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Families of Analytic Discs in C"
with Boundaries on a Prescribed (R Submanifold (*).

C. DENSON HILL (**) - GERALDINE TATIANT (**)
dedicated to Hans Lewy

1. — Introduction.

The inspiration for this work stems from the series of penetrating
papers [12], [13],[14], of Hans Lewy. Let S be a sufficiently smooth real
hypersurface in C* (n>2) whose Levi form at the origin does not vanish
identically. Then there is an open set Q in C», lying on one side of 8,
with § N 2 a neighborhood of the origin in 8, such that any sufficiently
smooth function u, on § N 2, which satisfies the tangential Cauchy-Riemann
equations to § there, has a unique extension to a holomorphic function
in Q with u|g,5=%. This is the well known theorem of Hans Lewy
(presented in [12] for the case n = 2; see [22], [10] for a proof when » > 2).
The same sort of extension phenomenon can also occur, as Lewy demonstrated
in [14], when the hypersurface 8 is replaced by a real submanifold M in C»
whose codimension is greater than one.

The region {2 mentioned above is the region swept out by the interiors
of an appropriately chosen family of complex one-dimensional analytic
dises in C», whose boundaries lie on M (or S). The holomorphic extension %
can be obtained via the Cauchy integral formula by integrating u, around
the boundary of each analytic disc. In the hypersurface case, the requisite
family of analytic discs can be obtained simply by an elementary slicing
technique, using an appropriate system of local holomorphic coordinates.

When M has codimension greater than one, it can be shown that no
such elementary slicing technique will work to produce the requisite discs;

(*) Research supported by a National Science Foundation Grant.
(**) SUNY at Stony Brook.
Pervenuto alla Redazione il 1° Giugno 1977.
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in fact, in order to find even a single analytic disc with boundary on M,
it is necessary to solve a certain system of nonlinear singular integral equa-
tions: Following the work of Lewy, Bishop [3] introduced a functional equa-
tion, involving the Hilbert transform 7 on the unit circle, which must be
solved in order to produce such a disc. Bishop then showed how to solv.
the functional equation by the method of successive approximations, working
in the Sobolev space H,(S') and using the boundedness of T' on L2(S'). He
thereby produced a particular family of analytic dises with boundaries on M
which depends on certain parameters involved in the construction. Since
then a number of authors [3], [22], [6],[11] have discussed generalizations
of Lewy’s ideas, in various forms. But they have all relied rather heavily
on the use of the discs constructed by Bishop, modifying his argument only
by working in a higher Sobolev space H (8?), deriving estimates for higher
derivatives, and thereby getting increased smoothness of the discs and their
dependence on parameters. This involved a loss of approximately »/2 de-
rivatives between the original manifold M and the solution. The best results
in that direction are those of Weinstock [21].

In any event experience has shown that the hardest part of the problem
in codimension greater than one is involved with the investigation of the
analytic dises and their properties; previous work has suffered from an
inadequate discussion of these points. See for example [7] where the Lewy
extension phenomenon is discussed by merely postulating the existence of a
family of dises which sweep out a manifold with certain desired properties.

The purpose of this paper is to give a treatment of these questions about
the analytic discs from a more precise and hopefully more useful point of
view. Our main results should be thought of as providing local para-
meterization and lifting theorems for families of analytic dises in C» with
boundaries on a prescribed CR submanifold. Actually we treat these ques-
tions in three categories: C*¢, real analytic and C*. Our viewpoint differs
from that of previous authors in that we introduce suitable Banach spaces
of parameters, and characterize each analytic disc with boundary on M as
the lift of a corresponding parameter disc in the tangent space. In particular,
in the O%> category, we lose only 1-- ¢ derivatives between the original
manifold M and the family of dises. To our knowledge these questions have
never before been discussed in the real analytic and C® categories. The
results alluded to here are summarized in Theorem 5.1, Theorem 6.1, The-
orem 7.1, and Theorem 8.1. We have also obtained a useful stability result,
Theorem 5.2.

To simplify conceptually the exposition we have derived our results via
the implicit function theorem in Banach spaces. But we would like to em-
phasize that, since the implicit function theorem has the apparatus of the
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method of successive approximations stored up once and for all in its proof,
our method is actually constructive. In order to obtain sharp results we
have at certain points used an improved version of the implicit function
theorem due to Nijenhuis, which uses the notion of strong differentiability.

We have made an important application of our work in Section 9 to solve
a specific problem: Given a suitable manifold M whose Levi form at the origin
does not vanish identically, the problem is that of constructing a local
manifold-with-boundary, 7, of real dimension one greater than that of M,
which is nicely attached along M with M as its boundary. This involves an
additional difficulty which has the nature of a «regularity up to the
boundary » type of problem. In previous work [3],[22],[21],[6] an M
was obtained merely as the image of the set where a certain Jacobian had
maximal rank, thereby avoiding singularities which were present, and M
was attached to J only in the sense of being in the point-set theoretic
closure of M. We have achieved rather precise results in Theorem 9.1.

We would like to express our thanks to Michael E. Taylor for a number
of useful suggestions, especially the use of the space B*{M} in Section 7.

Another application is Theorem 8.2 on the extension of germs of holo-
morphic functions. As for the original question of extendibility in the sense
of Hans Lewy, we have confined ourselves to a brief discussion in Section 10.

2. — Bishop’s functional equation.

Let M = M=tmcC» be a real n + m dimensional manifold embedded
in C». The precise differentiability class of M will be specified later. Let
T,(M) denote the real tangent space to M at a point pe M. The holo-
morphic tangent space at p is the complex vector space HT (M) = T,(M) N
NV—1T,(M), and dim, HT,(M) is the CR-dimension of M at p. If the
CR-dimension is minimal; i.e., dime HT (M) = m, M is said to be generic
at p. M is called an embedded CR-manifold if its CR-dimension is a con-
stent irdeperdent of p. Since genericness is an open condition, M is always
Iccally CR neer a generic point p. In what follows we assume that M is an
(mtcdded CR-manifold of CR dimension m and of real codimension
l=n—m.

Fcr sxy yro'nt pe M we can find an affine complex linear change of
ccadiretes so ttat p=0 and T (M)={y, =9 =..=9y, =0} and
BI (M)={z; =2 =..=2z =0}, where 2, =&, + iy;, j=1,...,n. We can
express M locally as a graph over its tangent space; so that M= {(2i,...,2.)|%; =
= R, (X1, «r, &1, 2141y oey 2a); =1, ..., 1} Where the h,’s are real valued functions
which vanish to 2nd order at the origin.
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Consider a map g: D — C» which is holomorphic in the open unit disc
D c C and belongs to some differentiability class on its closure D. Then g,
or sometimes the image g(D), will be called an analytic disc in C». The restric-
tion of g to 8= 0D, or sometimes the image g(8'), will be called the
boundary of the disc.

Bishop derived a functional equation whose solution leads to the con-
struction of a family of analytic discs whose boundaries lie on M. In order
to derive this equation, Bishop first noted that if b = (hy, ..., &) is identically
zero, then z,, ..., 2, are all real on M and must, therefore, be real and con-
stant on any analytic disc with boundary on M. Thus, for A = 0, each
analytic disc in C* with boundary on M is uniquely determined by an analytic
disc in C» in the variables 2, 4, ..., 2, and by [ real constants for the values
B1y eeny B0

In general, suppose g is an analytic disc whose boundary lies on M.
Then, using an obvious vector notation for #» and w, we have that

9(8%) = {(u(e?®) + ih(u(e™), w(e™)), w(e’))}

where u,(e%) - ih;(u(e’®), w(e?)), 1<j<l, and w.(e?®), 1<k<m, are bound-
ary values of holomorphic functions in D. Consider a R' valued harmonic
function U in D which belongs to an appropriate differentiability class on D.
Let V be the unique conjugate harmonic function such that V(0) = 0. Let T'
be the operator (acting componentwise) which takes the boundary values
of U to the boundary values of V. In our case, h(u, w) — 4w are the boundary
values of a holomorphic function in D. Hence T[h(u, w)] and — % must
differ by a constant ¢ = U(0) e R}, where U denotes the harmonic func-
tion with boundary values u. Therefore the real part % of the first I com-
ponents of g(S!) must satisfy Bishop’s functional equation:

(2.1) u(e®) = ¢ — T[h(u(e), w(e))] .

On the other hand, suppose ¢ € R' is prescribed and w: D — C» denotes
an analytic disec in C». If u satisfies (2.1) then

f(e?) = w(e*) 4 ih(u(e®), w(e0))

are the boundary values of a holomorphic function f: D — C' such that
Re f(0) = ¢. It follows that the function g: D — C» defined by '

(2.2) 9(¢) = (f(&),w(), ¢eD
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defines an analytic disc g(D) in C* whose boundary ¢(S!) lies on M. Thus
whenever the Bishop functional equation can be solved, the solution provides
a lifting:

C'xCm ~ C»

(2.3) / l(mr(o).id)

D WR’XC'” =~ Ty(M)

of an arbitrary analytic disc in 7(M) to an analytic disc in the ambient space
with boundary on the graph M over 7,(M).
We summarize the above discussion in the following:

ProrosITION 2.1. An analytic disc g(D) in C with g(8')c M ewists if
and only if w(e®) is a solution of (2.1) corresponding to some choice of the
constant ¢ € R! and to some analytic disc w(D) in C=.

3. — Properties of the Hilbert transform on the circle.

The operator 7 defined in Section 2 can be expressed in two distinct
ways: Since 7T acts componentwise, there is no loss of generality if we as-
sume that « is a real valued sufficiently regular function defined on the unit
circle 8. Then wu(e¢®) has a Fourier series

u(e®) = 92_" + 21(% cos nf + b, sinnf),

and Twu can be expressed as the conjugate Fourier series of

o

(3.1) Tu(e®) = > (— b, cos nf + a,sin ) .

n=1

Alternately, T can be written as the limit of a convolution operator with
the conjugate Poisson kernel,
1 re®

@.(6) = Im (l——l:W’);

ie.,
E
(3.2) Tu(e®®) = lim L fu(e‘W)Qr(o —@)dp =
" 2n
—_T 14
1 , 14 60

= é; p.V.f'u(e (0—"’)) Im (i——m) d(P

-7
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(see Hoffman [9] for more details). We shall call 7 the Hilbert Transform
on the unit circle. 7T is closely related to the classical Hilbert Transform for
the line under a transformation of the upper half plane to the unit circle,
differing from it by a weight function on the measure. We shall be concerned
with the properties of 7' on the space C*%(S).

For any K c R*, K compact and 0<a<1, %K) = C**(K) is defined by

CxK)= {u:K —R ||u|“ = sup |w(x)|+ sup l@_&@;u(y_)]< oo} .
zeK

@, VEK 190 - ?/Ia
TFY
For k& any non-negative integer we define

C*(K) = {u: K —>Rl[u|k,a = > |DPujs< oo} .
1BI<k

(For now our spaces C*(K) will consist of real valued functions; in sub-
sequent sections C%*(K) may sometimes consist of complex valued func-
tions. Exactly which we intend will always be clear from the context, and
should cause the reader no confusion.)

COt*(K) is a Banach algebra under the | |, » norm. We have the following
proposition which, in the case k = 0, is just the classical theorem of Privaloff.

PropositioNn 3.1. Let g(2) = U(z) -+ iV(2) be holomorphic in D and
0< a< 1. If V(z, y) € C**(8*) N C*(D) with norm |V |« on S then g€ (D)
and |g|, ,<c|V|,,, where ¢ depends only on k and «. Thus T': CFx(81) —
— 0%%(81) is @ bounded linear operator. Moreover, T commutes with (tangential)
differentiation and |T|, ,<|T|,.

Proor. This proposition is well-known from several points of view—the
reader who is willing to accept it as a fact may skip on to Section 4. How-
ever, in order to make this paper as elementary and self-contained as pos-
sible, we include a proof of the proposition based on the maximum principle,
which is modeled on an elegant proof of Privaloff’s theorem due to
Bers ([4], p. 401):

Let g, V be as above and k = 0. For any 6, 0’ we have |V (e¥) — V(e)| <
<|V|ale? — ez, Fixing 6, let D(z) denote the single-valued harmonic
function in D such that @(z) = Re[(1 — z¢~0)*] and &(0) = 1. We have
(1 —2e~%") = |1 — ze~i0'|(cos » + 4 sin »), where v is arg(l — z¢~¢') = the angle
between the straight lines from 1 to the points 0 and ze—¢" — the angle
between the straight lines from e’ to the points 0 and z (rotating by ei).
Thus, (1 — ze=0')* = |1 — ze=i¢'|*(cos aw -} 4 sin av) = |z — €%|*(cos av + i 8in aw).
Therefore, ®(z) = |z — €| cos av. For z on the unit circle 0<|p|<7/2,
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implying that

) D(z) d(2)
— et |a —
le — o'l cosay  coso(m/2)
Hence ze 8! implies
— [V]a D) Vs D(2)

<V()— V(e?)<

cos a(7[2) cos a(7[2)

Since V(z) — V(e*®') is harmonic we have

|V]eP()

W for all ze D.

(3.3) [V (2) — V(e')|<

Consider the disc C = {z||z — rei®’| <1 — r}. For z€ € we have |1— ze~#|—=
= |6 —z|<|¢—rei®| | |re — | <1—7r 4+ 1—7r=2(1—r). Thus for
ze O (3.3) implies

io! IVI‘"
— 10 —_ —
[V(z)— V(e )Kcos 22) 21 —7)]~.

