ANNALI DELLA
SCUOLA NORMALE SUPERIORE DI PIsA
Classe di Scienze

D. GILBARG

H.F. WEINBERGER

Asymptotic properties of steady plane solutions of the Navier-
Stokes equations with bounded Dirichlet integral

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4° série, tome 5, n°2

(1978), p. 381-404
<http://www.numdam.org/item?id=ASNSP_1978 4 5 2 381_0>

© Scuola Normale Superiore, Pisa, 1978, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique I’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1978_4_5_2_381_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Asymptotic Properties of Steady Plane Solutions
of the Navier-Stokes Equations
with Bounded Dirichlet Integral (*).

D. GILBARG (**) - H. F. WEINBERGER (**¥)

dedicated to Jean Leray

1. — Introduction.

It was shown in an earlier paper[1] that the solution of the two-
dimensional exterior problem for the Navier-Stokes equations which was
constructed in the fundamental work [2] of Jean Leray actually converges
to a constant velocity at infinity in a mean square sense, while the pressure
converges pointwise.

The proof was done in two parts. In the first part it was established
that the velocity, which Leray had constructed so that it was Dirichlet
integrable, was also uniformly bounded. We then showed that in any bounded
Dirichlet integrable solution the velocity has a limit in mean and the pres-
sure has a pointwise limit at infinity. We were, however, unable to show that
the limit in mean is equal to the assigned velocity at infinity.

In the present paper we investigate the properties of an arbitrary solu-
tion {w, p} of the two-dimensional Navier-Stokes equations

Aw — (w-V)w = Vp
(1.1)
Vw=0,

(*) This work was supported in part through NSF grants MCS-75-23332-A02
and 37660-X.
(**) Stanford University.
(***) University of Minnesota.
Pervenuto alla Redazione il 15 Giugno 1977.
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in a neighborhood of infinity, which has the property that

fle|2dwdy<c>o.

r>7,

We shall show that while w may not be bounded under these assumptions,
it grows more slowly than (log r)}. The pressure has a finite limit at infinity.
The velocity either has a limit in the mean w,, or

2n

f Jw(r, 0)]2d0

0

approaches infinity as » — co. The vorticity w = %, — v,, where w = (u, v),
approaches zero more rapidly than 7%(log )s and the first derivatives of the
velocity decay more rapidly than r%(log r)s at infinity.

A particular application of our results is a Liouville theorem, which
states that if {w, p} is a solution of (1.1) in the entire @, y plane and |Vw|
is square integrable, then w and p are constant.

We remark that while our bounds allow the velocity to grow at infinity,
there is no known example of a Dirichlet integrable solution of the Navier-
Stokes equations which is unbounded at infinity. However, only very few
solutions which are not potential flows are known.

Under the different hypothesis that the flow is PR (physically reasonable)
in the sense of Finn, namely, that the velocity approaches a limit asymp-
totically as O(r~¢°), ¢ >0, Smith [3] has shown that the Dirichlet integral
is bounded, and has derived much more precise asymptotic estimates on the -
velocity and its derivatives. The present work shows that the Liouville
theorem (Theorem 2) and the pointwise convergence of the pressure (The-
orem 3) can be obtained under the weaker hypothesis of bounded Dirichlet
integral of the velocity.

The contrast with the three-dimensional Navier-Stokes equations is
quite marked. There the finiteness of the Dirichlet integral is a more restric-
tive condition and, as Babenko [4] has shown, it implies that the velocity
approaches a pointwise limit as O(r*) and converges even more rapidly
outside a wake region. Whether an analogous result is true for two-dimen-
sional flows is an open question.

Throughout this paper we shall use the same letter O to represent dif-
ferent constants. The dependence of C on the given data will be visible in
context.
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2. — Preliminary estimates.
We first establish several lemmas required in the later developments.

