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Classical Solution to a Second Order
Nonlinear Elliptic System in R,.

J. NECAS (*) - J. STARA (**) - R. SVARC (*)

dedicated to Jean Leray

The paper is concerned with the regularity properties of weak solu-
tions of a Dirichlet boundary value problem for an elliptic nonlinear system
of second order. It is well known that there exists a unique solution of
the given problem under suitable conditions on coefficients but this solution
need be nor bounded nor continuous even if the coefficients are analytic
functions (see J. L. Lions[1], Ch. B. Morrey [2], E. Giusti, M. Miranda [3],
J. Netas[4], V. G. Mazja [5]).

In this paper we shall consider coefficients defined only on a subset M
of R,,. Similar problem arised in studying the existence of solution in the
theory of hyperelasticity (see J. Netas[4]). The coefficients satisfying the
condition of ellipticity non necessarily uniformly will be supposed and the
exigtence of classical solution will be proved in the following (briefly and
non-exactly said) sense: if 4 is a classical solution of the given problem
with the right-hand side f and the boundary condition #, and if we prescribe
a continuous path of right-hand sides {f()},.r, and boundary conditions
{s(t)}1ec0,r, Deginning in f and i, then there are only two possibilities: either
there exists a continuous path of regular solutions on the whole <0, T') or
there is a critical value ¢, € (0, T)» where the path of solutions ends; in
this case the gradient Vu(t) tends to the boundary of M or to the point
where the ellipticity conditions degenerates or the norms [u|s;— co as
t—1,.

In the first part—§ 2—apriori estimates will be proved. If the given
equation is considered as Euler’s equation of a functional @, it is possible

(*) Matematicko-fyzikalni fakulta UK, Malostranské nédmésti, Praha 1.
(**) Matematicko-fyzik4lni fakulta UK, Sokolovsks, Praha 8.
Pervenuto alla Redazione il 28 Giugno 1977.
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to say that the apriori estimates are based on the local behaviour of the
fourth Géateaux differential of ®.

In the second part—§ 3— regularity results are proved by means of
implicit function theorem.

All the results are formulated for two types of domains—a bounded
domain with an infinitely smooth boundary and a half-space. The proof
of the apriori estimate for a half space is simpler and shows clearly its
basic idea but the second part (the implicit function theorem) brings some
complications caused by the nonexistence of compact embeddings. For a
bounded domain the proofs in the second part are the standard ones and
the proof of the apriori estimate is analogous to that for a half space, but
a lot of difficulties is caused by using the suitable partition of unity and
complicated test functions.

We shall consider systems of second order with coefficients dependent only
on the gradient Vu.

1. — Notation.

Let 2 be a domain in R, with an infinitely smooth boundary and M
be a domain in R,, containing the origin. Let us denote by # = (@, @, ;)
(respectively & = {£}, i =1,2,3; r=1, ..., m) a generic point of R, (re-
spectively R;,) with the norm

3

ol = S fod  (vesp. &l =3 (&) -
i=1 i

CI(Q) is the space of all functions with continuous and bounded first

derivatives on Q2 such that all these first derivatives can be continuously

extended on £. On the Cartesian product [C,(£)]*™ a pseudonorm

(e, = sup {| %522

will be used.
For a bounded domain £ we shall denote by [WE)T™ or [W’;(.Q)]”‘ the
usual Sobolev spaces with the norms

;weﬁ,i=1,2,3,r=1,...,m}

(bt = s =( 3, 3 fioour)

a|<k r=1

and

iy = lulia=(_3_ 3 | ;Dau,;z)*.

1<|a|<k r=1
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Let us remind that the norms |u],, and |u];, are equivalent on the
space WE.

For Q = R} = {we R;; v, > 0} we shall denote by [WER, )™ the com-
pletion of infinitely smooth functions with compact support in R, with
respect to the norm

H
[lonsiprn = lea=( %, 3, waw) .

lal<k r=1

By [W¥(R;)1™ we shall denote the completion of the space of infinitely
smooth functions with compact support in Ry with respect to the norm

mor- 3
ulorgpm = lulia=(_3_ 3 [1Du)
° 1<[o[<k r=1 J

By

[W’;(R; )]" (respectively [VV’;'(RQr )]") is a completion of the space of all infi-
nitely smooth functions with compact support in R, with respect to the
norm |u,, (respectively [uys).
Let F be a four times continuously differentiable real function defined
on M and let us denote
o OF Yy OF
e MRGECE

o’

Let a}(0) = 0. For ue[C,(2)]" we shall write

ou,
Vu ——t T
{393¢}i= 1,2.8,r=1,...m

and denote the graph of the gradient by

Vuy = {Vu(z); ze O} .

We shall deal with the regularity properties of a weak solution of a
Dirichlet problem for a system of the form

3 9
(1.1) _za—( (Vu) —f;) =0
on 2 for r=1,...,m,

Wy = Uy,r
on 02 for r=1, ..., m
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By the weak solution of this problem we shall understand a vector fumction
u e [WL(Q)]™ such that
(i) w— uoe[W3' (@),
(ii) the equality

0
(1.2) > (@(Vu)— i) =0
S B4 i

holds for every ¢ e[WY ()™,
(iii) (Vu> c M.

The conditions (i) and (ii) form the usual definition of a weak solution.
The condition (iii) is required because of the above described assumption
on the domain of F.