Now V(z) — V(e*) is harmonic in C c D, so Poisson’s formula holds. Thus
for o<1 —r and any ¢,

V(gei® + rete’) — V(e') =

1 [Vl re®) — VoI —r— gt
= on (1 —7)2— 201 — ) cos (p — t) + p? .
0

Calculating the directional derivative in the direction determined by ¢,
we have

V(o) =
27
1 J‘ [V([1 — rlet 4 reio’) — V(e®')](1 — r)22(1 — 7) cos (p — 1) it
=5 ,
0

1—r)

which implies the bound
[V]a20+1(1 — 7)1
cos a(7/2)

’

[V, (re®)| <

independent of ¢. Hence we have a bound on the gradient and it follows
that |V (re®’)| and |V,(re’’)| are both bounded by

|V|0‘2a+1(1 _ r)ex—l
cos o7 [2)
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But ¢'(z) = V (2) + iV, (2) and since 0’ was arbitrary this yields

_ 8|Vl]x

lo') < cos a(7/2)

(L—Je])»* for all zeD.
Now |g(z,) — g(z1)| = l fg C)dC, = ”g dC, where y is any curve from z,

to z;. Assume |z;| < |z Let 2 = rle"’l 2, = 1,6, We look at the following
three cases:

a) |z — 2| <1—|a;
b) |7 — 2| >1— || with |z,]> §;
¢) |za— 2| >1— |z] with |z < .

Case a) Since |2,|<|2,] we have 1 — |2,|>1 — 2], |2:] < 1, and |2,]| — |&|=

=1, —1n<l|e,—2| Lety =y, + y, where y,(t) = re¥, 0, <t<0, and ya(r) =
reit, r,<r<r,.

lg(22) — g(21)] =’ fy'(é)dé' +19'©) d€l<
Y1 Y3

03 rs
<I fy'(rleiz)rlieitdtl _l_l fy'(reia’)eio'dr <
0, by

0, T2
7 1
<0""Vl"‘[f(i_:71)‘1?&dt +f md']<
6, Ty

1—r3+ |22,

d
<Ca,Vl“[(‘i“:%.l)—l__az|zz“z1l + f —8]<

sl-a
1—ry

<CalVla[ 2| — ,1__0‘ + (1 — 1y 4 | — zll)“— 11— 7’2)"‘]< Calvlalz2— PR

|2y — «
where O, denotes a generic constant depending only on «.
Case b) Iz2 —2|>1—|s and r, = |2|>}. Let 6= |z, —2|— (1 — rl)
Let y = — 1 + p, + y; Where y,(r) = reif:, r; — 6<r<r;, y(t) = (r, — 0)¢*
0,<t<0, and p,(r) = reis, r, — S<r<r7,.

lg(22) — g(=1)| < )

— 4
<0alVla[ f (1 1_0‘ +f 1— (1' — 6 1—adt ‘I‘J‘ (1 1—a]<

r—8 r—0
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e 12— 2,1
ds |r, — 9| ds
< Galvla J ;Fo-c Izz_ zlll_“ |02'—' oll + sl—a <
1—7r,

"1—1ry

- 22— 2|

<CalV]a 2f s | Ja—al+1

sl—a lzz —_ zl |1—o¢

8'2’2 - 21!]<
-0

212, — 2]

<Ca|Vla + 24|, — zlla‘]< Ca|V |alos — 21|*

where C, is a generic constant depending only on a.

Case ¢) |2, — 2| >1— |2, m<r,< }. Thus

s — 2|

@)r—

|g(22) — 9(=1)| < Ca|V]a < Oa|V|ale — 21|

again letting C, be a generic constant.

Therefore, we have shown that ge (%(D).

The linearity of T and the fact that T commutes with differentiation is
a consequence of the expression for T in (3.2). The above inequalities imply
that T': C%(S8!) — C%(S') is bounded. Therefore, T': C%*(8) — C%*(8*) is
bounded with |T'|;a<|T|s. For if e C»*(8') we have

k k k
|Tulio = 3 |0’ Tuls = 3 |TDula < |Tla T | D ula = | T a|ulsa-
i=0 i=0 i=0

We shall now prove that Ve C%¢(8) N C*D) implies that ge (D).
We have D}V e («D) for j<k. Since DV is harmonic on D with har-
monic conjugate DU we have, from the above that Dig, DjUe (D).
Since g is analytic on D the Cauchy Riemann equations hold, i.e. D, U(re?®) =
= — D, V(re®) and D, V(re?®) = + D, U(re) for 0 < r <1 where D, = rD,.
Thus for any 0<1<j we have

+ DiU(rei®), j—1 even
DiDI7'U(rew) = { ,
+ Dy V(re®), j—1 odd

and similarly for DyDi~'V(re®), 0<r<1. This implies that DjDi~'V,
DiDi7'Ue ¢+D) for all 0<l<j<k. Since U and V are harmonic on D
we have U, V e C°(D). Therefore D\I¥~'V, D)DI"'U and hence D) Di"'g
are C* continuous on D for 0<l<j<k. Thus ge C*(D).

All that remains to be proven is that |g|a< Cia|V|sa, ¢.6. the mapping
G: C+(81) — C=*(D) defined by G(V)= g where gjuz = — T(V|g) + iV|g,
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g holomorphic in D, is continuous. @ is a linear map between two Banach
Spaces. By appealing to the closed graph theorem, all we need prove is that ¢
has closed graph. Let (V;, g,) be a sequence in the graph of G. Suppose
V,—~V, g;—>g in C»*(8), C%*(D) respectively. In particular, g, g un-
iformly on D and therefore g is holomorphic in D. Also

gle = lim (— T(V ;) + V) = — T(V]e) + iV,

j—>o00

since T is continuous on C%*(81). Thus g = G(V) and we are done.

4. — The implicit function theorem for strongly differentiable functions.

In order to solve the Bishop functional equation (2.1) we will make use
of the implicit function theorem in Banach spaces. Recall that the standard
elementary form of this theorem states that if f(u, x) is a function of class
C* (k>1) on a neighborhood of the origin in E x X into F, where X, E, F
are Banach spaces, if f(0,0) = 0 and if the partial differential D,f(0, 0):
E — F is an isomorphism of E onto F, then the equation f(u,2) = 0 has
a local unique solution % = @(x) of class C* in some neighborhood of the
origin in X. Unfortunately this standard theorem does not give the best
results when applied to (2.1). To obtain the sharp results we want in section 5
it is necessary to use an improved version of the implicit function theorem
due to Nijenhuis [15]. His version uses the notion of strong partial diffe-
rentiability, which is not standard and is a bit subtle upon first encounter.
Therefore we state here its precise definition, list some basic properties,
and give the exact statement of the theorem we need. All of this can be
found in [15], with proofs.

Consider a function f(u, #) from an open set in £ XX to F, where E, F
are normed vector spaces and X is a topological space. Then f is called
strongly partially differentiable with respect to u at (u,, @,) if:

(i) there is a continuous linear map L:E —F (also denoted by
D, f(u,, ®,)) such that to every &> 0 there is a 6 >0 and a neighborhood
N(w,) of x, in X such that |u, — u,| < 8, |4, — u,| < 6, v € N(x,) imply

[f(uyy @) — f(%1, @) — Ly — uy)| <eltey — Uy,

(ii) the map @« > f(u,, ) of X to F is continuous at z,.

Note that these hypotheses imply that f is continuous at (u,, x,).
An f which is independent of # and satisfies (i) above is called simply
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strongly differentiable at u,. Strong differentiability implies differentiability;
on the other hand, if f(u) is differentiable in a neighborhood of u,, and the
derivative D,f(u) is continuous in % at w,, then f is strongly differentiable
at u,. Thus strong differentiability lies somewhere between differentiability
and being of class (.

If f(u) is strongly differentiable at u, it follows that f satisfies a Lipschitz
condition with respect to % in a neighborhood of u,. The usual rules hold for
strongly differentiable functions: closure under addition, scalar multiplica-
tion, composition of functions, and products (provided the latter are de-
fined).

Whenever f(u,x) is strongly partially differentiable with respect to
both % and z at (4,, x,), it follows that f is strongly differentiable at (u,, )
with respect to (u, z), and the usual rule holds which relates the total dif-
ferential to the partial differentials. If f(u, ) is merely partially differ-
entiable with respect to both % and x at (u,,x,), but one of the partial
derivates is strong, then f is differentiable at (u,, #,) with respect to (u, x).

The statement of the theorem of Nijenhuis is as follows:

THEOREM 4.1. Consider a function f(u, x, y) from an open set in EX X x Y
into F, where E, F are Banach spaces, X is a normed vector space, and Y is
a topological space. Assume that f is strongly partially differentiable at
(%o, %o, Yo) With respect to both w and z, and that D,f(uy, %o, Yo): E — F is an
isomorphism. Then there exists a neighborhood N, of (g, %o, Yo) in EXX XY
and a meighborhood N, of (f(%e, o, Yo)s %oy Yo) in F XX XY which are in a
one-to-one correspondence under the map

(u, @, ) — (f('”'y 2, 9), @, ?/) = (v, @, ¥);

the inverse map
(v, 2, 9) —~ (‘P('U’ , y), ©, ?/)
is strongly partially differentiable at (vy, %y, Yo) = (f(to, Tos Yo)s Toy Yo) With
respect to Fx X.
Note that the hypotheses above tacitly assume that f(u,, «,, y) is con-

tinuous in y at y,, and the conclusion tacitly implies that the solution ¢(v, #, y)
is continuous in all variables jointly at (vy, %o, ¥o)-

5. — Solution of the Bishop equation in (%~

In what follows we will use the following notation: B will denote a com-
pact neighborhood of the origin in R* xC». For the function » we introduce

22 - Annali della Scuola Norm. Sup. di Pisa
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the Banach space
C’{""(B) = C"‘""(B) Xaee X C’“‘“(B) (I-times) ,

with norm |h|,, = |h|¢,. For the analytic disc w in C" we introduce the
Banach spaces

D = P ... XD (m-times)

with norm |w|,, = |w|Z,, where 2**= @(D)N C**D) and 0(D) = holo-
morphic functions in the open unit dise D. Actually in this section we shall
only use the boundary values

w € O5X(8Y),

and do not need the fact that they fill in to an analytic disc we 2% so
that throughout this section 2%~ could be replaced by C%*(8'). But we have
introduced the spaces 2% because we will need them later. If w is an I-tuple
of bounded functions on 8%, or if w is an m-tuple of bounded functions
on §* (later on D), we shall denote the supremum of their Euclidean norms
over 81, or D, by |u|, and |w|,,, respectively. It will also be convenient to
introduce the notation

Ih(uu w) — h(us, w)l
[0 — s

Lip(h) = Lip®#(h) = sup

for the partial Lipschitz constant of h with respect to «; here the sup is
taken over all (u,, w), (4, w) € B with u, == u,.

First we consider the question of uniqueness of solutions to the Bishop
equation: Let ¢ be a given vector in R? and let w be a given m-tuple of bounded
measurable functions on 8. Corresponding to this choice of the parameters
(¢, w), consider any bounded measurable solution u(e®®) of (2.1), considered
a8 an element of L(S'). In order that the composition h(u,w) be well
defined, we shall consider only » and w with |u|,, |w|, sufficiently small
so that (u, w)e€ B.

ProposiTION 5.1. If he OY'(B) and Lip®(h) < 1 then such solutions u
of the Bishop equation (2.1) are unique.

Proor. It follows from the representation (3.1) for 7', by Pavseval’s
equality, that T is a bounded operator on L*(8) with |7 .= 1. Let u,, u,
be two solutions of (2.1) as above. Since on 8, |h(uy, w) — h(u,, w)| <
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< Lip(h)|u; — u,|, it follows upon subtraction that
[ty — | g2 < | T'|| g2 TP () |ty — | 0 < |ty — |15

hence w, = u,.

An interesting consequence of the above proposition is the fact that
solutions to the Bishop equation are locally unique at a point of strong
differentiability of M : Namely, consider a function h(u, w) defined for (u, w)
in some neighborhood of the origin in R! X C" and tak ing values in R?; we have

ProPOSITION 5.1'. If h s strongly differentiable at 0 and dh(0) = 0, then
sufficiently small bounded solutions u of the Bishop equation (2.1), corresponding
to sufficiently small paramaters ¢ and w, are unique.

ProoF. It follows from the definition of strong differentiability that
in a sufficiently small neighborhood B of the origin, the Lipschitz constant
for h is less than one.

REMARK. The above uniqueness results also apply in the case where «
and h are complex valued, provided 7 is extended by linearity to act on the
real and imaginary parts of k. This remark will be useful in section 6.

Next we state our main theorems concerning the existence and depend-
ence upon parameters of solutions to the Bishop equation in the spaces C%*.
It will be convenient to denote the space of parameters p = (¢, w) by
P = R'Xx 2%%; it is a Banach space with norm |p|.« = |(¢, )|r,a = || + [W]ia,
where |¢| is the Euclidean norm in R%.

THEOREM 5.1. Let k>0 be an integer and 0 < o << 1.

a) There exists a positive constant ¢ = c(l) such that if he CF**TY(B),
8> 1, and Lip®(h) < [¢| T |«]"* then there is a local unique solution u € C%*(S?)
of (2.1) such that |u|. . is of class C° in its dependence upon the parameters
p = (¢, w) measured in the norm |p|.«; 4.e., there exists a mneighborhood
U = U(k,a) of the origin in P such that w is given by a map u: U — C**
of class Cs. Moreover, if he CF***Y(B) then |u|,, is of class C*' with
respect to |pl; .-

b) If he C¥*Y(B) and dh(0) =: 0 then there is a local wnique solution
we C**(81) of (2.1) such that 4], s Lipschitz continuous in its dependence
on the parameters p = (¢, w) measured in the norm |pl,,. In fact |u|, , is
strongly differentiable with respect to |p|, , at the origin in P.

Note that part b) above gives a sharper existence result than part a);
e.g., when k = 0 it is a question of assuming that h € O%! instead of h € C?,
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and in either case we get a solution u € C=. Part b) also gives a sharper result
about dependence on parameters.

It is also of interest to have a stability theorem which exhibits the de-
pendence of the solution « on the defining function % as well. Let C¥*1Y(B, 0)
denote the Banach subspace of functions ke CfT!(B) such that h(0) = 0.
We will also introduce a mnew space of parameters (p, h) = (¢, w, h):
P = Px OB, 0) = R* X 05* X C;*Y(B, 0). In the following theorem #
will denote a neighborhood of the point (0, #,) = (0, 0, k) in £, and u,, u,
will be the unique solutions of (2.1) which correspond to the parameters
(€1 Wy, by), (€2, w2, hy) Tespectively.