LEMMA 2.1. Let fe C* in r>7, and have finite Dirichlet integral

@.1) f \Vfi2dady < co.
r>r,
Then
2n
. 1
(2.2) ,lg?o fog 7 f(r,6)2d6 = 0.
g

Proor. By the Schwarz inequality we have

;;’;{ ja;(r, 0)2d9}*= {(j;zde}"*j;f, d0<{ j}} do}* =

Integrating between r,(>,) and r and again applying the Schwarz ine(iua,lity,
we obtain

27 " 27 : r 2n '
{ff(r, 0)2d0} — {f;f(’ru 0)2d0} <f{ff,(g, 0)2d0} do
0 0 [ 0
ri i r\i
<{f ffr(@, 0)2gd9d0} (log ;1) .
0 1
Thus,
2n 2 r 2n
ff(r, 0>2d0<2ff(n,0)2d0 +2{f fﬁedede}log—}l,
0 0 7, 0

so that

rooo 10,

2n
lim sup _!g? ff(r, 0)2<2f |Vf|2dxdy .
[

r>r

Letting r, — oo, we obtain (2.2).
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LEMMA 2.2. Let f= (fi, f,), where f, and f, satisfy the hypotheses of
Lemma 2.1. Then there is a sequence {r,}, r,€ (27, 2n+1), such that

(2.3) lim |f(r,, 6)[*/log r, = 0

uniformly in 0.

PrOOF. We suppose 2* > 7., and let A, denote the annulus 27 < r < 2741,
Since

2ﬂ+1 2’1 ’
f { f | folts 0)12de} ¥ f Vf|:dedy,
2n 0

An

it follows from the integral theorem of the mean that for some r, € (27, 27+?)

2n
1
(2.4) f]ﬁ(r,,,0)l2d0<@f|Vf|2dwdy.
V] An

By Schwarz’s inequality
2n
£, O <1000, )| + {a [ fotra, 0) 20"
o
for any 0 and ¢ in [0, 27x]. Hence

2n
Fra, 012 <21 fra, @) + 2| £ (72, 020"
0

Integrating this inequality with respect to ¢, we find

27 2n
2| f(ra, 0)[2 <2 |f (ray @)Ndp + 422 | flra, 0)]2a0" .
0 0

The conclusion (2.3) now follows from (2.4) and Lemma 2.1.

LemmaA 2.3. Let w = u, — v, be the vorticity of a velocity vector w = (u, v)
satisfying the N avier-Stokes equations (1.1) in r>r, and having finite Dirichlet
integral
(2.5) fmwmw<w.

r>r,
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Then
(2.6) f|Vw|2dmdy< 0.

>,
Proor. By taking the curl of the Navier-Stokes equations, we find that
(2.7) Ao —w-Vo =0.
Let #(r) be a smooth function which vanishes near r = r, and near

r = oo. Let h(w) be a function of one variable which is C* and piecewise C=.
An easy computation which uses the fact that divw = 0 shows that

div [5(r) Vh(w) — h(w) Vj(r) — nh{w)w] = nh'"(0)|Veo|* — k(w)[ 4y -+ w-Vy]
+ ph(w)[dw — w-Vo] .

Since  satisfies (2.7) and # vanishes near r = r, and r = oo, integration
over the domain r > r, yields the identity

(2.8) f ()| Voo |2 dav dly = j hw)[ Ay + w-Vildedy .

To use this identity, we choose R > r, > r, and non-negative 02 cut-off
functions &, and &, such that

0, r<i(-+m) 1, <1
(2.9) &ulr) = { 1, ron & =1, . rs2
and set
n(r) = &i(r)&(r/R) .
We choose a positive constant w, and set
w?, |o]<w,.

h(w) = {

©o2|o] — o), |o|>w,.
Then the identity (2.8) shows that

(2.10) f|Vw|2dwdy<fn|Vw|2dwdy = J.h(w)[An+ w-Vnldady .

lo]|<w, ol <w, {ro<<r<r,}
r<r<R U{R<r<2R}

Consider the portion of the right integral over the annulus R < r < 2R.
We have |4An|<C/R? and |Vn|<C/R for a constant C independent of R.

25 - Annali della Scuola Norm. Sup. di Pisa
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Clearly h(w)<w? and h(w)<2wy|w|. Therefore

C
(2.11) hAndx dy‘ <% w?dz dy
R<r<2R R<r<2R
< j [Vw|2dedy -0 as R — co.
R<r<2R
‘Writing

21
w(r) = %fw(r, 0)de,
(1]

we have for the other part of the integral over R < r < 2R
2.12) th-Vndwdyl < [1htaw — ) -Vnjdody + |-Vl dody
<20 |0o|Va]|w — Bldwdy + [o*|Vy]|Bldwdy .

