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Invariant Metrics on Convex Cones (*).

EDOARDO VESENTINI (**)

dedicated to Jean Leray

Let R be a locally convex real vector space and let 2 be an open convex
cone in R containing no non-trivial affine subspace of R.

In the case in which R has finite dimension, an affine-invariant riemannian
metric has been introduced in 2 by E. B. Vinberg [16], following closely a
similar construction developed earlier by M. Koecher ([11]; cf. also [14])
for the domains of positivity. The invariance of this metric under the action
of the group G(£2) of affine automorphisms of 2, coupled with a classical
lemma of van Dantzig and van der Waerden, implies that G(£2) acts properly
on 2. Furthermore, if 2 is affine-homogeneous, this invariant riemannian
metric on {2 is necessarily complete [10, p. 176].

In the general case in which R is a locally convex real vector space
we will define two metrics on 2 which are invariant with respect to the
group G(R2) of all continuous affine automorphisms of 2. After considering
a few examples we compute explicitely one of the two metrics in the case
in which £ is the cone of strictly positive hermitian elements of a Banach
algebra A endowed with a locally continuous hermitian involution. Denoting
this metric by do, we will consider the particular case where £ is a von
Neumann algebra and we will suitably extend to this case some of the results
of Koecher and Vinberg, proving that do is a complete metric (Theorem IV)
on Q and that the action of G(Q2) is «locally bounded » (Theorem V).

The main idea in the construction of the metric do stems from the defi-
nition of the Caratheodory invariant metric on a domain of C* ([1], [2], [3]).
A suitable class of real valued functions on the cone 2 takes the place of
the bounded holomorphic functions appearing in Caratheodory’s definition.

(*) Partially supported by the National Science Foundation (MPS 75-06992).
(**) University of Maryland and Scuola Normale Superiore, Pisa.
Pervenuto alla Redazione il 16 Marzo 1976.
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The crucial role of the Schwarz-Pick lemma in Caratheodory’s construction
is played here by an elementary property (Lemma 1.1) of the Haar measure
of the multiplicative group of real positive numbers.

Let U be the complexification of R, and let D be the tube domain over
2: D= {2 V:Imze 2}. We will show (Theorem II) that dp is the restric-
tion to 72 of the Caratheodory metric of D.

A new metric has been introduced recently on complex manifolds
by S. Kobayashi and has been extensively investigated by him and
others ([8], [9]). This metric, besides being of great interest in the theory
of value-distribution of holomorphic mappings and in other questions,
turns out to be useful in simplifying the construction of Caratheodory’s
metric. Adapting Kobayashi’s ideas to the framework of convex cones and
affine mappings, we will define in § 1 the other affine-invariant metric
mentioned at the beginning. As in the case of complex manifolds, this metric
turns out to be instrumental in the construction of dg.

1. — A Kobayashi-type invariant metric.
1. — The Haar measure of the multiplicative group R} of positive real
number is given, up to a positive constant factor, by ¢-'df. Assuming as

a distance of any two points #, and #, in R} the measure of the interval
determined by ?, and ?,:

’

ty
(1.1) 0(lyy 1) = lfd_t = 'logt_z
(4 ty
ts

we obtain a continuous invariant metric on the group R .

An affine function f: R — R mapping R into R is given by f(t) = at + B,
with >0, >0, a+ 8> 0.

For t,>1, we have

th ot f_ Plla—t)
tl “t1+ ﬂ tl(“tl_}— ﬂ)

>0,

equality occurring if, and only if, = 0. This proves

Lemma 1.1. If f is any real-valued affine function on R, mapping RF
into R}, and if t,,t,€ R} (t,#1,), then

o(f(t), f(ta)) <o(tss 1)

equality occurring if, and only if, f is a translation in the multiplicative group R} .
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2. — Let R be a real vector space and let £ be a convex cone in R,
Q5= {0}. In the following we shall be mainly concerned with cones satisfying
the following condition:

i) If #€ Q2 and if £ is any affine line in K such that x € £ and that
£ N Q2 contains a half-line, then there is a half-line r,c £ N 2 containing @
in its interior.

Condition i) is satisfied when every point x € 2 is internal (i.e. when 2
is radial at x).

Suppose that R Q, that R is generated by £ and that R has finite
dimension. Let # be a bounding point of £ (i.e. both £2 and R\ Q2 are not
radial at x) and let P be a hyperplane of support of 2 at #. Then Q¢ P
and for any ye O\ P the affine line {#= x4 ty:tc R} intersects 2 on a
half-line with origin . Hence, if i) holds, £ is open in R for the standard
vector topology of R. Since the converse obviously holds, we have:

LEMMA 2.1. The convex cone 2 satisfies condition i) if, and only if, jor
every finite-dimensional subspace G of R such that TN 27~ {0}, TN R is
open in the subspace of B generated by TN 2, for the standard wvector
topology of G.

Throughout § 1 we shall assume that 2 satisfies condition i). If x, y are
two points of 2, x#y, either # and y are collinear with 0 or x, ¥ and 0
determine a two dimensional space S(z,y). In both cases there are two
affine half-lines r, and r,, starting at # and y, such that

L,CSx, Y NY, r,eSzyYNR, 1,N1,+#0.

Let p®= w, pY, ..., p» =y be points in 2, let a?, ..., a?, b, ..., b be points
in R}, and let f;, ..., f, be affine functions of R into & mapping R into 2,
and such that

fila?)=pi=t,  fi(b))=p’ (G=1,...,m).
Let
ya(w, y) = inf {o(a?, b*) + ... + a(a, b")},
where the infimum is taken over all possible choices of =, pt...,p" %,

aly .y ay bYy oy b fiy iy fan
Clearly yo is a pseudo-metric in 2. The following proposition is a trivial
consequence of the definition of yg.

