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Dirichlet Problem for Parabolic Equations
with Continuous Coefficients. (*)

JULIO E. BOUILLET (**)

Summary. — L?-boundary value problems for strongly parabolic operators such that the
coefficients of the highest order derivatives are only uniformly continuous have been
studied by V. A. Solonnikov [10]. In the case of a cylindre 2% (0, T), 2 a smooth
spatial domain, and initial data zero, Solomnikov assumes the Dirichlet data to
belong to a trace space. More precisely, if L = Z a,(P, t)Dy — D, is the strongly

le| <2b

parabolic operator, w*, k=0, 1,...,b—1, the Dirichlet data, then the problem
Lu=0 in 2x(0,T), Diu=w* at 82x(0,T), u=0 on 2 for t=0,
Dy indicating normal derivative to 012, admits a unique solution in the space of
functions whose spatial derivatives up to order 2b, and the time derivative, belong
in L*(2% (0, T)), p>1. Solonnikov observed that this implies that w* must have
spatial derivatives up to order 2b —1—Fk, and a « fractional » time derivative of
order (2b—1—k)/2k in LP(02x (0, T)). Moreover, a spatial derivative of order
2b—1—Fk of w* will have a « fractional » derivative in the spatial direction of order
1/p’ and in the time direction of order 1/2bp’. Wath this information let us denote,
for right mow, the space of w* by f&b_l_kH,p'),(2b_1_k+1,p»),2b(89>< (0, T)); in the
present work we find a class of existence and uniqueness to the problem above with
the assumption that 'wkEJgjf’b_1_k+e),(b_1_k+8),2b(69><(O, T)). Here €<1 is an
arbitrary but fived positive number. This means that we have reduced the smooth-
ness requirements on the data w* by at least b derivatives in the space airection, and
b/2b = % in the time direction. In a subsequent paper we shall discuss the non-zero
initial value case. Outline: the definitions and motation appear in I, §§ 1-5, for
the case of a half-space, and in VIII, § 24 for the bounded domain Q. The problem
in a half-space is treated in 1-VI, using certain surface and volume potentials (II1-1V).
Using the half-space results, we obtain an elliptic a priori estimate (VII) in the
half-space. The problem in a general domain is studied in VIII for the parabolic
case (a priori parabolic estimate: Theorem, § 25; existence and uniqueness theorems:
Theorem 1 and Theorem 2, § 27). In IX an a priori estimate for the strongly
elliptic case is derived. This work is part of a modified version of our Dissertation,
under the direction of Professor Eugene B. Fabes. We wish to thank Professor
Fabes for many invaluable talks and advise.

(*) This work has been partially supported by grants NSF GP15832 and
AFOSR 883-67 at the University of Minnesota, U.S.A.
(**) Departamento de Ciencias Exactas, Universidad Nacional de Salta, Salta
(FGMB), Argentina.
Pervenuto alla Redazione il 4 Dicembre 1974 ed in forma definitiva il 5 Gen-
naio 1976.
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I. — Definitions and notations for the problem in the half-space.

§1. - Points in R" will be denoted by the letters =z, 2, w, while
Y, 0,1, t, 7,8 Will denote real numbers, the last three referring to time.
R**' = R"%(0, o) will be the spatial domain (half-space), with points
denoted by (x,v), (2, v). The differential operators will be defined for
functions in the « cylinder » R""'2(0, T'), whose points are (z, y, t), ¢t denoting
boundary of this «cylinder » is Sy = R"2(0, T).

The following notations are standard: f*g for the convolution of the
functions f and g, F(f)(-), occasionally also f(-), the Fourier transform
ff(&) exp [i¢&,->]d&, where (-,-) denotes scalar product of vectors. We will
write, e.g. F,(f) to specify the transformation in the variable z.

With @ = (x,, ..., ®,) and o = (e, ..., &,), &; nonnegative integers, we set

=ap.ay, |e|=o0+...+a,,

o o%n

T Oayr T Qwpn

n
D? =D3..D;»y, A=A4,=>D;,.
i=1
when there is no confusion we will use this notation to include
&= (0tyy +eey Oy &y yy), a0d write DS, for DE-*Di». This will only apply
to space variables.
We will denote by X,(-) the characteristic function of the set D.

§ 2. - DEFINITION. A parabolic singular integral operator is an operator
of the form (cf. [3], [4])

t—e

Kf(x, t = o(, t)f(z, 1) + lim ffk(w, t; x—z,t—8)f(z, 8)dzds,
&0 o B* )

the limit in Z?(R"(0, T')), where a(z, t) is a bounded measurable function on
R"%(0, T'), and the variable kernel k(z, t; 2, $) is defined for te (0, T'), s >0 as

Q(x, t; 2/s12)
k(x,t; 2, 8) = ——W)

where

(1) Q(=, ;) € S(R") = space of rapidly decreasing funections.

@) fg(w, t; w) dw = 0,
R,

(3) sup (f[w"‘DﬁQ(y,s;w)[zdw)*< oo (see, e.g. [6]).

(v,8)e8p gn
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If in the above definition a(z,t) is a constant and k(x,?; 2, s) = k(z, s)

is independent of (x, t), the operator Kf will be said to be of convolution type.
We define the symbol of K to be the function

F u(2)(w, t; 2r1/2)

o(K)(x,t; 2, 8) = a(x, t) —}—f exp [itr]dr .
0

K is known to be a continuous mapping of L”(R" (0, T)) for 1 <p < oo.
Its properties (cf. [2], [3], [4]) will be assumed here.

Following [3], [6] we will denote by &,(8;), 1<p< oo, the class of
operators J: L?(Sy) — L?(Sy) satisfying for any ¢>0

(1) IX(400) = X(a,00 X (4,009 5
(ii) "X(a,a+e)J(X(a,a+e)f)”L"(ST)<w(8) ) "‘X(a,a+6)f”L”(ST) ’

where w(¢) >0 as ¢ —0, uniformly in a>0. We set §(8;) =N §,(8y).
(B (0, T)), F(R (0, T)) are defined the same way. ?

§3. - We introduce the fundamental solution of the operator
(—1)°4% + D, on 8,, defined by

F(z,t) = F,(exp[— [¢[*t])(@) for t>0,
=0

for t<O.
DEeFINITION. For g8 real >0,

(A~tf) (@, 1) = (A8 * f) (&, 1) =

1 B8/2b—1 —

1
= v pm 2p(@P) % f(@, 1), Lp(1)€S.

For 0<pf<2b, A P(x,t) is a tempered distribution on R"*!, whose
Fourier transform is (|o[* — 4t)~"®. Also if fe L*(8;), D*A~*fe L*(8,) for
l¢| < [B] = largest integer <pg, and D,A~?*#fe L»(8;). We set A°f =f and
proceed to define /8.

DEeFINITION. For 0 < <20,

A= (=144 DA™’ ]
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AP is well defined on rapidly decreasing functions f, which vanish for ¢<0.
As tempered distributions, F(A°f) = (Jz[**—dt)?®-f. For B integral,
(—1)°4°A~2*f can also be written [3] as ¥ K*Df, with K* a parabolic
singular integral operator with symbol  '=#

or_ P*(x)
o(K,) = i*=F (o[ — 0y

P,(x) defined by |z[* = Y P,(x)a": considering (—1)°*A°A~**# a5 a tem-
laj=8
pered distribution on R"*! this decomposition is clear if we recall that

1

F(A-2+F) = (__——_——lwl%—it)l‘ﬁ’z"'

I f ={(z,n,s;29,v,1), 2,7, 8y, and v being parameters, we introduce
the notation A°f(z, 7, s; @, y, v, t) to mean [A?f(z, M 85 Yy 0, ) (2, 1).

§4. — For 6>0, L (R"X(d, )X (0, T)) is the space of functions
whose derivatives D] u, for |x|<2b, and D,u in the sense of distributions
are given by functions belonging to L°(R"X (4, 0)X (0, T)). I, is a
Banach space with the norm

” w " Lfb,:(R” X (8,00) X (0,T)) = | lgzb II D:’”’“/“ LP(R" x (8,00) x (0,T)) + “ Dt u “ LP(R™ x (8,00) x (0,T)) *
s

For 6 =0 we write L3, ,(R%'x (0, T)).

fgb,l(R”x(é, 00) % (0, T)) denotes the space of functions u e L3, ,(R"x
X (8, 00) X (0, T)) which are limits in L% ,(R"X (8, o)X (0, T)) of func-
tions € O (R"** X (0, o0)).

§5. — A linear differential operator

L= 3 a9 t)D;,—D,

lel<2b

is said to be parabolic in the sense of Petrovski if

Ro( 3 a,@,9,1)(i6)) <—mlef*, for 0£Ec B,

lal=2b

7> 0 independent of (z,y,?) in R%"'x (0, T). Bach a,(z,y,?) is assumed
to be measurable, bounded, and for |x|=2b, uniformly continuous in
R 1% (0, T).
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We will introduce a distance function: for given y,0<y <1, and
1<p< oo, let y, be a number such that

1-1/p<yp< (1—1/ )

We define d,(y, t) = min (y, {"*/®).

Throughout this work C will denote a constant, not necessarily the same
at each occurrence. The connection between C and other parameters (eg. para-
meter of parabolicity, dimension, etc.) will be made explicit when relevant.