From Wirtinger’s inequality,
2n 2n

(2.13) ﬁw — w|*do <f|wo|2de :
0 0

we obtain the estimate

2n

(2.14) f |w||Vn||w—1'5|dwdy<{ f wzdmdg}*{ojl;l-z( aﬂw‘,]zdo)rdr}*

R<r<2R R<r<2R
H 3
<C{ fwzdwdy} { f [le*dwdy} -0 as R—oo.
>R R<r<2R

From Lemma 2.1 we infer that
w(r) = o(Vlog r)

and hence

1
@2.15) fwzwn”ﬁ]ddeg@g—Rl fwzdwdy-w as B — oo.

R<r<2R r>R
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Inserting (2.14) and (2.15) into (2.12) and combining the result with (2.11),
we conclude from (2.10) that

R—>c0

lim [ |Volrdody< f (|| + w]|Vn]) dody <K

lol<w, ro<r<ry
r,<r<R

where K is a constant independent of w,. Letting w,— oo, we infer that

f;vw|2dmdy<1z

r>r

and (2.6) follows.

LEMMA 2.4. Under the hypotheses of Lemma 2.3 we have

(2.16) lim rt|ow(r, 6)| = 0,

r—>00

uniformly in 0.

Proor. For 2" > r,,

2ﬂ+l 27:
J‘?J‘(rﬁwz + 2r|wws|) d0 < f (0® + 2|o||Vo|)da dy
2n 0 2r <r2ntl
< f (20 + [Vol?) dody .

r>2n

Hence by the integral theorem of the mean, there is an r, € (27, 2#*1) such that

2n
(2.17) j[r,“:w(r,,, 0)2 + 27| (ra, 0) wo(r,, 0)|]d0
0

1
— 2w? 2 dy .
<10g2 f( w® + |Vol|?) dzdy
r>2n
One sees that
2n 2n

1
0 0)* — o w(rn,ﬂ’)2d9'<f ‘a_z'w(%f)’)z o’
Q 0

2n
= flw(rn’ 0/)(00(7',., Bl)ldol ’
(1]
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and hence from (2.17) and Lemma 2.3

(2.18) lim [r, max w(r,, )] = 0.

n—>00 0
Since w is a solution of the elliptic equation (2.7), it satisfies the maximum
principle. Noting that r, ,<4r,, we infer that for re (r,, r.,1)

7 max w(r, 0)2<max [4r, max o(r,, 0)% 7, Max o(r,,,, 0)2] .
[} [} 6

From (2.18) we now conclude the desired result (2.16).
The preceding lemmas yield the following growth estimate for the
velcaity.

THEOREM 1. If w is a solution in r>r, of the Navier-Stokes equations (1.1)
and
ﬁvw|zdwdy< oo,
r>ry

then

(2.19) lim |eo(r, 6)[?/log r = 0

r—>-co

uniformly in 0.

Proor. Let r = |¢|> 8 max (r,1) and choose the integer n so that
re[2», 27*1)., Let A, now denote the annulus r,_, << |[{| << 7n.., With
7, € (27, 27+1) guch that (2.3) holds for f = w. Then by the Cauchy integral
formula representation of w = u —iv in A, (see, for example, [5] ¢. 3),
we have

1 w)
2t J (—2
84

_ 1 w(l) w(§) )
=l $7Tm+ [ P ae)
84n An

the latter equality results from the fact that

w(e) — a1 [ 2O azay, sedn c—t+in
Aq

(2.20)

w

1 . 7 1
wz=§(ww+7’wv)=§(uv—’vx)+Q(uz'l"vv)=_§;’-"

Since |2] € [27, 27+Y), dist(z, 04,)>2"1> |2|/4 = r/4. It follows from Lem-
ma 2.2 that the line integral in (2.20) is o(v1ogr). To estimate the other
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integral, we write
w(¢) o(8) w(¢)
[ aan|<[ [ i [ |25 e
An D Ap—D

where D is the disc|l — 2| < 1 with center 2. By Lemma 2.4 the first member
on the right is bounded by Or*; and since A4, is contained in the dise
| — 2| < br, we have

f l .C‘%C)z ‘ dtdn< ( f wzdgdn)*( I —z|2d& dn)§<8n(log i,
An—D

An 1<[E—2l<br
where ¢, — 0 as » — co. Combining these estimates, we see that |w(z)| =
= o(V1og r) as r - co, and this proves the theorem.
3. — A Liouville theorem.
The results of the preceding section imply the following Liouville theorem.