THEOREM 5.2. Let k>0 be an integer and 0 << o << 1. Assume that
h,€ C¥*2Y(B, 0) and dhy(0) = 0. Then there is a neighborhood % of the point
(0, ko) and there is a constant C = C(k, o, by) such that

[ty — Us|g, o < C{|01 — €| + |w, — wzl;lc{a + by — h2]£+1,1}

for all (¢i, Wy, by), (C2y Wy, )€ %. Moreover, w = u(-,c,w, h) is strongly
differentiable as a function of (c, w, h) at the point (0,0, h,) with respect to
the norms indicated above.

Let A, = A,(x) be an open set in
Ch*(81) x P = C¥¥(8) xR x 9%*

such that (u(¢),w(¢®)) e B for (u,e¢,w)e A,. Define the operator ¢
on A4, by

(5.1) H (u, p)(e*®) = h(u(e®), w(e™))

where p = (¢, w). For the proofs of the theorems above, we shall need the
following

LEMMA 5.1. Let k>0 be an integer and 0<a<1.
a) If he C¥***YB) and $>0 then #: A, — C**(8") is of class C°.
b) If he C* **1YB) and s>0 then H#: A, — O%*(8") is of class C*.
¢) If he C¥ 1 Y(B) and dh(0) =0 then #: A, — C%*(8") is strongly
differentiable at the origin.

Proor or THEOREM 5.1. For the moment let us assume Lemma 5.1.
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a) Under the given hypotheses on h, let A*c C¥*(8*)x P and # be
as in Lemma 5.1 and consider the nonlinear mapping F: A4, — G’;”‘(Sl)
defined by

F(u, ¢, w) = w— ¢ + T[#(u, p)].

Now we want to find a solution # to the functional equation F(u, ¢, w) = 0.
First of all we note that F(0,0,0) = 0. Both T and the identity I are con-
tinuous linear maps from C%*(8') to itself; hence they are smooth, and the
smoothness of F is precisely that of the smoothness of #. Therefore by
the lemma F is of class C¢ with s>1. Since D,5#(0,0) corresponds to
multiplication by a constant matrix where entries are the first partial deriv-
atives of h evaluated at the origin, it is clear that there is a ¢ = ¢(l) such that

1 T[D.H# (0, 0)]|lxa < | T s8] Dut(0, 0) 1,0 < | T']lx ¢ Lip(h) < 1.
Hence

D.F(0,0,0) = I + T[D,#(0,0)]

is an isomorphism of C%*(S') onto itself. Therefore by the standard implicit
function theorem in Banach space, there is a neighborhood of the origin
U= U(k,x)c P and a map w: U — C%%8*) such that F(u(c, w),¢,w) =0
for all (¢, w)e U. In addition,  is of class C°* with respect to p = (¢, w)
when both % and p are measured in their appropriate norms. If he Cf+*+21(B)
one has by Lemma 5.1 that 5, and hence F, is of class C*1. The usual proof
of smoothness of the solution u, as in the proof of the standard implicit
function theorem, then shows that u is actually of class O+

b) Let 4,, 5# and F be as above. Under the given hypotheses on 7
we have from Lemma 5.1 that s is strongly differentiable at the origin.
It follows that F is also strongly differentiable at the origin, and since
dh(0) = 0, D,F(0,0) = I. Applying Theorem 4.1 we obtain that there
exists a neighberhood of the origin U'= U'(k,«)c P and a solution
map u: U’ — O%*(8"), such that u is strongly differentiable at the origin with
respect to p = (¢, w). In particular, |u|, . is Lipschitz continuous with
respect to |p|.«, uniformly for pe U'.

ProoF oF LEMMA 5.1. The proof will be done in a number of steps:
Note that in general if g € C%(K) and fe 0%(g(K)) then the composition
foge C%(K). First we show that if ke C%*(B) then s maps A, into P~
Without loss of generality we may assume that h is scalar valued. Also,
for simplicity of notation, we shall often let v(e'®) = (u(¢'), w(e®)) be the
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vector in R**2m consisting of # and the real and imaginary parts of w. Then
for 0<j<k each

(5.2) Djh(u(e®), w(e®)) = Djh(v(e’?)) =
= a finite sum of terms of the form
C ~ﬂ— (v(e?)) Do, (€%9) ... Diev,,(€)
00, ... OV, LA e ’

iy o0

where C = C(iy, ..., %,) is a constant, 0<¢<j, 1<4,<...<i,<l 4 2m, each
l,>1and I, + ... 4 1, = j. Since each derivative of h of order <k belongs
to C%Y(B) and Djve C;,,,(8") for 0<j<k, and since C= is a Banach al-
gebra, it follows that

|Dih(v(e®))|a<< co  for all 0<j<k.

Hence |5 (u, p)|ia< oo.

Next we show that if he OF*}(B) then # is Lipschitz continuous. For
k = 0 we again assume, without loss of generality, that h € C%(B) is scalar
valued. Let (u,p), (%, P,) € A, and consider the boundary values », v,
on 8! of the corresponding (u, w), (%, w,). We have

[ (wy P) — H(tho, Po)|a<< SI;P |h(’v(9i0)) — h(”o(em))' +

h(v(e0)) — h(vo(e?®)) — h(v(e%®)) + h(vo(e®® ))|
+ sup 2 I Iez)o ez(o |o; (

;éo mod 27

Using the normalized form of the Taylor series with integral remainder, and
the fact that he C%(B), we obtain

R.H.8.< 0, sup [v(e?®) — vy(e*)| +
0

+ Sﬂg}} g m { th [v0(e%) 4 7(v(e%) — vo(e%0)) ] (v(e%) —
0+#6"mod 27

— vy(€%9)) dT — f Dh[vg(6®) + T(v(e®®) — vo(6i')) ] (v(€®") — vo(%)) dT} .
0
Since the term inside the {} can be written as
1
f(Dh['w(e"") + (1 — 7)y(e%)] — Dh{zv(€’) + (1 — 7)ve(e?®)]d7 -[v — v,](€%) +
0

1
+ [Dh{zo(e) + (1 — ou(e)1de- ([0 — w](e) —[v — vil(e"),
0
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it follows that

l'%p(“’ p) - 'yf('“’m po)|a< Gl"" - 'vola + Gz(i'vola + |” - '”ola)lv - 170]0: +
+ Gslv - vola< G4|(uy p) - ('“'07 Po)la .

Thus #: A, — CF is of class O™
Now assume that he Ci*11(B). We must estimate

k
| (w, p) — (%o, Do) k. =i§0|Dl’;[%(u’ P) — (%o, Po)]|a -

But for 0<j<k we have that D(’;[Jf(u, p) — 3 (uy, Po)] can be expressed as
a finite sum of differences of terms of the form (5.2). Putting in all neces-
sary mixed terms, and using the triangle inequality and the given smooth-
ness of h, we obtain

| Dy [.%’(u, p) — H (4o, Po)]|a< O|(%, P) — (%, Po)|j,a .

Therefore |5 (u, p) — (g, Po)|r,a < C|(%, p) — (%, Po)|s,x a8 desired, where C
denotes a generic constant.

Finally we assume that ke C¥**!(B) and show that #: 4, — C%*is of
clags C%'. At a point (u,, p,) € A, the differential Ds# (u,, p,) of # must
be the linear transformation from C%*(8')x P to 0%*8') which is associated,
to the 1x(21 4 2m) matrix [h,(uo, w,)|0]h,(%e, w,)], Where the preceding
notation indicates a block decomposition: [k,] is 1%, [0] is the I X1 zero
matrix, and [h,] is 1 X2m. Since all of the first order partial derivatives
of h(u,w) are of class C*u1 it follows from the discussion above that
D#: A, — L{C%*(8") x P, C¥*(8")}, where L{X, Y} denotes the space of
bounded linear maps from X to Y. Using the normalized integral form for
the remainder in the Taylor series expansion for h(v), we obtain as above that

[ (uy D) — (g, Po) — D (%o, Do) (Uy P) — (tg, Po)llk, e =

1+2m e,
'I 3. B0, (w0 + (v — '70))(1 — T) (s — Vo:) (V;— Vo) dT| < Clv — vy
i 1 1 00; 3’0 ko

Thus s is differentiable with differential Ds#.
To show that s is a (%! map we need to prove

Ds#: A, — L{C** x P, C}*}
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is of class C%'; i.e., that for (u,, p,) € 4, we have

(5.3) sup |Do#(u, p) — DA (s o) (®'y P')|i,0 < Cl(tty ) — (t4o, Po) [, 5

1w 0")k,a=1

with a constant C that is independent of (u,, p,). The L.H.S. is bounded by

oh;
(5.4) ¢ H:?X % (uy w) — o, (1o, o) s’

where the constant ¢ = ¢(l, m), since Ds# is associated with the Jacobian
of h. But the first partial derivatives of k belong to C*+1.1(B), so by what
was shown above we have that (5.4) is bounded by C|(u, p) — (%, Do)|rx,
which is just the desired inequality (5.3).

It follows by induction, continuing this line of argument, that if
he C¥**1Y(B) then A is of class (™! as a mapping from 4, into C¥*. Thus
we have established part b) of Lemma 5.1.

To prove part a) we shall show that the weaker assumption that ke Cf **(B)
actually implies that # maps 4, into C%* continuously. It is well known
that C*(B) is dense in O’f(B) for any integer j>0 (but C* is not dense in C**
if 0 < x<1). Thus given he C**(B) and an & > 0 there is an h, e C*(B) C
c C**%Y(B) and an h, e O*(B)c C%Y(B) such that h = h; + h, and |hy|;, <
< |hg|xyr < &. From part b) applied to h, it follows that for a fixed (w,, p,) € 4,

| (1, p) — (o, Po)|rx = (V) — B(Vp)]x,x <
< |y (v) — By(0o) e + |Ra(v) — Ra(05) |10 <
< Cifv — vgli,e + [Ba(0) 1,0 + [Ba(0) 15 5
where C; = C,(h,). In order to handle the last two terms above we observe

that for fe C»Y(B) and v € C** with |v|,+< R, there is an inequality of the
form

(5.5) [f(0)ea<[f(0)]o + C(k, oy R)|f]11]0]sa

(Recall that | |, denotes the sup norm). The inequality (5.5) follows from (5.2)
a8 in the first paragraph of the proof of part b). Thus there is a constant
O, = C(k, o, R) which is independent of (u, p), (%, o) € A; such that

I.}’f(u, p) - f(uoa po)lk,a< 01]’0 — valk,a + 2(1 + C)e<(3 + 202)6
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if we choose (%, P) — (g, Po)|i,a = |0 — Vo|s,a < €C;'. This shows that o is
continuous.

As in the proof of part b) the differentials of #° correspond to multi-
plication by matrices which involve the various partial derivatives of h.
Therefore if he C¥"**1(B) then # is a map from A4, to C%° of class C°. This
completes the proof of part a).

For the proof of part ¢) let ¢ > 0 be given and consider (u;, p;), (4, P;) € Ay:
Since dh(0) =0 we have

| (Usy P3) — H(ty, 1) — DO (Uzy P2) — (U, P1)]]10 =
= h(02) — B(0)]o =

1
= ] fD‘—}f[vx + (v, — )]V — V1) AT} 8 <
0

< O[|oilke + |92 — V1|,0] |92 — O1]ae

which can be obtained by applying (5.5) to the first partial derivatives of k.
The last term is bounded by &[v, — v,[i s if We choose |v;]sa, [va]r,a< £(3C)72
This shows that s# is strongly differentiable at the origin, and completes the
proof of Lemma 5.1.

PROOF OF THEOREM 5.2. To each he Cf*'(B, 0) we associate the oper-
ator S defined by (5.1) and define & = F(u,c,w,h) by F=u—c+
-+ T[5#(u, p)]. Then the nonlinear mapping

F: A, X C;H'I'I(B, 0) — 0’,"“(81)

is well-defined. Under the given hypotheses, we claim that % is strongly
differentiable with respect to all of its variables at the point (0, h,) =
= (0,0, 0, k). Since dhy(0) = 0 we have then that D, #(0,0,0, k) = I,
and the desired conclusion of Theorem 5.2 follows from Theorem 4.1
(taking Y = 0).

To justify our claim we need only show that & is strongly partially dif-
ferentiable with respect to both (u, p) = (u, ¢, w) and h at the point (0, k).

Since |#(0, ) — F(0, hy)|,o = |T[R(0) — ke(0)]]r,s = O it is obvious that
#(0, h) is continuous in h at (0, h,). Let D, % denote the partial dif-
ferential of # with respect to (u, p) = (u, ¢, w). Since dh,(0) = 0 we have
for any v = (u, ¢, w) € C¥* XR'x @%* that [D,, F(0, hy)](v) = % — ¢. Thus
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if v,, v, € A, then

(5.6) | F (v2y h) — F (01, b) — [Dy,p F(0, he)] (v — V) |0 =
= ‘T[”('Ua) - ”(/’71)][k,0£< 1 T ] Bfw,) — h(’”l)lk,a=

+ (02 — 0,)](V: — 0,) AT |10 <

< “Tua {Sglp IDh['vl + t(ve— 'Ul)]l + 0|h|k+1,1(|?71|k,a + |v,— 7)1lk,u)}|’02 — ’01|k,oc .
Given an &> 0 there exists a 6 > 0 such that |v,|, s, |[05);,6<< 6 imply both

Cl1holisrn + 11 (|0a]na + |92 — Valia) < (]| T o)

and
sup |Dhy[v, + T(vs— v)]| <e&(4]T|a) .

0.7,v,.9;

Choosing N (hy) = {h||h — ho|xy1, < min(l, e(4|T]s)"Y)} we have that the
L.H.8. of (5.6) is less than &|v, — v| 4. Thus F is strongly partially dif-
ferentiable at (0, h,) with respect to (u, p).

