S a,dp(n) — H A(X)F <
n<X

2% + aBX)) 8 + Yry(L — 0) (o)™ - 87 (el 0}

A(X)(log X)H-1,
Substituting

s = (k)"
where #>1 and ¢, >c¢ is some sufficiently large constant we get
s> 2alog (2(1— 6)) and so the term containing e-* is less than the one
containing (1— 0)*. Thus we have
{.} a2y B@) + v (L — 6)“(0011k|)(6r)“”um)w0 + 7wt

For

(Br)-1e/0
w= (”‘—"l (1 —e)—«)
V)

the last two terms are less than

V) (6r)-18/0 e
(0] b (1—0)e (coy[R[)e™".
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Since
u2<m(l-——0)'“ and V(_k)<(|k|)
y(k') y(k) a
k|—1 .
for r>2 we have even yu)/yw =|—_— || we obtain

S a,Ay(n) = H' A(X)F + E*yg, A(X)(log X)*-1,

n<X
where

2

a |k | (6r)-18/0
i (g emyepn + ((—) . “’)") s

Now, it remains to estimate F. Since by Lemma 4 the above result is true
for the sequence by(n), with

AX) =V, X 4 O(Xto d H — 1 1 L 1\1—b(®)
(X) = VX + O(X*) an 1_1;1( _W)('_ﬁ) ,

where f, is the f of Lemma 4, we get

g’h(")/l(k)(”) = H,V, XF + E¥y,, A(X)(log X)¥~*
n<X

with a different E** satisfying the same bound as E*. Also, from Lemma 3

S b,(n) Agy(n) = yy X (log X)™=1 4 0(c X (log X)H~2) .
n<X
Comparing these two results we obtain

F (k)(log X)[kl—l — y(k)E**(lOg X)]k]_l + 0(0|k|(10g X)lkl_z) y

1
~ v’
which completes the proof, since a simple computation shows that

H'=V,HH.
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