We will also let y(r) denote any function of the form: constant:
-exp [— constant-r], the constants and r being real and positive. When
related to a solution of the operator L, these constants will depend only on

the parameter of parabolicity = and on the max sup |@y (s y, B)]

II. — The parametrix.

§ 6. — We will construct a kernel for a generalized volume potential
following [5]. We consider first a differential operator with constant coef-
ficients

Ly= 3 a,D;—D,.

la]=2b

Let F(z, 9y, t) = F, e(exp > a,a(if)“t) (x, y), & € R**%, be the fundamental solu-
|al=2b

tion of L,. We construct a function G,(z, y,v,t), y, v> 0, satisfying as a
function of (z, y, t),

(i) Go(+y*y0,7) € 12, (B X (3, 00) X (0, T)) for every 6>0,1<p < oo,
(ii) Ly Go(, y, v, t) =0 for y >0,
(iii) for k=0, ..., b—1,
lim A-*DEG,)(, y, v, 1) = [A*DEF(-, —v,)](x, 1),

y—>0*

the limit taken in L#(Sy).
It is known [3], that G, can be written

G, (w’ Yy v, 8) = zo J- fAzb_l_kaF( —2 Y, t—S)*
ki=0 o gn
T fA-YDF) (-, — 0, )(@, 1)](2, 5) deds

27 - Annali della Scuola Norm. Sup. di Pisa



410 JULIO E. BOUILLET

where (I;;) is a bxb matrix of parabolic singular integral operators (of
convolution type).

Congidered as a function of z, v,t for y > 0, Ge(, ¥, v, t) is also a solu-
tion of the boundary value problem

(i) Go(-, y-,-)e.tg,,,l(R”x(é, 00) X (0, T)) for every 6>0,1<p< oo,
y>0,

(i) ( 3 a,D3(— D,y — D) G@,y,v1 =0 for v>0,
lel<2b

(iii’) for 1=0,...,0—1,

lim in I9(8,;)A*DiGo(z, y, v,t) = (—1)'A'D}F(z, y, 1) .

>0t
Since for y> Og%DLGo exists in L?(8y), (iii’) implies that for {=0,...,b6—1,
D}Gy(x,y, 0,t) = (— 1) D, F(x,y,t) for every y>0.
We now introduce the function
Kz, y,v,t) = F(z,y — v, t) — Gy(x, ¥, v, ¥) .
For 1=0,..,0—1,
D K(%,0,v,t) =0, v>0, and D,K(xy,0%) =0, y>0

§ 7. — The proof of the following theorem is long and technical in nature,
and will not be included here.

THEOREM. For y >0, v>0, y*v, and B>0

(l) ID:D:D:ABF(Q, y_ ’0, t)l g W( lw]/tl/%) w(ly_/ul/tl/%)

{(n+1+lal+i+h+B)/2b ’

.. . x| /t1/2b ( t1/2b) v/11/2d
(ii) |D;D;D,A”Go(w, y, v, t)§w(l lﬁ(n+1)+yx)¢|?{r/5+h+$lgb/ ),

(iii) |DIDIDAEZK (2, y, v,1)| < (/1) w(ly — o[™)

=T jm+1+lal+i+h+B)/2b

Clearly, (iii) follows from (i) and (ii).
We shall consider the operator with constant coefficients Ly,

(Lours®) (2 Yy 1) = z a,(2, 1, 8) Dy, u(z, y, ) — Dyu(z, y, 1) .

|al=2b
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Let F(z, 1,8;2,9,1), Gy(2,7,8;2,9,0,1), and K(z,7r,s;2,y,v,t) denote
the fundamental solution ¥, and the functions G, and K (introduced in § 6)
which are associated with the operator L,,, 2z€ R,, 7, s, and v being real
parameters. Clearly, these functions are solutions of the equation L, v = 0.

III. — Estimates for some surface potentials.

§8. - For &(x,t)e L7(Sp), 1<p<oo, j=0,1,...,0—1, 0<u<l, we
introduce the following potentials

¢
T,; D), y,1) :J. ffAb“f‘”DiF(z, 0,8;0—2,y,t—8)D(2, 8)deds.
0 R

LEMMA 1. For @€ L*(8p), 1<p < oo,
(@) |05, 4" T 8(5 9y ) sy < C- TV @D for |a] <b—1,

(i) ||/"1”‘|”""" DET,D( 5 9y )| 1oy Jﬂ ; 1||D;,,,A" T D(-5 ¥, ) | sy < C-
NP Lrsays -

(iif) ™=V Dg, AT D5 4y )| 1o < € | Pl aisny for ool > b —1.

(iv) For |a|<b—1,
| D%, A* T, B om0, my < €+ TO 1= 1HH1IR N D o

Proor. By the estimates on F, §7, and Young’s inequality in dzdt,
we have
T/v*®

. P(1/su2
1 D2y A* T D5 Yy ) | osn< O {yb"l_'“'f W ds} |2 lz252) -
[\]

When |x|< b— 1 the expression in brackets is bounded by (- T®~1~*V/2,
When |a|>b—1, the integral in ds is finite and bounded independently
of y. In both case (i) and case (iii), the constants C depend on |«|, the para-
meter of parabolicity m, and the max sup la (2, y, )]

The discussion above hints that in the case (ii), for |a| =0—1 we will
find the singularity of a parabolic singular operator. In fact, (ii) is a con-
sequence of the theory of parabolic singular interals with variable kernel
(see [3]). (iv) is obtained by taking L*-norms in dy on both sides of the
estimate above.

The proof of the following Lemma is straightforward
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LEMMA 2. If @ e L?(8;), 1<p<oo, and y—1/p <u, then

Iy***7" L(T,; ) (@, ¥, D] zpzzr x0,mp < O(T) * [ P ooy

where w(T) —0 as T —0+.

IV. — Estimates for the volume potential.
§9. — We shall study a volume potential whose kernel is the func-
tion K(z,7,s;,y,v,t) (cf. §6).

DeFINtTION. For fe IP(RY'x (0, 1)), 1<p < oo,

t
Vi, y, 1) =f fJ‘K(zy 0, 8;8—2,Y, 0,1 —8)[(2, Y, 8)dzdvds .
o R
THEOREM. If fe I’(R%'x(0,T)), 1<p<oo, 0<B<y—1/p, <1, then
(i) for k=0,...,b—1, [|[A* P *DEV (-, 4,) | posmy = O a8 ¥ —>0F;

b—1
(ii) k;)"/lb—l_“ﬁp: Vf( Y ')”LI’(ST) +l bi: 1"1):,”/1:3 Vf( Y ')HL”(ST) +

=

+ 3 ld,- )lal_(b_l)D:,vAﬂ Vi s 9 oisn <
b<iai<2b—1
<0'Ty/2b'"dp(°7')b+1~yf('9'9')||L”(R2+1><(0,T)9
the constant depending on =, max sup |a,], and p, and 9" > 0 depending
on y,y,, b and a number y'<y—pf—1/p.
d,(y, t) = min (y, #*'®) is the distance function introduced in § 5.

PrOOF. We recall that D!K(z, 1, s;#,0,v,t) =0 for I<b—1 (§6). We
may therefore write, for 0<li<b—1

1
+1
K(z,m,8; 2,9, v, 1) = ?il‘?‘f 11— A)'D;K(z, 7, 8; @, Ay, v, t)dA.
0

A similar remark applies to D.K.
Part (i) is a direct consequence of the techniques used below, applied to

t 1
T/ 2 R Ari+3-1 D}
VI b—k—1)! v

0 R 0

-K(2,v, 838 — 2, Ay, v, t — 8)(1L — A’ "*"1dAf(2, v, s) dedvds .
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ProoF oF (ii). We prove this in three Lemmas. In Lemmas A and B
(§10) we prove the estimate for d,=y. In Lemma C (§11) we show the
estimate for d, = ¢"”/®. For the general case we set

f@yy,t) = X(y>t"p/ﬂb)'f(-"'77 Y t) + X(,,;f'pm)-f(w, Yt)=h+fe

and apply to each potential V;, V; the corresponding estimate.
§10. - Lemma 4, (). For k=0,..,b—1, B+y'<y—1/p, y'>0,

A= F DLV (-, 4, | sy < ©+ T7'min (1, 7 ~P=7' = 1) -

7 f(zy 0, 8) || pon+ w0, -
(i) For b—1 < |o|<2b—1,

Y*OVNDE APV () 9y )| paisny < - TV min(1, y?—F-7 = 17).

° ””M—l_yf(z’ v, S)HL”(RI‘"X(O.T)) .

Proor. Clearly,

Y2 oo ¢
w2020, o1 ([ )f fusor-ss
0 w2 0R®
‘K(2,0,8, 28— 2, y, v, t — 8)-f(2, v, 8)|dedv ds .

2

We estimate first the term It can be written

1]

Applying the estimates for K (§ 7) and Young’s inequality, and observing
that |y — Av|>y/2, we get

1/2b V' /2b d
” f L"(ST)< Cf f wgﬁmb ) ( ) ds -7 |f(-, v,°) || zosn) ;rj); ’

where we have introduced the factor (T/s)"®>1, 8 + y'<y —1/p. Applying
v/2
now Hoélder inequality in dv we obtain the desired estimate for f, with

right-hand side 0

)

— AP

v—1+8—% ¥
A D; (b 1

DK (2,0, 8;8—2,y, v, t—s)dA-v*-f(2, v, 8) |dedvds .