2. — Apriori estimates,

A. Estimates on half-space.
In this part of Section 2 the domain Q = R} = {& = (@,, @\, &5); ©; > 0}
will be considered.
2.1. LEMMA. Let R be a positive number with the following properties:
(i) Kr= {§€Ryn; |§|<E}c M,
(ii) there exist fumctions
c: (0, B)— (0, 4 o0),
d: (0, R) > R,

such that, for every o€ (0, R), n € Ry, &€ K,= {£€ Ry, |E|<0}, we have

027!
(2.1) 2 (&) nini>ele) X (10)?, 2 srran Tmimeni <d(e) X (),
i i Ak ol oLy s

(iii) 3d(g)e*< o(g) for every o€(0, R).
Then there ewists a continwous function D: (0, R) — (0, + oo) such that for
every we[WE (R;) N WY (R} )™, which solves the equation (1.2) with u,= 0,
FE[WERS)P™ and satisfies the inequality

(iv) |u|p@ <o
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the inequality

(2.2) |%lls.e < D(@)(|flz + 1)
holds.

Proor. Roughly said the derivatives in the directions of the axis x,, »,
will be estimated by choosing suitable test functions, then the normal deri-
vative will be calculated from the equation.

Let us fix g € (0, R) and deal with the terms with the first and second
derivatives at first.

The condition (2.1) (ii) together with a(0) = 0 implies

(2.3) S al(§) &> olo) 3 (€)°

B

Putting ¢ = % in (1.2) and using (2.3), we get

(2.4) [wllio< = Iflos -

c(e)

Let w' denote the derivative of a function w in the tangential direc-
tion, i.e., in the direction of one of the axes »,, #,. Let us take y e[ D(R,)]™
and put ¢ = 9" in (1.2). Integrating by parts we get

v ou, atp, sz,
(2.5) 2 a2
BY R+

and, putting again v = v,

(2.6) %12 < = Ifli.z -

dﬂ

Under the assumption on the function « the equation (1.2) can be written
on £ in the form

(2.7) szuam’ =3 ofi
1.9.8 a € wi i
for r=1,..., m. The matrix (b};) is regular with a uniformly bounded

inverse and we can estimate #u,/0s7 by means of (2.6). Thus

(2.8) uwb<£%wm%
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Let us now put ¢ = " for the same function ye[D(R;)]" in the
equation (1.2). Integrating once more by parts, we obtain

8u” 81;, ab;; aui ou, oy, azp
2.9 bV - :
(2.9) i 921'8 + 1;k aCk aﬁf 0Ty, am zzr" X
R;— 12; r,8,t R‘*‘

Let us put y = u and consider the second integral on the left-hand side
of (2.9). Integrating by parts for the third time, we obtain

9.10 2 8b{;’ Bu ou; ou, _1 azb{,‘ 8i ou, % %_
(2.10) 2 ) 3w, 20 5w, B f | 3CL4C Pw, o, Bwy Bm
7,8, R+ r,8 6,0 E+

but the last integral is not less than

oul\*
(2.11) —3 4@ Z( “)

Using the density of D(Ry) in the space W2(R;), we can easily prove
a special case of L. Nirenberg’s interpolation inequality.

2.2. LEMMA. Let we W3(R;) be a bounded function on Ry. Then w'e
€ L,(R};) and

(2.12) 0" 5.4 <9lwlf5.co 90" 5.5 -

(w' has the same meaning as in the foregoing proof, i.e., the derivative
of w in any of the directions @, ..., Ty_;).

Now we can estimate the first integral in (2.9) by (ii), the second integral
by (2.11), (2.12) (applied to every function ou,/0x;) and (iv), the third inte-
gral by Holder’s inequality. Thus we have

(2.13) (o(o) — 3d(0) @) %" 1.5 < Ifll0.2 »

which according to (2.1) (iii) gives an estimate for the tangential deriva-
tives in the form

(2.14) " [1.2< 17l -

¢(e) —3d(g) 0*
The next step is the estimate of the derivatives of the form

03u,
ow; 0x; 0Xy,
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where i,j =1,2, and it immediately follows from

2.3. LEMMA. There exists a positive constant C such that for every func-
tion we W3(R}) the imequality

N-1

(2.15) >
=1
holds.

02w 82w

ox; 0y

<03

0.2 i=1

0.2

The proof of this lemma is an easy consequence of the Plancherel’s
theorem applied to the function w prolonged on the whole space Ry.
Thus

1 < C
L2 (o) —3d(g)o?

02U

2.
(2.16) o, 0x;

Ifll2z -

=12

Let at least one of the indices 4, j be less than 3. Then according to
Lemma 2.2,

0%u

R+
a a jELAi( )
The L,norm of o0*u/0x> can be calculated from the system (2.7) as before.
Differentiating once more in (2.7) in a tangential direction, we get the
equality

ou’ 3 r' m 3 azu’
(2.17) 2 b(Va) 2 -2 2 b(Vu)———
s=1 S0 S it a"b'ta L
(1,4)#(3,3)
ob;? 0%u, ouy
“zk ot V") 5, o0, 70,

All the terms on the right-hand side are L,-functions and the matrix (b3;)
has a uniformly bounded inverse; therefore

Clo

ou, <
0z ¢(@)— 3d(e)e

ox; 0x;

@+ [flzs) -

(2.18) z

If now w' = ow/ox, in (2.17) we can repeat all the procedures with the
(2.18) estimate instead of (2.16) and we get a bound for 9°»/0z3 in the form

o
oxs

4A(e)

2.19 4l
(2.19) 02~ 50) —3d(@) 0"

(@ + [Ifll22) 5

which together with (2.18), (2.4), and (2.8) accomplishes the proof.
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The following lemma deals with the same type of an apriori estimate as
Lemma 2.1; we suppose there that « is a solution of a non-homogeneous
Dirichlet boundary value problem and that it lies in a neighbourhood of a
smooth function 4.

