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Existence of Strong Solutions for a Class
of Nonlinear Partial Differential Equations
Satisfying Nonlinear Boundary Conditions.

H. BEIRAO DA VEIGA (*)

dedicated to Hans Lewy
1. — Introduction.

We denote by £ an open bounded set in the N-dimensional euclidean
space RY and by I" the boundary of 2. We assume that I" is a C? manifold
and that locally 2 is only on one side of I (see § 5).

Let 8 be a maximal monotone graph (see § 2) on R X R verifying 0 € §(0),
let f € L¥(£2) and let u > 0 be a fixed constant. Our aim is to study the fol-
lowing boundary value problem: We seek strong solutions of

— Au(@) + g(z, u(@)) 4 pu(@) = f(2), a.e. in Q,

(1.1) —g—z (&) eB(u(&)) , a.e. on I',

where g(x, y) is a real function defined on a subset 4 of £2 X R, monotone in y
for any € 2 (1). For the meaning of boundary conditions in the form used
in (1.1) refer to [6], I.2.1; we recall that this formulation includes as parti-
cular cases the Dirichlet and Neumann conditions and the third boundary
value problem.

Similar problems have been studied by several authors. For the existence
of strong solutions when g depends only on y we refer the reader to [7];
see also [11]. If g depends also on x the existence of weak solutions for
some related problems is known (see[9, 10]). Other interesting results
related with our problem were obtained in [1, 2] and references.

In this paper we prove the existence of strong solutions in the last case.
More precisely, under suitable conditions on g(z, %) (2) we prove that there
exists a unique strong solution u(z) eW22(£2) of the problem (1.1). To prove

(*) Instituto de Fisica e Matematica (Lisbon).
(*) See condition (4.4).

(%) See theorem 7.2; see also [4].
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this result we assume that g(z,y) is differentiable on x;,, 1<i<XN; how-
ever this condition is used in a very weak form (see 4.10) which is usefull in
applications.

The results obtained in our paper, in particular the theorem 7.2 and
the corollary 7.3, are usefull for the study of the bifurcation points u for
equation (1.1); see [6].

Finally we refer the reader to the remark 7.5 (added in proofs) at the
end of the § 7.

‘We shall use the notation ¢ to denote a constant which may change from
case to case.

2. — Some definitions and known results on maximal monotone operators
on Hilbert spaces.

For the reader’s convenience some known results on maximal monotone
operators are summarized in this section. Let H be a real Hilbert space
and A: H — 27 a multivalued operator on H; to any » € H the operator A
associates the set AucH. We put D(4)={ucH: Au0} and R(4)=

= Au. A i8 said to be monotone if for any u,, v, € D(A) we have (v, —
uEH

— Vg, Uy — Uy) >0, Vv, € Auy, Vv,€ Au,. A monotone operator is maximal
monotone (m.m.) if it is maximal in the sense of graph’s inclusion. The fol-
lowing result holds (see for instance [16]):

THEOREM 2.1. Let A be monotone. Then A is m.m. if and only if
R(A + 2I) = H for all 2> 0 (or equivalently for one 1> 0).

Let now @: H — ]— oo, 4 o0], @ £ 4 oo, be a convex lower semicon-
tinuous (Ls.c.) functional and put D(P) = {uec H: P(u)< + oo}. The sub-
differential 0®(u,) of @ at a point u, € D(P) is by definition the set

0D (uy) = {ve H: D(u) — D(uy) > (v, % — %), Yuec H} .
We have the following result (see [17]):

THEOREM 2.2. The operator 0D is m.m. on H.

If A is m.m. the resolvent of A is the operator A” = (I + 14)~%, 1> 0.
The resolvent is a contraction defined on all of H. The Yosida approximation
is by definition

u—APy

(2.1) Azu = 2

R A>0.
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The Yosida approximation is a univalued operator defined on all of H;
moreover A4; is m.m. and Lipschitz continuous with constant 1/A.

The following theorem is a particular case of a result of H. Brezis, M.
Crandall and A. Pazy (see [8]):

THEOREM 2.3. Let A and B be univalued m.m. operators on H. Let fe H
and p>90. Then for any 1> 0 the equation

(2.2) Buy+ Asuz+ pur=f
has a unique solution ur. Moreover the equation
(2.3) Bu+ Au—+ pu=f

has a solution w if and only if Aius is bounded as A—0. In this case
Uy —> uy, Asus— Au and Buy— Bu.

From the theorems 2.1 and 2.3 we obtain a necessary and sufficient con-
dition for the maximal monotony of the sum A 4 B.

Finally, notice that if A is a univalued m.m. operator then

(2.4) Aju=AA%u, VYucH.

3. — The B operator.