THEOREM 2. Let {w, p} be a solution of the Navier-Stokes equations (1.1)
defined over the entire plame and assume

f|vw]2< oo
o

Then w and p are constant.
ProoF. Since w is a solution of the elliptic equation
Ao — w-Vo =0,

it satisfies the maximum principle. Lemma 2.4 shows that w —0 at infinity
and hence w= 0. Thus we have both %, } v, =0 and u, — v, = 0 over
the entire plane and accordingly w = % — % is an entire analytic function
satisfying

J.Iw’(z)|2dwdy < oo.

Rl

It follows, for example by considering the Taylor series of w’'(z), integrating
over |z| < R, and letting R — co that w'(z) = 0 and hence w is constant.



390 D. GILBARG - H. F. WEINBERGER

4. — Convergence of the pressure.

We now show that the pressure p has a pointwise limit at infinity.

THEOREM 3. Let {w, p} be a solution of the Navier-Stokes equations (1.1)
n r>1r,, with finite Dirichlet integral

(4.0) f |Vao|2 dody < oo

>,

Then the pressure p has a finite limit at infinity.
This result is a consequence of the following lemmas, which are proved
under the hypotheses of the theorem.

LeEMMA 4.1. The average pressure

2n

p) = o= [2(,0)20

0
has a limit at infinity

lim p(r) = p, < c0.

£—>00

Proor. Since du = w, and Av = — w,, the Navier-Stokes equations
can be written in the form

Wy + UV, — VU, = Py
(4.1) — Wy — UV VU, = P,

U+ v,=0.
It follows that

1
(4.2) Pr = (00 + uvo — Vo) .

We average this equation to find that

2
p'(r) = %mf[(uwﬂ)vo—— (v — D)us] db .
0
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Hence by the Schwarz and Wirtinger inequalities, we have for any r,>r,>1r,

s 27
4ﬂ2|ﬁ(”'2) - ﬁ(ﬂ) t= ’ f J-]; [(w — %) ve — (v — D) us}dOdr :

ff'“’ wI* g doff |awo|2 dr 40

27 7,

( f f |wa[3drd0) ( f |Vw]2dwdy)2.

7

Since the right member of this inequality tends to zero as r; — oo, it follows
that p(r) has a limit p_, as asserted.

n+1

LEMMA 4.2. There is a sequence {R,}, R,e.(2¥", 22""), such that

27

(4.3) Lm | [p(Rn, 0) — B(R.)|2d6 = 0 .

n—>ro0

Proor. It follows from (4.1), (4.0), (2.6) and (2.19) that for any
71 > max (ry, 1)

Vo[
f logrdwdy< co.
r<mn

By the integral theorem of the mean and Wirtinger’s inequality there is an
R, (2%, 22"") such that

92n+1

log2f|p (Rny 0) — P(R,)|2dO = f flp(r, 0) — p(r)|? de dr

rlogr
221L+l
2
dfdr< Eﬂl——d{){:dye’o as N —>oo.
rlogr log r

22" <p 22"t

LEMMA 4.3. Let p,, be as in Lemma 4.1. Then

27

(4.4) im | [p(r, 0) — p|2d6 = O .

o
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Proor. Taking the divergence of Vp in the Navier-Stokes equations (4.1),
we find that

Ap = 2(u, v, — u,v,) .

The right member is absolutely integrable in r > 7,. It follows that Ap is
also absolutely integrable and hence

(4.5) H=Ap—p)eLl, inr>r,.