2.4. LEMMA. Let #e[W3(RI)]™ and (V@i)c M. Let R be a positive
number with the following properties:

(i) Kp=(Vit) + Kgpc M,
(ii) there ewist fumctions

¢: (0, R) — (0, o0),
a: (0, R)—>R,,

such that, for every o€ (0, R), n€ R;,, and EGKO=<V1”¢> + K,,

2 b€ mins = e(e) X, ()

1ad.T8

(2.20) azb:a 5
> 2V i < o) 3 6)*
ijma 087 007 e

78,60

(iii) for every o€ (0, R), 3d(0)o*< ¢(p). Then there exists a continuous
function D: (0, R) — (0, oo) such that, for every ue[Wg'(R; )]* which solves
the equation (1.2) with the boundary value u, E[WQ'(R; I™ and the right-hand
side fe[W2(R;)PP™ and satisfies the inequality

(iv) & — u|e, = o,
the estimate

(2.21) lullss =< D(@) [1 + 5% + luolls% + [£]2,2]
holds.

ProOF. Repeating the first part of the proof of Lemma 2.1 with the test
function % — %, instead of u, we obtain the inequality

@.22) [l = 575 [flaat [uoli]

The first difference is caused by the fact that the equality (2.10) does not
hold in such a simple form. Integrating by parts in the second integral
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in (2.9), we obtain

2.23) 2 ob33(Vu) ai ouy op, __J’ 02} (Vu) 8_11,_; % ou,, aq;;_
(2. 2oL Ow, e dw, ) B oLLoly ow, om, 0, 0a,
gg- 7.8, R;— 7.8,t,0

mz,, oct ox; 0w, | Ow; 0xy| ox;

+ ]
B} r.8,F

b7 (V) [3& ou.  oul au,] o;

Now u — u, can be written in the equality instead of ¢ and

ob78(Vu) ou. ou; o(u — ),

TP\ Y ™) T Tt TAT  T0Ir
@24) | X o

i
R r.8.t

B TLOE 7w, B, 0w, Bwy, T 2T L T

+
RJ 7.8,0,0

1 J‘ 02073 (V) ou, ou, ou, ou,
3

where

f L[ 20 00 0 00, o,
T et aCkan awi 0w, a«”; dm

R+ 7.8,6,0

I — 2 > oby; (Vu) du, du; O,
*T8) 5 ot ow; omy ow,’

B 18

5 BiV) b{;(Vu) ou, 8u, Ouy,
e oCt om; omy om;

+
33 r.8.0

Substituting v = % — %, into (2.9) and using (2.24) and (ii), we obtain

oul\? A "
(2.25) J'(}(g) ;(;;:) _% d(p) z(au,-) fz fr a(u, Uor) +

1T ‘l.

+
By

&f
n
+ 3 b(Vu ou, ouq,
1)
IREX) ox; 0x;

‘—Il—'Iz—'Ia .

In this case Nirenberg’s lemma will be used for the function v = % — @.
Thus for every positive ¢ we get

v “; = 992“'0” ”1 29

Io" %2 < (1 + &) o] +G(e)||u % »
I I = (@ 4 £)9¢* |15 + O (1" 1% + 1315 -
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By means of Nirenberg’s lemma and the Fourier transform we get the
continuous embedding of the space W3(R;) into Wj(R}) and thus

(2.26) o' |14 < (1 4 &) 9% |u" % + Ce) | @lls% -
Using (2.26) in the inequality (2.25), we have
(2.27) [e(0) — (1 + €)3d(0) 0] |u' |5 = Z ,

where Z contains the terms on the right-hand side of (2.25) and the second
term on the right hand side of (2.26). The derivatives of the coefficients
b}; are uniformly bounded on K, and we can estimate the right-hand side
of (2.25) by

C{"'"’o ":,3.2 Nfllze + “'“'” Hiz["”’o ”:;2 + [fle2] +

nal L VR T E N e T e T P U P
Further, in virtue of (2.26),

Z<s 0(8){””’” I ’1§.2["f"2.2+ "'“’o":;.z] +
+ 0 g L1 s2 + lwols 4 1Flae+ 11 4 luglss + 17152+ lElsh + 1} -

In order to get a bound for |u’|,, we shall use a simple algebraic lemma:

2.5. LEMMA. Let a,,...,a, be nonnegative real numbers, < R,. Then
the imequality

n
o<y aa""
i=1
implies
n
(2.28) z<Yallt.
i=1

Choosing a sufficiently small &, we obtain

(2.29) I 112 < O + lollse+ 1852+ 17]5.2)* -

The rest of the proof is quite analogous to that of Lemma 2.1.
B. Bounded domain Q.