We assume that the L?(£2) spaces (p € [1, + oo]) and the Sobolev spaces
W ?(Q) (k positive integer and p € [1, + oo) are familiar to the reader (3);
we denote by | ||, and | [, the usual norms in these spaces and we put
H=1L1x2) and | | = | |.- We consider also the spaces L*(I") and the frac-
tionary Sobolev spaces W'~ “#?(I") (3) with the usual norms. If u(x) is a
function defined on 2 we denote by u(£) (or by « only) the trace of u(z) on I

Consider now a m.m. graph f on RXR, so that 0 € (0), and define an
operator B on H as follows:

(3.1) B=—A
with

D(B) = {u € W=2(9Q): ——% (&) € B(u(£)) a.e. on F} .

(3) See for instance [18].
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The B operator is m.m. on H and furthermore,. fixed u > 0, we have
3.2) |ulse<el— Au+ pul, VueD(B),

as follows from theorem I. 10 of [6]. Note that B is the subdifferential of the
convex l.s.c. functional @: H —]— oo, 4 oo] defined by

1 f \Vau|? dz + f jwyal', if we W2(Q) and j(u) e LT,
(3.3) O =| ¢ £

+ oo otherwise,

where j: R —]— oo, + ool is convex ls.c., B =0j and j(0) =0 (see [7],
theorem 12).

REMARK 3.1. For some particular boundary conditions the maximal
monotony of B and the estimate (3.2) follows from classical results. This
is the case when the boundary condition is linear and also when the boundary
condition is the well known condition #>0, ou/on>0, u(ou/on) =0 on I"
(this boundary condition corresponds in (1.1) to the m.m. graph f(r) =0
if #>0, B(0) = {t:t<0}, B(r)=0 if r<0). In the last case (see [4]) the
maximal monotony of B follows from the W2 existence results proved in [20],
[15], from the W22 regularity result proved in [14] and from theorem 2.1.

REMARK 3.2. The condition g > 0 in equation (1.1) can be weakened in
some cases. Consider for instance the operator B =— 4 — 4, with D(B) =
= {ue W22(Q): u(&) = 0 a.e. on I'} (*). On the other hand let ¢, be the smal-
lest constant verifying

fuzdw<c;f|Vul2dx.

Q

Then if we put 4,=1/¢, the operator B is m.m. in H and, fixed u > 0,
the estimate |uly.<c|— Aw -+ (u— )% holds on D(B). Consequently
for the Dirichlet problem we can put — 4 — A, instead of — A4 in theorem 7.2;
analogous remarks hold for other boundary value problems.

(%) The Dirichlet condition % = 0 on I' corresponds to the graph f(0) = R,
Bry =0 if r £ 0.
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4. — The § operator.

Let p: 2 XR —]— oo, + oo] be a convex, l.s.c. functional in the second
variable y for almost all # € 2 and measurable in the first variable & for
all y € R. Moreover suppose for convenience that for almost all € 2 we have
w(x, 0) =0 and also p(z,y)>0, YyeR.

Then for almost all x € 2 the functional y — y(x, y) admits a subdiffe-
rential which will be denoted by Jy(z, y).

Now define a functional ¥: H — [0, 4+ oo] in the following way:

(1) () = [p(o, u(a)) do ;
Q

This functional is convex and l.s.c. (see appendix I, proposition 2) and
his subdifferential at a point u € D(¥) is (see appendix I, corollary 2)

(4.2) 0¥(u) = {fe H: f(x) € y(x, w(x)) a.e. in 2} .

In the following we put @'= (v, ..., %1, Tip, ..., &) and x= (o', x;),
1<i<N. Furthermore the expression «for almost all x‘» means «for all
o' € 2§ » where £} is a subset of Q¢ such that Q'— Q; is a set of (N—1)-
dimensional measure zero and £2¢ is the orthogonal projection of £ into
the hyperplane {x: z; = 0}.

We consider now two measurable functions a(x) and b(x) defined on 2
with range in [— oo, 4 oo]. We suppose that for almost all »* the function
z;—>b(x) is Ls.c. and the funetion x;—a(x) is upper semicontinuous (1<
<i<N). We suppose also that a(x) <0< b(z) for all xe Q.

Let now g(x, y) be a real function defined on

A={(x,y)eRXR: a(x) <y<bx)}

and assume that g(z, y) verifies the following conditions:

(4.3) gz, 0)=0, VYrel;
(4.4) For any fixed ze Q the function y — g(x, y), defined on Ja(z), b(x)[, is
continuous and nondecreasing. If — co < a(z) then lim g(z, y) = — oo}
y—>a(x)

if b(x) < + oo then lim g(z, y) = + oo (5).

y—>b(x)

(3) Putting g(», y) = 0 if y ¢ la(x), b(x)[ the hypothesis (4.4) becomes equivalent
to the maximal monotonicity of the graph y—g(x,y) in RXR (for each z€ Q).
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(4.5) For almost all 2%, 1<i< N, and for all yeR, g(x, y) is a continuous
funection of the single coordinate x, (¢).