PRrROPOSITION 2.2. Let Q, and Q, be two convex cones in two real vector
spaces Ry and Ry, and let F: R, — R, be an affine map such that F(Q,)C £2,.
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If both Q, and Q, satisfy condition i), then

vo,(F(2), F(y)) <ya,(, y)
for all x,ye £2,.
In particular, if the convex cone §2 satisfies condition i), the pseudo-metric yo
18 invariant under any affine automorphism of £.
By the definition of yq,

va(f(a), {(b)) <o(a, b)

for all a,be R_+ and every affine map f: R—>R such that f(R:“) c Q.
Actually yg is the largest pseudo-metric on £ satisfying the above inequality:

PROPOSITION 2.3. If £ satisfies condition i) and if y’'is a pseudo-metric
on 2 such that

?'(f(a), (b)) <of(a, b)
for every affine function f: R — R such that f(R})c Q and all a,be R}, then
Y (@, y)<yalw,y) for all v,y L.

Proor. With the same notations as in the definition of yo, we have

y' (2, y) <,2 y'(p", p?) =5Z ' (fi(a'), £;(b%)) < Zlo(a’, bi),
=1 =1 i=

proving our assertion. Q.E.D.

Let 2, and Q, be two convex cones in two real vector spaces R, and R,.
If both 2, and 02, satisfy condition i), then the convex cone £, X 2,c R; X R,
satisfies condition i).

ProprosITION 2.4. If both £, and Q, satisfy condition i) then for
971,?/16917 wzyyzE.Q, we have

ma'x(yn,(mu Y1)y Y, (@2, Ys)) <)’a,xg,((-771, T3)y (Y1 ¥a)) <
<Y, (@1 Y1) + Vo, (@2 Ya) -

ProoF. The inequality on the right follows from the triangle inequality
when we apply Proposition 2.2 to the linear maps 2, — (21, ¢;) and 2, (¥, 2,)
of R, and R, into R, X R,. The inequality on the left follows directly from
Proposition 2.2, when we apply it to the canonical projections £, x 2, — Q;
(j=1,2).
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3. - We will now construct yo in a few examples.
Let R =R and 2= R]. With the same notations as in the defini-
tion of yo, we have, by Lemma 1.1 and by the triangle inequality,

5210(45’ bi) > ZO'(f,(a’), fi(bj)) =;2 a(p’, pY)>olx, y).
- i=1 =1

Thus
Yre(@, y)>o(w,y) for w,y ER:_ .

On the other hand, choosing a'=wx, b=y, fi(t)=1¢ in the definition
of yg+, We have

Yre(@s ¥) <0(, ) .
Hence

(3.1) Yre(@, y)=o(@,y) for all z,ycR}.
We consider next the case where R = 2= R and we prove that
(3.2) yrl@,y)=0 for all x,yeR.

Let x5 y. Given any two distinct positive real numbers, ¢ and b,
there exists an affine function f: R — R such that f(a) = », f(b) =y. Being

vr(®, y)<o(a, b),
that proves (3.2).
We say that the cone £ is sharp (or regular) if it containg no affine line.
If the cone 2 is not sharp, there is an injective affine map f: R — K
such that f(R)c 2. Proposition 2.2 and (3.2) imply

LeMMA 3.1. If the pseudo-metric yo is a metrie, then Q2 is sharp.

We will discuss later on the converse statement.

The following proposition shows that both the upper and lower bounds
described by Proposition 2.4 can actually be reached on the same cone.

PROPOSITION 3.2. Let R=RXR, and let Q= R} xR} . The distance
Yrexr+(® Y) of two points & = (x1, @,) and y = (41, ¥s), ®#y, in R} XR} is
given by

}’R+XR+((501, Z3)y (Y1, ?/2)) = ma,x(o'(wl, W), 0(22, f'/z)) 3

or by

(3.3) thXR:((w” Z3)y (Y15 ?/z)) = 001y Y1) + (@2, Y2)
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according as the affine line determined by x and y in RXR intersects
R} XR] in a half-line or in a finite segment.
We postpone the proof of this Proposition to n. 12.

2. — A Caratheodory-type invariant metric.

4. — Let 2 be a convex cone in a real vector space R. Let F(2) be the
collection of all real valued affine functions on R mapping £ into R .

For z,ye€ L2, let do be the non-negative (not necessarily finite) number
defined by

(4.1) da(@, y) = sup {o(f(»), f(y)): fe F(Q)} .

Clearly 9 is a pseudo-metric on 2 whenever do(2,y)<< oo for all x,ye £.
The following lemma is an obvious consequence of (4.1).

LEMMA 4.1. If there is a pseudo-metric 6’ on £ such that
(4.2) 8'(x, y) > o(f(2), f(¥))

for all feF(Q) and all x,ye Q, then 6o is a pseudometric on L2, and
oz, y)<0'(x,y) for all 2,y Q.

According to this lemma, d, (when it exists) is the smallest pseudo-metric
on Q for which every fe () is distance-decreasing.

Let us assume that Q satisfies condition i) of n. 2, and let », af, b7, p, §,
(j=1,...,m) be as in the construction of yo (n. 2). For any fe F2),
fof; is an affine function R — R mapping R into R}. Thus by Lemma 1.1

o(fofi(a’), fof,(b?) <o(a’, b) .