In the next lemma, £ will be a bounded domain with an infinitely
smooth boundary in R,. The required smoothness of the boundary can be
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described as follows:
The boundary 0L is described in a neighbourhood of every point by an
infinitely differentiable function ¢ which is defined on a ball
= {#'= (@, 2); |@'| <}
in the corresponding coordinate system. The boundary is covered by a
finite number P of such system, i.e., for every x € 0Q2 there exists a coordi-

nate system in which @ = (@, #,, 7.(®,, #,)). Let us suppose

Ve =1{w; |¢'| <oy na') <2< 14(0) + 0} 2,

(2.30) U = {; Hx/“ <0, T(@)— 0o <& < T(r)}CR, — 2,
ar, .
o, )' 8902 ); =0,

for every i =1, ..., P and a suitable ¢ > 0. Let us add to {V} a domain
V9 with an infinitely smooth boundary and such that

P
(2.31) VecQ and UvioQ.

i=0

Let {yi}7_, be a partition of unity corresponding to the system {V}7_,, i.e.,
y2e D(V?), the functions y¢ (for i =1, ..., P) are infinitely differentiable
and supp yic ViU {&= (¢, 7.&)); @ € B} for i=1,..., P. Moreover, all
i are nonnegative and

(2.32) yi=1 on Q.

it~

i

The form of the apriori estimate for a bounded domain is quite analo-
gous to that for a half space. We include it for completeness and point out
the different part in the proof.

2.6. LEMMA. Let @ €[W3(2)]" and (Vi) c M. Let R be a positive number
with the following properties:

(i) Ka= (V@) + KxC M,

(ii) there exist functions

¢: (0, B) — (0, + o0),
d: (0, R)>R,,
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such that, for every 1€ R, o€ (0, R) and e K, = (Va) + K,,
2 b5 nins>ele) 2 01

4..7.8

(2.33) o%;:

zk 18@@@ mmmm 7 < d( )z (,'7:). ,
x T
7,800

(iii) 3d(p)o2<< (o) for every pe (0, R).
Then there exists a continuous function D: (0, R) — (0, 4 oo) such that

for every w e [W3(2)]™, which solves the equation (1.2) with the boundary value
u, € [W3(R2)]™ and the right-hand side f € [W3(2)]*" and satisfies the condition

(1v) lu— @leay <o,
the estimate

(2.34) [%]se<D(e)(X + |Elge+ luolse+ ”f"n) 2
holds.

ProOF. Apriori estimate on V2 will be obtained by choosing a suitable
test function of the form (y2)?X-u for a sufficiently large K. Further we
can transform the considered part of V! into a half-space and use the
methods of previous lemma.

With respect to the equivalence of the norms in the space Wg(g), it
is sufficient to bound the highest derivatives of . The index ¢ will be
fixed throughout the proof and will be omitted.

ParT I. Estimates on V°.

Substituting the test function ¢ = (°)*X-u into (2.9), we can divide
the left hand side into two parts, one part containing the highest deriva-
tives of 4 and the second one with the derivatives of non-zero order of (y°)2£.
The symbol w’ denotes here the first derivative of the function w in any
direction. Thus

r] /I
b [ e 3 W B ez 5,

[KEX] id.k
7.8.¢

where

o 0 B
Z, ng 1i a_a'), (’“ ('}’o)m)r ’
2
Z, consists of the terms of the form

out
[vit o Doty
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and Z, contains the expressions

oby} ou, ou,
« B(a0)2K
fack 2, 30,2 WD)

with |8]# 0, |« 4 B| = 3, D**Pw = dw’ /o,
Using the equality (2.23) for this special case of ¢ = (p°)28-u, we have
that the second integral in (2.35) equals

Tt W (g0)2K
6.51;13;,‘8&"’ 0w; 0x; 0%y a-’L‘z( ) Zy+ Z,+ Zy,

2 rsto

2hTs
(2.36) 1 f oby du; du] du; u,

where Z, contains the expressions

0b;: du, ou, Ou,
B(2)0\2K
f SETC: ao, Bw, om, L W DP°)
and Z; the expressions
obr2 ou, au,
B
fack ow; 0w, D, DY),

where |x|<1 and D**fPw = dw'/ow,. According to (2.33) (i), (2.35), and
(2.36), we obtain

ox;

<+ Zy+ Zy+ Zi+ Zs)=Z

a " 2 a \ 4
30 [Som=[oo (5) - w0 (5) |<
8 T 3

To follow the method of the proof of Lemma 2.1 we have to overcome two
technical difficulties. In the first step we must replace w by v =4 — %
in order to get sharp estimates, but Nirenberg’s lemma cannot be used
directly for the function (dv,/0,)(y°)%/* because the powers of »° on the
left-hand side of (2.37) would not agree. We shall use the following modi-
fication:

2.7. LEMMA. Let w be a bounded measurable function on a domain Q2 C Ry,
j be a positive integer less than or equal to N. Suppose that the derivatives

ow 02w
ow;’ o2
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exist in a weak sense and are square integrable. Let w e D(L2) be a nonnega-
tive function. Then ow/ow;-ye L(2) and

a 4 az 2
f(gg; (w-w)) <9-sup lw(w)!*-f(é;@ (w-w)) e
Q Q

The lemma can be proved by means of the simple integration by parts
and the Holder’s inequality.