(o]
20 gr—B—y—1ip. [ PE[SZ) -
O T2 yv—F—y 1/m.f mds. [ob+1=7f(2, v, 8)|| (2R3 x (0,7)) .

0
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/2
A similar argument gives the estimate (ii) for the corresponding f

For the term f in (i), we observe that
v/2

1 1
DK =f(1 - M)k—lvkn’;j(l — AP FIDYR (s @ — 2, Ay, vy t— 5) dAdu .
0 0

Therefore,

; pllAy —pofs) (TY7
<o Jofofaf Mot )

,vk,vb—lc+1—y
iy 10 arsn -

|/

Applying Holder inequality in dvdudld we get

o 1 1

{ , dvdldu 1-1/p
V2D . b=k )
LP(ST)<C ey ( f f j {My—,lzvlﬁ"“"'vb-kﬂ—V}vl(v—l))
vi2 yi20 0

- P17 f(z, v, 8) | L7(RT* x(0,1))

o 1 1

P s yb—kyl—1/p dvaddu -1
y5+y +b— k+l—y [M_[uvlﬂ+r',vb—k+1—yjpl(v-—1)

o0

* Ilvb+1—yf(z’ v, 3)"

For the term f in (ii) we have
v/2

[ Bl Aol (T O |7
L’(Sr)<0j‘ f’”% 1= ”J‘ g1+Bi2b ds- ’,vbin—y

Q- TV I%yl-1v dvdl 1-1/p
<ylal—by2—7+ﬂ+‘y'{ fj[ll — zv|ﬁ+y’@2—y]m—1} ’
1

. llfvb'i‘l“yf(z’ /U’ "Il’(R"""X(O,T)) .

|/

1
For |a| = 2b—1, the integral fdA will not be present.
0

Observe that setting y'=y — B —1/p we have an estimate independent
of y*~P~¥~1?  The proof is complete.
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LeMMA B. For |x|<b—1,
1Dz APV (-, y, N zosn < C-T"?P-min (1, y7~#-7~17).
P f(z v, 8) || om0,y -
Proor. Set D, A% = DEDSA? = (DIA~C"1"PDEA 1K 18] 4+ k = |a|<

<b—1. The result follows from Lemma A and the fact that D:A~¢-1—®
is an L?(S;) operator.

§11. - Lemma C. For |x|<b—1, y, as in §5, and

V< (20— B —1/p)/(2b—7y),
D20 APV (3 95 ) oy < Co(T) - |87 (2, 0, 8) || meomys o, 5

and for b< |x|<2b—1,
”t(Vplzb)(lal (b—1)) D“ AP V,( y Yy* )"L”(ST) <C’ “ §Ws/20)(b+1~7) f" LP(RM % (0,)) +

Proor. Case |a|<b—1.

[ oo

1
gy P(ly—ol/(t—s)V2)- |f(+,v,5)| dvds.

1Dy APV (+, 9, ) |2 < C
0 0

We apply Holder’s inequality in dv and observe that

( f (II’/ —|/(t— ll2b) d,v)l W Q- (t— g)-VN2
0

Hence

o(8)(T[t)1—t lel+B+1/p+pp(b+1—7)}/2b
(t— 5) A+ B+ U RO+ 1=7)

. (3(7p/2b)(b+1—~y) 1#0+5-, 8) "L,(R:u)) ds.

X,
1D5, 48V ,?/yt)”L»(R“)<Cf C

The power of (T'/t) is positive, provided y, < (b +1— (8 +1/p))/(d +1—7).
Now the power of (t—s) is clearly integrable, and (y,/2b)(b +1—y) +
+1/p<1 due to the choice of y,. Hence by Hardy-Schur’s Lemma
(cf. [8], [9]), we obtain the desired inequality.
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CASE |x|>b. We proceed as in previous case, introducing now the factor
(vp/20)(locl—(b— :
1tr2/20) (el l))’ to obtain

(%) LR D| DL AV, y, ) zm0a)<

c - Xo.n(8)( T/t)l—{l¢l+ﬂ+1/n+w(2b—v— 121)}/2b $(vo/2b)(lecl— (b—1))
< (2 — 8)al+B+1/p)i2b g(yp/20)(b+1~7)
0

(8OO f( -, 8) | zoc@r) ds .

‘We show that the power of (7'/t) is positive by showing that the quantity
in brackets is < 2b. The ratio ((2b— 88— 1/p)— |a|)/((2b —p) — |«|) is an
increasing function of |«|; therefore its minimum value is attained at |x| = 0:
1< (2b—p—1/p)/(2b—y). As the function (r—f—1/p)/(r—y) is decreasing,
the condition y, < (2b—f—1/p)/(2b—y) also implies y, <(b+1—pf—
—1/p)/(b+1—7y) (see Case |x|<b—1). It is clear that for 1<p< oo
and 0 <y <1, a number p, satisfying

2b 2b—f—1/p
2b__y(l“l/jﬂ) and %<T_7—

1—-1/p<y,<

will suit to our requirements for all Je|<2b—1.

Returning to the estimate, we have [[t#/2X“=C=DDx APy (« 4y )| osn<
< L?-norm in t of the integral in the right hand side of (x). The result fol-
lows now from Hardy’s Lemma.

V. — The operator J.

§12. — We shall study a commutator for the operator

t—e
@y, 0 =lim [ [[(LuE) (e, 0,8 0—2,9, 0,1—5) (2, v, 5) dedvds,

(1] R:"'l

Consider

[+ I(f) — I (* 7 f(2, 0, 8)) ] (@, 9, &) =
=| 12 ng([aa(wr Yy 1) — a,(2, v, 8)1f(2, v, 3)) (9, 8) +
x| =2
+ z @ (@ Yy t) Tg(f(z: v, 3)((“'7 Y, ),

o] <2b
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where we have set

t
T (@, y, 1) :f ff(?/b+l—y - 'Db+1—y)D:,uK(z’ 0, 88— 2,4,V t—8)

0 R+
f(2, v, s)dzdvds .

We also set

t

Tif)(y yy 1) = [ [ [(@rm0641-0 — o010y (D2 ) (s, 0, 5) dz o ds,
0 R:+l

T! being the corresponding operators for the commutator

[t(n/%)(b+ l—v)J(f) _ J(S(Vp/2b)(b+ l‘y)f(z, , s))] (m, Yy 1)

LeMMA. Let feL”(R%''x(0,T)). For 0<|x|<2b, 1/p<y<1, and
1<p <oo,
(i) | 7| 2mr x 0,00 < €+ T |42 +17 f(, , 8)]| io(nn x (0,10 5

(ii) " Talz f ”L”(R:""x(O,T)‘ <C- A= (1«1/20) ”t(hl2b)(b+1—7) f(w, ¥, t) " LER x(0,1)) -

Proor oF (i). We set as usual

v/2 oo

(Ten@, 3 0l< ( [+] )fﬁy"“"’~v”“‘"|-|D;‘,,,K|-|f|dzdvds.

0 w2 OR"

To estimate the first term, we use the known properties of K together with
Young’s inequality in the variables z and s, and the fact that v<y/2 to obtain

f

The desired inequality follows from this one, applying Hardy’s lemma (181, [91)

and recalling that y > 1/p.
For the second term, we apply the known estimate directly to K to get

“ 2y
v/2

2

r X
73 )< C- T~ ﬁ?__(f_) (W=7 f(-5 0,°) | ooy ) A0 -

X (,U)be+ 1—y __ vb+1~‘yl
« 71— (1at1/2b) /2,2v) (b F1=P (e g -
[L’(Sz-)<0 T vb“—yly—vl (1) ”f( s Yy )”Iz"(Sz')) dv.




418 JULIO E. BOUILLET

We now apply Hardy’s lemma to obtain the desired inequality.
Proor oF (ii). It is clear that
[
lTalz(f)(wy ¥, 8| <f J‘flt(wl%)(bﬂ—y) _ s(rp/2b)(b+1—y)||D:’yK| If|de dv ds .
o Ry*?
By applying Young’s inequality in the variables 2, v to the known estimates

for K, and observing that (t— s)'~(®/2) < 1'=(=2) it is easy to see that

I3 f) 2 arixom) < C+ Tl-(lall2b)‘

[itt, 53 (stmeme 1=, -, ) ) a5 0o
]

where
Xo(s) {(vel20)(b+1—y) __g(rp/2b)(b+1—7)

k(t, 8) = spl2b)(b+1—7) t—s

Due to the conditions on y, and the integrability of the second factor k(t, s)
satisfies the hypotheses in Hardy’s lemma, from which part (ii) follows. This
completes the proof of the lemma.

§13. - Lemma. For fe L’ (R X(0, 1)), 1/p<y<1, 1<p<oo,
() 97T () — T (@77 )| rmre xio,m <O(D) 977 f |l eocrne xco,m)
(ii) “t(h/%)(bﬂ—v) J(f) — J(8(7p12b)(b+1—7) f) “ PEHx0,1) <
<o(T) ||t(7pl2b)(b+l-—?) f(e, v, 1) “ LPR™ X(0,T) »

with o(T) -0 as T —0+, w depending on the moduli of continuity of
the a,, |a|=2b.