For fixed h = h, we have already shown in the proof of Theorem 5.1
that Z(u, ¢, w, b)) = F(u, ¢, w) is strongly differentiable, and hence even
Lipschitz continuous at the origin = (0,0,0). Now let D, # denote the
partial differential of & with respect to h. We have [ D, #(0, hy)](h) =
= T[h(0)] = 0. Therefore, again setting v = (u, ¢, w),

(6.7)  |F (v, hs) — F (v, by) — [Dn F (0, ho)](he — ) a0 =

|T[hz('l7) — hl(’v)]lk << "T“al (hy— hy) (v |ka<
< Tlsfsup (b — )(0)] + Olhs—Tufuslola}

Since (h, — h,)(0) = 0 we have that sup |(h, — k)(®)| < |h, — hllo,l sup |v| <
< |hy — Mfa|0}k,s. Thus the R.H.S. of (5.7) is less than (1 + C)|T|a-
“lhy — Pi|x1|?|k,a- Given an &> 0, choose

N(0) = {ve A |v]ia < e[ + O)[ T[]}
Then the L.H.S. is less than ¢|hy — hy|;,, and it follows that # is strongly

partially differentiable at (0, h,) with respect to k. This completes the proof
of Theorem 5.2.
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6. — Solution of the Bishop equation in the real analytic category.

The goal of this section is to prove the theorem below about the exist-
ence and dependence upon parameters of real analytic solutions to the
Bishop equation for real analytic k. Since we have the stability Theorem 5.2
in the C%* setting, we do not develop here a theorem about the real analytic
dependence of the solution % on the defining function k. That could easily
be done, however; we leave the details to the interested reader.

With B as in section 5 let A(B), %A(S) be the space of real valued real
analytic functions on B, or 8%, respectively, and let 2,(B), %;(8*) denote their
l-fold Cartesian products. Ds will denote the open disc about the origin in C
of radius 1 4+ J, and r8* will be the circle about the origin of radius r. A4, will
stand for a d-neighborhood of S! in its complexification, with S* considered
as a real analytic manifold. To be concrete, we will identify A; with the
annulus 4, = {#€C[1 —d< |¢| <1+ 6}. We will also need the Banach
spaces

oAy = 0(4,) N 0%(4,),

as well as its I-fold Cartesian product .o7;,. Instead of the norm ||, taken
over A, we will take the norm in 2%, or A5, to be

I R

The fact that the norms ||, and | ||, ; are equivalent on /5 follows by the
same reasoning as that given in the proof of Proposition 6.1 below (Schauder
estimates up to the boundary). The Banach space

2%(Ds) = O(Ds) N C*(Dy),

or its m-fold Cartesian product 2. (D;), will however, be taken with its
usual norm |w|. (taken over D).

Fix a ,>0 and an 0 < <1 and consider, in this section only, the
new parameter space :

P =R'x9%(D,)

with norm |p| = |(¢, w)| = |¢| + |w|«-

THEOREM 6.1. Let he U (B) and 0 < 6 < 6,<1. There exists a positive
constant ¢ = ¢(l, a, 0) such that if Lip®(h) < [C|T|«]* then there is a local
unique solution w € U, (8) of (2.1) such that u is real analytic in its depend-
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ence upon the parameters p = (¢, w) measured in the norm |p|; 4.e. there
exists a neighborhood U= Ul(x, 0) of the origin in P such that w is given by
the values on S* of a real analytic map w: U— <7 ;.

For the proof of Theorem 6.1 we will need two propositions. The first
is an extension of Proposition 3.1 and the second is the analytic analogue
of Lemma 5.1.

We extend the operator T, defined on the unit circle, to an operator 7'
defined on the annulus As by:

6.1)  Tfreo) = 515 .. f f(reie—) Im (1ﬂ) dg =

1— eio
Tt

1

= —1lim | f(re?6-9 Im(

P 1 )
-7

1+ pei®
1— pei®

) dp = lim T'f(re®) ,
et1

where fe &5 and 1 — d<r<1 4 4.

PROPOSITION 6.1. For 0 < o<1 and 0 < d< 1, T is a bounded complex
linear operator from <f5 to itself.

Proor. T is obviously complex linear. For each re[l— 4,1 4 §]
define f, on S8* by f,(¢*°) = f(r¢'°). Since fe /5 we have f, € C%(S'); more-
over Tf(reit) = Tf,(e*®). So Proposition 3.1 applied to the real and imaginary
parts of f, yields 7'f|,5€ C%r8?) for each re[1—6,1- 6]

Differentiation under the integral sign shows that 7', fe 0(4s) for o< 1,
since fe /5. Consider now a function fe C(S!) and set

f(ei®t9) — f(eo~#))

g(0, @) = 3 tan %97 ’

11— o)
1—2pcos g+ g%

Ko(p) =
Then as g41 we have that T,f converges uniformly on S! to

1 T
2 0) = — — .
(6.2) Tf(c") %ﬁ@ww
Namely, we have that

k4

Tofte) + g (o0, )29 = - (900, ) Ketp)i

—T
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and the R.H.S. of the latter tends uniformly to zero if fe 0*(S') because
then there is a uniform bound |g(0, ¢)|< M, and 0 < Ky(p) <1, Ke(p) -0
except at ¢ = 0. Returning to our fe /5 we have in particular that
f.€ C(8*) for each re (1 — 6,1+ 6). Thus for such r it follows that
Tofl,s1 = Tf|,s» uniformly on r8'. By the maximum modulus principle
T,f — Tf uniformly on compact subannuli of A;. Hence Tfe 0(A4,).

To show that T'fe 0%(4s) we observe that the real and imaginary parts
of T'f are harmonic in 4, and, as we have seen, have boundary values on the
inner and outer rims r =1 — 9, 1 4 § that are in C* Consider, for ex-
ample, the outer rimr = 1 + 0. We have, regarding T'f(re®) as an L3(8?)
valued function of r, that

ITf((L + 0)ei®) — Tfre®)| s = |T[furo(e®®) — f,(€0)]|a<
< ||T||L!|f1+6 — f,le<

< \/~27"|f1+¢’ - f‘rlgl

which tends to zero because fe C%(4,s). Thus the C* boundary values are
assumed in an L2 sense. It then follows from straightforward estimation
of Poisson integrals, as in the proof of the classical Schauder estimates for
elliptic equations, that 7'fe C%(4s). One could also concoct a proof that
Tfe C*(4s) based on the maximum principle, by techniques similar to
those used in the proof of Proposition 3.1.

Finally we note that

1T0s = | T8 4 |THEHOS <
<|TILIA — )AL= + (1 + o)A <
< IT]"‘ max[(l — 6)—0;, a4+ 6)“] "f

*0 -

Thus 7' is bounded on 75 and the proof is complete.

By letting T act componentwise we have that 7': s — A5 18 a
bounded complex linear operator, whose norm will be denoted by [7']as-

Since h: B — R! is real analytic there is a compact neighborhood 5 of
the origin in the complexification C(R!xC™) on which % has a holomorphic
extension %: B — C.. It will be convenient to use the following notation:
C(R?) ~C!, C(C™) = C(R*™) =~ C?m (« forgetting » the complex structure on C»),
CR!xCm) ~ C' X C2» = C!*+2m; for the real analytic function

h = h(w, w) = h(w, w, w), (%, w)eR XCn
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we express its holomorphic extension by
h = h(u, w, w*),  (u, w, w*) e C*x C2m

where w = w,; + tw,, w*¥ = w, — iw,, and w;, w, are the complex extensions
of the real and imaginary parts of the original w. Thus % = real corresponds
to the real domain in C(R?) and w* = w corresponds to C» which is the real
domain in C(Cm).

Let A = A(«, §) be an open set in ./, xC'x o5, 5 such that (w(re),
w(re®), w*(re’)) e B for all (u,c, w,w*)e A and all reitc 4;. Define the
operator /# on 4 by

(6.3) H(w, ¢, w, w*)(rei) = F(u(reid), w(re®), w*(rei)) .

PROPOSITION 6.2. 57 maps A into o4%; holomorphically.

Proor. The composition .9?(7», ¢, w, w*) € 0,(4s) for (u,c,w,w*)e A
because it is well defined and (u, ¢, w, w*) € Oy 3m(4s). Since he 0B) we
have that ke O";"(B) for all s e N, and it follows from a trivial modification
of Lemma 5.1 (replacing 8 by Za) that 52 (u, ¢, w, w*) e 05(4,s) and the mapping
is of class C*. To conclude that J# maps into &/} s holomorphically, we need
only observe that the analyticity of A(u, w, w*) implies that the differential
of A is complex linear.

PrOOF OoF THEOREM 6.1. Define f: 4 — o/}, by
(6.4) Fu, 6, w, w*) = u — ¢ + T[H#(u, ¢, w, w*)] .

We will find a solution 4 € s7;; to the functional equation F(u, ¢, w, w*) = 0.
Clearly F(O, 0,0, 0) = 0, and F is holomorphic by Propositions 6.1 and 6.2.
Asg in the proof of Theorem 5.1 there is a constant ¢ = ¢(l) such that

7D, #0006 < | T 00| D, #(0) a0 <
< | T|a00 Lip(h) <
< || T)s max[(1 — 8)-%, (1 4+ 8)*]¢ Lip(h) <

<1,
if Lip(h) < {¢(l) max[(1— 6)~%, (14 6)%]|T|a}>. Here we have used the

Cauchy-Riemann equations to estimate at the origin the first partial deriv-
atives of % in pure imaginary directions in terms of those of h in pure real
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directions—which in turn are dominated by Lip(k). It follows that
D, F(0,0,0,0) is an isomorphism of the complex Banach space o] s onto
itself; hence we can apply the implicit function theorem for holomorphic
maps. Thus there is a neighborhood of the origin U = U(«, 6) in C' x &%,
and a holomorphic map &%: U — ;5 such that

(6.5) F(ai(e, w, w*), ¢, w, w*) =0

for all (¢, w, w*)e U.
Now in (6.5), if we choose ¢ to be real, w* to be equal to w on S, and
set » =1 we obtain

(6.6) ii(e0) = ¢ — T[h(a(e"), w(e®), w(e*))] .

The constant ¢(l, x, ) can be chosen so that the hypotheses imply that
Lip(k) < 1. Thus by Proposition 5.1 the solution % of (6.6) must agree with
the real valued C< solution % of (2.1) which was constructed in Theorem 5.1,
since % also solves (6.6); hence i is real valued on S*.

To finish the proof, we merely have to choose (w,w*) as follows: Let
we 2%(Ds,) be given. For any 0< 6 < &, its restriction to As belongs
to /), ;. Let w* be the holomorphic extension of the real analytic func-
tion w|,. The Cauchy-Schwarz estimates for the derivatives of w can be
easily used to show that the power series expansion of w* about any point
on 8 converges on a disc of radius ¢’ for any 0 < é’< §,. Therefore the
restriction of w* to A, exists and belongs to /% ,. The norm |w], ;in the
space &, , can be trivially dominated by the norm |w|. taken over 560.
The map from 2, (D, ) to o7} ; defined by w > w* as above is linear and is
obviously closed. Hence by the closed graph theorem there is a constant C
such that |w*|ss<C|w|s. Thus there is a neighborhood of the origin
U= U(x9) in R’x@;"n(l)(,.) for which (¢, w, w*) € U it (¢, w)e U. There-
fore we have produced a map u: U — o] ; whose values on S define a solu-
tion in A;(8?) to (2.1). Since # is holomorphic and the linear map from
2,,(D,,) to o3, 5is bounded, it follows that the composition  is areal analytic
map. This completes the proof of the theorem.

7. — Solution of the Bishop equation in the C* category.

Suppose that he C°. Then for any fixed integer k>0, the results of
section 5 give a solution %, of (2.1), with parameter domainU, , that is of
class C*. For k'<k we have by uniqueness that u, =, on their common
domain U, N U,. But unfortunately, as k}co, the arguments of section 5
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do not rule out the possibility that the parameter domains U, might shrink
down; hence one cannot conclude directly that there exists an open set U
in some appropriate parameter space on which there is a C* solution % to (2.1).
The purpose of this section is to fix up that difficulty so as to obtain a loecal
C* solution.

Let M = {M,};>, be any sequence of positive real numbers. We shall
need to consider the normed linear space B*{M}, where 0<a<1, of all
real valued (or complex valued-just which is intended will be clear from
the context) C® functions f defined on S for which the norm

D s
= 8up ——
e =300 3, <=

Note that B*{M} is a Banach space: All one has to check is that B*{M} is
complete. Let {f,} be a Cauchy sequence in B*{M}. In particular {f,} is
a Cauchy sequence in C°(8?), so thereis an fe C*(8') such that D*f, — D*f
in C*(S?) for each k>0. Since a Cauchy sequence is bounded, there is an L
such that

k
up 2ol

<L
k=0 Mk

for all ». Taking limits we get that |D*f|./M,<L for all k; hence
fe B{M}. Given ¢ > 0 there exists an N = N(¢) such that n, m > N implies

]Dkfm_ Dkfnltx
u, ¢

for all k. But for each fixed k, there is an N, for which

I-Dkf—Dkfmla
T <€ 5

provided m>N,. Thus for all £ we have that

|D¥f — D¥fala
ka < 2¢

if n>N, and it follows that f, —f in B*{M}.

We will let B;{M} and B;{M} denote the Cartesian products of B*{M}
1 times and m times, respectively. For simplicity we will denote the norm
in either space again by | |». As in section 5, B will be a compact neigh-
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borhood of the origin in R!xC». As in section 6, Ds is the open disc of
radius 1 + 6, and 2% (Ds) = 0,,(Ds) N C%(Ds) with norm |w|, (taken over Dj).