If we apply Lemma 2.7 to the functions w,, = (0v,/0x,)(y°)*/* simulta-
neously, we shall obtain

a " 2
(238)  (cle) —3d(e)e?) f ()" z(—a—}) <L+ Z+ 2o+ 7.
4 s D)

Here Z; contains the terms

J.(Da v, .Dﬁ(yO)K/2)4
Q

with || 0, D**Pw = dw'[dx;, Z, contains the expressions

ov, 2
[ Gty ) or,
Q

and Z; the difference between the left-hand side of (2.37) and the same

expressions with v instead of #. Returning to the solution % on the left-hand

side of (2.38), we get another additional term which can be included into Z;.
We shall now estimate Z; by means of

n 2 i
I= ( f ()= > (%—Z) )
5 2.7 i

to the power less than 2 and the norms of f, #, 4,. Let us recall that

IVolp<e

and

o]ia<ll(® 4 & — )10+ 18— %0 -

The function » + % + uoe[W;(.Q)]'” and the equivalence of the norms in
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this space implies that there exists a constant C so that

”'0”12 <09 ,
(2.39) [u]<CO,

max {iE [|u,(m){ + 'Z—? (@)

]; me§}<0’19,

with ¢ =1+ |ii]ge+ [%lls.e-
If we write

ir

i=(faE o)

Q

fZ (Z% (7'°)")2)i

and

we get for K>4

Z, < C|flgad + 9 + Jog_1)
Z,<C-I-(%+Jg_,),

Z,<C-L-(®+Jg_,),

Z,<C-I*9,

Z,<C-I-Jdg_,-9,

Z,<0CY,

Z,<0Jz_1+9),

Zy<C(I[1 + |dl5e] + L)l + 852+ 1) -

(2.40)

To bound the integrals I and J, we shall use the following inequalities
(which can be proved integrating by parts) and Lemma 2.5.

2.8. LEMMA. Let he Wi(Q2) be bounded by a constant M and y € D(Q2).
Then there exists a constant C depending only on y and Q2 so that

oh 0%h i
2.41 — " C{M + M| — y2»
( ) l ox; 4 0.2< ( + o} 14 0.2)
and
oh t
‘ —-—yK/2 <OM + (3M)} l|-——-y‘"‘ .
0.4 0.2

40 - Annali della Scuola Norm. Sup. di Pisa
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Putting h = 0u,/0x;, We obtain

(2.42)

J.< O(d 4+ 1Y),
L <09+ (30I)},

and with respect to (2.38), (2.40) and Lemma 2.5 we get finally

C
. Tt 92 22) s
(2.43) <c(g)-——392d(g) @+ 92+ [[f]z.)
and
0%u, ~I2 2 2
ean) 2 ome| <D+ ket fueltat 11150
i 1.2

PART 2. Estimates on Vi,

Let us fix an index ¢ =1, ..., P and consider the corresponding coordi-
nate system. Let Z = ®(x) be the coordinates of a point x € R, in this
system. We shall transform the set V? into a part of a half-space. Let p
be a mapping

'lp: EE ¢(V") b (i?l, Eg’ §3‘—“ T,’(.’fl, ig)) GRs

and y = yo®: Vi—>RJ. Then the absolute value of Jacobi’s determinant
of x is identically equal to 1. Let us write

s

;5 = o .
j

Let us define

0= X(Vi) ’
3
flrc: ze Q"Z“}ci(l—l(i» fi (X_l(i)):
a/;c (x1 C)EQXRSm—_)z“M (ZC m(% x)))

If we consider the test function <pe[W§(V")]‘”‘ in the equality (1.2) and
write @ = woy~%, we can conclude that # solves the equation of the form
analogous to (1.2) on Q and the interesting part of the boundary 94 is
a part of a plane. Especially we get that for every q‘:e[ﬁ@(!?)]’”,

(2.45) P &)[ai(z, V@) — @] dE =0 .
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Now the coefficients @}, satisfy the conditions (2.33) (ii) with the same con-
stants c¢(o) and d(p) on the equally transformed balls Ke. If we write
pi=yfoy ! and %,= u,0x ! we shall repeat the proof of Lemma 2.4 choosing
the test function ¢ = (°)*%(% — %,). Combining the estimates of Lemma 2.4
and 2.6, we get

3,2) ’

1k=1r=1

[k 5 3 (sgm) <0G+ 1lta+ 1712+ I

and using the equivalence of the norms, we have

(2.46) fw w5 S () <0+ Wt @t [l

»i=1 # \OT, 0F; 0T

An additional term with the derivatives oa/ox; does not cause any diffi-
culty as oy; are infinitely smooth functions. The functions

__ai_ (‘i)K/2

0%, O ;

belong to L) according to Nirenberg’s lemma for all the indices k, j
such that k 4+ j<b5. The second derivative of # with respect to Z; can be
calculated directly from the equation as in the proof of Lemma 2.4. By
the same method the last third derivatives can be estimated. Thus we get
the inequality

0%,
iden.r OF; 0T, OT,,

(2.47) “w <O+ 5 + [T+ 1Tl -

Returning to the original coordinate system, we obtain the estimates for
the solution % on the set V¢ and summing these estimates for i = 0, 1, ..., P,
we get

lwls.<D(e)A + |&]5.+ ll“oil§.2 + “f"gz) .

3. — Main theorem.

The main theorem will be proved by means of the implicit function
theorem and the apriori estimates of the last paragraph.

In this part the symbol 2 denotes the half-space R, or a bounded
domain with a smooth boundary, simultaneously.
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3.1. THEOREM. Let @ e[W2 (2)1" be a solution of the equation (1.2) cor-
responding to the right-hand side fe[WE(Q)™ and the boundary condition
i, € [WE'(2)]™. Let us suppose that there exists a positive number R satisfying
the conditions (2.33) of Lemma 2.6.