Let A,, denote the annulus R, < r < R,, the sequence of radii R, being
defined as in Lemma 4.2. We have the representation

(4.6)  plr,0)— P(r) = — f G(r, 05 0, ) H(e, ) 0 do I

Anm

oG _
o fﬁ 59—(% 0; 0, p)(p(e, ) — Plo)) 0 de

e=Rn

oG
— fﬁ % (r, 05 0, @)(p(0, ) — Ble)) 0 dop
=Em

e

where G = G(r, 0; g, @) is the harmonic Green’s function for the annulus 4.,,,.
@G can be written in the form (see, for example, [7, p. 140, problem 2 with
answer on p. 417])

oo 1 )
47 G050 =—2 S R — ) (r — R3*[r*)-

k=1
log(r/R,) log(R..[0)
2710g(Rp/Rn)

*(0* — Ru[g*) cos k(6 — ) + r<e,

with » and ¢ interchanged when r > p. Since p —p and H have average
value zero for each 7, the last term in @ does not contribute to the represen-
tation (4.6) and it will be omitted in the following. Writing & for & minus
the last term, we set

27
6‘(2)(“ 01y P15 02y P2) = a(”'r o, 015 ¢1) é(’, 0; 02y 6,) do
0
_ § (r* — R¥[r*)%(oi — Rir[03) (05 — Ru[5) o8 k(@ — @s)
= dmk?(Ry — RyF)*
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when r < 0,, 7 < @,, With similar expressions for the other cases. The maxi-
mum with respect to g, and g, of this expression occurs when o, = g, =
r = (R.R,)} and ¢, = ¢,. Thus

= (RE—R) 21
|Ge ’(r,eu%,ez,%)KZ TR I B :;ﬁ

HI

Also,

oG (r* — R2[r¥) R
2 he®) -3 ey L )

k=1

and thus, if R, <r<R,_,, we have
& (*— B Ry
flGe(r, 0; By )P Brndp = 3, = pre™ pama
2—2"'k
& BR)r TR
2, 7l — (Baf By~ 2l — (B[R G

Similarly, we see that if R, ,<r<<R,,

2n

[18,4r,65 R, @22 Ap <0,

0

From (4.6) it follows that for re[R, o, Rn_2], m>n 45,

2
H dzx dy)

Rp<r<Rm

2n

1 _

3 flp('ra 0) — p(r)|2do< C, (
0

on 27
+ 20, f (R, ¢)— P(En)|*dp + 220, f 1D(Ra, ) — BB
0 0

By letting m — oo and using (4.3) and (4.5), we obtain an upper bound on
the left member for r > 22", and this bound approaches zero as n — oo.
From this we infer
2n
lim | |p(r, 6) — D(r)]2d6 = 0.

r—>00

0

Since 7(r) has the limit p., we obtain (4.4).
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LEMMA 4.4. Suppose that p, = 0. Then

(4.7) lim p(x,y) =0.

(z.y)—>00

Proor. Let the point P(2R, 0) be the origin of a new system of polar
coordinates (r',0’) and suppose that R > r,. In these new coordinates we

still have

1
Dr = 5 (w9 + uvy — vilg)

from the Navier-Stokes equations. Integrating with respect to »' and 6/,
we find that

27
1 7 7 14
p(P) = %fw 60
0 r 2::1
50 [ [[3 ttute, 01— at@ivte, 0) — iv(0, 0 — (@) o, 09} dg
0 0
where
27
f(r') = %fu(r’, 6')de’,
0
27
o 1 ,
B(r') = é;f'u(r’, 0')do’ .
0

We multiply this relation by 7’ and integrate from 0 to R to find that

R 2n
1 ! ’ ' r 14
(4.8) Pp(P) = n_REffp(r , 0" dr'df
00 R ¥ 27

1 1 i 5 r 0’ ’
+ ;R—szfz, {(w — @) ve — (v — D) ug}r' A0’ dodr' .
0 00
We again see from the Wix:tinger and Schwarz inequalities that

, jn{(u — @)y — (0 — 77)uo,}d0’, < f n|w0,|2d0'<}n92|Vw|2d0’ .
0 [1] 0
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Since the disc r'< R is contained in the annulus R < r < 3R, the second
term in (4.8) is bounded by

R ¢ 2n

1 1
0 0 o0

R<r<3R

To estimate the first term on the right of (4.8), we note that by Schwarz’s

inequality
f J-pzr dr' do’
2n

1 4

— ddpdy < — 2df .