THEOREM 7.1. Let he C°(B) and 0 < o << 1. Then there exists a positive
constant ¢ = c(l), and there exists a sequence M = {M,} such that:

a) If Lip3(h) < [C|T|«]~* then there is a local unique real valued C
solution u € BY{M} of (2.1); i.e. there is a neighborhood U = U(x, M) of the
origin in R'xBL{M} such that u is given by a map u: U — B{{M} where
||,z depends in a C° way on the parameters |plu = |e| + |wlx for
p=(,wel.

b) For any fized 0y > 0 the sequence M = {M,} can be chosen so that u
is defined for the parameters in a suitable meighborhood U, = U,(c, &y, M)
of the origin in R X D;(D,). Moreover |uly is O in its dependence on the
parameters measured in the norm |p|= |e| + |w|s (taken over l_)(,a).

REMARKS. 1) The choice of the sequence M depends on the function #,
but it can be chosen to work uniformly for all & in any bounded set in C;°(B).

2) The w in a) actually refers to the boundary values on S*; thus we
could choose as parameters discs we 2,{M}, where 2;{M} denotes the
subspace of 0,(D) N C2(D) of functions with boundary values in B {M}.
But the choice of parameters we 9, (D,) in b) is simpler and useful for
applications.

3) Given any sequence N = {N,};>,, it is possible to choose M to
dominate N; i.e. M, >N, for all k, as can easily be seen from the method
of proof. Thus 2;{N}c 2;{M}, so (2.1) can be solved for parameter
dises we 2,{N}.

ProOF oF THE THEOREM. Let v be the ! 4 2m dimensional real vector
valued function consisting of % and the real and imaginary parts of w.
For any multi-index y we set h,(v) = (D"h)(v) and let #, denote the func-
tion defined as in (5.1) which corresponds to h,. A{M} will be the open
cylinder in B{M} xR'x B {M} of the form {|v|, < R}, where R is chosen
small enough that v: 81 — B whenever (u,c, w)e A{M}, so that the com-
positions H, are defined. The method of proof relies on choosing the se-
quence M so that i) B*{M} is closed under multiplication and ii) 2, maps
A{M} into a bounded set in Bj{M}, for each multi-index y.

We will determine the MM, recursively so that, for each y,

IDléhy(’U)I“
sup ————
kzgl M,

23 - Annali della Scuola Norm. Sup. di Pisa
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is bounded. Set
a; = sup |h,|5,
=3
and choose M, = M, =1. Since |[v|s, |Dyv|a<E we have that
(7.1) |B(v)|la<aoR, |Doh, (), <+ 2m)ay, R

Assume that M,, M,, ..., M,_, have been chosen. As in (5.2) we have that
D’ghy(v) =

" 0
5 () Djo; + 3

I M+

'a_jl—"—a_l‘ hy(’l))_Délll)’-l .o Déa?_;ja’

where the second summation is taken over 2<¢<k, 1<j,,..., j, <l -4 2m,
each 1, >1 and 1, 4 ... 4 I, = k. Setting N =1+ 2m it follows that

lD’;hy(’U”u < N“171+1R|D’;”|a+
+ 2 8114 BIDGY; | oo |DGY |, <
< Na, . ,R*M, 4+ > a,, R*M, ..M.
For k>2 the second term on the R.H.S. is bounded by a constant
K, = K@, 105 ey Oy Myy ooy My_4, Ny Ky R)

which depends only on the quantities indicated. We choose B, such that

i<k

(7.2) M, >max {max K,,k,z (;c) Mij_,}.

The second of the two conditions in (7.2) assures us that if f, g B*{M}

then |fg|n<3|f|ulglx, so that B*{M} is forced to be closed under multi-
plication. The first condition, with (7.1), tells us that for 0 < |y|<Fk

Dih
Io—Mv(’l7)_|cx<Nam+lR2 +1,

M
which is independent of k. Thus for any sequence M constructed in this
manner, we have that for each multi-index v,

(7.3) 1y (0) e < max{ max 108 B0

y Nay,, B2 aoR} < oo
k<lyl 'Mk

for |v]y < R; hence each s, maps A{M} boundedly into B7{M}.
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Using the normalized form of the Taylor series with integral remainder,
as in the proof of Lemma 5.1, we obtain

””Afy(vl) - fy(vz) - D%,,(%)['vl — ]| < Gy [or — a3 5

where the constant
C,=9N: sup sup [p()|x

Bl=1Iy1+2 ved{M}

is bounded for v, v, A{M} according to (7.3). Therefore each H, is dif-
ferentiable and hence continuous on A{M}. Since D¢ consists of multi-
plication by a matrix whose entries are the #, with |y| = 1, and since B*{ M}
is closed under multiplication, it follows that Ds#: A{M} — L{Bj{M} X
xR x BX{M}, B{{M}} and that 5# is of class C'. Since the differentials
of s of order s are associated with the H, for |y| = s, it follows that o
is of class C* on A{M}.

Using the fact that 7 commutes with 0-derivatives, it is easy to see
that T: B{{M} — Bj{M} is bounded; in fact |Tflly<|T|a|flls-

The remainder of the proof of part a) now is just like the arguments of
section 5 and 6: We have a C® nonlinear mapping F: A{M} — B}{M} which
satisfies the hypotheses of the implicit function theorem. Hence we obtain
a C® solution map %: U — Bj{M}.

To prove part b) it suffices to make the additicnal requirement in (7.2)
that for k>2 the M, be chosen to satisfy

% + 1)!

M> 51‘;+1
It then follows from the Cauchy-Schwarz estimates that
2 < C(d)|w]a

and the inclusion map 2, (D,) < B, {M}, being linear, is (. By choosing
|w|« sufficiently small we therefore obtain a neighborhood of the origin U,
in R’x.@;(Ddo) such that U, c U. This completes the proof of Theorem 7.1.
8. — The local family of analytic discs.

Having discussed in sections 5-7 the solvability of the Bishop equa-

tion in the C** real analytic (0®) and O categories, we now return to the
basic problem formulated in section 2: Given a suitably prescribed family
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of analytic dises in R'XC», we want to be able to lift it to a family of
analytic discs in C» such that each disc in the lifted family has its boundary
on M. In this section we collect together the previous material and for-
mulate precise theorems in these directions.

According to Theorems 5.1, 6.1 and 7.1 equation (2.1) can be solved
by solution maps

(i) u: U — OF, U cR'x 9%
(i) w: U — 5c ¥, UcR'%x2;(D,) 0< < b,
(iii) w: U - B}{M}c C*, UcR'x2%{M},

in each of the categories C*%*, C® and C®, respectively. Each solution
u = u(e’d, p) determines a unique disc

(8.1) 9(C, p) = (f(&, p), w(l), p = (c,w)

in C» with boundary on M, where f({, p) has the boundary values u(e®, p) +
-+ iv(ewy p) with v(giﬁ, P) = h(u(ei", p)’ w(em))7 and Re f(O, p) = ¢.

Let (¢c,#’), & and ¢ denote the maps defined on Dx U by (;, p) —>
—> (c, w(:))y (&, p) — (¢, p) and (, p) — g(¢, p), respectively. Their restric-
tions to 8*x U will be denoted by (¢, d#"), b and b¥. Thus ¥ = (F,¥#),
Re #(0, p) = ¢ and there is a commutative diagram

Mc __ ,C

(8.2) y / l

8i1xUc__, DxU XX RixCm.

We will speak of ¢ as being the lift of the family (¢,#") to M, and of b¥
as being the lift of its boundary (¢, b#").

By a local family of analytic dises in R'xCm, we will mean a family of
(¢, #") that is sufficiently small (in a sense that depends on which category
we are working in) so as to satisfy the hypotheses on » (and hence on M)
stated in either Theorem 5.1, 6.1 or 7.1. These three cases (the C%*, C* and
O categories) will in the sequel be referred to by (i), (ii) and (iii), respectively.

In order to state the next theorem, we define the classes C** and (%*
as follows: A function f(, p) of two variables is of class C** provided

1) f has continuous partial derivatives of all orders which involve at
most & derivatives with respect to { and at most s derivatives with respect
to p, and



FAMILIES OF ANALYTIC DISCS ETC. 357

2) for any such partial derivative of f, the order in which the deriva-
tives are taken doesn’t matter.
The function f is of class C%®s2« if, in addition,

3) all the derivatives mentioned above are of class C*. Our work
up to now can be assembled to obtain:

THEOREM 8.1. A given local family (¢,#") of analytic discs in R!XC»
has a unique lifting to a corresponding local family % of analytic discs in C»
satisfying (8.2). Moreover, in each case, we have:

(i) If s>1 and b e C¥+s+i(h e Ck+s+1Y) then 9 is of class C'»*(class C"%)
and 9(-,p)e D=* for all pe U.

(ii) If h is real analytic then ¥ is real analytic and Z(-,p) is the
restriction 1o D of a real analytic %s with %s(-, p) € DX(Ds), for pe U and
0<d< 6y.

(iii) If he C and the parameters p are chosen in R'Xx 2, {M} (para-
meters in R'X D;(D,) then & is of class C° with respect to |C| 4 |p|a
(with respect to |C| + |p|) and (-, p)e DM} for pe U.

REMARK. (Case s = 0) If he C*11 and dh(0) = 0 then the proof of the
theorem yields also the following: If k¥ = 0 then D, ¥ exists strongly at
points of the form D x{0}. If k>1 then at such points ¥ is strongly dif-
ferentiable and D, D} ¥ exists strongly for 0<j<k.

ProoF. (i) First we show that #: Dx U —Cn» is of class (%,
Since #” is a continuous linear operator with respect to p, its smoothness
is limited only by its smoothness in ;: For fixed p, #'(, p) is of class %
with respeet to {. If 0<j<Fk then

DI (15 92) — DIW Loy 22| = [0(C)) — 0§(Co)] <
<[wP(Ey) — wP(Co)| 4 [0P(Ey) — ()] <
< |wy|xall1— Cal* 4 |w1 — W10 <
< R|C; — Cof* + [P1— Polia <
<B27[|8— Gl + [P — Palial®s
where here and in what follows we assume that U has been chosen so that
p € U implies |w|, <R with R<1. Hence D{#  is jointly continuous, and

of class C*. Since D,# ({,, p,) maps p to w(l,) an easier version of the
above argument shows that, for 0<j<k, D!D,# = D, D%  is of class (%
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As there are no higher derivatives of %~ with respect to p to consider, we have
that # is of class O%%:.
Consider next the map £%:DxU —C. By Proposition 3.1 we have

(8°3) |f( y p)1£“<clu( D) 'Iila

for each fixed p e U. Therefore ¥(-, p)ec 2% Since |u(-, p)[;f; is of class
C#(C~") with respect to Iplk,m and f(e*, p) = u(e®, p) + ih('“’(eia: ), w(eio))y
it follows by Lemma 5.1 and the equivalence of the norms | |, | |2, on 2§*
that |f(-, p)[2, is of class C*(C=') with respect to |p|... Moreover U can be
chosen so that u: U — 0%* is Lipschitz continuous with Lipschitz con-
stant L, because s>1. Using (8.3) and the same argument that was ap-
plied to #°, we obtain

ID§ F(C1y 1) — DZ* F (L, P <If(+y pl)lllzalzl — Gal*+ If(5 1) — £(-y pz)l%.a<
<0LR21_“[|4‘1 — G| + P — pzlk,a]“
for 0<j<k. Thus each D!Z is jointly continuous, and of class C*

Let po > D, f(+, po) € L{P, 2*} denote the differential of the map
Po > f(+, Po) from U to 2%*. For 0<,<Fk set

DmDZ F (Lo, po)lP] = DZ:(Dpf( ) po)[p])@o) .
Then

|Di F (&0, p) — Di F(Coy o) — D, DEF Loy D[P — Dol <
<If(-y P) — 1+, Do) — Duf(+, P[P — Do) )iy = 0(|P — Poli) »

so that D, D! % e L{P,C'} is the partial differential of the map D} #:
Dx U —C. To show that it is jointly continuous, we observe that

|D, D} # (&1, p1)[p] — D, D} F (Lo, pa)[P]| <

<|D,D} # (L1, p1)[p] — D, D} F(Ls, po)p]| +

+ |Dp'DZ‘ F (L, pIP] — Dan F(Lay o))<
< DD, f(-, p)[PNE) — DID, f(, p)[P1C)| +

+ |DiD,f(-, )[P1(C) — DD, f(-, pa)[p1(C:)| <
< |Dplf( *y PO 181 — Cof* -+

+ D, (-, p1)P] — Do f(y PP]s,a <
<{ID5f(+y P1) |2 — Cal* +

+ | D, f(+y 1) — Do f(, Pz)“k,a}W‘k,a .



FAMILIES OF ANALYTIC DISCS ETC. 359

Since s>1 there is a 6 = d(¢) for which i, — (|, |P1 — Pelrs<< 6 implies
that the last term above is less than &|p|,«. (Or, for b € C*+s+1.1, the last term
above is bounded by an expression of the form

{GI|C1 - Czl“ + Czlpl — lek,a}|p|k,tx< C3[|Cl— €2| + |p— Pz|k,zx]“lplk,«x7

so in that case D, D} # is not only jointly continuous, but of class C*.)
For 0<r<s let

por> D, f(+, po) € L{P, ..., P; D}*} ~ L{P, L{P, ..., L{P, 2}*}}...} ~ (r times)
be the r-th differential of the map p,+— f(-, p,), and for 0<j<Fk set

D;DE F(Loy Po)P1yeeey D] = DZ(D;f( “y Po)[P1y +es pr])(Co) .

By the same argument as given above for the case r = 1, it follows that
this D) Di # € L{P, ..., P; C'} ~ L{P, L{P, ..., L{P,C4} ...} is the r-th par-
tial differential of D} #, and that D,Di# is jointly continuous (or of
clags C* if he CFtsti),

Since D: #, D, # and D,D; % exist and are continuous, a theorem of
H. A. Schwarz [2; Theorem 20.15, p. 243] says that D:D, # also exists
and D:D, % = D,D: &.