Then for every o € (0, R) there exist positive numbers &, 6 so that, for each

fe Ua(f) = {fE[Wg(Q)]3m§ "f—f||2,2< o}
and
o € Up(ily) = {u e[ W3 (2)]", |u— @yl < 6},

there ewists a unique solution

ue U, (@) =

= {ue[ WY@, |u—@lso< & u— v, e[ WL (@)]", <Va) c K, + (Vizp}

of the equation (1.2) corresponding to the right hand side f and the boundary

condition u,. If we denote by G the mapping of U,(f) X Us(i,) into U, (i) such
that G(f, w,) = u, then G is a continuous mapping from

(W)™ X[ W3 (@)]" - [ W3 (]" .
Proor. Let us put
N = {[ug, ul; 4, 4, [ WE ()", w e[ W (@)]", <V(w + up)> < (B)}
& = [W)P" XN,
X =[W¥@Q)n WY@ with the topology of [W¥ (2)1",
Y = [WHQ)P" x[Ws ()1,
Z =[Wy)n,
and let us define the mapping @: & — Z in the following manner:

D: (f, o, W) €G —>g = {gr}:-';lez’

where

: a r T
g.= _‘gl a_:v; {“t(v(u + 'uo)) _fi} .
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The assertion of the Theorem 3.1 is an immediate consequence of the
implicit function theorem applied to the mapping @. To verify the assump-
tion of the implicit function theorem we shall need an embedding theorem
of this type:

. ou - o0%u
3 —
ue W) = 5, € 0(Q) and 55,50 ,G L,(9),
and, moreover,
ou ,
(3.1) %, C({_))< C'Hu.ﬂ;,,2 ,
0%u . ..

(3.2) 50,30 ||, < O||u|a,s for 4,j=1,2,3.

These theorems are well known (see J. Netas [6]) for a bounded domain Q2
with a smooth boundary. For the case 2 = R, the first inequality can be
proved by means of Fourier transform and the second one is a consequence
of (3.1) and Lemma 2.2.

Thus & is an open subset of the Cartesian product Y x X and

lglly,2< o+ ““";,2 + H'“'o“:;,z + [flez) -

The convergence of {u,} and {u,} in [W3 (£2)]" implies the uniform con-
vergence of their gradients and together with the continuity of b it gives
the continuity of the mapping & on &.

Let us prove that the partial differential q)é exists on & and it is a
continuous mapping of & into the space of all continuous linear mappings
of X into Z. The above mentioned embedding theorem implies that the
expression

ril * * a auS "
(3.3) By g, utw) = {—z 2 (Ve + u:»)-%}
1d.8 i ijr=1
belongs to the space Z for every ['u;, u']€N. Let us write, for » suffi-
ciently near to ",

(3.4) H = O(f*, ug, u* + u)— (f"' Ugy u*) — Dy(f*y ug, u*)(u) =

{ a'i(V(“o‘i"'"f +u))—‘“¢(v Uy + ))—
-2

p [b:;( w)) o ]}}m
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Every component of H is a sum of the expressions of the type

u*))} az(u’: + /”'* + u)s .

0x; 0x;

ob;} Bu 0%(ug + u*),
z 1 00} r (Vius + ox; 0xy,

(3.5) {bir(V(ug + u* 4 w)) — b33 (V(us +

After easy calculations (the mean value theorem) we get

[ o< Ol ulia { [l u* + 43

-sup {

where 7 is a measurable vector function on 2 with |7/<1. Now the term
in the brackets is of the order o(|%];,). The norm |H|,, can be estimated
quite analogously.

Let us prove the continuity of @,. Let {(f,, %g,, %,)}:>; be a sequence
in & tending to (f, u,, #)€® and put

obi;

&

(V ug + u* 4 Tu)) (V(uo + u )) meg, i, 7}}

BC :

A,= [¢;(fn’ Ugny Un) — ¢;(f’ Ugy U)](v) =
- { 3 ([b (Yt + o)

118

ov,\|™
aa"j r=1

e = Sup {[B5(V(%, + t0,) (@) — b(V(% + uo)(@)) |, € 2,4, j, 7, 8} .

and

We get immediately

|4 uloe < 10022+ Clolso(ltt— o2+ (50w — Wolle.e + 0+ wollz,27,) -
But the convergence of {(,,, %,)}:>, to (u,, w) implies that 5, — 0 and thus
I 4allo2< ]2z, and &—>0.
Analogously we get the inequality
|4p]12< [2lseen  and &0,

n

and it gives the required result.
The most important part of the proof is that @,(f, i,, #) is a continuous
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one-to-one mapping of X on Z. Clearly ®, is one-to-one: if ®y(f, i,, @)
+(v) =0, then
T8 ~ = av"
— z bii (V(u + uo)) =—|=0
zaa axi

on Q for r =1, ..., m. Multiplying every equation by v,, integrating by
parts over 2, and using (2.33) (ii), we get

0 8,
c(e)||v|l1?z< > (Vi + @) 2 ol =0

[RRX @ 6-77
and it implies that » = 0.
In the next part we shall prove an apriori estimate for a linear partial
differential equation with continuous coefficients