This last condition implies that for each y € R the function x — g(x, y)
is measurable in its domain {xe 2:a(x)<y< b(x)} (for, apply proposition 1
of appendix IT with B = {we Q: a(z) <y <b(x)} and g(«) = g(z, y), Yz € B).
Consider now the function y: 2 X R —]— oo, + oo] defined as follows:

g, 7)d it yela(@), b@)],
(4.6) (@, y) = ! Ca

+ oo otherwise .

The integral on the right hand side of (4.6) may be equal to + oo; fur-
thermore y(z, y)>0. It is easy to see that y(x, y) satisfies all the conditions
listed at the beginning of this section (?). Furthermore for all x e Q

(4.7) oy, y) = g(x, ¥)

being implicit in (4.7) that oy(x,y) =0 if y¢la(x), b(x)[. Therefore the
functional ¥ defined by (4.1) is convex and l.s.c. Moreover, from (4.2) and
(4.7), it follows that

(4.8) W=

where g is the multivalued operator

_(4.9)

g[u](w) — g(wy u(w)) a.e. in Q ’ if g(m, u(w)) cH ,
0 otherwise (8) .

Notice that u(z) € H and g(, u(x)) € H imply that ¥(u) < + oo. More-
over on writing g(x, w(x)) € H it is implicit that u(z) € Ja(x), b(x)[ a.e. in Q.
Finally § is univalued on D(g) = {ue H: g(», u(x)) eH} and is m.m. (by
theorem 2.2).

(®) Notice that the domain of this function is {#;: x€ 2, a(x) <y <b(wx)} with «*
and y fixed, and hence is an open subset of R.

() In order to verify the measurability of x— y(x,y) in 2 notice that (sup-
pose y> 0) for all xe{xe 2: y <b(x)} we have

H n—l ,'/y
w(w,y)=fg(x 7)dn=lm » ng( )

n—>® =0 n
0

(8) Obviously all definitions are coherent with the fact that elements of H are
equivalence classes of functions.
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In the sequel we shall also need the following hypothesis:

(4.10) For almost all #¢, 1<i<N, and for all ye R the function g¢(z, y)
is differentiable as a function of the single coordinate x; except
eventually in points which belong to a (at most) denumerable set
E(x') c {w; = (¢, ®;) € 2}. We put by definition

0
g:(x,y) = 879(‘”9 Y).

5. — Preliminary results.

In the sequel, for each fixed x € 2, we denote by ¢¥(z, y) and gi(x, y)
the resolvent and the Yosida approximation of the m.m. graph y — g(z, y);
it is implicit in this definition the convention referred in note (5).

By using (4.9) we easily verify that for any we H

(5.1) FP[ul(@) = g¥(w, u(z) ae. in 2,
1
g [u](@) = g1 (z, w(x)) ae.in Q.

LEMMA 5.1. Let ye R be fized and put v,(x) = g® (2, y), wo(w) = ga(x, v).
If x,, x€ 2 and vy(x,) € la(x), b(x)[ then

[wo(@) — wo(,) | < Ig(m, "’o(wo)) - g(a/‘o, ’”o(wo))l .

PROOF. We have y = v(@,) + Ag(%o, vo(®)) = vo() + Ag(w, vo(x)) and con-
sequently a straightforward computation yields

[’Uo(w) + lg(w’ ”o(w))] - [Uo(wo)‘*“ lg(‘”’ '”o(wo))]:" 1[9(@‘, '00(970)) - g(wo, 'vo(wo))] ;

therefore
[vo(2) — vo(o) | <}»|g(x7 'Uo(wo)) - g(wo, ”o(wo))l

gince the resolvent is a contraction.
From this last estimate and from the identity wy(x) — wo(@) = (vo(2) —
— vy(2))/A the thesis follows.

LemMmA 5.2. Let ue H and put

52) v(@) = g¥(2, u(@)),

w(x) = ga (=, u(z)) .



384 H. BEIRAO DA VEIGA

Suppose that x,, ©€ 2 and that v(%,) € Ja(x), b(x)[. Then we have

[o(@) — v(@0)| < |u(®) — ()] + llg(m’ 'v(wo)) (%7 ”(xo))l ’

5.3
o jola) — w0(w0)| <7 Ju(e) —u(@)] + lg(a, o(an)) — g(as, o(20)] -

Proor. We have
u(x) =o(®) + zg(% ”(w)) )
w(®,) = v(2) + j'9("’70, ’U(“’o))

and therefore

0(@) — 0(@) = u(@) — u(@) — ALg(, v(@)) — g(7, v(x))] —
- l[g(w’ ”(wo)) — g(“’o’ ”(wo))] .