Proor. Let p€ CY(R"*?), ¢>0, with ”f @ =1 and support ¢ con-
R'I+I
tained in the set |z[*+ y®> + #<1. For |«| =2b, we extend a,(,y,?) to
all R"*% preserving uniform continuity and define, for 4> 0,

r—w Y—u t—

ai(w,y,t)=(1/1"+2)f”a¢(w,u,r)<p( T Ar)dwdudr.
R"+I

Then a}e O°(R"*?), |a,(@, ¥, t) — a}(®, ¥, t)| <w() = maximum of moduli of
continuity of a,, |x|=2b, |Da,(x, vy, t)|<(C/A)w(4), D being any derivative,
and therefore |al(x, y, ) — ai(z, v, 8)|<(C/A)w(A)(|z— 2| + |y — o] + [t—s]|).
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According to the decomposition and the estimates in previous §, it will
be sufficient to consider the case |x| =2b, j=0,1. We have

Tz([au(x’ Yy 1) — a,(2, v, 3):”) = -Ti([aa(w, Yy t) — ai(my Y, t)]f) +
+ Ti([a(z, v, 5) — a,(2, v, 8)1f) + Ti([ai(@, y, t) — al(z, v, 8)1f) .

The first two terms are in absolute value less than or equal to w(4) times
(bounds for |Tif| in proof (i) and (ii) of lemma, §12). For the third, we
set [yP TI7Y — o T17Y| = B0, |fre/200+1-1) _ glr/2Xe+1-9)| — Fland ovserve that it
is in absolute value

©o

t
<[ [ [ 10z, &1 B nw) (o — 2l + ly— o] + lt—s))- [(z 2, 5)| dedvds.
0 0R

The usual procedure applies to each term above. For the third, t —s << T,
50 we set A= T"® and obtain with a new w(7T) that tends to zero as
T —0 -+, the same type of bound for |T?f| used in Lemma, § 12. The proofs
of §12 apply again.

§14. - LEMmA. Let fe L?(R%*' x (0, T)). Then the operator (Jf) maps
I?(R%*'x (0, T)) continuously into itself, and belongs to F(E%"'x (0, T))
(cf. §2).

Proor. Condition (i), §2 is clear. To prove condition (ii), we set
J =dJ,—J,, where

t—e
Jif(®,y,t) =1lim in L"fffLmF(z, v, 8; & —2,y —v,t —3)f(z, v, s)dzdvds,
>0t
o R}

¢
J2f(2, 9, 1) =J. J‘fL:tho(zr v, 8; 8 —2, 9, v, t—8)f(2, v, 8) dedvds.

o R}
J, is known to belong in § (ef. [5]). Furthermore,

J1= E (aaza—faaa)—*— z ao:Jaz)

la|=2b lal<2b

Ka being a variable kernel, and the J,, L?-operators in §. For J,, we see
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that it can be decomposed in two sums, setting

i
N,(f) =f ‘UD:JGO(z, v, 8; & — Y, v,t— 8)f(2, v, 8)dzdv ds

0 R:‘l'l
Jof = E Na([a'a(wy Yy 1) — @,(2, v, 3)]’) -+ Z aaNa(f) .
le]=2b |l <2b

Consider first the case |x| = 2b. Replacing f by X, ,..(8)f(2, v, ) se see
that each term in the first sum above can be written as

-Na([a’az(w’ Yy t) - ai(w Y, t)]X(a,a+s)f) + Na([a:(z7 v, 8) - a‘a(z7 v, 3)]Xf) +
+ Na([a’:(w7 Y, t) - a‘:(zr v, s)]X(a,a+e)f) 9

where each term is in absolute value

i
<oE™)[ j [ (bounds for |Dg,G,| in §7)- Xgaso)lfc © 5)dzdods,

0 R}

if 2=2¢"". (We observe that for a<t<a+¢ and a<s<t, t—s<e and
X(O,e)(t -_ 8) = 1).
By Young’s inequality in dedf, the L’(R" X (a, a + ¢))-norm of the above
expression is bounded by
¢/ly+v]%®

~ 1 T(l /81I2b)
Cw(s"zb)f ly + v gl+1/2b ds|f(-y v, )”L’(S(a.ne))d” )
0 0

(Here we have set P(y/s")¥(v/s"®)<¥(ly + v|/s""), the ¥ being of ex-
ponential type (cf. § 5). The integral in ds is bounded independently of ¥, v).
We now apply Hardy’s lemma to obtain the inequality

z "Na([aa(w7 Y, ) — aa(z, v, 8)]X(a,a+e)f) "L’(R:J'l><(0ba+€))<
la}=2b
< Co (") |f|| oeaze x @arven -
For |x| < 2b, using the fact that P(y)P(v)<¥(ly—v|), ¥, v>0, and ap-
plying the known estimates for G, and the remarks on X .(t—s), we

easily get

VX g s D s xaarey < O~ D f | s x @asen 5
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C depending on max sup |a,|, completing the proof of the lemma.

REMARK. We have essentially shown that
¢
Lm(fijo(z, v, 8;2—2, 9,0, t—8)f(2, v, s) dzd'vds) =dJ,f
0 R}

belongs to L?(R%*'x (0, T)) provided fe L*(R%'x (0, T)), and its norm is
< O||f|z2@* x0,r- We observe that the boundary term in the computation
of the D, is zero, due to the estimates for G, (§7); we also see that

t
fffGo(z, v, 838 —2, Y, v, t—8)f(2, v, s)dedvds e I%;’b,l(R"i“ X (0, T)) .
0 R}
Estimate for J. As a consequence of the results above, we have the following
LeMmA. For fe IP(R%'x (0, T)), 1/p<y<1, 1<p< oo,
I4,(y, 0° =7 Tf(@, Y, 8) | nerr xo,mn < O(T) | dy(y, 0)° 77 f(@,y Y, 0) |22z <01y 5

where w —0 as T — 0+,

§15. - The operator J having small norm as an operator on
L’(R**' X (ay @ + ¢)) for & suitably small, it follows that I —J is inver-
tible over L?(R"!'x (0, T)). In fact, choosing m large enough,

”J (X(a,a+(T/m)) g " LP(RY x (a,0+(T/m))) < (%) H g || LP(RT* x (a,a+(Tlm)))) )

provided a + (T/m)<T. Let g, be a function with support in R"%**x (0, T/m)

such that (I —J)g, =f on R%*'x (0, T/m), and in general let g, have support
k—1

in R%*'x((k—1)T/m, k(T/m)), and satlsfy I—d)g,=f— 2 (I—d)g, on

RV x ((k— 1) T/m, k(T|m)). Set g = Egk ge LP(R% x (0, T) being a sum

of functions in that space, and (I — J )g=1.
With the construction above it is easy to prove the following

Lemma. If fe L(R%'x (0, T)), 1<p< oo, 1/p<y<1, then
Idp(ys 07T — ) fllzo@z x 0,10 < Clldy (@, )7 | zoemzr x 0,10 -

(dp(?/, t) can be replaced by y or t(yplzb)_
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REMARK. If the function f and the coefficients of L, , are differentiable,
so is the function (I — J)~1f = ¢g. In fact, the only possible points of discon-
tinuity of g or its derivatives with respect to time are those in the partition
kET|m, k<m. To see that g is smooth at those points, we only have to con-
struct (I —J)~'f with a different partition. The uniqueness of (I —J)-1f
shows the differentiability of g at the points kT /m.

The differentiability of (I —J) ' = ZJ" for small ¢ can be seen from the
fact that DJ(f) = J~(f) + J(Df), D denoting any derivative, and J~ being
a §-operator that depends on the derivatives of the coefficients. From this
identity we derive the recursion inequality

ID7() | <o@(J7" D] + [DIHD]),  ©—>0 as r 0%,

which shows convergence in norm of the series > DJ"(f) for r sufficiently
small.

VI. — The main results in the half-space.

§16. — THEOREM. Let fe L°(R%''x (0, T')) for some p, 1 <p < oo. Set

¢
Vz,y,t) = —f J.f K(z,v,8;0—2,y,v,t—s)(I —J)f(2, v, s)dedvds
o R}*?
=— Va_py® 9, 1) .
Then for 0<f<y—1/p,
(i) V(@ y,t)e L, (RY X (0, 1)), and LV = for y >0,
(ii) for k=0,..,b—1,
}i‘ﬁ in L»(8p) Ab=2+F-kDLV (-, y,") = 0.

b—1
(iii) EOMAH*“”D’; V(s 9 ) o

+ > "D:,u/lﬁ V(s Y5 ) o)

lal<b—1

+ 3 daly, ) OO DL, AV (e 4y ) oo < O(D 77 10

<] <2b—1

where C(T) -0 as T — 0+,
(A similar estimate holds with d, replaced by y, and with d, replaced by #"7/%).
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PRrOOF (i). Recall that
Kz, v,2;9,v,t) = F(2,0,8; @,y — 0, 1) — G(2, v, 85 %, Y, 1, ¥) ,
and that (I—J) 'fe L?(R%' % (0, T)). Set V=—7V, 4 V,, where

t
Vi, y,t) =f“- F(zyv,8;2—2,y—v,t— 8)(I —J)f(2, v, 8)dzdvds,

0 R}
t
Vi(z, y, t) =f ff Gy(2, v, 852 — 2,4, vy t — 8)(I — J)"1f(2, v, s)dzdvds.
0 R:+I

We showed (cf. Remark to Lemma, § 14) that V, € L2, (B%*'x (0, T)). It is
known [2] that V,e L%, (R"**x(0, T)), hence V€ L2, ,(R**x (0, T)). Also

LV, =— (I —=Jd)f + (I~ JI)),
and by same Remark, LV, = J,((I—J)'f). Therefore
LV =({I—dJ)yf— (Ji— ) —J) 1 f
=I—=dJdyf—JI—J)f=f.
Part (ii) is an immediate consequence of Theorem §9, (i), and the fact
that (I —J)~'f belongs in L?(R%' % (0, T)).