< nR? f praody< T Rgm,a;ij (’I', 0) a0
R<r<3R

R 2n

7 f fpr dr’ d6’

Thus we see from (4.8) that

2n
H
IP(2R, 0)|< {é max fp(r, 0)2d0} -+ 1 f Vw2 daxdy .
T R<r<3R J 27

R<r<3R

We see from (4.4) with p, = 0 and from (4.0) that the right-hand side ap-
proaches zero as R — oo. Thus we have (4.7).

Theorem 3 follows immediately from this lemma and the observation
that {w,p — p,} is also a solution of the Navier-Stokes equations.

5. — Mean convergence of the velocity.

It is an immediate consequence of the Navier-Stokes equations that the
quantity
D = p + }w|?
satisfies the equation
AP — w-VO = 2.

Since the right-hand side is non-negative, @ cannot have an interior maximum
unless it is constant. It follows that the quantity

max D(r, 0)
]
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also has no maxima. Hence it must be monotone for sufficiently large r.
Therefore this quantity has a limit in the extended sense:

lim max &(r,0) = A €[— o0, 0] .

r—>00 [’}

Since p(r,0) has a limit p,, it follows that the limit

(5.1) lim max |w(r,0)| =L, Le[0,oc0],

r—>00 7]

exists.

If L is finite, then |w| is bounded so that the conclusions of [1] are valid.
For the sake of completeness we shall state and prove our theorem on mean
convergence of the velocity in such a way that it contains these results. The
proof will require the following strengthened form of Lemma 2.3.

LEMMA 5.1. Under the hypotheses of Lemma 2.3, we have

(5.2) f (Tcé?); Voltdedy<<oco  (r,>max(ry, 2 —1,p)).

r>r,

ProoF. Choose R > r; > max(r,, 2 — r,) and non-negative C2 functions
&, and &, with the properties (2.9). Letting

_r
(log r)t’

n = &(r) &(r/R)

we insert this function and h(w) = w? into (2.8) to obtain

(5.3) 2fn|vw|zdwdy =fwz(An + w-Vy)dody .

One verifies easily that there is a constant C independent of R such that
|4n|<C,  |Vy|<C/Qogr)?

and hence from (5.3) and (2.19)

r

rn<r<R r>1

Letting R — oo, we obtain (5.2).
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We again define the averaged quantity

27
B(r) = ;—n f wir,0) A6,
0

and put
p(r) = arg(a(r) + (r)) -

THEOREM 4. Let w = (u, v) be a solution of the Navier-Stokes equations (1.1)
in r>7, and let
f Vao|2dzdy < oo.

>,
Then
2n
(5.5) lim | |w(r, ) — w(r)|2d6 =0
and
(5.6) lim |w]| = L,

where L is defined by (5.1). If 0 < L < oo, then

(5.7) lim p(r) = vy,
exists and
2n
Lim | [(u(r, 0) — L cos p,,)* + (v(r, 0) — L sin y,,)*]d6 =0,

0

while if L= 4+ oo
2n

(5.8) lim | |w(r, 6)]2d6 = oo.

(1]
Proor. To prove (5.5) we note that because of Wirtinger’s inequality

2n 2n
d — —
E.J‘Iw— w|2df =f2w,-(w—w)d9
(1]

(] 2n 2n

<f [r[w,|2—l— '“’—“T—“iz] d0<f|Vw|27d0.

0 (1}



398 D. GILBARG - H. F. WEINBERGER

Since the right-hand side is integrable with respect to », we find that

2%
f |wo — #|2d0 has a limit as » — co: On the other hand, again by Wirtinger’s

0
inequality,

oo 27

ff]w——c?:[zdﬂo—l;<oo.

0

It follows that the limit must be zero, so that (5.5) holds.
To prove (5.6), we recall that there is a sequence {r,} with 2» < r, < 2+
such that (2.4) holds with f = w. Then

2n

lim | |we(r,, 0)]2df =0 .

0

Since for any 6 and ¢

27
(., 0) — w(r,, (p)|2<nf [w6(r, 0)[2d0 ,
[}
it follows from the definition (5.1) of L that

lim |e0(r,, 0)] = L

n— oo
uniformly in §. In particular,
lim |w(r,)| = L

But for re[r,, 7ny1]

|w(r) — w(r,)|? = ]—— fw, 0 O)dgdﬂ‘
<5 flvwlzdmdyf 1"2gn4 f|vw|2dwdy,
r>1Tn >y

which goes to zero with as n approaches infinity. Thus (5.6) is valid.
To prove (5.7) we note that if L >0 and y € (0, L), there is an # such
that || >y for r > #. We see from the form (4.1) of the Navier-Stokes equa-
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tions that

1
w,—l—m),—vu,—]—;po=0.