Multiplying both sides of the last equation by v(x) — v(x,) and recalling that
Yy — g(z, y) is nondecreasing we obtain

(5:4)  |o(@) — v(@) > < {u(@) — u(@o) —A[g(x, v(@y) — g(ao, V(@) ]} (v(@) — v(w)) ;

thus

[o(@) — v(@o) | < [w(@) — w(@,) — }-[g(w; (@) — (wo’ ”(a’o))]l

and in particular the first estimate (5.3) follows, as desired.
On the other hand recalling that the Yosida approximation is Lipschitz
continuous with constant 1/1 we obtain easily

Jeo(@) — w(@o) | < (@) — w(@o) |/ 2 + ga(w, u(@o)) — ga(o, (o)) -

From this estimate and from lemma 5.1 the second estimate (5.3) follows.

To prove the next theorem we need some results which we recall. Let
f(x) be a real function defined on [«, f]. The upper bound and the lower
bound of (f(z + k) — f(x))/h when k—0 are denoted by Df(x) and Df(x)
respectively and are called the upper derivate and the lower derivate of f
at the point . Obviously the derivative f'(x) exists if and only if Df(x) and
Df(x) are finite and equal. The following result holds (cf. [19], chapter I,
n. 9):

TeEEOREM 5.1 If Df(x) and Df(x) are finite a.e. on [a, f] then Df(z) =
= Df(x) a.e. on [«, B].

This theorem is a particular case of a result due to Saks. If we assume
the continuity of f, the result is due to Denjoy and G. C. Young independently.
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We need also the following result:

THEOREM 5.2. Let f(x) be a continuous function on [a, ] and suppose that
the following conditions are fulfilled:

(i) Df(x) and Df(x) are finite on [, B] except at most on a finite or denu-
merable subset E;

(ii) the derivative f'(z) (°) is summable over [e, f].

Then

8
(5.5) [t @i =16 — 1@,

and consequently f(x) is absolutely continuous (a.c.) on [a, B] (*°).

This result is proved on [12], theorem 264, by assuming that f'(x) exists
if #¢ E. The proof given in [12] is easily adapted to the weaker condition (i).

Now let u(x) be a function defined on 2 and let w be a straight line such
that w N Q2£0. u(z) is said to be a.c. on w if u(x) is a.c. on any closed inter-
val contained in w N Q.

In the sequel we denote by ou/ox; and w, the derivative in the distribu-
tion’s sense and the derivative in the classical sense respectively. The fol-
lowing result is well known (see for instance [18], chapter 2, theorem 2.2):

THEOREM 5.3. Let u(z) € LY(Q). If ou/ox;c L' () then wu(x), eventually
modified on a set of zero measure, is a.c. on almost all the parallels to the x,
awis; moreover Ju[ox,= u, a.e. in .

Reciprocally, if u(x)e LY(Q) is a.c. on almost all the parallels to the x,
axis and if u,(x) € LX(Q) then w, = 0u/oz; a.e. in Q.

Our purpose is now to prove the following result:

THEOREM 5.4. Let u(x) € H and let v(x) and w(x) be defined by (5.2). Assume
that u(x) e W21(Q) (1) and that

(5.6) gi(z, v(@)) e L}(Q), i=1,..,N.
(°) Which exists a.e. by theorem 5.1.

(1°) Since (5.5) holds on any subinterval.
(') This condition can be weakened.



386 H. BEIRAO DA VEIGA

Then v(x)e Wr(Q), w(z) e WrL(Q) and, for any index i,

2 )

%(w)|< a‘l‘”) + g, 0@))] ,
61 8 1|9

w U

a_w; (@) ‘<i 3—%(w) + lgi(wy”(m))l I}
a.e. in Q.

Notice that, independently from (5.6), the function g,(, v(z)) is defined
a.e. in Q2 and measurable in 2. Notice also that the theorem 5.4 holds for
any index ¢ separately.

PROOF OF THEOREM 5.4. Let ¢ be fixed and assume #(r) modified on a
set of measure zero so that the property described on the first part of theo-
rem 5.3 holds. Then u;(w) € Wr() and consequently u;(w) modified on
a subset of 2 of measure zero is a.c. (hence continuous) on almost all the
parallels to ;. Then on almost all this parallels u(x) is a.c. and u:(w), modi-
fied on a set of linear measure zero, is continuous. But then this last property
holds without modify u:(w).

On the other hand, by Fubini’s theorem, the function x;— g.(=, v(x))
is summable on almost all the parallels to the x, axis.

Now let w be a parallel in which the described properties and the condi-
tions (4.5) and (4.10) hold. Furthermore let w, be a closed interval contained
in w N 2. We will prove that v(x) is a.c. on w, and that the derivative v;(w)
verifies the first estimate (5.7) a.e. in w,.