To show that # e (%* we proceed by an induction on both k and s as
follows: Obviously &% € (%°. Assume that &# e C™» for some m << k, n<s.
To show that % e (™! one uses the above theorem of Schwarz to show
a separate induction: if & € (*"*! then & e ¢*1"*1, To show that & e (™"
one uses a Ssimiliar induction: if &# e CmtLr then £ e Cmtir+l, (When
h e Cr+s+11 we get that F e O%%%)

This completes the proof in the C** category.

(ii) Now UcR'x25(D,) and for any 0<d<d, #:DxU —Cn
is the restriction to DX U of a map #: Dsx U — C». The argument we
have given above shows that #7; is differentiable, and that its differential
is complex linear. Hence #7s, and in particular #”, is holomorphiec.

Next consider the holomorphic map i: U — o/, where U c C'x o5, 5,
that was constructed in the proof of Theorem 6.1. The value of (c, w, w*)
at e As will be denoted by #((, e, w, w*). For fixed (¢, w,w*)e U the
function

(8.4) @, 0, w, w*) + SA(F(E, 6, w, w*), w(Z), w*(())

is holomorphic in ¢ for ¢ € As. Let & = 4, - 4dl,, ¢ = ¢, + i¢y, b = hy + ihy
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be the real and imaginary parts. Since #% is a solution of (6.5) we have
(8.5) iy = ¢, — T[hy(@, + iy, w, w*)], @y = ¢, — Thy(ily + Gily, w, w¥)].

Recalling that 7' = 7' on §?, we see from (8.5) that there exist holomorphic
functions f,, f, in D which have the real analytic boundary values
iy + ihy (@ + iy, w, w*), Gy + thy(i, + iy, w, w*) on S, respectively. But
the holomorphic function f = f, + if, agrees with (8.4) on S'; hence it has
an extension to a holomorphic function f= f({,¢, w, w*) on D which be-
longs to the space 2%¥(Ds). Define F:DsxU —C' by (¢, ¢, w, w*) —
— f(C, ¢, w, w*). Once again, we apply to Z the same type of arguments
that was applied to & in (i): We obtain that & is jointly continuous, and
that the differentials D; %, D, 57', D, % , Dy, exist and are complex
linear. Hence % is a holomorphic map.

Going back to the proof of Theorem 6.1, we defined there a continuous
linear map w — w* taking 2;(D,) to </, ;. Thus there is a real analytic
map r: U — U defined by (¢, w) — (¢, w, w*). Let #: Dx U —C' be the
restriction of %5, where %, is defined by the commutative diagram

56 x U W EGX [7.
It follows that ¥ = (&#,%") is real analytic, and that %s(-, p)e Z;(Ds),
where ¥s = (%s5,# s). This completes the proof in the real analytic category.

(iii) When ke C® we take the parameters p = (¢, w) e R'x 2% {M}.
Clearly #'(-,p)€ 2%{M} for each pe U and #: Dx U —Cr is a C* map
with respect to the norm |{| 4 |p|x. Since for u: U — B}{M}, we know
that ||y is C® with respect to |p|x, we have also that |f|x, is C® with
respect to |p|,. But there are constants c(k) such that [f|2,<e(k)|f]sx-
Hence the same argument that was used in (i) shows that &% : Dx U — C
is a C* map. Also Z(-,p)e D7{M} for each pe U. If instead, we take
parameters p = (e, w)eR’x.@fn(Dao), then we obtain that & is C® with
respect to the norm |{| 4 ||p| defined in b) of Theorem 7.1. This com-
pletes the proof of Theorem 8.1.

For any set 8 c C* we denote the algebra of germs of holomorphic funec-
tions on 8 by @(S) and equip it with the inductive limit topology

0(8) =1lim 6(Q), QracCr,

Sce
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where each O(2) has its usual Fréchet-Schwartz topology of uniform con-
vergence on compact subsets, and the £ are partially ordered by inclusion.

Consider a local family % of analytic discs in C* which is the lift to M
of a local family of analytic discs (¢,#”) in R!xC». For any subset Xc U
we will denote by

G(Z) = 4Dx2)
bQ(X) = b%(81 x2)

the images in C» of those analytic discs and their boundaries in the family ¢
which correspond to the subspace of parameters p € 2. Note that the image
of a disc in ¥ consists of a single point iff it corresponds to a parameter
disc which is also a point; i.e. one of the form (¢, 0), ¢, € R:. Such a disc
will be called a degenerate disc.

The following is a refinement of a theorem of Wells [22].

THEOREM 8.2. Let X'c U be any subset such that
i) 2 contains a degenerate disc,
il) ®oy(2) = 7, (2) = 0.
Then the map
r: 0(%(Z) > 0(bY(),

induced by restriction, is a topological isomorphism.

COROLLARY 8.1. If Sc M is any connected subset such that bG(X)c 8
for some such choice of X, then every holomorphic function on S has a unique
holomorphic extension to G(X).

ProOF OF THE THEOREM. Let w be a connected open neighborhood of
b¥%(X)in C~. We will show that there exists an open connected neighborhood
Q= Q(w) of ¥X), with 2>w, such that the restriction map

r2: 0(Q) — O(w)

is an isomorphism.

Consider an arbitrary point ze€ 9(X). First we will show that there is
a connected open neighborhood 2(z) of 2, with £(z) > w, such that every
f€ O(w) has a unique extension to an Fe 0(2(z)). Without loss of gener-
ality we can assume that the image in R!XCm of the degenerate disc in X,
as well as its lift to M, is the origin in C». Choose some p,€ 2 with
z€ (D x{p,}). Since 7,(X) =0 there is a continuous path y:[0,1] > X
such that y(0) = 0 and y(1) = p,. For 0<7<1 set I'(r) = ?(ﬁ xy([0, 1])).
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We will analytically continue f along I'(r) from I'(0) cw to T'(1) D {z}.
Let o denote the subset of [0,1] consisting of those v for which there
is an open connected neighborhood () of I'(z), with Q(z) > w, such that
every holomorphic function in w has a unique holomorphic extension to Q(z).
It is clear from the definitions that ¢ ¢ and ¢ is open. To show that ¢
is closed, let {r;} be a sequence in ¢ converging to a point z,. Without
loss of generality we may assume that 7,77, and that Q(z;) c Q(z,,,).

Setting 2, = U 2(z,), we have that £, is an open connected set with
i=1

2,0 w, such that £, is a neighborhood of T'(¢) for every 0<t< 7,, and

such that every holomorphic function in w has a unique holomorphic ex-

tension to Q,. Thus in order to show that 7, o, we need to extend £,

to an open connected set £2,> 2, such that £2,>I'(7,) and such that every

holomorphic function in £, extends holomorphically to £,.

The parameter point y(z,) €2 corresponds to a specific analytic disc
go: D — C» with compact image g,(D). Since ¥((,y(r;)) = %(C, y(o)) =
= go({) uniformly as 7; 7 7, it will suffice, by compactness, to show that
each point z, € g,(D) has a neighborhood N(z;) such that all holomorphic
functions in £, have analytic continuations to 2, U N(2;). Let K be a com-
pact neighborhood of ¢,(S*) with K c w, and let 4 be the distance from K
to the complement of w, measured in the maximum norm. For j, chosen
sufficiently large we have b%(S'xy(r;)) c K, and there is a point
2 € ?(ﬁ Xp(t;0)) such that 2, belongs to the opén polydisc of radius 4
centered about z,. If fe 0(£,) then [f(z,)] <m§xm; hence 2z, belongs to the
holomorphie hull

K= {z € 2,||f(z)| <max |f| for all fe 0(90)}
K

taken with respect to £2,. Now we use the classical argument of the Cartan-
Thullen theorem: Consider any fe 0(2,), any 0 < R< 4, and any 2'c K.
For any multi-index § we have

(8.6) D2 fe] < B,

where M(f) denotes the maximum of |f| taken over the closure of an R-neigh-
borhood of K. But since Dffe 0(£,) it follows from the definition of K
that (8.6) also holds at the point z, € K. Hence the power series expansion
of f about 2, converges in the polydisc about 2, of radius R’, for any 0 < B’ < E.

Thus each f has an analytic extension F to a fixed neighborhood N(z;) of #;.
‘We have shown that ¢ = [0,1] and that the desired neighborhood £(2)
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of the original point z exists. Set

Q=w) = U 2%).

2e8(2)

Since m,(2) = 0, the argument from the monodromy theorem shows that
the procedure described above gives a well-defined analytic continuation
of an fe O(w) to an F e O(Q).

The restriction map r is injective and is obviously continuous, since each 72
is continuous. Let r—* be defined by the commutative diagram

0(2(w)) = 0(%(2))

‘[(,8)_1 [r-l

O(w) < 0(b%(Y)) .

Since 72 is surjective, it follows by the open mapping theorem that (r?)-1
is continuous. Therefore r—1is continuous, since it is continuous on each O(w).
This completes the proof of Theorem 8.2.

9. — On going up one dimension.

Now that we have at our disposal a suitably ample family of local analytic
discs with boundaries on M, we turn to our first main application: The
problem is the one discussed in the Introduction; namely, if the Levi form
of M at the origin does not vanish identically, we will show how to con-
struct a local manifold # near p, of one real dimension greater than M,
which is nicely attached along M in such a way that M is the (partial) boundary
of M in the good sense of a «differential manifold with boundary ». For a
more precise statement of this result, see Theorem 9.1 below.

Recall that M = Mn+=c C» is a generic real » + m dimensional mani-
fold embedded in C». Let

B,: T,(M)XT,(M)— N,(M)

be the second fundamental form of M at p e M, where N,(M) denotes the
normal space to M at p. It assigns to each pair of tangent vectors u, v the
normal vector

Bg(X7 Y) = (VX Y)N7

where V denotes the standard connection in R2® ~ C» and where X, Y are
local tangent vector fields near p with X(p) = u, ¥Y(p) = v. By the Levi
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form of M at p we will mean the vector valued Hermitian form

L,: HT (M) — N,(M)
defined by
L,(Z) = B,(X, X) + B,(JX,JX),
Z=X—iJX,

where J denotes the almost complex tensor of multiplication by +/—1
in C». Thus L, assigns to each complex holomorphic tangent vector Z(p)
the normal vector L,(Z). We will call L,(Z) the Levi vector associated to the
holomorphic tangent vector Z(p) at p.

Suppose p = 0 and let M = {z: p(2) = 0} be local defining equations
for M, where each component of p = (gy, 0, .., 0;) is & real valued func-
tion, and do,Adg.A...Ado:|o %~ 0. Frequently we will identify N, (M) with
the space of covectors spanned by dg,(0), dg(0), ..., do,(0). Furthermore
we shall assume that dp,(0), do(0), ..., do;(0) are orthonormal. Let

0

)=3025, [= (il €C

J

where 2(9/0z;) = (9/0x;) — i(2/0y,;). Then a calculation (see [5]) leads to
the following expression for the Levi form of M at the origin:

—3[-3s g onbao,

3 2o =0, 1<izl.
J

(9.1)

Here the second equation in (9.1) is just the requirement that Z(0) e HT,(M).
We can now state the principle result to be proved in this section:

THEOREM 9.1. Let M be a generic real n + m dimensional manifold em-
bedded in C», and at some p € M, let &+ 0 be a normal vector in the range of
the Levi form L,. Then (with the precise differentiability assumptions stated
below) there ewists a local embedded generic real manifold-with-boundary, M y
of real dimension n 4+ m - 1, with the boundary of M equal to an open neigh-
borhood of p in M, and with T,(M) = span {T,(M), &}. Moreover 17 is foliated
by a real n -+ m — 1 parameter family of complex one dimensional analytic
discs with boundaries on M :

(i) If M is of class C* and k>5 then M is of class o=t
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(i) If M is real analytic then M is real analytic; moreover M has a
«border» Ms— M in the sense that M extends real analytically to a slightly
larger M s suchthat M N M s forms an embedded real analytic hypersurface in M,:

(iii) If M is of class C= then I is of class C*.

REMARK. Our proof actually shows more than is stated; e.g. in the dif-
ferentiability-up-to-the-boundary of M, in (i), we lose only 1 4 ¢ deriva-
tives except along an exceptional set which is an n 4+ m — 2 dimensional
submanifold of M.

ProoF OoF THEOREM 9.1. As usual we take p = 0. Let & s 0 be a covector
in the range of the Levi form. Without any loss of generality we can assume
that a system of holomorphic coordinates

(Rry ooy By Brgry ooey By) = (B eeey 1y Wiy ooey My) = (3, W) € O XCm = C»

has been introduced so that & = dy, and & = L,(0/ow,). It follows from (9.1),
upon setting g,(z, w) = h;(x, w) — y;, that

o%h,
ow, oW,

02h;
0)=1 and ———(0)=0 for 1% 1.

9-2) 0w, 0w,

Moreover we can assume that the Taylor expansion of h(x,, ..., %1, 2,4, 0, ..., 0)
about the origin has the form

! 2 l
(9.3) kz @320, + z b;w;2,, + z 5:‘5'77'514.1 + dlzz+1l2 + 0(3) .
qk=1 i=1 i=1

Here d is a column vector whose transpose ‘d is the I-tuple (1,0, ..., 0),
the a;;, = a;; are real column vectors, and O(n) denotes terms bounded by
a constant times | (4, ..., 2, 2141, 0, ..., 0)||” in a suitably small neighborhood
of the origin.

Indeed, since dh(0) = 0, the Taylor expansion of k(wy, ..., Z;, 21,1, 0, ..., 0)
out to terms of the second order would look like (9.3) except, possibly, for
additional terms of the form

(9.4) ey, + czptt,

with ‘¢ = (e, ¢, ..., ¢;). But then, in a neighborhood of the origin, the
biholomorphic transformation

g =2 —i202%t  (1<j<l)

Wy, = W, 1<k<m)
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would carry the local defining functions g(z, w) = k(z, w) — y into new
o'(?'yw') = K'(x', w') — y’ in which the terms (9.4) disappear, and the Taylor
expansion of k' would have the desired form (9.3). It should be noted also
that this change of variables would not destroy the relations described in
the paragraph above.