By the triangle inequality

fz o(a, bf>za(fof, (@), fof, ) = 3 alf(p, 197) > (i), )

i

and therefore

ya(@, y)>o(f(@), f(y)) -

Hence ¢’ = yq satisfies (4.2), and Lemma 4.1 implies
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LeEMMA 4.2. If Q satisfies condition i) of n. 2, then dq is a pseudo-metric,
and furthermore

da(@, y)<yal®,y) for all m,ye 2.

The following propositions are immediate consequences of (4.1) and
can be proved imitating similar arguments in n. 2.

PRrOPOSITION 4.3. Let 2, and Q, be convex cones in real vector spaces R,
and R, and let F: R, —> R, be an affine map such that F(2,)c Q,. If the
functions o, and Oq defined by (4.1) are pseudo-metrics, then

do,(F(@), F(y)) <0 (x, y)

for all z, y in Q,. In particular, if do is a pseudo-metric on Q,then dgis
invariant under any affine automorphism of £.

PROPOSITION 4.4. If 6, and Og are pseudo-metrics on Q, and £, then
the function 0g , o, defined by (4.1) on (£21X2,) X (£, X £2,) is a pseudo-metric
on the convexr cone ;X 2,Cc Ry XR;. Furthermore

max(dg (%1, Y1); Og,(@ey ¥2)) <89, 0,((T1, 2), (41, ¥2)) <

<69,(w17 Y1)+ 69,(‘”27 Y2)
for all @y, 4, € 25, Ty, Y€ 2.
Suppose that de is a pseudo-metric on 2; let xR, r> 0, and let

(4.3) Clzyr)={yeQ: dalw,y)<r}

be the ball with center # and radius » for the pseudometric do. If
y, y2€ C(x, r), then by (1.1) and (4.1)
f@’)

exp(—r)<m<expr (1=1,2)

for all fe&(L2). Since, for 0<t<1, f(ty*+ (1 —1t)y2) = tf(y) + (1 —t)f(y?),
then

fty + (1 —t)y2)
f(@)

exp(—r)< < expr 0<t<1),

i.e.
o(f(ty*+ A —1)y2), fl@) <r (0<t<1),

showing that C(zx,r) is convex.
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Given fe &(L2), there is a linear form A on R and a real number ¢>0
such that f(x)= A(x)+ a for all xe R. Clearly A(z)>0 for all wxe Q; if
A(x) = 0 for some z € 2, then a > 0. Let ,ye 2, and let f(x)> f(y). Then
Mz)> Aly), and, by (1.1),

Ax)+ a
AMy)+a’

o(f(2), f(y)) = log

Since the function a — (A(x) + a)/(A(y) + ) is decreasing on R}, then (4.1)
is equivalent to

(4.4) bo(z, y) = sup{o(A(2), A(y)},

where the supremum is taken over all linear forms A on £ such that A(z)>0
for every xze Q.

5. — Let Q= R_+. Since the identity map of R onto itself belongs to
F(R}), by (4.1) and (3.1) we have

61::(&'}, y)>o(z,y)= VR:(“" Y),
so that, by Lemma 4.2,
(8.1) Or+(®,y)=o(x,y) 2,yeR].

If =R} xR}, then by (4.4)

a, T+ a2
5,‘:,(3;((:01,9';2), (?/17?/2))2 sup{ logm 1a,>0, a,>0, ai + a§=1}
@y COS @ + @, 8in @ 7
= log =2 1 0<p<=}.
sup{ ogylcOSq)—i— Yp 8in @ <p<2}

Interchanging « and y, if necessary, we may assume x,/x, >¥,/y,. Since
the function ¢ — (@, cos -+ x,8in¢)/(y, cos ¢+ y, sing) is non decreasing for
0<@p<m/2, then by (1.1) we have

@,
log =2 )
g %

= max (a(ml, Y1), (X2, ?/z)) .

)

z
(5.2) Ory xri((T1) @)y (41, ¥2)) = max ( logy—l
1

Comparing the above formula with Proposition 3.2 we see that the two
metrics yg., g+ aDd Op., . are different.
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If Q=Rt+= {te R:1>0}, then
Op+(®, 0)= oo for all 2> 0.

This implies that, if the convex cone £ contains some of its bounding
points, then there are points x,y e 2 such that do(z, y) = oo.

Throughout the remainder of this paper we shall consider the case
where R is a real locally convex (Hausdorff) topological vector space, and 2
is an open convex cone in R.

For z,ye R, S(x,y) will denote the vector subspace (of dimension <2)
of R determined by z and y. Then S(x,y)N 2 is an open cone in 8§(x, y).
By a theorem of M. Krein (cf. e.g. [12,p.63-64]), every linear form on
S(x, y), which is positive on S(z,y) N 2 extends to a positive linear form
on Q. By Proposition 4.3 this fact proves

LeMMA 5.1. If Q is an open convex cone in a real locally convex wvector
space R, then for x,ye Q2

Oq(x, y) = 68(0:,11)0 o® ).
COROLLARY 5.2. Let B be a vector subspace of R. Then for x,ye BN Q2
6{)('77’ y)= 6“6n.o(w7 ).

Let R* be the topological dual space of the locally convex space R, and
let €(L2)c R* be the set of all continuous linear forms which are positive
on 2. For z,yec 2, let

8'o(@, y) = sup {o(f(x), f(¥)): feC(Q)} .
Then
8@, y)<da(®, ),
while
6’S(w,v)n (@ Y) = Og@yyn (@ Y) .