Let x,€ w, and put = x, 4 h; where h; is an increment in the x, direc-
tion. By (5.3) we have

(5.8) [v(ao + ;) — v(a@) | < [u(@o + hi) — u(@wo)| +
+ Mg(% =+ ki, "’(‘vo)) - y(w.,, ’U(wo))l ’

if |h,| is sufficiently small. This implies that the derivatives Dv(w,) and Dv(x,)
are finite except at most on a finite or denumerable set E c w,. Consequently
the derivative v;(wo) exists a.e. in w, (by theorem 5.1) and verify the first rela-
tion (5.7) a.e. in w,. In particular 'v; (o) is summapble on w, and by theorem 5.2
it follows that v(x) is a.c. in w,. Therefore, by the second part of theorem 5.3,
Ov/ow, exists in Q and verifies (5.7) since it coincides a.e. in 2 with o)().

Finally the existence of dw/0x,; in L(£2) follows directly from the existence
of ov/oz, in LY(0) and from the identity w = (v — v)/A. Under these cir-
cumstances (5.3) implies trivialy the second relation (5.7). We can also prove
the statement concerning w(x) directly, as for v(x).
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PRrOPOSITION 5.1. Suppose that the assumptions of theorem 5.4 hold. Then
for all index 1

ou ow

(5.9) " 0w, o,

<|gi(, v(@))| ,—u.
a.e. in 8.

ProOF. From (2.1) it follows that Aw = u— v and therefore

oot _ () 0 0
awi axi - awi a.’l/‘,- axi '

By using the first estimate (5.7) we obtain easily

ow ou u
25; o, >— 1 |g:(=, v(x))]| ’T%I )

Multiplying by — 1/1 we obtain (5.9), as desired.

Suppose that the conditions of theorem 5.4 hold. Then w(x)ec W)
and thus w(x) has a trace on I'; it is well known that this trace w(&) belongs
to L\(I").

THEOREM 5.5. Suppose that the assumptions of theorem 5.4 hold. Then
we have a.e. on I"

wé) >0 if ué) >0,
(5.10) w) <0 if wé) <0,
w(&) =0 if u&)=0.

Obviously it is sufficient to prove that for any «, € I" there exists a neigh-
bourhood of z, on which (5.10) holds. Let #, € I" and choose an index ¢ so
that the normal to I" at x, is not orthogonal to the x; direction. Then the
boundary I" has a representation x;=y(2¢’) in a neighbourhood of =,.
More precisely: There exists a neighbourhood (in R"™') U, of #i, a C? real
function y defined on U, and a real constant 6 > 0 such that for z‘e U,
we have («f, x;)el if and only if x;,=y(2?). Furthermore, for any »*eU,,
the points (7, #;) such that x,e Jy(x?), p(x’) 4 ] are in £ and the points
(«%, x;) such that ;e [p(x)— o, y(@*)[ are in ~ (2UI), or reciprocally,
the first points are in ~ (2 U I') and the last points are in 2; in the sequel
we suppose, without loss of generality, that the first case holds. We put

Iy= {(w", y(@'): a'e Uo} .
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The following result holds (cf. by instance [18], chapter 2, theorem 4.3):

PROPOSITION 5.2. Let u(w) € W*1(2). Then u(x), eventually modified on
a set of measure zero contained in L, verifies the following property: The func-
tion u(x) (ewtended to I) is a.c. on the closed intervals x, € [y(x?), y(x?) + 4]
for almost all x* € U,. Furthermore the trace of u(x) on Iy and the pointwise
value of u(x) on Iy coincides a.e. on Iy.

PROOF OF THEOREM 5.5. Assume u(x) modified as indicated in propo-
sition 5.2. Then w(x) = ga(«, u(z)) verifies the property described in propo-
sition 5.2, without modification on 2. For, if u(x) is continuous in a segment
[y(x?), y(x') + 8], with xie QN U,, it follows from (5.3) and (4.5) that w(x)
is continuous on the segment ly(x?), y(#*) + 6]. From this result and from
the proposition 5.2 (recall that w(x) € W1,1(2)) the desired statement follows.

Fix now «* € U, in order to have u(x) and w(x) a.c. in the corresponding
interval. If wu(a?, p(@?)) > 0 then u(z’, @;)> 0 for all #; in a neighbourhood
of y(«’) and consequently w(x‘, x;) = ga(, u(a?, #;))>0 in this neighbour-
hood. Hence

w(z?, p(xt)) = limw(z?, 2,)>0 .
z—>p(z*)

The proof of the second statement (5.10) is similar.
Suppose now that wu(af, p(@)) =0. Let ;€ ly(), y(«‘) + 6[. Putting
x = (x?, x;) it follows that

ga(e, u(as, x;)) — gl(‘”’ w(@, ?’(W)))I

ho(a?, @.)| =

because gi(x, 0) = 0. Since the Yosida approximation is Lipschitz conti-
tinuous we obtain

fo(at, 2] < (e, 2) —u(a, y(@)|

and consequently

w(@é, y(a¥)) = lim w(@?, ¢;) =0,
z—>y(zh)
as desired.