Now that the coordinate system (z, w) has been fixed, let us describe some
notation to be used in the proof: ¢t = (t;, %y, ..., ;) ER?; § = (S5, S35 +0vy 8p) €
eC1; 0eC; 7,7reR = {2eRjx>0}; (€D where D is the open unit
disc in C; @ is the infinite salad bowl

= {(7, 0) e R* XC|r = |0]?},
and
@ = {(z, 0) e R* XCl|v> 0|2}

is the full salad bowl. Since I + 2m = n + m we have that R!xQ xCm?
and R!'X{ xCm1 are real analytically diffcomorphic to copies of R~ and
Rntm xR+, respectively.

The manifold # of real dimension n + m -+ 1 which we are going to
construct will be exhibited as the image in C» of a map G of the form

(9.5) G, 7,0,) = (Ft,7,0,9),0,8),

defined for (t, 7, 0, §) in a suitable neighborhood of the origin in R! X x Cn1,
with F taking values in C'. The restriction

(9.6) at, 7, 0,8) = (F(t, 7, 0,9),0,5)

of G@ to R*xQ xCn1 will be such that it provides a nonsingular parame-
trization of a corresponding neighborhood of the origin in M.

The map F(t, 7, 0, s) is constructed as follows: To each point (¢, r,s) e
eR'XR*xCm1 we associate the parameter disc p(t,r,s) = (t,w(r,s)),
where w(r, s): D — Cnis defined by ¢ > (7, 8;, S5, ..., $m). Note that p(t, r,s)
defines an analytic disc in R!xCm. Since

[p(t, 75 8)la = [t + |01, 8)li <[] + 47 + Is],
we will have that p(t,7,s) e U(k, «) c P = R'x 9% provided that [¢], |s|
and r are kept sufficiently small. Then by Theorem 5.1 we can solve the

functional equation

©.7) (o) = ¢ — T[h{ue), w(r, 3)(e)]
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and thereby lift each parameter disc p(t, r, s) to an analytic disc

g(t, 7, 8)(8) = (f@, r, 8)(2), wiry 8)(0)) = (f(t, 7, $)(C), 7C, 8)
in C* with boundary on M. The center of each lifted disc is given by
(9.8) g(t, r, 8)(0) = (¢t + zIm f(t, 7, $)(0), 0, 8) ,
and when r = 0 we have the degenerate disc

(9.9) g(t, 0, 8)() = (¢ + ih(t, 0, 9), 0, 5) .

Finally let
(9.10) G(ty 7, 0, 8) = ¢(¢, 7}7 3)(7_% o) F(t’ 7, 0, 8) = f(t, T%y 3)(7—}0)

denote the pullbacks via the map u:R'XR*xC»1xC —R!'xX{@xCm1
defined by (¢, r, 8, {) — (¢, 7, 0,8) With 7 = 7%, ¢ = r{. Note that the restric-
tion (9.6) does map a neighborhood of the origin in R! x@ X C»~1into a neigh-
borhood of the origin on M.

We claim that #, and hence G, is a sufficiently smooth map defined on a
neighborhood of the origin in R!x@ xCm1, Actually this investigation of
the amount of smoothness of ' is the most tedious part of the proof. There-
fore we postpone it until the end, and give the remainder of the proof under
the assumption that F is as smooth as is needed.

To start with we show that

(9.11) aci == (0) = lim +*[G(0, 7, 0, 0) — (0, 0, 0, 0)] = *(4, 0, ..., 0) e C".

740
In view of (9.8)-(9.10), it will suffice to show that
F(,,0,0) =idr + Oz
as 7|0; or equivalently, that
(9.12) (0, 7, 0)(0) = idr2 -+ O(r3)

as 7|0, where 'd= (1,0,..,0). Now f(0,r, 0)({)—idr* has on S the
toundary values wu(e’) -+ iv(e??), where u(e®) denotes the solution of (9.7)
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corresponding to (¢, s) = (0, 0), and where

v(e’®) = h(u(e®), re, 0, ..., 0) — dr?.

Therefore

n

10, 7, 0)(0)— idr2 = %[ w(e’)do + % v(e®)d =T 1 II.

We obtain from Theorem 5.1, by comparing u(e?®) with the trivial solu-
tion corresponding to r = 0, an estimate of the form |u|s< C|w(r, 0)|x< Cr.
(Here, and in what follows, ¢ will denote a generic constant that does not
depend on any variables relevant to the argument at hand). In particular
[#]gsy |w(ry 0)]za< Cr. Now in a ball in R!XC of radius R<Cr, we have an
estimate on the Lipschitz constant for k(w, ..., #;, 21,1, 0, ..., 0) of the form
Lip(h) < Cr. Thus

9|2 <|T[h(, w(r, 0)) ]| 72 < | T za Lip(R) [|%] 72 + [20(r, 0)[1e]
and by keeping r so small that
1T Lip(h) = Lip(h) < £,
we can arrange that |u|,.<Cr:. Now using (9.3) we obtain that

[B(u, w(r, 0)) — dr2|,.<|Za;w;u.|5. + |[Zbjuw(r, 0)|. +
+ | ZB;u;w(r, 0)],: + 0(3) <
<Crs.

Since % = T[h(u, w(r, 0)) — dr?] we obtain finally that
(9.13) ||z <Or3.
Then by the Schwarz inequality we have

I, |II|]<Crs
and the proof of (9.12) is complete.

Next we show that the Jacobian matrix of the map @, evaluated at the

origin in R!x{ xC»1, has maximal (column) rank equal to » + m -+ 1.
Because of the special form (9.5) of G, it will suffice to prove that the (partial)
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Jacobian matrix J(0) of the map
Ft, 7,0,0): RRXRt - C' = R%

evaluated at the origin, has maximal column rank equal to 7 4 1. In fact
we will show that

I id
9.14 =
(9.14) J(0) [1 , d],

where I is the I x1 identity matrix, and where ‘d = (1,0, ..., 0). Now the last
column in (9.14) is just

. oF

wl 15 ©

| |oF ’
—u] 15 ©

as was shown in (9.11). Thus all that remains to prove is that

(9.15) P, 0) = b0 (1<), b<l) .
k

But
F@,o0,0,0) = f(,0,0)0) = ¢t + ik, 0),

80 (9.15) follows since h vanishes to second order at the origin.

Our map G is defined and will be at least of class C* in some neighborhood
of the origin in R! x@ xC»—t. Therefore there is a neighborhood of the origin,
which we can take to be of the form

N = {t,7,0,8) e REXGXC | [t] < &y, |s| < 0y, 0<T < 7o}

for d,, 8,, 7, > 0 sufficiently small, such that M = G(¥) is an embedded
manifold in C», with boundary, of real dimension # + m -+ 1. The boundary
of M is given by M = G(N) where

N = {({t, 7,0, 8) e R*XQ X Cm1| [t| < &1, |s| < &y, 0<T< 7o} -

The tangent space to M at the origin is the space spanned by To(M) = R' xCm
and the Levi vector & Since M has real dimension n + m 4 1 the holo-
morphic tangent space at each point of /7 must have complex dimension
m + 1, which is minimal; hence I7 is automatically generic. Moreover,

24 - Annali della Scuola Norm. Sup. di Pisa
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M — M is foliated by (locally closed) complex analytic submanifolds of C»
of complex dimension one: a typical leaf in the foliation is determined by
setting (¢, T, ) = const. in (9.5).

Now we turn to the task of justifying our claim that F is a sufficiently
smooth map.

First of all Theorem 8.1 gives us a precise amount of smoothness for the
map %:DxU —Cr Since the map from DXR!XR+xCn1 to DxUc
c DxR'x 25 defined by (C,t,7,8) > (, p(t, 7, 8)) is real analytic, the
composition % (¢, p(t, 7, s)), which is defined on D x {a neighborhood of the
origin in R*XR*+xC~1}, has as much smoothness as %((,p) does. The
connection between the notation of this section and that of section 8 is

ft, 7y 8)(0) = F(&, ity 1, 9),  Ft,7,0,8) = F(vla,pt, 7 9)) .

Now the map u: D xR!xR+XCn 1 - R!x{ xCn1, defined by (¢, ¢,7,5)
— (¢, 7, 0,8) with 7 =72, 0 = r{, is a local real analytic diffeomorphism at
points where > 0 (or v > 0). Hence at such points the pullback F has as
much smoothness as ¢ does. Thus the whole issue here is that of investigating
how smooth F is along the locus 7 = 0.

Let ||}, denote the C™*-norm taken over the closed disc of radius 7,
with r<1. Consider any function f(¢) defined for £ e D and define f(o) by

(9.16) flo) =1(¢), o=rl.
Then for fe 9** one has
[l <= ®*O|f|Z < e(k, 0)r~ I Refl{,

where the last inequality comes from Proposition 3.1.

For %k, j>0 let D’;Df’sf denote any partial derivative of F, of order k
with respect to o, and of total order j with respect to the variables (¢, s),
where the mixed partial D{’SF is taken in any order with respect to those
variables. Consider the continuity of D!Di F at an arbitrary point
(t0, 0, 0, 8,): .

|DEDi F(t, 7, 0, 5) — DED] F(t, 0,0, 8)| <
< |DtDi F(t, v, 0,5) — DEDiF(t, 7, 0,8)|+
(9.18) + |DED Rt 7, 0, 5) — DsD}, F(2,0,0,5)|+
-+ DS D; F(t, 0,0, 8) — D5 F(ty, 0, 0, 50)| =

=7+ II+III.
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Now

(9.19) Ft,0,0,8) =t + in(t, 0, ),
80 IIT = 0 unless k% = 0, in which case
(9.20) ILIT| <[t —t| + C{jt —t| 4 |s — 0]} ,

provided he ¢%1. Let f,.,(6) be a temporary notation for the terms
DD F(t, v, 0,8) — DED F(t, 0,0, 5), let f,; be related to f.; as in (9.16),
and f; = fo ;. In what follows we set r = 7t>0. On S' we have

(9.21) |Ref;|;, , = |Di,u— Djt|, ,<Clrll,,<Cr,

provided he C*+*%1) according to Theorem 5.1. Therefore

(9.22) |f,”|; < 1_“I2|f,m-|§ < 1_"‘/2%],{’,“ <t~ *20(k, o)|Ref; ,fla < Q1902
But then

(9.23) 1| = |f.5(0) — Fis(0) < |fi;I0l0]* < O, (lol<7)
and

[II| = |f~k,5(0)| < Ifk,j|§< |fz'|§,5 <co(k, “)|R‘9fil1§,l«< ot

Thus D:D! F is not only continuous at (¢, 0, 0, s,), but is of class % in a
neighborhood of the origin in R!x{ X Cn-1. Finally, using the theorem of
H. A. Schwarz and arguing by induction (as in Section 8), we obtain the
existence of a partial derivative (taken in any order) of order k¥ in ¢ and
total order j in (¢, s), as well ag its equality with D;D{’,F‘.

Unfortunately the simple argument given above does not apply to a par-
tial derivative of ' which involves some differentiations with respect to 7.
Therefore we are forced to develop a different approach.

First suppose that h = h(w) is a (vector-valued) polynomial in the vari-
ables w = (w,, w,, ..., w,) = (w,,s) and w = (w,, ) alone. Then h can
be written as

N
(9.25) h(w) =3 3 Refaj(s)w|w}},
m=0 i+k=m

=k

with coefficients af;(s) that are complex (vector-valued) polynomials in s
and 3, and where a}(s) is real. In this case (9.7) becomes an explicit ex-
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pression
N
(9.26) w=t—r" kz Im {af%(s) exp [i(j — k) 6]}
m=0 j+k=m
P>k

for the solution, and it is easy to verify that

N
(9.27) 6,7, )0 =t+i3™ 3 als)i ",

m=0 jt+tk=m
izk

Since m — (j — k) = 2k if j + k = m we obtain

N [mf2]
(9.28) F(t7 7,0,8) =141 E Z Tka’z~k,k(8)6m—-2k7
m=0 k=0

which is a polynomial in ¢, 7, 0,8 and s.
Second suppose that h = h(w, w) is a polynomial in the full set of
variables %, w and w. Then in multi-index notation we have

(9.29) (%, w) =M|§1‘Th’“‘(w)u’1 , (w? = whul . ul)

where each h*(w) is a polynomial of the form (9.25) with coefficients al(s)
and sum on m up to N(4). In this case we will show that F is real analytic
in the variables ¢, 7, o, s and § at the origin.

Let the sequence of functions u, be defined recursively by wu,(e?) = 0
and

(9.30) Uny1(690) = 1 — T[h(ua(e?), w(r, s)(6?))] .

Obviously u, has the form (9.26); i.e. it is a real polynomial in re?® and re=%.
Because of (9.29) it follows by induction that each succeeding w, is a poly-
nomial of the form (9.26). It follows that a corresponding f,(t, r, 8)({) can
be defined by (9.27); hence each F (¢, 7, 0, s) is a polynomial of the form (9.28).