Part (iii) follows from the estimates for the volume potential (Theorem, § 9,
cf. lemmas A, B, C, §§10-11), and from estimate in Lemma, §15.

§17. - For j=0,...,b—1, we introduce the functions
“5(“77 Y t) = (qu))(w, Y, 1)+

t
T f f f R(2, v, 83 8 — 2, 9, v, t— 8)(I — J)"HLT,; ) (2, v, 8) dzdvds (*) .

o R}Y
(cf. definitions in §6(K), §8(7,;), and in §9 (volume potential)).
THEOREM. If @€ L?(8;), then for j=0,...,0—1,

(i) w(@, y, t) € L3, ,(B* X (8, 0) X (0, T)) for every 6> 0,
(ii) Ly; =0 in R%'x (0, T).
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ProoF. Is included in §§17-19. We introduce the following notation.

For |«| = 2b, let a’(z, v,s) denote the regula,rization of the coefficient
a,(?, v, 8) in L(cf §13). We will denote by FXz, v, s;2,9,1) the

¥ E[exp 2 A2y 0, 8) (i) t] (x, y), by T.® the surface potential

t
(T4 D) (@, ¥, ¥) =f fA"”""Df,Fl(z, 0,8;x—2,y,t—8)D(z, s)deds,

0 R"

and by uj(w, y,t) the corresponding functions (*)

If @ e OF(R" X (0, o0)), it can be seen that u(z, y, t) eﬁzbl(Rﬁ“ x (0, T)),
and that Lul =0 for y> 0. The second statement will follow from the
theorem in § 16; the first is a consequence of the same theorem in § 16 and
of the fact that (I —J)! is a L*-mapping, if we observe that Tﬁ,@e
e £2,,(R% % (0, 7).

When the coefficients a,, |¢| = 2b, are only bounded and uniformly con-
tinuous, and @ e C(R"x (0, o0)), we will show that the expression in (%),
§ 17, belongs in igb,l(REx(é, o) X (0, T)) for every 6>0. We first state
two lemmas.

LemmA 1. Let 4, A>0. For j=0,..,b—1,

”(Tfu‘ - ﬁg) ‘DHL"(R:*‘x(o,T))<

< Q. wtimiz max lal(z, 0, 5) — a; (2, 0, 5) |z s | Pl zotsa -
LEMMA 2. If e L?(87), 1<p<oo, y—1[p<pu, then

l9* 177 L(T— T,5) @, ¥, 0) | oz x 0,1y < Co(T) max 0 — g || oo sy | Pllois -

These lemmas are L? versions of similar results in Pogorzelski [12], and
can be proved by similar arguments.

If now 6(y)e C=(0, o), 6§ =0 for y<d, 6 =1 for y>24, and we set
6%(y) = DLO(y), we have the

COorROLLARY. For |a| 4+ 1< 2b,
169(y) Dz, ( Ty — To) (@, ¥, 1) | oz x 0,70 < Co00(T) M R 12‘,,““ 4 |26 | Plzrisn -

We now continue with the proof of the Theorem, §17.
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§ 18. — We recall that for @€ O3 (R" x (0, =0)), i@, y, 8) = (Tﬁ,.di) + V?,,)
belongs to L2, (B%1x (0, T)) (we have set Vig) = Vu-sn-azie).

The product O(y)(u;.1 — uf') vanishes near y = 0 and ¢ = 0. Itis known [4]
that

”0(“;'1 - ’“?’)"Lu. (B x0,m<C" [ (¢ “ —U; )) | z2&™+ x 0,10 <
<C 3 (69D (Th— T,) Do xo,m) +

Jor] + 1<2b
+ CO|0L(T% — T%) D| zo&r x (0,10 +
+ G" 29"’(.1/)D2‘,u VI(IJ};(“’, Y, %) "L"(RT"X(O,T)) ’

>0

where the meaning of Viz(,y,1) is clear.
Now

"l>zo 6 D (<1>) ”L’<R““x(o )
< 210D,V 05 sl
>
1
0(1)(y) . W.yml

<¢m3 —l

)|y L(Th — T5) B, 4, 8)|| a2+ x 0,10 -

D2,V (0 9y | 7s | 220,00

ly>+1=7(I — J) 1 L(Th — TL) P(=, ¥, ) | (7R3 < 0,7)

L®(0,00)

(We have used the estimates for the volume potential (§ 9, and lemmas 4
and B, §10) with 8 =0, and the Lemma in §15)
By Lemmas 1 and 2, §17, we conclude that

O(w; — )22, &rx 0,20 < O(T) 5 max laz— 6 | zosn 1] zoisn -
This shows that {%}, is a Cauchy sequence in 1°/§b (B"x (8, 00) X (0, T)) for every
8>0. Let @€l (B*x (3, )x(0,T)) for every 6>0 be its limit. By
Lemmas 1 and 2, with T’1 replaced by T, it follows that the potentials
T} ® and V}, converge to T,®,

¢
Vo) =f ff K(zy v, 852 — 2, 4y vyt — 8)(I — J)"HLT,; D) (2, v, 8) dedvds .

0 R':l'l

28 - Annali della Scuola Norm. Sup. di Pisa
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Hence u; admits the representation (¥) for @ e Oy (R"x (0, o)), i.e.,
w(@, y, 1) = (TM D) (x, y, t) +

i
+ J. ffK(z, 0, 838 — 2, Y, 0, t — 8)(I — J)"YLT" D) (2, v, s)dedvds, (%)

o B}

and 7, eligb,l(R" X (8, 0) X (0, T)) for every &> 0.
Clearly Lu; =0 for y> 0.

§19. — The same representation holds for @ € L?(8;). To see this, select
D e O (R"X (0, ), |D— D*| 1o —>0 a8 10, and let %, be the func-
tion (%) above with @ in place of ®@. Again let 6(y)e C°(0, ), O(y) =0
for y<< 4, 6(y) =1 for y>26. We have

16 — %3)] 2z, ,crrr xco,m0 < | L1O@; — %))]|| o(zsr x 0,1
<0 Y |69D5T,(D— P)|roarxom +

(la)+1<2b
+ |6LT (D — D)| 2o x (0,1 +
+ GII,Z 09) D5, Vo oo |2 x 0,00
>0

where V 4_g) denotes the volume potential in (%) corresponding to @ — i

A slight modification of the arguments in § 18 shows that these terms are
majorized by C||®— @*|ss,,: Therefore @ —u; in L2, ,(R"x (3, 00) X (0, T))
for every 6>0. Also, by Lemmas 1 and 2, § 8, both

|T,(P— D) 2zz w0y and 9+ "7 LT, (D — D) 1om x0,mn
tend to zero as A —0. This shows that
u;€ L3, (R"X (8, ) x (0, T))  for every 6> 0,

and admits the representation (&) with @ € L#(S;). From this we see that
u; = u; and Lu; = 0 for y> 0.
This concludes the proof of Theorem, §17.

§20. — It is known (cf. [3]) that

APTIERDET B, y, 1)

t
=f J‘A%'l"(k”)l)",,*"ﬁ’(z, 0,8;0—2,y,0,t—3)D(z, s)deds
o
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converges in L?(S;) as y — 0%, to a limit of the form (S, ; + J; ;) P, where
(8;) is a matrix of parabolic singular integral operators whose matrix of
symbols admits an inverse [o(S;;)(2, s; @, Hy = (o(8;,) (2 85 2, t)) provided
(z,t)# (0,0), S;; being a parabolic singular integral operator such that
(8%) - (8%) = I + (JY), with JYeF(Sy) (cf. [4]). J,; belongs to F(S), and
is a limit as y -0 of a series of commutators in the variables (,y,?)
which belong to §(S8;) uniformly in y [3].

From the estimates for the volume potential (lemma A, §10) and the
estimates for 4**'"*(I —J)"!(-) and y**'"?LT,;® (§15 and Lemma 2, § 8),
it follows that for f<<pu, with f<y—1/p<p,

i
A”‘1+’3“"D’;f ffK(z, v, 8; & — 2,4, v, t— 8)(I — J)"HLT,; P)(z,v,s)dedvds - 0

0 R}:u

in L”(8;) as y — 0+,
Also, for fe L”(R%*' x (0, T)) (Theorem § 16, (ii)),

i
Ab‘H—ﬂ—le;J‘f K(zi 0,8, 8—2 Y, 0t — 3)(1_ J)"lf(z, Yy s)dzd’ud& -0

0 R:+l

in L°(8;7) as y — 0+,

We observe now that (J;;)-(8;;) (the dot indicates matrix multiplication)
is a matrix of F-operators, due to the fact that if J € §(8Sr), and 8 is a singular
integral operator on S, J8 € §(Sr).