6. — The § operator (continued).

Let 0(x, y) be a real function defined on 2 x R, measurable on «x for all y
and continuous on y for almost all #. If u(x) is a real measurable function
defined on R it is well known that 6(», u(x)) is measurable. Put f[u](x) =
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= 0(», u(z)). It is said that 6 acts from L#(Q) into LY(R), p, g€ [1, + oo,
if 8 transforms every function in L?(2) into a function in L¢(£2). The follow-
ing result holds (cf. Krasnosel’skii [13], chapter I, § 2, theorems 2.1 and 2.2):

THEOREM 6.1. If  acts from L»(Q) into L(Q) then 6 is bounded and con-
tinuous.

On the other hand the following necessary condition holds (cf. Kra-
snosel’skii [13], chapter I, § 2, theorem 2.3):

THEOREM 6.2. If G acts from L»(Q) into Ly(Q) then

I6(2, y)| < d(@) + cly|*2

where ¢ is a positive constant and d(x) € L(Q2).
It is obvious that this condition is also a sufficient condition. Another
sufficient condition is the following (cf. [13], chapter I, § 2, n. 4):

ProrosITION 6.1. If

m

(6.1) 6(, y)|< 3 di(@)lyl's

je=1

with ¢<q;< -+ oo and d;(x) e L"(Q), r; = qq;/(q; — q), then G acts from L»(Q)
into L4(£).

Let se[1, 4+ oo] and define s’ by 1/s'=1— (1/s). Furthermore if 1<
<8< N define s* by 1/s* = (1/s) — (1/N). It is well known (Sobolev’s em-
bedding theorem) that W*(2)<> L*'(Q).

We introduce now two exponents p and q related to the dimension N.
We suppose p and ¢ fixed as follows:

p=2N/|(N—4) if N>14,
(6.2)

1<p<+4 oo if N<4;

¢g=2N|N+2) ifN>2,
(6.3) 1<gk2 if N=2,

Notice that p = (2*)* if N >4 and q¢= (2*)’ if N> 2. Furthermore
W22(Q) <> L7(Q) and W22(Q)<> Ld(Q) for all N. If N<4 in the first inclu-
sion or N<2 in the second one these embedding results are not the best
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possible and we can utilize the embedding on spaces of Holder continuous
functions to generalize our results.
We suppose finally that g(x, y) verifies the following condition:

(6.4) For all index 4, 1<i<N, and for almost all x € 2, |g.(x, y)|<0(x, ¥) +
+ clg(z, y)|, Yy € Ja(z), b(x)[, where ¢ is a positive constant and 0(x, y)
acts from L?(Q) into L«(0).

The following Green’s formulae will be useful in the sequel: If u(x)e
€ W22(2) and w(x)e Wr¢(Q) then

ou ow ou
(6.5) —fAu-wdm=12f%—i de—f—a%wdl’.
[ r

Q

The integrands in (6.5) are summable functions over the corresponding
domain of integration. For the reader’s convenience we verify the validity
of (6.5) in appendix III.

7. — The existence theorem.

From theorem 2.3 and from the results of sections 3 and 4 it follows that
for every f € H the problem

(7.1) Bus -+ Ga[us] + pur=f
has a unique solution u; and the problem
(7.2) Bu + jlu] + pu = f

has a solution u if and only if gi[u.] is bounded in H as A —0. In this
section we utilize the preliminary results of section 5 to prove this last pro-
perty.

Notice that (7.1) is equivalent to

— Aua(@) + ga(w, wa()) + pua(@) = f(x) a.e. in Q,
(7~1’) au; .
— 2, (&) EB(ua(®)) a.e. in I',

with u,e W22(Q), and (7.2) is equivalent to (1.1) plus ue W22(Q).
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In the sequel we put vi= §®[us] and ws= ga[ua], i.e.,
va(x) = gP(@, wa(®@)) ,
[ wa(x) = ga (@, ua(w)) .
The following result holds:

THEOREM 7.1. Assume that

(7.3) gi(z, va(®)) e Ly(Q), i=1,..,N.

Then .