‘We now pass to the complexifications of R xR+ xC»* and §?, and adopt
the notation from Section 6. Thus A(u,w, w*) is the holomorphic ex-
tension of the real analytic function h(u, w, w), etc. Set w(r, 8)(¢) = (r{, 3),
w*(r, $*)(8) = (rC7Y, 8*), and let u,(0) = u,(, 7, s, s*)({) denote the holo-
morphic extension of «,(e%), which is defined for complex ¢, r, s, s* and { € A4,.
The holomorphic extension of (9.30) is

(9.30) tnya(£) = £ — T[h(all), w(r, 8)(0), wH(r, )())] -
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Let u(l) = ult, r, s, s*)({) = the value of a(t, w(r, s), w*(r, s*)) at (e A,,
denote the holomorphic solution of

(9.31) u =t — T[h(u, w(r, 5), w*(r, 5%))]

that was constructed at the end of Section 6. We will show that, as n — oo,
%, — w uniformly for ¢ € 45 and for (i, r, s, s*) kept in a suitably small com-
plex neighborhood € of the origin in C!xC xCm1xCm-1,

Since % vanishes to second order at the origin, there is a neighborhood B
of the origin in C!'XCmxC» such that

0 = |Tas-sup |dk| < 3 ;
B
then € can be chosen such that

M = 2 sup{Jt| + 0]w(r, 8)]us + Ow*(r, s*) s} < the radius of B.
[y

For (t,7,s,5*) e C we have

ot a0 < M2+ 00|,

from which it follows that for all »

2 n—1 M
©32)  [ualaa< M/20L 40+ 08 ot 00 < g <

Now bounded sets in C* are precompact in C* for any 0 < o'< «. Thus
any subsequence of the u, has a subsequence which converges in A;‘, to a
limit %'. But by passing to the limit in (930) and using the argument of
the uniqueness theorem, we can identify ' with wu(t,r, s, s*)({). Conse-
quently the entire sequence %, — % uniformly for { € 45 and (¢, r, s, s*) e C.

Corresponding to u, and w we have, as in Section 8, the functions
falt, 7, 8, 8*)(C) and f(t, 7, s, s*)(C), respectively; they are holomorphic on
0 xDs and f, —f uniformly there. Since, in a compact neighborhood of
the origin, each partial derivative of f is the limit of the same partial
derivative of the f,, it follows that the Taylor expansion about the origin
of the real analytic function f(t, r, s)({) is an infinite series having the general
form of (9.27). Hence F = F(t, v, 0, s) is real analytic in a neighborhood
of the origin. '

Third we suppose that h = h(u, w) is a function of class O with 1>0.
Let AW = h™(u, w) be a sequence of polynomials, like (9.29), such that in
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some compact neighborhood of the origin in R! X C», ™ — h in the ¢*+2-norm,
and A™(0) = dh™(0) = 0 for all ». In what follows the superscript »n will
refer to solutions u™ etec., of (9.7) corresponding to h.

Let D’ denote temporarily any mixed partial derivative of total order j
taken with respect to the variables ¢, r, s, 6, which involves at most j — 1
differentiations with respect to 6. We will show that Diu™ — D7y in C§(8?)
for 0<j<1-+1. When j=0 this is a consequence of our stability the-
orem 5.2. For the induction step, it is convenient to first observe that

Dih(u, w) = h,(u, w) - D'w + h, (%, w)- D'w + E(h, u, w)
where R(h, u, w) is a universal finite linear combination of terms of the form
D22 h(u, w) D uy ... D* wy D, ... Diw,

where D7i denotes any partial derivative of total order p with respect to »
and of total order ¢ with respect to w, and in which 4, 4 ...+ 4, +

F At et pe=7; P+ e=2,...,4; 1<;<l, 1<y;<m and Aiy pi>1.
Therefore with w = w(r, 8)(¢®) we have

(9.34) |Diutm — Div|a< | T ||a| DB (u™, w) — DI h(u, w)|a <
< T[4 @™, w) - D'u® — b, (4, w)-Diul, +
+ |BM (™, w) — b, (u, w)| | D w|, +
+ |R(h™, u™, w) — R(h, u, w)|a} =
= | T|a{I + II + III}.

Now
90.35) 1< KO, 0)|,|Du® — D], + [KP @, w) — b, w)],[ D, +
+ 1R (™, w) — B (u, w)|,|Dul, .

Since ™ — b in at least the (%-norm, there is a compact neighborhood B
of the origin in R!XCm and there is a constant C such that in B

[Lip &Y,  [Lip&(’|<C

for all ». By using our induction hypothesis (for j = 0) we can find a
bound of the form

(9.36) (R, w)|, < O{[t] + » + Isl} <3| 7|7,
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provided (¢, 7, 8) is kept in a suitably small compact neighborhood K of
the origin in R! X Rt x C»~1, Likewise the last two terms on the right in (9.35),
as well as II, can be bounded by an expression of the form

(9.37) C{lh’(un) — hylos + lhg‘) — hylo + (Ihull,l + Ihw'1,1)|'“'(”) —ul,}-

As for 111, each term in it can by repeated use of the triangle inequality,
and the induction hypothesis, be bounded by expressions of the form

(9.38) C{| Dy k™ — Dyl + Dot hlyy [ D*u™ — Dl }

where 0 <A1<j—1. Combining (9.34)-(9.38) we obtain an estimate for
|D’w™ — D’u|, which tends to zero as n — oo, uniformly for (¢,7,s)€ K,
provided j<1 4 1.

Consider the functions f™(t,r,s)(l) and f(t, r, s)({) which correspond
to 4™ and u. By applying Proposition 3.1 in the standard way we obtain that

(9.39) |DPf™ — DPf|z -0

as % — oo, for 0<j<1l -+ 1, where here D’ now denotes any partial deriva-
tive of total order j taken with respect to the variables ¢, r, s, £, which in-
volves at most j — 1 differentiations with respect to {; the convergence is
uniform for (¢, r, s) € K.

Finally we consider a partial derivative of the form DﬁDf’ngﬁ of
total order p + ¢ -} ¢, where 2p + ¢ 4 3¢<l.

Since

D.F = (G717 )D,f + (— 377 v o) D, f,
it follows by repeated use of the chain rule that

D:F — Z ay(‘r_‘})"‘"(‘c_*o')ﬁ”D”f ,
lyl<a

where the a, are numerical coefficients, ¢<«,<2q, 0<f,<g, and where the
D’f denote certain partial derivatives with respect to r and ¢ of order [y|.
Therefore

(9.40) D?D; DiF = Za (v~ HH("te) D],

with p +i<p|<p+i4+ ¢ p+ ¢<A,<p -+ 2¢, 0<u,<gq, and where now
D’f = D%D;,D"f represents a derivative of total order [v| = p + % -+ |y|<
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<p + ¢+ ¢q. Each D’f has a Taylor expansion of the form
+
(9.41)  Drf@,r, 8)(¢ z D"D 1@, 0, 8)() -+ re+2+1-R(f, v, q)

in which R(f, », ) can be expressed, via the Lagrange form of the remainder
applied to each of the 21 components of D*f, in terms of D?*2¢*!1 D’} eval-
uated at intermediate points in (0,7). Hence we can write

. »+2q ¢+1
(9.42) D2Di,D'F =3 v "2 (f) + 3 v *By(f),
=1 =0

where A,(f) is a linear combination of terms of the form (r“*o)"'DfD" f(t, 0,8)-
(v~ ¥o) with k<p + 2¢ — 1, and where B,(f) is a linear combination of cer-
tain terms like those in A,(f), with k<p -+ 2q, plus the R(f,», q)’s.

The universal formulas (9.40)-(9.42) are also valid with # and f replaced
by F and f, respectively. Since each F is known to be real analytic
at the origin, and |v~¥¢|<1, it follows that A4,(f™) = 0 for all 7 and all .
As n — co we know that 4,(f) — A,(f), by (9.39); hence A,(f) = 0 for
all I. But our assumptions imply that each of the terms B,(f) remains
bounded as 7|0, so that

(9.43) lim D2 D;,D:F = By(f)
70

exists in a neighborhood of the origin in R!x@ xCn1,

This argument shows that D?D; DF is continuous, and in fact of
class O} at v = 0. Using the theorem of H. A. Schwarz as before, we
obtain the continuity of the mixed partials taken in a different order, and
their equality with D?Dj, D?F. Thus F is of class C"/*}* in a neighborhood
of the origin. This completes the proof of Theorem 9.1 in the > category.

Now for the proof in the real analytic category: Assume that h is real
analytic in a neighborhood of the origin in R*xC». Then we can use The-
orem 6.1 in place of Theorem 5.1, and the proof we have given above goes
through without change down to the point of investigating the smoothness
of F(t, 7,0,5) at v = 0. We will show that, under our current assumption,
F is a real analytic function of all of its variables at the origin in
R*XR XCxCr1,

The function k, although no longer a polynomial, still has a convergent
multiple power series expansion about the origin that can be written in the
form of (9.29) a;xd (9.25). Let the functions u, be defined recursively as

in (9.30) and (9.30). Since %, = 0 it follows that #,, and hence each suc-
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ceeding u,, has a multiple power series expansion that has the form of (9.26).

Now the rest of the argument following (930) applies, since it did not rely
on h being a polynomial. Hence we can conclude that the

Un(t, 7, 8, 8%)(5) — u(l, 1, 8, $¥)(0)
and the corresponding
fn(ty 7, 8, s¥)() — f(t, 7y 8, $*)(0)

uniformly for ¢ e 4, and (t,r,s, s*) e 0, where € is a neighborhood of the
origin in C'xXC xCm1xCm1, Therefore the multiple power series expan-
sion of the real analytic function f(t, r, 8)({) has the form of (9.27), and it fol-
lows that F(t, 7, 0, s) is real analytic at the origin with a power series ex-
pansion having the form (9.28).

In particular F' is well-defined for sufficiently small negative values of 7.
Therefore for some 6> 0 we can take Ms = G(Ns) with

No= {¢, 7, 0, 8) e R* X Qs X C" 1| |t| < Oy, 8] < 8,y — < T< 74},

where

Qs = {(r,06) e RXC|t > |o]* — 6} .

This completes the proof in the real analytic category.

Finally for the proof in the C* category: Let h € C* and let B be a com-
pact neighborhood of the origin in R!XxC». Then by the diagonal trick we
can find a sequence of polynomials " (u, w), with h”(0) = 0 and dr™(0) = 0,
such that h™ — b in C*(B) for all k>0. Let the sequence of functions wu,
be defined recursively by #, =0 and

(9.44) Uy =t — T[A™ (s, w(r, 8))] .
As before each u, is a polynomial of the form (9.26), and corresponding f,’s
can be defined by (9.27), so that each F, has the form (9.28). Since A™ — h

in at least the C%-norm we can, without loss of generality, assume that B has
been chosen so small that

0 = |T|a-sup |dh™| < §
B

for all n. Then the argument leading to (9.32) applies.
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Hence there is a neighborhood V of the origin in R? x Rt X C»~! such that
(9.45) [Wa|a< M

for all » and for (f,7,8)e V. Thus any subsequence of the u, has a sub-
subsequence which converges to a limit %' in O for any 0 < «'<< «. For
simplicity we drop the prime on a. Once we verify that «' is a solution of (9.7)
on some neighborhood of the origin in R!'XR* xC»1, we can without loss
of generality assume that V has been chosen such that the original sequence
%, —> % in Cf uniformly for (¢,r, s) e V, where u is the C* solution of (9.7)
constructed in Theorem 7.1.
To verify that «' solves. (9.7) we write

[w'— t + T[h(u', w(r, $))]|a<|t'— tngs|a+ |T[(h — B") (%0, w(r, $)) ]|« +
+ | T [B(wn, w(ry 8)) — h(w', w(r, 8))]a,

and let n run through the subsubsequence. The second term on the R.H.S.
is bounded by
C Lip (b — k™)

which tends to zero as m — oo. The third term on the R.H.S. tends to
zero because s is continuous on (=

Next we show that Du, — D'w in Cf for any derivative D’ of total
order j, taken with respect to the variables ¢, r, s and 6, uniformly on V.
The proof, by induction on j, is exactly as in (9.34)-(9.38) except for the
fact that two additional terms arise in (9.34):

(9.46) |Diw, — Diw)a< | T|ofl 4+ II + III + IV + V}.
The terms I, II, III are exactly as before, and

IV = | DI (Upy w) — DI (thy_1, )],
V= Ith‘")(u,,_l,w) - Djh("—l)(un—l’ w)l"‘ .

Since A™ — b in (7*2, we have that
IV< I.Djh(n)ll’]_ * ]’M,n - u»_llop< Oluﬂ - u”_]_la - 0

a8 n — oco. Likewise
V<O Dik™ — Dipn2],;, — 0.

Therefore Diu, — Diu.
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The rest of the proof following (9.39) goes exactly as before. Therefore
F e 0~ in a neighborhood of the origin in R!x @ xC»1. This completes the
proof of Theorem 9.1.

10. — On the Hans Lewy extension phenomenon.

Now that we have the results of Section 9, it would be appropriate to
consider in some detail the problem analogous to the Hans Lewy extension
phenomenon. Due to limitations of time and space we confine ourselves here
to a simple illustration of the type of theorem that can be obtained. We
plan to discuss these matters more fully in a future publication.

Let CR(M )(CR(M )) denote the algebra of C* functions on M (JT) which
are annihilated by the tangential Cauchy Riemann equations to M (M).
In what follows M, #, I, will be as in part (i) of Theorem 9.1, and M will
be chosen so that M = oM.

THEOREM 10.1. Let M be real analytic and satisfy the hypothesis of The-
orem 9.1. Then the restriction map

CR(M) ~ CR(M)
s a topological isomorphism.

PROOF. We employ some of the notation of [7] and [1]: 95 will denote
the tangential Cauchy Riemann operator to M (M), Hf{(ﬂ o) is the coho-
mology of the 93-complex on M, with supports in M, and By = Ms—
{the interior of M in I s} will denote the border. There is by [1] an exact
sequence

0 — H%(M,) - H%(B,) @ H%(Il) - H%(M) - Hy(IL,) — ...,

because M is a noncharacteristic hypersurface in M, for 93. Since M, is
real analytic, the operator 93; has real analytic coefficients. By the argument
of the Holmgren uniqueness theorem it follows that 95 has the unique con-
tinuation property on M,. Hence H%(I,) = H%(B,) = 0. By definition
H%(M) = CR(M) and H%(M) = CR(M). Therefore it will suffice to show
that H ;TI(M s) = 0. But that statement is the content of Lemma 1 of [7],
because (M, M,) has a top hat foliation, as defined in [7]. This completes
the proof of Theorem 10.1.

One can work in other categories beside 0®. For example, by employing
the results of [8] it is possible to treat these questions in the hyperfunction
category, see [17], [18], [20], [19].
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