Again by Krein’s theorem every (continuous) positive linear form on
2N 8(x,y) extends to a linear form on R, which is positive on £ and
continuous [6, Lemma 7, p. 417].

Thus

6é(a:,v)n .Q(x’ y) = 6.,0(‘1"9 ) ’
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so that, by Lemma 5.1, d(x, ) = 0g(@, ¥), i.e.
(5.3) do(@, y) = sup {o(f(x), f(y)): fe€(Q)}  for all #,ye Q.

Suppose now that the open convex cone £ in R is sharp. For z,ye Q,
x#~ Yy, S(z,y)N L is either an open half-line or a sharp open cone in a pla-
ne. In both cases

cs8(:::,':/)n Q(w7 ?/) >0

and therefore, by Lemma 5.1, do(x, y) > 0. Hence, if £ is sharp, do is a
metric, and thus, by Lemma 4.2, also ye is a metric.
In view of Lemma 3.1, we conclude with

THEOREM I. Let 2 be an open convex cone in a locally convex (Hausdorff)
real vector space R. The cone Q2 is sharp if, and only if, at least one of the two
pseudometrics yo and o is a metric. If one of them is a metric, the other too
i8 a metric.

By (5.3) 0o is the upper envelope of a family of continuous functions
on 2 x (. Hence, the relative topology of Q in R is finer than the topology
defined by dq.

6. — Let U be a locally convex (Hausdorff) vector space over the complex
field, and let R be a real subspace of U such that U is the complexifica-
tion of R.

Let 2 be an open convex sharp cone in R, and let D be the tube domain
in U defined by

D={z+iy:xeR, ye}.
Let IT+ be the upper half-plane in C:
II+= {{eC:Imz> 0} .

The distance between two points ,{,e[l* with respect to the
Poincaré metric in 7+ is

1 [B=d
w(CuCz):lOg ;_Cl .
et
C2_Cl

The Caratheodory distance c¢p(2,,2,) of two points 2,2, €D is given
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by the formula
ep(2yy 2) = sup w(f(zy), f(ze)) »
where the supremum is taken over all holomorphic maps f: D — IT+.
If A is any continuous linear form on R, positive on £, the function

@ + iy — A@) + 9A(y) is a holomorphic map: D —II+.
Since, for t,,t,e R},

o(ityy ity) = o(tsy 1)

then

(6.1) 0¥y Yo) <Cp(iy, 1¥5) (Y1, Y2 € 82).
If D= II+, then ([9, Proposition 2.4, p. 51])

epe(8iy &) = (81, &) (G Loell*).

Thus, by (5.1),
(6.2) Or+(Y1y Yo) = €1, 19:) (Y1, 926 R]).
Similarly, if D= IT+ xII+, then [9, example 1, p. 51]
o er((E15 L)y (L35 £3)) = max (a(Zy, &), 0(l75 ) -
Hence, by (5.2),

(6.3)  Orexre((¥1s ¥1)y (W2r ) = Ce e+ ((i91 191); (8925 993))
(911 Y2 91, Yo € R)) .
Going back to the general case, let y,, y, € 2, and let 8(v,, y,) denote,

as before, the subspace of R spanned by v, y,. Let S(y,, ¥2)¢ = S(1, ¥2) +
+ i8(y,, ¥,) be its complexification. By (6.2) and (6.3) we have

(6.4) 9an Swv) (Y11 Y2) = Cpn 8w wo(tW1y W) (Y1) Y2 € Q).
Since [9, Proposition 2.2, p. 50]

cp(1Y1y 1Y) < Cpn S(u,,u)? (W11 W) 5

44 - Annali della Scuola Norm. Sup. di Pisa
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Lemma 5.1 and (6.4) yield

69(?/1 s Yg) > Cp(1Y, 5 1Y) (Y1, ¥, €2),

and in conclusion, by (6.1),

00(¥1y ¥2) = ep(iyy, 19s) (U1, Y€ Q).

This proves

THEOREM II. Let U be a complex locally convexr (Hausdorff) vector space,
and let R be a real subspace of U such that VU is the complexified of R. If Q
is am open, convex sharp cone in R and if D is the tube domain over Q,

D= {ze VU:Imze R},

then the metric Oq is the restriction to iQ2 of the Caratheodory metric of D.

3. — The cone of positive hermitian elements.

7. — Let # be a complex Banach algebra with an identity element e.
In the following A will be assumed to be endowed with an involution % which
is locally continuous (i.e. continuous on every maximal commutative % sub-
algebra of #A) and with respect to which £ is symmetric. The latter hypo-
thesis implies [13, p. 233] that the involution % is hermitian, i.e. every her-
mitian element of £ has a real spectrum.

Let R =X, be the real linear subvariety of A consisting of all the
hermitian elements of #£; JC4 is a (real) closed subspace of A if, and only if,
the involution is continuous. For any x € A, let Spx denote the spectrum of
z in A. An element he J, is positive, h>0, if Sphc R+. Let 2, be the
cone in J, consisting of all the positive hermitian elements in A.

Since #£ is symmetric, if # >0, k>0, then %+ k>0. Thus the cone Q,
is convex. Let £ be the interior part of 2, in J4. If he 2, and if 0 Sph,
for every positive integer », h — (1/v)e ¢ £2,: Since b — (1/v)e tends to h as
¥ = -+ oo, then h ¢ 2. On the other hand, if Spth:’, by the upper semi-
continuity of the map z+>Spx (re #£) [13, pp. 35-36], there is a neigh-
borhood of h in 34 all of whose points have their spectra in R .

Thus

(7.1) Q=1{heXy:SphcR}}.