Therefore I + [(Jy;) + (1) (Sg)] has an inverse.

Set

(V) = (8- [ + (JR) + (T3)- (8p)1 7
THEOREM. Let there be given fe L?(R%' X (0, T)), and fork =0, ...,b—1,
functions w*e L?(S;) such that A '~**#yke I7(8,) for some u, 0 <pu<1.

Then there exists a function ue igb,l(R”x(é, ) % (0, T)) for every
0> 0 such that

(i) Zu={ in R%*'x(0, T)),

(i) A FE(DEu(e, gy o) — wH(+y")) | posny — O @8 y — O, for every B,
0<f<p,
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(iii) For 0<p<y—1/p<u,
> HD:,”Aﬁu(', Y, ')l[L"(Sr) +

la<<b—1

b—1
+kz AP P=F DE (-, 9y ) | posmy +
=0

+ Y (4, ) 0D, AU, Yy ) e <

b<<lal<2b—1

OZ”Ab T gy + O 4T e omy

(d, can be replaced with y or %),

Proor. We set
b—1
(@, ¥, 1) =52 (CUHAFH”—”“’)(% Yy 1)
=0

and define

b—1
u(“’: Y t) = lgo(TMgﬂl)(w’ Y, 1)+

t
b—1
z ff K(z,v,8;0—2,9,0,t—8) (I —J)~Y LT \ugu)(2, v, s)dzdvds —
=0

) R:+l

—-—jffK(z, v, 8; & —2, Y, v, 1 —8)(I—J)f(2, v, s)dzdvds .

o R

The fact that ue]ggb,l(R" X (8, 0) X (0, T)) for every >0, and Part (i)

follow from the theorems, §§ 16 and 17. To prove (ii), it is enough to con-
b—1
sider the terms Z( a9:) @, Y, ) and to recall the definition of g,, and the

fact that A°* 1s an integrable function.

§ 21. — THEOREM. Suppose ueﬁ;’b,l(R’f" x(0,T)), 1<p<oco. Then
u(x; ¥, t) admits the representation « = u, + u,, where

Uy (%, Yy 1) =

¢
b—1
=5 (L)@, 9,0+ [ [ [K6,0,550—5,9,0,1—00T—) LT g dsvas),

0 R}+



DIRICHLET PROBLEM FOR PARABOLIC EQUATIONS ETC. 429

Us(@, Y, 1) =
11
= —fij(z, v, 838 — 2, 9, v, t— 8)(I — J) " (Lw)(2, v, 8) dedvds,
0 E™
with
b—1
9a(@, 9, 1) = 3 (VA" Dhu(y 0,0 )((@y 9, 1), (cf. §20).
i=0

Furthermore, for 0<f <<y —1/p<<u,

b—1
kz “Ab_Hﬂ—kD:“( 5 Y, ’)“L’(ST) +I |<Zb IHDZuAﬂu(’7 Y, ')"L(ST) +

+ z H dp(?h : )Ial—— -1 D:,y/lﬂu( Y ) “L"(Sr) <

b<lel<2b—1
—1
<03 | A * Du(ey 0,) | gasny + OCT) - 1777 (L) | oz xco.m 5
=0
where O(T) >0 as T —0, d, can be replaced by y or #”®, and C, C(T)
depend only on the parameter of parabolicity = and on the max supla,|-

PrROOF. We assume first uwe O°(R% X (0, o)), and let u' = u}+ uj,
w} and u? being the terms in the decomposition above, with

T, ghey Uh = ((85) [T+ () + (F5) - (8517 )y

being the expressions corresponding to Fz, 0,s;x,9,1) (cf. §§13 and 20).
‘We observe that

b—1
gﬁz(wy Y, 1) = 2 {‘U?i/lb_lﬂ‘—’pvu('; 0, )}(w7 Y, 1)
i=0

vanishes near ¢ =0 and has all derivatives in L?(R%" % (0, T)).
By an argument similar to that in §17, we see that

Tﬁzgﬁzej:gb,l(mﬂ X (0, 1)) .

Hence u'e L2, (R"™*x(0,T)). wi belongs to Iz, (R x (0, T)) by
Theorem, §16 (Lue L”).

Therefore ue L2, ,(B%"*x (0, T)), and it is clear that Lu" = Lu for y > 0.

Also A"~ 1#—% Dry? tends to A~ 1+#7* DEug(+, 0,+) in L?(87) as y —0+. On
the other hand, D:uZ and Dfu converge in L*(8;) as y — 0+, being func-
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tions in f,g,,,l(m“ X (0, T)). Hence we must have Dfu’(-, 0,+) = Dfu(-,0,+),
and we see that u— u* satisfies a homogeneous initial-boundary value
problem with homogeneous data. By [3] it follows that

uEulEui+ug.

Now as 4 —>0, gl —>g, in I?(8;) (it would be enough to show that
8" — 8*, J* —J as operators on L?(8y) X ... X L*(8;), (b—1) times; we ob-
serve that

“Jl};;(x(a,a+e)f) ” LP(R" x (a,a+¢€)) < w(s) "f "L”(R" x(a,a+€)) I

o in dependent of a and A, cf. definition of J, in [3]).

Thus we have the representation w = u, + u, for we O3 (R X (0, 0)).
Any function in £2,,(R%"* % (0, T)) being a limit of C3°(E"+x (0, co))-func-
tions in the L, , sense, the general result follows by a density argument,
recalling the obvious convergence in L” of sequences like (g,), and Lu,, to
their corresponding expressions for w € Ly, ,, and the fact that

||?/b+1—yLTm((yyz)v - guz) “ LP(R*x(0,T)) 0.

The estimate is an immediate consequence.

§ 22. — Using the representation above, we can prove the uniqueness
of the solution to the problem (cf. Theorem, §20): ue L, ,(R" X (9, o0) X
X (0, T)) for every 6> 0,

Lu=feL’(R*'x (0, T)) for y>0,

| AP H Dy, 9y 0) — 05y )) [imen >0 s y > 0*

for every f, 0<f<pu<1, and k=0,...,b—1.
Here A***#~*yke I7(S,).

THEOREM. If

i) ulz, y, t)ei;’b’l(R”'x(é, o) X (0, T)) for every 6> 0,
(ii) for k=0, ..., b—1, and some yu, 0 <u<1,

| AP  DEu( -y y,) | posry 0 a8 y >0,
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and
(iii) Lu =0 for y> 0,
Then % = 0.
PrOOF. We observe that for 6> 0,

w(@,y + 8, ) L2, (R*1x (0, T))

is a solution of

L’g= 3 any+60D g+Dg=0 fory>0.

1| <2b

By the estimate of previous theorem, with § = 0, we have

b—1
[+ 05 s < O 3[4+ Dfu( 8, s
Hence,

”7"(7 ?/7')”14"(31')< 61%(]:* "u(y y+ 57')”14”(ST) =0 for y> 0,

proving the theorem (we recall that the constants in the representation
theorem depend only on 7 and max  sup |ay])-

VIL. — An elliptic estimate.

§ 23. — Let now
&= Z @, (2, ?/)D::,v

le|<2b

be an operator in R%"!, strongly elliptic in the sense that

Re( 3 aye,9)i)) <—m- |6,

|a]=2b

z>0 and independent of (z,y), £€ R*"*', £5£0. We assume each a.(z,y)
to be bounded and measurable, and for |«|= 2b, uniformly continuous
in Rnti,

For 1<p<oco we define d,(y) = min (y, T"®), T being a constant.
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For B any real number, we will denote by G_gz(x) the Bessel potential,
defined by

F(@_pN@) = (1 + [o")**-F(f)(@) .

Now set L =8§— D, and assume u(z, y) € L5 (R%).
Clearly t-u(z, y)ei;’b,l(RTl % (0, T)) and we have (cf. §21)

b—1
kE | DE A 4P (s u)(+y Yy *) | o(smy +| > A%+ Di,u) (s 9y ) | oy +
=0

x|<b—1

=+ Z "(dp(?/"))]al_(b_l)Aﬁ(s'D:,u“)(" ?/")“L"(ST)

b<lel<2b—1
b—1

<0 ”D’;Ab_lw_k(s “u)(+, 0, °)"L”(ST) +
k=0

+ C(T)|[(d,(, )"+ u(, y) [l z2 (a0, +
+ O(T) "(do(yr t))b+l_y tLu(w’ y)"L’(R?'X(O.T)) (*) ’
where

0<p<y<1llp<pu, dyy,t)=min(y, ™) (§5),
and C(T) -0 as T — 0+,
THEOREM. If § is a strongly elliptic operatorin R***, and (, y) € L3, (R"),
then, with 0<f<y—1/p<pu<1,
b—1
kZOIIG—(b—1+ﬂ—k)(D’;u)( Y| rzny +| |<§ 1||G_p(D:,v“)( 3 Y| ram +

+ 3 (d,@)" V|G (DE )y Y) | pran <

b<le|<2b—1
b—1 ~
<O 16 omrep-n (D55 Ol + O, 0) 7
- 8u(@, ¥)|| 2@+ <0,y + O w]| 2z 0,1 -

PRrOOF. Consider first the following inequalities (see [5] for the first

two)
T

(d())=Tie< ( f (d(y, t))'mdt)”"< O(dy(y))= TV

T

()

Ql+
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where 7 =0, T/2, and |x| can be replaced with b +1—y;
(i) A7 zosny < O | G | ocamy 5

(i) |(d,(y, )17 -t Bul@, )| zoar xio,on < OT* 2| (d,(y)) 7 -
- 8u(@, ¥) || ey

(iv) [(d,(y, )17 w(@, y) | poar+r x 0,1y < OL PO HI=NF LD
<Nz, y) | o3

(v) for 0<B<2b, |A°(sf(2))]|1rsm < O F—57 ] oan -

(i)-(v) show that the right hand side of the parabolic estimate (%) is
majorized by the right hand side of the elliptic one. It is clear that the
proof will be completed by the following result, whose proof follows the
lines of [5]. Appendix

LemMMA. Let f(x)e O (R"). Then for 1 <p < oo, 0<B<2b,
16—27l zoam < Cr|| A3(s1(2) | Lozm x zin, ) -

REMARK. If % is assumed to have support contained in {(x, y): |z2 +
+ y2<r? y>0}, the term |u]zsz+ in the estimate may be replaced by
|| z2z2y, with a change in the constants.