(7.4) f 9@, ux(x))? da <ff (@) ga(@, ua(w)) dz + ; f ' i@, va(@)) %Z—l dw .
2 Q [o]

ProoF. From theorem 5.4 and from (7.3) it follows that wie Wbe(£).
Multiplying both sides of the first equation (7.1') by wa(x) and integrating
in 2 it follows that

-J‘Au,1-w;.dw + fwﬁdx + p|urwrde = ffw;da; .
Q 2 ) P

Applying now the Green’s formulae (6.5) to the first integral we obtain

(7.5) fwidx<jfw;dx——z %%dm——f(— %%) wydl’
Q Q2 ¢ r

oz, ox;
2

since u,w2>0 a.e. in 2. On the other hand
(7.6) f _ %) aarso
. an 2 Z VU .
r

For, from the second relation (7.1') it follows that — (Jua/on)(£)>0 if
ua(§) > 0 and — (Oua/on)(§) <0 if ua(é) <O (a.e. in I') and consequently the
integrand in (7.6) is almost everywhere nonnegative in I', by theorem 5.5.

Finally from (7.5), (7.6) and proposition 5.1 we obtain (7.4), as desired.

LEMMA 7.1. Let u and u, be solutions of (7.2) with data f and f, respecti-
vely. Then

w—wu]2<e]f—1i]
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The same result holds for equation (7.1) and in particular

(7.7 luals<elf]l -

The proof is an easy exercise.

PROPOSITION 7.1. Let u and u, be solutions of (7.2) with data f and f, respec-
tively. Then the following estimate holds:

(7.8) lu—wl,<elf—1il .

REMARK 7.1. We shall see later (theorem 7.2) that the problem (1.1)
has a unique solution » € W*2(Q) for each data f € L* Q). Therefore the pro-
position 7.1 says that the operator f— uis Lipschitz continuous from L2(£)
into L#(2) (It is also Lipschitz continuous from L*(Q) into W%(Q2), by lem-
ma 7.1).

PROOF OF PROPOSITION 7.1. (See also [6]). If N<2 the estimate (7.8)
follows directly from lemma 7.1. Hence we suppose that ¥ > 2. Put 2=
=u—u, and h=f—f,. The real function {(y) = |y|° ¥, s> 0, is continuo-
usly differentiable on R and {'(y) = (s + 1)|y|*. Put s = 2p/N and consider
the function ([2](x) = ¢(2(x)). We have

oCle] _ (2p ) 2oy 92
aw,._(NJrl -y

and consequently ([¢] € Wi¢(Q2). For, |2’ and 0z/ox; are integrable with
exponents N/2 and 2* respectively and consequently its product belongs
exactly to L#(2). Hence applying (6.5) with w replaced by ([#2] and u replaced
by 2z we obtain

(7.9) —J‘Az-C[z] dx > (%TE + 1) f|z[”’” |VzI2da
Q2 Q

since — (92/0n)l[2]>0 a.e. in I'. In fact ([2](&) = |#(£)[** 2(£) a.e. in " and
furthermore

On the other hand from the first equation (1.1) written for u, f and u,, f,
it follows that — Az(x) + g(w, w(x)) — g(w, us(x)) + pe(®) = h(w) a.e. in Q.
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Multiplying both terms by ([2](x), integrating on £2 and applying (7.9) we
obtain

(7.10) (2—l§+ 1) f[z]zwv |v2|2de + ‘uf]zl(u/mw dm<f|z|(”’”’+1 |h| de .
Q 2 Q

Consider now the function y[2] = |¢[””2. We have

onlzl _ (P v 0%
o, (N—I-l 2|7 5,

and from (7.10) it follows that

(7.11) Inl21l3. <ell] 2] 5pme -
Next we will prove the estimate
(1.12) I#la@przen <e|B] -

It is easy to see that (equality holds if N > 4)

? 2p
(7.13) 2% (ﬁ+ 1) >2 (Ev“+ 1) )

Since |[n[2][e<c¢|n[2]],e it follows that

lelaeormin <elnlells. -

From this estimate and from (7.13) we obtain
(7.14) l2 lzeman <elmlel 1z -

Finally (7.12) follows from (7.11) and (7.14).

Now (7.8) coincides with (7.12) if N > 4, since 2(2p/N +1)=p. If
N <4 then p<2(2p/N + 1) and (7.8) follows from (7.12).

COROLLARY 7.1. If u; is the solution of (7.1) we have

(7.15) loalo< [ualo<elf] -

ProoF. Since |vi(x)|< |ua(x)| the first estimate is obvious. Applying the
proposition 7.1 with ¢ replaced by g, and u,=7f, =0 the second estimate
follows.

26 - Annali della Scuola Norm. Sup. di Pisa
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COROLLARY 7.2 (see also [6] proposition I.4). Let Bu + uw=7f and
Bu, + puy,=f;. Then

(7.16) lw—wl,<elf =1l -
Proor. Apply proposition 7.1 with g =0.