INVARIANT METRICS ON CONVEX CONES 683

Given any xe 2, let ' be its positive square root. By the spectral
mapping theorem Spa! is the image of Spx by the map ¢+—>v/¢. Thus
#te . Let 2~t= (2*)~'. The map

(7.2) T,:z>x" Y2t (2eQ)

is a bounded linear automorphism of the Banach space /£ mapping J 4 onto
itself. If ye Q, then 2 *yx~* is invertible; since

o tyat = o tytytet = (gloHrgleh e O,

then  *yz~*e Q. Thus T, maps 2 onto itself. Being T,(z) = ¢, then the
group {T,:x€ 2} acts transitively on 2. Hence the cone 2 is affine-
homogeneous.

NoteE. We will now discuss briefly the case where the %-algebra A does
not have an identity. For the sake of simplicity we will consider only the
cage where A& is a C* algebra. As it is well known, the involution % extends
naturally to the Banach algebra #£,= #£ X C obtained from +# by adjoining
the identity e, in such a way that #, is a C* algebra. For any x € £, let
Sp« be the spectrum of (x, 0) in £,. Let £, be the convex cone in J¢4 con-
sisting of all positive hermitian elements of £#. Then h € £, if, and only if,
Sphc R+. However, since 0 € Spxz for every « € #, the interior part 2 of 2,
in J¢, does not satisfy (7.1).

The following lemma holds

LeMMA 7.1. If he 2, then 0 is an isolated point of Sph.

Proor. The closed subalgebra & of A generated by h is a C* algebra
which is *-isomorphic and isometric to the uniform algebra Cy(Sph) of
all continuous complex valued functions on Sph vanishing at 0, the ele-
ment % corresponding to the restriction to Sph of the function ¢+ (£ eC).

If 0 is not an isolated point of Sph, for every ¢ > 0 there is a real-
valued continuous function %, on Sp h, vanishing at 0, and a neighborhood V
of 0 in Sph, such that

max |k(t)—t|<e and k(t)<O for any te V\{0}.
Denoting by the same symbol k. the element of $ whose Gelfand
transform is k., we have
(—Spk)NR#0 and k,—hase—>0.

Hence & is not an interior point of Q. Q.E.D.
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According to a theorem of Hille [7, p. 684], 0 is an isolated point of Sph
if, and only if, there is a subalgebra of A which has an identity and contains A
as an invertible element.

As a consequence of Lemma 7.1, if /£ is the C* algebra of all compact
linear operators on an infinite dimensional Hilbert space, then £ =@.

8. — Let € be the collection of all positive linear forms = 0 on #£. All
elements of € are continuous linear forms. Since 2 is open, every form
in € assumes positive values at all points of 2. If fe €, then f(¢) > 0, and
(1/f(e)) f is a state of A. Let B be the set of all states of £, and let Q
be the set of all pure states.

For any he X4, let

(8.1) a(h)=inf{s:teSph}, b(h)=sup{t:tcSph}.

By definition, he 2, or heQ if, and only if, a(h)>0 or a(h)> 0,
respectively. Furthermore

(8.2) b(h)=po(h) if hef,,
where o(h) denotes the spectral radius of 2, and

1
8.3 =——— i .
(8.3) a(h) o0 if he

The first part of the following lemma is contained in a more comprehensive
result of D. A. Raikov ([12, p. 307]; cf. also [13, Theorem 4.7.12, pp. 235-236,
and Theorem 4.7.21, pp. 238-239]).

LEMMA 8.1. For every he KXy

b(h) = sup {f(h): f P} = sup {f(h): fe D},
a(h) = inf {f(): fe P} = inf {f(h): feQ}.

Proor. The Banach subalgebra 3B of £ generated by h and e is a
commutative x-subalgebra of 4. Since, by the Zorn lemma, every com-
mutative %-subalgebra of £ is contained in a maximal commutative *-sub-
algebra of #, the involution is continuous on 3.

Since C\Sp? is connected, Sph is also the spectrum of & in $B. The
space Mg of maximal ideals of $B, endowed with the Gelfand topology, is
canonically homeomorphic to Sph. This homeomorphism maps ye Mg
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onto the real number A(y)eSph, h being the Gelfand transform of k. If
we identify Mg with Sph via this homeomorphism, % becomes the restric-
tion to Sph of the function ¢ +>¢ (£€C). The algebra 3 of all Gelfand
transforms of the elements of 3 is a dense, conjugation-invariant, subalgebra
of the uniform algebra C(Sph) of all complex-valued continuous functions
on Sph.

If g is any state of #, g|4 has a continuous extension as a positive linear
form on C(Sph). Hence there is a finite positive Borel measure m, on Sph
such that

9() = | £(t) dm,(?)
for all x€ $B. In particular |m,| = g(e)=1, and

g(h) = [tam,(1),
so that, by (8.1) and (8.2),

a(h)<g(h)<b(h) = o(h).

The Dirac measures with mass 1, concentrated at the points b(h) and a(h),
define two states on B which extend to two states g, and g, of 4 [13, p. 235],
for which we have .

9i(h) =b(h),  go(h)=a(h).
Since the pure states and 0 are all the extreme points of the set of positive
linear forms on £ with norm <1, the Krein-Millman theorem completes

the proof of the lemma.
Since for every he 2

Sale, h) = sup {[logf(h)]: f B} .
By the above lemma and by (8.2) and (8.3), we have
(8.4) da(e, h) = max {logo(h), logo(h-1)} he Q).
Given @, ye 2, let h= T,y =2 tyxr~! Then

Oglw, y) = 69(1'”.’0, T,y)= 69(97 k)
= max {log o(x"tyz 1), log o(aty1at)},
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i.e.
(8.5) dg(x, y) = max {log o(x~y), log o(xy~)} (z,y€ ).