Dy(f, Gy, W) = ¢,

saying in fact that [@;]_1 is a continuous mapping from Z in X. Such
estimates can be obtained by the multiple use of regularity theorems for
linear differential equations (see[7]). We shall prove it here for com-
pleteness by a method analogous to the proof of Lemma 2.4. For a bounded
domain £ we shall use the complete continuity of the embedding of the
space W3(2) into C(Q) and Wy(R2) into L,(2). For a half-space such an
assertion does not hold and we replace it by

3.2. LEMMA. Let ¢ be a positive real number. Then there exists a con-
stant C(e) so that, for each he Wi(R;),

3 0zh
(3.7) sup {|h(®)|, v € Ry <e(.§ 55,5, M) + O()|hos2 5
oh 3 0%h
35) H 0 {log ( 2: 0x; 05 ||o,2 )+ 0o, -

Proor. Let g be an extension of A on the whole space R;. If we
denote by § the Fourier transform of the function g, then

(3.9) sup {|h(@), v € By} <[ § 1z, -

Using the Holder’s inequality we get for each positive 7 the relation

10)  [fluay<( [l aiereag)( [+ i ae)

3
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The second integral on the left-hand side equals to 7~ %. Using Minkowski’s
inequality for the first integral on the left-hand side of (3.10), we get

0%
ox; 0x;

@.1) las< 0t (3

)+ ortlglos

We can choose the function g so that there exists a constant ¢’ so that

3
Ly(Ry) ii=1 Ly(R7)

191 2.2y < O' [ 1m0y

23:

wi=1

0%g
o0x; 0x;

oh
o, 0x;

and

and it gives, together with (3.9) and (3.11), the inequality (3.7). The ine-
quality (3.8) is an easy consequence of (3.7) and Lemma 2.2.
Let us now return to the proof of the Theorem 3.1. Let ge Z and

(B12) 9= B, ., Do) ~——{ S (v + 20) )}

(R
and @ e[ D(R)]™. Multiplying g by ¢ and integrating by parts we get

s OVs 8q),
wrs i’ awi 6m.

(3.13) B(v, ¢) = f S 0p=

The condition (2.33) (ii) and the Lax-Milgram theorem give
(3.14) I91.2< Clglo.s -

We shall repeat the procedure of the proofs of Lemma 2.4, respectively 2.6.
Let 2= R, and let us take p = " for y e[D(R;)]". (Here again v’ = 0y/ow,
for ¢ =1,2.) Integrating by parts in (3.13), we obtain the equality

ov, ov,
(3.15) 2> [b%’ (V(@ 4+ %)) 5%: + az,'
o (i + ), ] O,
zac,, (V(@ + 1)) ———] o, —fZ &:v:

Putting ¢ = v and using (2.33) (ii) and (3.8), we get

(3.16) "”I ";2<50"”";2("a";2+ "ao”;.z) + O(e)(lgllo.2 + lldlléﬁ- ”ao“:;.z) .
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The derivatives 0°v,/0x> can be calculated from the equation (3.12). Let
now put y = y’, where y €[D(R;)]", and let us integrate once more by
parts in (3.15). Putting y = v and using (2.33) (ii), (3.8) and (3.7), we shall
have

(3.17) "”” “;2 < “3(“77'":;2 + |, “:;2)2 : ”7’";2 + Ce)(lgll.2 + Ilﬁllézz + |4, “:;22) .

By standard means we estimate the last third derivatives and get, for
sufficiently small ¢,

(3.18) 19]52< O(lglye -+ lls% + IEls%) -

If Q2 is a bounded domain we have to return to the partition of unity and
the test functions as in the proof of Lemma 2.6 but basically the proof
remains without changes. Lemma 3.2 will be replaced by J. L. Lion’s lemma
for spaces with the completely continuous embedding (see[1]).

The equality @,(X) = Z will be proved by the homotopy method. Let
us define

(3.19) b)) = (1 —1)0,;0,,+ t-b3(V(@ + @) ,
0 (100 O0N|™
(3.20) A,: veX—»{—i%a—mi( (1) %)}TZIEZ

for every te€<0,1>. A4, is a one-to-one continuous linear mapping of X
into Z. It is well known that 4,(X) = Z. Let @ be maximum of the con-
stant C of (3.18) and the norm of the mapping 4,'. Let us put

B ={te0.1); 4(X) = Z. |4, <@} .

Then 0 e PB. P is a closed subset of <0,1>: Let ¢, B, t,—t, ge Z, and
v,= A;'(g). Then

(3.21) 194 l15.2<Qlgl1.2 »

{vs} is a bounded sequence in the Hilbert space X and thus there exists

a subsequence (let us denote it by {v.}, too) and an element » € X so that

{v.} converges weakly to ». The embedding inequalities imply that
At”(vn) - At(v)

in Z and thus A4,(v) =g¢. According to (3.21),

"”";.2<Q“9"1.2
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and teB. B is an open subset in <0,1>: Let t,eP, ge Z, vozAgl(g).
Let us define a mapping B: X — X in the following manner:

B:veX —»>v+ A7 (g— A, (v)) .

Let ® = {we X, |[v—v,];,<1}. Let us prove that the mapping B has a
fixed point in R for a sufficiently small |t — ¢|. But & is weakly compact
and B is weakly continuous. Moreover,

1B0) — vglle < 451 (4, — 4)0)] ,
where |4 <@, and
| (Ato— A)) |12 <[to— 1| ”v“;.z'S

with § that depends on ||@s,, ||z, and does not depend onvand?. There
exists a positive ¢ (it does not depend on g) so that, for |t —1,| <e,
B(®)c & and B has a fixed point ve &, but such a function solves the
equation 4,(v) =g.