VIII. — The main results in a general domain.

§ 24. — We now consider the Initial-Dirichlet boundary-value problem
with initial data zero, for a parabolic equation where the cylinder is defined
as the product of a domain in R"*! with the time interval (0, T). P shall
denote a point inside that domain, D* = D} a spatial derivative of order |«|,
Q a point on the boundary. The differential operator, L, is assumed to
satisfy Petrovski’s condition and the conditions on the coefficients stated
in §5 with (z, v, t) replaced by (P, ?).

From here on, 2 will denote a bounded, smooth domain in R"*!. By
this we mean

(i) There exists a finite number of functions f; having continuous and
bounded derivatives up to order 2b - 2, and each mapping the disc
{(=,0): x> <9, 7,> 0} c R"** into 92 in a 1—1 manner, such that every
point @ € 02 can be written @ = f,(x, 0), |#|*<rZ, for some i;

(ii) If N, denotes the unit inner normal to 92 at @, and 2, = {Pe Q:
dist(P, 02) > d, 6> 0}, then there is a number §,> 0 such that for each ¢
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the function
@ 9) >fiw,y) =Q +y-Ng, Q=7 0)€02

maps the set {(z,¥): |o[><r?, 0<y<4d)} into 2—Q,, in a 1— 1 manner.
We assume further that every point Pe . — Q,5, can be uniquely written
as P=Q +y-N,, Qeof.

We congider the finite covering of the set Q—Q,,o by the sets U,,
image of

{(@, y): |o* <2, 28,>y > %, » a suitable number < 0}

under f(@,y) = fi(x, 0) + y- Ny, 0. We let {g;} denote a fixed €7 partition
of unity subordinate to {U,}, and we denote by {{;} a family of functions such
that ;e C5°(U;) and {; =1 in a neighborhood of the support of ¢;. We
point out here that when 0 < d << §,, for the domain £; we can associate
the sets Uy, and the families {g,}, {{;} obtained from the ones above by
the transformation P — P + 0N,, where P =Q + yNge U;. It follows that
the derivatives of g4, {5 can be bounded uniformly on d, 0 << 6 << d,.

If u(P) is a function defined in 2 we will set, for simplicity, u; (2, y) =
= uof;(x, y). For the functions ¢,, {;, we will set, e.g., (¢;) = ¢; when there
is no confusion. We will also write w; (x, y, t) for u(f;(z, y),t). We observe
that (Dy u7)(®, y) = D, (u) (@, y)-

The L?-norm of a function «(Q,t) defined on 002 x (0, T) is equivalent
to > |g;u], or > ||£;u|, which are computed as integrals over R" X (0, T) = S8y:

i i

We introduce now the operators A on 0Q.

DEFINITION. If %(Q, ¢) € LP(02 % (0, T)), 1<p < oo, and 0<B<2b,

(A7Pu)(Q, 1) = L@ A g w7 )fi @), 1)

where A7?[-] is the operator already defined on Sr.

DErFINITION. For functions #(Q, ¢) € (02 X (0, T)) which are identically
zero for t near zero,

(A u)(@, 1) = 3 5@ A"g] w7 1(Fi7H(Q), 1) -

It can be shown that A°A4~" is not in general the identity on ¢*° func-
tions that vanish near ¢ = 0, but it is extendible to an invertible operator
on L#(92x(0,T)), 1<p<oco.

The Bessel potentials are defined in a similar way.
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DEFINITION. If %4(Q)€e C(09),
(G_pu)(Q) = 2(Q) G_plg w7 )(Fi (@), 1)

where F(G_lg; -u7]) = (|off + 1)"2-F,[¢7 -u7), v€ R".
In the next paragraphs we follow the method used in [5], article (4.1),
for the corresponding problem with initial data zero.

§ 25. — THEOREM. If ueigb’l(!)x(o, T)), 1<p<oo, 0<f<u<1,and
Lu=0 in 2x(0, T), then

sup{ S e DA u)(Q + yNg, 1) proaxco,my T+

v>06 g<op—1

b—1
+> ”Ab—Hﬁ_k[D’fvgu](Q + yNg, 1) ||Lv(apx(o,r))}
k=0
b—1
< C'kE | AP+ D w1(Q, 1) || oo x 0,1y -
=0

(Here and in the following, the expression %'*~®~ is meant to be replaced
by 1 for |ax|<b—1).

ProoF. We shall sketch the proof of this result, which proceeds first
for small T (this §), and then in the general case (next §).

By applying the definition of A? (§24), dropping continuous functions
of compact support, and introducing a new constant C;, we can see that
the left hand side (LHS%(u; £2)) of the estimate above is less than or equal to

ful™= Cs, X sup{ > gt D2 AP u) (¢ 4y ) | sy +

i ¥<2d, “lal<2b—1
+:§::HA""””"CD’;(¢: )5 Y5 gosmy +
b—-1k
+k§1 m2=1|| Ab—1+ﬁ—k(Dz’¢p;' . Dk”"”u;)( Yy )"L’(ST)} .
We now

(i) Define a parabolic operator L7 on R%*!x (0, T), with coefficients
bounded and measurable, and those of the leading terms, uniformly con-
tinuous in R X [0, T], that satisfies

Ly (u7) (@, y, 8) = L(u)(fi(xy Y), t) for fi(@,y)e U;;
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(ii) Apply the estimates for L; (§20) to the first two terms above;

(iii) Omit somewhat lengthy considerations to obtain, with 0 < d < d,
and O(T) -0 as T — 0t

b—1
LHS(u; 2)< o]~ < CkZ "Ab_lﬂ‘_k(yqu“)(Q’ )| oo x o,y +
=0

+C55,0(T) sup Y [[(D*u)(@Q + YN, )| 1o@axomy +

0<y<20, la|<2b—1

+ C,, O(T)0* """ sup ¥ y == O (D*u)(Q + y N, 1) | zo@@xo,my) +

V<8 |a|=<2b—1

+ 0> sup > ATV AT Em (DR DI TN (4 Yy )| oty 5

i y<28, k=m=0

(iv) Take 0 small enough so we can move the third term in (iii) over
to the left hand sides. We modify the constants (introducing C, in front
of |«|~) and fix this é from now on. And finally

(v) CLAM. There exists a T, > 0 such that the estimate in the The-
orem holds for T'<T,.
Clearly, the second term in (iii) (modified as in (iv)) can be bounded with

Cs,5, 0(T) LHS (w5 )< €5 Cy5,0(T)- ]~ .
Also, the fourth term in (iii) can be shown to be bounded by
03 ,(T) Cy5,Cslu||~, with Cp,(T)—>0 as T —0+.
Therefore, if T is selected so that

Cs,C,u(T) + C55,0(T) <1,
then

b—1
(# LHS)(u; 2)< Oo,o.,,p,,ukz [ AP (DR ) (@, 1) | oo xio,my) 5

=1
i.e. there exists a T,> 0, depending on 6, &,, §, x such that the theorem
is true for 02 x (0, T), T<T,.

ReEMARK. For T<T,, (#) is also true for all the domains Q5, 0< )< J,,
with the same constant Cs; 5, (which, we recall, depends on the families
{U}, {p}, {¢}, cf. definitions in §24).
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§ 26. — To prove the theorem for any 7T, we rewrite the estimates in (iii)
with third term deleted, see (iv), as

b—1
LHSq(u; Q)< Ca,a.,{kZ [ AP~ 4D )| zroax 0,7y + ”“"N} )
=0

where we have set

[u]|¥= sup > [(D*u)(@Q + yNg, V)| zr@ax,m) +

S<y<28, lal<2b—1

b—1

+3 sup 3 AT A D D) ) sy

i y<20, k=>m=0

and observe that the desired result is a consequence of the following lemma,
whose proof is also omitted

LeMMA ~ Given &> 0, there exists a constant C, such that for all
uei’z’b,l(gx(o, T)) that satisfy Lu =0 we have

b—1
[u]|™<eLHS5(u; 2) + Gskgo [ AP RDE )| 1o 0.1y) -

REMARK. The a priori estimate in Theorem, § 25, holds for all domains 0,
with &) < d,. The constant in the theorem is independent of & (cf. also
Remark to §25).