This formula proves

LeMMA 8.2. The affine-invariant pseudo-metric dq is invariant under the
map x>zt of Q onto itself.

By (8.5), dale, h) = 0 for some he £, if, and only if, Sph= {1}. Since
any such % is the exponential of a hermitian quasi-nilpotent element, we
obtain

THEOREM III. The cone $2c X, consisting of all strictly positive hermi-
tian elements of £ is sharp if, and only if, £ contains no non-trivial quasi-
nilpotent hermitian element.

9. — For any x€ 2, and r> 0, let B(x,r) be the open ball in J€

Bz, r)={yeXy: |e—y| <7},
and let
D(e,r)={heR:p9le—h)<r}.

Being o(e — h) < ||e — k|, then B(e, r) N 2 D(e, r) for all > 0. Since the
spectrum of ¢ — h is the image of — Sph by the translation defined by the
vector 1, then, with the notations (8.1),

a(e—h)=1—0b(h), ble—h)=1—a(h),
so that, for every he X4,

e(e —h) = max (|1 — b(R)], [1 — a(h)|)
=1—a(h) if a(k)+bh)<2,
=bh)—1 if a(h)+b(h)>2,

and therefore

D(eyr)={heXy: a(h)>0, 1 —b(h)>—r, 1 —a(h) <7}
={heRy: max(0,1—r)<a(h)<bh)<1-+r}.
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Given r> 0, for any R > 0 such that R<1— exp (—r), we have also
exp(—r)<1—R<1+ R<expr, and therefore

(9.1) B(e, RYN 2c D(e, R)c C(e,r) for 0<R<1—exp(—r),

where C(e, r) is defined by (4.3). Since every do-isometry T, defined by (6.2)
is continuous for the norm-topology and since the family {T,:z e 2} is
transitive on 2, (9.1) shows that—according to what has been proved at
the end of n. 5—the norm topology in £ is finer than the topology de-
fined by de.

Given 0<R<1, for any 0<s<log(l4+ R) we have 0<1—R<
<exp(—s)<exps<1l-+ R, and therefore,

(9.2) C(e,s)cD(e, B) for 0<s<log(l4+ R), O<R<1.

Suppose now that s is a C* algebra with an identity. The algebra #£ con-
tains no quasi-nilpotent element =0, and therefore (2 is gsharp. Further-
more, for every hermitian element k, we have g(h) = ||h|, so that D(e, r) =
= B(e,r)N 2. Thus, by (9.1) and (9.2), the d,- and the |[|-topology
coincide at ¢, and therefore—in view of the transitivity of the group
{T,: © € Q}—coincide throughout Q. If x,y € 2, both #~*ys~* and yHay~*
are hermitian,

|27 g2~} = oo™ ya™h = (@),
ly~ ey~ = ey oy~ = oy~ ),

and (8.5) becomes
(9.3) 8a(, y) = max{log |# tyz~|, log |y oy~ ?|} (2,9€9Q).

Summing up the above conclusions we have

PROPOSITION 9.1. — If £ is a C* algebra with identity, the cone Q2 is sharp,
the metric 8o is defined on 2 by formula (9.3), and the two topologies defined
on 2 by the norm and by Oq coincide.

10. — In the remainder of this paper we will further investigate the
metric dp in the case in which 4 is a von Neumann algebra of operators in
a complex Hilbert space & (and 2 is defined by (7.1)). We will prove first
that the metric structures defined in 2 by do and by the norm, although
topologically equivalent, are indeed quite different.
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Denoting by (,) the inner product in &, the numerical radius of he X 4
is related to o(h) by

(10.1)  sup{(hé, &): &€ & (5, £) =1} =
= sup {|W*&]*: € &, (§ &) =1} = |B}]* = |h] = o(h).
We show now that, with the notation (8.1),
(10.2) a(h)=inf{(r, £): E€ &, (§, &) =1}.

Since @ — (x&, &) is a state of A for every £€6, (&, £) =1, the left hand
gide of (10.2) is less or equal than the right hand side. Suppose that it is
strictly less, and let ce R be such that

a(h) < c<inf{(h& £): &€ &, (& &) =1}.
Since
Sp(ce—h)=c—Sph,

by (8.1) Sp(ce —h) N R} 5 @, i.e. the hermitian operator h — ce is not posi-
tive, contradicting the fact that, for all £€§,

((h“—ce)fy ‘S) = (h&, &) —c(&,8)>0,

and thereby proving (10.2).
Thus by (8.2), (8.3) and (8.4),

dale, ) = sup {|log (h&, £)|: £€§, (£, &) =1}.

Since, for any £€8, x> (v&, &) (x€ A) is a normal positive linear form
on #, then we have also

Oa(e, h) = sup {[logf(h)|: f normal state on A}.

In conclusion we have

LeEMMA 10.1. If #£ is a von Neumann algebra, the invariant metric dq is
expressed for all x,ye 2 by ((8.5), (9.3) and by)

do(w, y) = sup {d((mfy &), (¥, 5)) 5681 & &)= 1}
= sup {o(f(»), f(¥)): f normal positive linear form on 4}
= sup {o(f(«), f(y)): f normal state on A}.
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THEOREM IV, If A 1is a von Neumann algebra,the metric do is complete on £2.