3.3. THEOREM. Let ﬂe[W;'(Q)]m be the solution of the equation (1.2)
corresponding to the right-hand side fe[W3Q)]™ and the boundary value
G e[W'(Q2)]". Let us suppose that there exists a positive number R satis-
fying the condition (2.33) of Lemma 2.6. Let F be a continuous mapping of
<0, T into Y such that F(0) =[f, @i,]. Then there exists a unique contin-
wous mapping U of D c0,T) into X so that

(3.22) KVU®) ¢ (Kr)°,

(3.23) U(t) solves (1.2) with the right-hand side f(t) and the boundary
condition w,(t) such that [f(t), u,(t)] = F(t) for every teD.

Moreover there are only two possibilities of the shape of the domain D: either
D =0, T> or there exists a critical value t,> 0 so that ® D0, t,) and

(3.24) lim (inf (dist (VU @) (@)}, aKR))) =0.

t—>ty ‘2ED

Proor. Theorem 3.1 implies immediately that the domain ® of the
required «solution path » is open. Clearly 0 €®. Let us consider the com-
ponent ®, of ® containing the point 0. If D, = (0, > then the con-
tinuity of U follows from Theorem 3.1. Let ®,s (0, T'> and let us put
D, =<0,1). It remains to prove the condition (3.24). Let %,e 0,1,),
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t, —>1,, and

lim (inf (dist (VU @), aKR))) >n>0.
n—>+ 00 \TEQ

Then (VU(t,)> c K r—y2 for a sufficiently large n, and using the continuity

of F at the point ¢, and Lemma 2.4 or 2.6, we get the bound

Ut l5.2<C

for all sufficiently large n. According to the weak compactness of a ball
in X, there exists a subsequence {U(tnk)} and a function w € X so that
{U(t,,)} converges weakly to « in [W} (2)]". By the usual limiting process
we get that u solves the equation (1.2) with the right-hand side f(,) and
the boundary condition u,(f,) and the uniqueness implies that w = U(t,).
With respect to Theorem 3.1 we get the continuation of U on the interval
{ty, t, + €), which is a contradiction with the assumption on the domain ®,.

3.4. THEOREM. Let M = Ry,, let @ e[ WS (2)]™ be the solution of the
equation (1.2) corresponding to the right-hand side f e [Wi( Q)™ and the
boundary value i, e[W‘;"(Q)]”‘. Let us suppose that there exists a continuous
function c: Ry, — {0, 4 oo) so that for all 5, & € Ry, the inequality

(3.25) 2 V5E ;> e(®) 2 (i)
b o ;

Let F be a continuwous mapping of <0, T into Y such that F(0) = [f, d,].
Then there exists a continuous mapping U of D c0,T) into X so that

(3.26) U(t) solves the equation (1.2) with the right-hand side f(t) and the
boundary value w,(t) such that [f(t), u,(t)] = F(t) for every t€D.

Moreover, there are only two possibilities of the shape of the domain D:
either ® = <0, T> or there exists a critical point t, > 0 so that D >0, t,) and

(3.27) sup {| U(#)]s,0 t€ 0, t)} =+ 00 or
lim inf (inf {o(VU(t)(x)), s€ 2}) =0 .

t—to

PROOF. Let ®, and #, be defined as in the proof of Theorem 3.3. Let

sup {” UQ) “;.27 te<0, to)} <+ oo.

Then we can choose a sequence ¢, —#, and a €[ Wi(2)]" so that U(t,) =%
in [W¥(2)]". According to the embedding theorems, w solves the equa-
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tion with the right-hand side f(f,) and the boundary value u,({,) so that
we can define U(t,)) =w. If {,=1T or

lim inf (inf {o(V U (¢)(2)), € 3}) = 0
t—to

the proof is completed. Let t,< T and

lim int (inf {o(VU(t)(®)), v € 2)>k>0.
t—>tg

Then there exists a neighbourhood (VU(t,)> + Kz of <VU(%,)> so that all
the assumptions of Theorem 3.1 are satisfied and U is defined on <0, ¢, 4 ¢),
which is a contradiction with the assumption on ®,.

3.5. THEOREM. Let iie[W2 ()] be the solution of the equation (1.2)
corresponding to the right-hand side fe[WZ(Q)PP™ and the boundary value
o € [Wg'(Q)]"'. Let us suppose that there exists a continuous function ¢c: M —
—> {0, + o) so that for all n€ R,,, E€ M the inequality

(3.28) 2 V& nin; > e(§) 3 (nf)*

B8

holds.

Let F be a continuous mapping of <0, T> into Y such that F(0) = [f, u,].

Then there exists a continuous mapping U of ® c <0, T into X so that
U(t) solves the equation (1.2) with the right-hand side f(t) and the boundary
value wu,(t) (where F(t) = [f(t), uo(t)]) for every teD.

Moreover, there are only two possibilities of the shape of the domain D:
either ® = {0, T'> or there exists a critical value t,€ {0, T sothat D c {0, 1,)and

(3.29) sup {| U(t)]s2,t€<0,%)} =+ o0 or
lim (inf (dist ({Va(t), @), aM))) -0 or

t—ty ‘x€Q

lim inf (inf {e(VU®) @),z € Q}) =0.

t—>ty

The proof is quite analogous to the proof of Theorem 3.4.
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