Averaging this equation and dividing by |#|?, we have

27
__+¢+%f%wm—me~mmw=m
0

|w]?

Hence for g, > 9, > # we have

" 03 27
1 1
ww—wm=—%ffﬁmﬁ
e 0
{w.(r, 0) + [u(r, 0) — w(r)]v, — [v(r, 0) — o(r)]u,} drdf .

Since |%w|> 1y,

Qa1 27

logr 1
7

1 r o, — R
lp(e2) — w(e.)| < mysz{logrw, + e + Gl — w4 | }rdrd(),
e 0

and by Wirtinger’s inequality
ogr
2 2
o) — vl < i | [ (o IVl Vol oy + 2 f a}.
01<r<@;

Since, by virtue of Lemma 5.1, the right-hand side approaches zero as g,
g —> oo, it follows that y(r) has a limit ..
If L= oo, (5.8) follows from (5.5), (5.6), and the triangle inequality.

6. — Some estimates for the derivatives of the velocity.
By using Lemma 5.1 we can improve the result of Lemma 2.4.
THEOREM 5.
rl
6.1 im — =
(6.1) lim o 0 0)] = 0

r—>00

uniformly in 6.
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Proor. We note that for 27 > r,

n+ 1

f f(r2 Iy (lg)élwwol)d0< f (w2+2(logr)1lw|]le)dmdy

<pr<ntl

r

T>>2"

Using (5.2) and proceeding exactly as in the proof of Lemma 2.4, we ob-
tain (6.1).

If L is finite in (5.1) so that |w| is bounded, we may suppress the loga-
rithmic term in both the statement and the proof of Lemma 5.1. We may
then do the same in Theorem 5. Thus we establish the following result.

THEOREM 6. If L < oo in (5.1), so that |w| is bounded, then

(6.2) fr|vw|2< o
r<r,

and

(6.3) 1im 72w, §)] = 0

uniformly in 0.

The results in Theorems 5 and 6 on the decay of the vorticity can be
extended to the first derivatives of the velocity. For this purpose we prove
the following lemma.

LEMMA 6.1. The vorticity o satisfies a Hélder condition
(6.4) |w(2) — 0(@)|<Cu(R)|er— 2lt, |2, |l >R+ 2, |6, —2|<1,
where C is a constont independent of B and
lim R¥(log R)~%8u(R) =0,
(6.5) B : :
lim Riu(R) = 0 if |w| is bounded .

R—>o0

Proor. We define

(6.6) u(R) = sup lw(r, 0)[[1 + [w(r, 0)|*],
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so that (6.5) is a consequence of (2.19), (6.1), and (6.3). We need to
prove (6.4).

Let O, = (,(2,) denote the disc of radius r' and center z,, with
[2o] > R 4 2. We set

D) = D(r'; ) = [|Vol*dwdy
Cr

and show first that'

(6.7) D)< Cux(R)

for an absolute constant . Namely let 5 be a non-negative €2 cut-off func-
tion such that #(r) = 1 for r<1, n = 0 for r>2. Inserting 5 = n(|z — 2)|)
and h(w) = w? into (2.8), we obtain

2fn|vw|2dxdy =fw2(A77 + w-Vr) dedy,
C. C,

and since |4y < C, |[Vy| < Cin 0, for constants ' depending on the choice of 7,
we have

D) =f|vw12dmdy < Ou*(R).