ProoF. a) Let {z,} be a Cauchy sequence in £ for the metric do. The
distances {d,(¢, #,)} are bounded by a finite constant ¥ > 0. Hence, by (8.1),
(8.2), (8.3) and (8.4), we have

(10.3) exp(— k)< a(x,)<b(z,)<expk (r=1,2..).
Furthermore

@] = o(wy) <explk.

Denoting by #, the predual of #£, x, converges to some hermitian element
xe A for the weak topology defined by A, on £. By Lemma 10.1 and
by (10.3), we have z € 2 and da(e, z)<k. We will prove that do(z, ) -0
as ¥ — oo. By Proposition 9.1 this is equivalent to showing that

| —x] >0 a8 v—>oo.

If this fact does not hold, there is a subsequence {w,} of {x,} and a posi-
tive constant » > 0 such that

|, @,||>2r for i=1,2,....

i+1

We may assume 0 <r<<expk.
Since for all ye £

lyll = sup{lf(y)|: f€ 4, [f] <1},
then there is some f;€ £, |f;| <1 such that
(10.4) lfi(®,,,) — fi(®,)|>2r fori=1,2,....

By considering the orthogonal decomposition f,= f;* —f; of f;, [15, p. 31]
we see that (10.4) must be satisfied—with r in place of 2r—when we sub-
stitute to f; at least one of the two positive normal forms f;" or f;". In other
words, there is some normal state f; on £, such that

(10.5) i@ — fil@,)| > 7 for i=1,2, ...

b) By Lemma 10.1, for any &> 0 there exists an index », such that,
whenever v, u> »,, then

O'(f(w,), f(mp)) < €
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for every positive normal form f on #£. Thus being exp (— k) <f(zu)<expk,
for all y and for every normal state f, we have

(10.6) (exp (—e)—1) expk < f(x,) — f(x,) < (expe—1)expk for u,»>w,.
Choosing 0 < &< log(1 + r exp (— k)), then,
—r<(exp(—e)—1)expk, (expe—1)expk<r.

Thus (10.6) contradicts the conclusion of a) and thereby proves the
theorem.

11. - Let 2 be an open convex cone in a real Banach space R. It is
easily seen that 2 is sharp if, and only if, there is no non-trivial transla-
tion of R such that the image of 2 is a cone (with vertex 0).

Let £(R) be the real Banach algebra consisting of all bounded linear
operators in K. Suppose that Q is sharp and let £(£2) and £(£2) be the cones
in £(R) consisting of all bounded linear operators mapping, respectively,
Q into itself and the closure 2 of Q into itself. Let £(R)-! be the open
group of all invertible elements in the Banach algebra £(R), and let
G(Q2)= L(2)N L(R)™

By Banach’s homomorphism theorem, a bounded linear operator in R
belongs to G(Q) if, and only if, its restriction to £ is a bijective map of 2
onto £. o

The cone 2 being open and convex, 2= . Hence any element of
£(R)~! mapping 2 onto 2 belongs to G(2), i.e. 4(2)= £(2) N L(R)-*. Thus
G(Q) is a closed subgroup of L(R)= (for the morm topology).

G(Q) acts continuously on £, that is, the natural map G(Q)x Q2 - Q2
defined by (4, x) — Ax is continuous.

THEOREM V. Let £ be a von Neumann algebra and let L be the open
convex cone in R = Iy consisting of all strictly positive hermitian elements
of £. Let £(2)cL(XKy) be the set of all bounded linear operators on I 4
mapping 2 into itself. If V, and V, are any two bounded sets in £2 for the
metric dqg, the set

(11.1) {Ael(2): A(V) NV, 0}
is bounded in norm in £(XK4).

PRrROOF. There is no restriction in assuming ¥V, and V, to be two open
balls C(z,r) and CO(y,r) with centers z,y € 2 and radius »> 0, for the
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metric do. According to Proposition 9.1, there is some R >0 such that

B(z, R)= {z€¥y: |2 — 2| < R}c C(x,7),
B(y, R)= {#€¥y: |z—y| < R}c Oy, r).

The norm |A| of any A in (11.1) is given by

(11.2) 4] = %sup {|lA@—=)|: 2€ B(z, R)} .

Denoting again by A, the predual of %,

|4(z— )| = sup {|f(A(z — ))|: f€ 4, [f| <1} .

Congidering the orthogonal decomposition f= f+—f- of any normal
linear form f on £, we have

[f(A(z—2))|<f+(A(z+ @) + f(Ad(z+2)) (2€B(=, R)).

Hence

_ f(4z) f(Aw)) }
[A(z—a)|<2supf(A(z+ w))<2{sup ( ) )supf(y)+ sup( ) supf(y)y»

where all the supremums are taken over the family of all normal positive
linear forms f with |f|| <1.
By Lemma 10.1, for all ze O(z, r),
| A(z— )| <2{exp 6a(Az, y) + exp da(Aw, y)} exp da(y, €)
<2{exp (da(42, Av) + da(Ax, y)) 4 exp Oa(Aw, y)} exp da(y, €)
<2 exp do(Az, y)(1 -+ expr)exp daly, €) .

Since A belongs to the set (11.1), then do(Ax,y) << 2r.
Therefore

| A(z — »)|| < 2 exp (2r)(1 + expr) exp da(y, €) .

The theorem follows then from (11.2).

Appendix.

12. — We prove now Proposition 3.2. Re-arranging the indices, if
necessary, we may assume &, <<¥;.