§ 27. - We are now in a position to prove the main results.

TEEOREM 1. Let w*e L?(02x(0, T)), k=0, ..,b— 1, be such that
A 1re—kyk e IP(002 % (0, T)) for some u, 0 <pu<<1. Then there exists a
solution to the problem

(1) w(P,t)e 13;’,,’1(9* X (0, T)) for every subdomain Q* such that 2*c Q,
(ii) Zuw =0 in 2x(0, T), and

(iii) for every B, 0<B << u,
lim |A°=*+P~H[ Dk w(@ + yNq, 1) — w¥(Q, )| ooax 0an = O -

Proor. Let wfe O2(02x (0, o)), such that wf —w* and A>T *uf; -
—> AP 1Hkyk in IP(002 % (0, T)) as j —o0, 0<l<b—1. It is known [10]
that we can find w,(P, t)eﬁgb,l(!)x(O, T)) satisfying (ii) and (iii) with »*
replaced by w".
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Now if (P)e C°(2), 6 =1 in Q;, then

6% zz, . x (0,1 < C | E 0“ (DP0)(D*w;) | 1o x o,y -

>
181+ |1 <2b

This, together with the theorem, § 25, imply that if Q%c Q,
b—1 . )
lu; — ] 22, v x 0,1 < Can kz, | AP~ ) — w7) | oo o -
=

Hence {u;} is a Cauchy sequence in L2, ,(£2* X (0, T)), for every subdomain Q*
with Q*c Q. Let u(P,t) denote the limit of {u;}. Clearly u(P,?) satis-
fies (i) and (ii).

To prove (iii) we observe that

b—1
sup > | AR DR (u,— w)(Q + yNg, 1)o@ xo,m <

y<68, k=0

b—1
< G,; |4~ o — w1 sooa x 0,1y 5
—0

which implies

sup :gu/l"‘” =% Do(w; — u)(@ + YN g, )| o0 0,00 <

< C'}i‘&.}:g\lflb"”"‘[ué‘— W] peaxom >0 @8 j—>oo.
Now we observe that

Ab—1+ﬂ—kD11cv°u — Ab_Hﬂ_"D’l‘%(u— u,-) + A-1+A-k D?;Q%,-] ,
and that
lim, [ AR Dk (. — ;)] | proa (,m) <Sup [ AP+~ Dy (e — w5) || oo o,y 5
and we see that
lim A" P7*[DR w] = lim A" *uf = AP RyR in I2(0Q % (0, T)) -
THEOREM 2. Let u(P,t) be any function such that

(i) (P, t) belongs in fz;’b,l(.Q* X (0, T)) for every subdomain Q* such
that Q*c Q,
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(i) Zu=0 in 2x(0, T),

(iii) for =0, ..., b— 1, and for some g, 0 <u<1,

lim | A*= DY w)(@Q + yNg, 1) | woax©ary < ©© -

v—>0%

Then, for 0<f < u,

sup { S DDA u)(Q + YN, 1) reaxom T

y<d, ‘a|<20—1

b—1
+k=20 | AP~ Dk u)(Q + yNg, )| 1roax (o,T))} <
-1
<C kZ % "Ab_H”—k[D]zirq u)(@ + yNg, 1)l o0 0,1) *
=0

COROLLARY. The solution to problem (i)-(iii) in Theorem 1 is unique.

PROOF OF THEOREM 2. Werecall that (+)!*~C~=1for |x|<b—1 (§25).
We consider any fixed y, 0<y<d,, we take 0<dy <y, and study
2% (0, T'); clearly uef/g,,’l(.Qa;x (0, T)) and Lu = 0. By the a priori esti-
mate in Theorem, § 25 (cf. also the Remark to §26), and with 0<f8<u,

(y — 0= | DX(APu)(Q + yNg, V)| Lroaxwo,m +
la|<2b—1

b—1
+32 A~ +P= 4Dk ul(Q + yNg, )] zroaxo,m <
b—1
< Cp 8, 'ICZJIAb_H”_k[DfVQ w)(Q + N, )| zooaxo,m) -

The theorem follows by taking lim on both sides and recalling that Cp, ,
does not depend on &) (cf. loc. cit.).

IX. — The elliptic estimate.

§28. — As in §23, we let §= > a,(P)D* be a strongly elliptic oper-
lal<2b
ator on Q, that is, § — D, is parabolic in the sense of Petrovski. Again

7> 0 will denote the parameter of parabolicity of § — D, and the a-’s are
assumed to be bounded and measurable, and for |«| = 2b, uniformly con-
tinuous in Q. G_; shall denote the Bessel potentials defined in §24.



440 JULIO E. BOUILLET

As done in §§25-27, the expression (-)'™~®~i5 to be replaced by 1
for |«|<b—1.

THEOREM. If we L3(2) and &u =0, then for 0B <y,

SuP{ > y[[ul—(b_m HD.:[G_,S’“](Q +yNy) llL”(6Q) +

Y<8, ‘al<2b—1

b—1
+ 3 16--145-5P5 1@ + ¥Vo) ooy
b—1
< 0{ kgo "G-—(b—-1+ﬂ-—k)['D§'Qu](Q) | 7oy + H’““L-(m} .

The proof of this result follows lines analogous to those in the parabolic
estimate of §25. We shall only sketch them.

By application of the definitions of the Bessel potentials to the left hand
side (LHS”(u)) of the inequality, a bound is obtained to whose terms the
estimates of § 23 and Remark, § 23 apply with elliptic operators & defined by

& () (@, y) = 8u(fy(x,y)) for fi(w,y)e U;.

Support considerations on the €7’ functions in the definition of G_; (§ 24)
lead to the estimate

b—1
LHS )< 0( 3 [0--1:0-9 D3t @ limamy + [ ra) +

+ [[u]™ 4 €5, 87 P sup > Y™V D*u(Q + yNg) | r(oa)

Y<0 lal<2b—1

+ Csp, . sup > D@ + yN )| roeny »

<y<268, lal<2b—1

where we have set

b—1
IWIIN = C,, Z sup E "Gl—ll+13G—(b—1+ﬁ—(k—m))(DL»(p;D:—mu;)(y) ||z,v(1e")~

i Y<28, k=m=0

Fixing 6 small enough, the third term in the estimate above can be
moved over to the left hand side. The last term can be shown to be
<& 0| 8(pu)| poay + Cof%|1ya), Where pe C(2), ¢ =1 on 2'>2%2,, by using
a trace theorem [11], and an estimate in [1], already needed for Remark, § 23.

But || £(q>u)||Lp(m<C¢,wLHSﬁ(u), 80 choosing & small enough we even-
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tually get

b—1
LHS ()< 0] 3 16-0-110-9(Pke) rem + [ + [l

The proof can be completed by proving the following

LeMMA. To every &> 0 there is a constant C,. such that every ue L3, (2)
y

with &u = 0 satisfies

(1]

[2]
[3]

[4]
(5]

(6]

[7]
(8]
[9]

[10]

[11]

(12]

”u“”gs’LHSﬁ(u) + Oy | %] 1) -

REFERENCES

S. AeMoN - A. DoucLis - L. NIRENBERG, Estimates near the boundary for so-
lutions of elliptic partial differential equations satisfying general boundary con-
ditions, I, Communications on Pure and Applied Mathematics, 12, no. 4 (1959).
E. B. FaBEs, Singular integrals and partial differential equations of parabolic
type, Studia Mathematica, 28 (1966).

E. B. FaBEs - M. JopEgir Jr., L?-boundary value problems for parabolic equations,
Bulletin A.M.S., 74, no. 6 (1968). Also Singular integrals and boundary value
problems for parabolic equations in a half-space, University of Minnesota.

E. B. FaBes - N. M. RiviEre, Systems of parabolic equations with uniformly
continuous coefficients, Journal d’Analyse Mathématique, 17 (1966).

E. B. FaBes - N. M. RIVIERE, L?-estimates near the boundary for solutions of
the Dirichlet problem, Annali della Scuola Normale Superiore, Pisa, 24, fase. II1
(1970).

E. B. FasEs, Singular integrals and their applications to the Cauchy and Cauchy-
Dirichlet problems for parabolic equations, Notes from a course given at the
Istituto Matematico, Universitd di Ferrara, Italia, 1970.

A. FrIEDMAN, Partial Differential Equations of Parabolic Type, Prentice-Hall,
Inc., Englewood Cliffs, N.J., 1964.

G. H. HarDY - J. E. LiTTLEWOOD - G. POLYA, Inequalities, Cambridge at the
University Press, 1952.

E. M. SteIN, Singular Integrals and Differentiability Properties of Fumnctions,
Princeton University Press, 1970.

V. A. SOLONNIKOV, On boundary value problems for linear parabolic systems of
differential equations of a general type (Russian), Trudy Matematicheskogo
Instituta Akademii Nauk (Steklov), 83, Leningrad, 1965.

E. GAGLIARDO, Proprietd di alcune classi di funzioni di pie variabili, Ricerche
di Matematica, 7 (1958).

W. PocorzeLski, Htude de la matrice des solutions fondamentales du systéme
parabolique d’équations aux dérivées partielles, Ricerche di Matematica, 7 (2)
(1958).

29 - Annali della Scuola Norm. Sup. di Pisa