Cy

We now derive a growth estimate for D(r), from which (6.4) will follow.
Multiplying the vorticity equation (2.7) by w, integrating by parts, and
using the fact that V-w = 0, we find

(6.8) [IVolrandy = fww,,r'ow'— 3 [orw-rao,
Cr acy acrr

where 7', ' are now polar coordinates with respect to z, as origin.
Setting

- ' 1 4 ! 4
o(r') = 2—nfw(r ,0de",
aCr

we have in (6.8)

fwco,. 7' df = f(w — @) r'db’ 4+ & fm,:r’dﬂ’

9Cr aCw acy
’ -1V
< ;—f[(—ai}”i)—l— w?{l rdd + o|dodrdy .
aCr o
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From Wirtinger’s inequality and (2.7) we see that the right member is at most
rl rl
5 f[VwI*’r’ do + cb‘fww-r’d0<§ D'(r') + Cu*(R)r' .
a0y aCy

We then see from (6.8) that
D(r’)gg D'(r') + Ar', A = Cu*R).
It follows that
(D(r)[r'?)' > —24)r=.
Integrating this inequality between 7' and 1, we obtain
D) — D(r')/r'2>2A(Q1 — 1/r')> — 24/,
and hence by (6.7)

(6.9) D) <DA)r'2 4 24r' <Cu*(R)r (r'<1).

Since this estimate is valid for all dises |2 — 2|<7'<1 contained in
|¢| > R 4- 2, it follows from Morrey’s lemma (see [6], for example) that

|w(21) — ©(22)| < Cu(R) |21 — zzli

for all 2, 2, such that |2,|, |¢,| >R + 2 and |2, — %|<1; the constant C
depends only on the constant in (6.9) and is therefore independent of R.
This proves the lemma.

THEOREM 7. If a solution w = (u,v) of the Navier-Stokes equations has
bounded Dirichlet integral in r>r, then

(6.10) lim 73/4(log r)~*/8|Vao(r, 6)| = 0

r—>00

uniformly in 0.

Proor. We apply the Cauchy integral formula (2.20) in a disc Cr = Cg(?)
of radius B and center z with |¢| = 2R > 2max(rn,2). For w=u—iv
this gives
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We rewrite this formula as

w(z )—2—m{ CW(C dC—FJ‘w——M(C) w(z)dfd —}—mz)fd‘sd’?}

and since

dé dn
[—7

= n(z—2') ]

Cr

we may differentiate this representation to find that

w,(2) = i{ _w(l) it _]_f w(C) m(z atd }

2m z) 2
30}:

where w, = }(w, — tw,). One sees from (2.19) that the line integral is
o(Viog R/R). We estimate the area integral by using (6.4) and the defini-
tion (6.6) of u(R):

““’(C)"“"z’dgdl [+ [ l@=ool o) — (@) g g,

1E—zl<1 1<i{—z2I<R
2n 1 s 2n R dod
< C,u(R)ffg—z ododyp + 2 sup leffe—%i
e IEI>R 2
00 0 1
< O[u(R) + logR sup (e, @)I]
o=

for a suitable constant C. We recall that R = }[¢| and that |w |=
= |— w/2i| <u(R). Combining these estimates, we see that

lwa(2)| + |ws(e)| < Cu(}r) + log § r sup loo(e; @)[] -

e=ir

(6.10) now follows from (6.5) and (6.1).

REFERENCES

[1] D. GiLBarG - H. WEINBERGER, Asymptotic properties of Leray’s solutions of the
stationary two-dimensional Navier-Stokes equations, Uspehi Mat. Nauk, 29,
No. 2 (1974), pp. 109-122 (Russian). English translation in Russian Math.
Surveys, 29, No. 2 (1974), pp. 109-123.



404 D. GILBARG - H. F. WEINBERGER

[2] J. LErAY, Etudes de diverses equations integrales mon lineaires et de quelques
problémes que pose Uhydrodynamique, J. Math. Pures Appl., 12 (1933), pp. 1-82.

[3] D. R. SmitH, Estimates at infinity for stationary solutions of the Navier-Stokes
equations in two dimensions, Arch. Rational Mech. Anal., 20 (1965), pp. 341-372.

[4] K. BABENKO, On stationary solutions of the problem of flow past a body by a
viscous incompressible fluid, Mat. Sb., 91 (1973), pp. 3-26 (Russian). English
translation in Math. USSR-Sb., 20 (1973), pp. 1-25.

[6] L. HORMANDER, An introduction to complex analysis in several variables, D. Van
Nostrand Co., Princeton, 1966.

[6] R. FinN - J. SERRIN, On the Holder continuity of quasiconformal and elliptic
mappings, Trans. Amer. Math. Soc., 89 (1958), pp. 1-15.

[7]1 H. F. WEINBERGER, A First Course in Partial Differential Equations, Wiley,
New York, 1965.