692 EDOARDO VESENTINI

a) We consider first the case where the affine line passing through x
and y has a half-line in common with R} XxR}. Since ;< y,, this im-

plies 2, <¥y,.
If o(xy, y1)<0o(®:,¥.), then z,<y,, and, by (3.1) and Proposition 2.4,
we have

(12.1) thxRt((wl, @)y (Y1y Y2)) > 0(, Ys) -

The affine function f: R — R xR defined by

110 = (m-+ H(th),t) (teR),

2
maps R} into R xR} ; furthermore
f(@s) = (@1, @5)y  f(¥2) = (%15 Y2) -

Proposition 2.2 and (12.1) yield

)’R:xR:((wl? T3)y (Y15 ¥s)) = 0(@2, Ya) -

If o(w1, y1)>0(w,, ¥,), replacing the affine function f by the function
g: R —> R xR defined by

g(t) = (t, oy L% (t—acl)) (teR),

Y—a,
and repeating the above considerations, we obtain
7R+xR+((m17 Za)y (Y1, ?/2)) = 0(@1y Y1) .

Note that, if the affine line through z, y intersects R} x R along a half-
line, for any point z belonging to the segment [z, y], we have

YRth‘:(w’ y)=y(®,2)+ y(2, 9)

b) Let us consider now the case where the affine line through » and y
has a finite segment in common with R} xR .
Since 2y < ¥,, then x,>y,. With the same notations as in the defini-
tion of ygp, g+ (0. 2), we have

VR wre (@1 @), (915 92)) <ola?, bY) + ...+ o(am, b).
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For any ¢> 0, we can select n>2, a’, b’y p?, f; (j=1,...,n) in such
a way that

thxR:((wh Zs)y (Y1) ?/2)) >a(a*, b))+ ...+ o(ar, b") — ¢

By Proposition 2.2 and by (3.1) we have then

(12.2) 7R*><R+((x1’ Z3)y (Y15 ?/2))> EVR’fo*(f? a’), f; bj))
= 2 Vrem@ ) .

We prove now that for every choice of n, a/, b/, p?, f/ (j=1,...,7n) a8
in n. 2, we have

(12.3) Z)’jvxm(pj_l, P?)>0(21, Y1) + (22, Ys) -
j=1 - L]

¢) If n=2, the point p' has coordinates p;>vy,, pi>=, or pi<z,,
P3<Y,. In the first case, let u = (y,, u,) and v = (v,, #,) be the intersections
of the lines {(y:,?):t€ R} and {(t,,): te R} with the segments [, p] and
[y, p*] respectively. Then u,>z, and v,>%,. By the final remark of a)

YRt xrt(@) DY)+ Ve oY) V) > VRe s re (@) W) + Ve e (95 )
>0(®1y Y1)+ (25, ¥2) .

An entirely similar argument, in the second case, leads to the same
conclusion.

d) We proceed by induction on n, assuming (12.3) to hold for
n=m,(>2) and proving it for n = n,+ 1. If at least one, p' say, of the
vertices p’, ..., p" ! has coordinates p!>v,, p,>z, or p\<w,, p.<y,, then,
by the triangle inequality, the left hand side of (12.3) is larger or equal than

yR:xR':(w’ pl) + YR+ xR+(Ply ?/) 9
which, by ¢), is at least equal to
0(@1y 1) + o(@q, ¥,) .

e) Suppose now that no such vertex like p! exists among p?, ..., p*1. At
least one of the four half-lines {(t, ¥2): t < y1}, {(®1, t): t <@}, {(t, @s): > ia},
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{(y1,t): t>y,} has a non-empty intersection with some side, [p*~*, p'] (1<
<1i< n), of the polygonal {[p?, p?],..., [p"%, p=-']}. Suppose that this hap-
pens to the half-line {(t,y,):¢<<w.}. (An entirely similar argument holds
for the other three half-lines.)

Let w = (w,, ¥,) be one of the points of intersection. By the final remark
of a) and by the triangle inequality,

i—1

(12.4) 2 Vreym @ P) = D Vre om0 p7) +
j=1 ¢ e i=1 e e

n
+ yR*xR+(pi_17 w) + 7n+><n+(w’ P+ z (% p?)
vt - i=1+1
i—1

> 273* xx+(p’_lr )+ ?’n+xn+(pi_17 w) + ?R+XR+(W, Y)
j=1 . . . . . .
i—1

= Z?R:mf(p"‘l, )+ ‘}’R:XR:(P‘_I’ w) + o(wy, ¥) .

i=1

R;

Yo P Y

&y Y R}
Figure 1
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By d) we may assume w, > 2;: Then the affine line determined by «

and w intersects R’ xR} on a finite segment. Since i < n, the polygonal
{lz, *1, [p* P, ..., [p*!, w]} has i<n, sides. Then, by the inductive hypo-
thesis

i—-1

z')’g+xn+(p’_1’ »7) 4+ 'VR+XR+(pi_1, W) >0(Ty, wy) + 0(T2y Ya)
j=1 e Mol

go that (12.4) yields

i=1

Z?’mxnt(fﬂ_l’ P) > 0(®1, w1) + 0wy, Y1) + 0(2s, Yo) = 0(@1, Y1) + (@25 ¥2)

thereby proving (12.3).

f) As a consequence of (12.3) we have, by (12.2),

;vR:xR:((wu T)y (Yry Y2)) > 0@y Y1) + 022, Y5) — €

for every ¢> 0. Hence

yR:"R:((w” @)y (Y1 Y2)) > 0(@15 91) + 022, 4s) -

By (3.1) and Proposition 2.4 this inequality implies (3.3). Q.E.D.
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