LeMMA 7.2. Let ua be the solution of (7.1). Then the following estimate
holds:

(7.17) s <ol ol + 3 [0(a, oxta))| 2| as

o
or;

Proor. From (2.4) it follows that wai(x) = g(, va(x)) and consequently
we deduce from (6.4) that

(7.18) lg:(2, va(2)) | < O(, va(®)) + clwa(x)] a.e. in 0,
for any index ¢. Consequently condition (7.3) holds and by theorem 7.1

au;

5, dz .

lwal* < If1 lwal + efwal [Vua| + ;fe(w, va(7))

From this estimate and from lemma 7.1 we obtain (7.17).

THEOREM 7.2. Assume that g(x, y) verifies the conditions (4.3), (4.4), (4.5),
(4.10) and (6.4). Then for every f € H there is a unique solution uc W23(Q)
of (1.1). Moreover the following estimate hold:

(7.19) lwlsa<e(lF] -+ 10(a, w(@),) »
and
(7.19") uls<e|f] -

ProOOF. — From (7.15) it follows that |v:], is bounded as 4 —0. There-
fore applying theorem 6.1 we obtain

(7.20) [6(, va(@)) |o<c as A—>0.

On the other hand

3%1

ox;

| <l Vi,
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since Wi2(Q)<> L7 (). This last estimate, (3.2) and (7.1) yield

au;

21
(7.21) o,

| <ellfl+ )

Finally from (7.17), (7.20) and (7.21) it follows that w, is bounded in H
as A —> 0 and therefore, by theorem 2.3, the problem (7.2) has a unique solu-
tion u. Moreover

Uy —> U in H,
(7.22)

wy—>glu] in H.
In order to prove (7.19) we shall see that

(7.23) limv; = in L?(Q).

A—0

From (7.1), (7.2) and corollary 7.2 it follows that |u — ua],<ec|glu] —
—gia[us]|. Hence by (7.22) ua—>u in L?(Q) as 1—0. Therefore

(7.24) lim sup lvoallo<llul, .

On the other hand v2— u in H as A — 0 since vis= s+ Aws. Therefore
by the reflexivity of L#(Q),

(7.25) va—>u  weakly in L#(Q).

Since || ||, is lower semicontinuous for the weak convergence, (7.25) and
(7.24) yield

(7.26) loallp—> |ul, as A—>0.
Finally from (7.25) and (7.26) we obtain (7.23) (see by instance [19], p. 7 8)

and consequently, by theorem 6.1, 6(x, va(2)) — 0(», w(x)) in L) as 4 —0.
On the other hand it follows from (7.17) and (7.21) that

lwsl2<o(16(, va(@) 2 + 1f]?) -

Passing to the limit in this inequality we obtain

(7.27) lg(, w(@)) ]2 <e(16(a, w@)]3 + [7]7) -
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Consequently (7.19) holds since [u[s.<c¢|f— g(», u(x))| as follows from
(7.2) and (3.2).

COROLLARY 7.3. Assume that the hypothesis of theorem 7.2 hold and that
0(z, y) verifies (6.1). Then the solution w of (1.1) wverifies the estimate

(7.28) llunz,z<o§1 171, .

Proor. — Using Holder’s inequality we obtain easily the estimate

16(e, u(z)) uq<§ [ulz (4], -

From this estimate and from (7.19’) the estimate (7.28) follows.

THEOREM 7.3. Suppose that the assumptions of theorem 7.2 hold. Let @
be defined by (3.3) and ¥ be defined by (4.1), (4.6). Then the functional @ + ¥
18 convexr and l.s.c. in H and furthermore

P+ W)=B+3.

ProoF. Since B+ gco(P + V) and o(® + V) is monotone (by theo-
rem 2.2) it suffices to prove that B 4+ § is m.m. But this statement fol-
lows from theorem 2.1 since E(B 4 § 4 ul) = H as proved in theorem 7.2.

REMARK 7.2. The proposition 7.1 and the related corollaries are not
necessary if N <2. In this case the lemma 7.1 suffices since W12(Q) — L?(Q).
The same remark would hold also for N > 2 if we had assumed the stronger
condition p = 2*,

On the other hand, for small values of N, the proposition 7.1 is not the
best possible one and the results can be generalized as remarked in section 6.

REMARK 7.3. Let EcQ be a set such that the projections B, 1<i< N,
are sets of (N—1)-dimensional measure zero. Then in theorem 7.2 the con-
ditions a(x) < 0 < b(z), (4.3) and (4.4) may fail on F (g(», y) can be arbitrarily
given for e H). The proof is obvious.

REMARK 7.4 (the evolution case). The study of evolution equations related
to the stationary case (1.1) can be done using well known abstract results
based on the maximal monotony of B+ g, which was proved in this
paper. To write results in this direction is then an easy exercise, and we
leave it to the reader.
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REMARK 7.5 (added in proofs). In his interesting paper On the solvability
of semilinear elliptic equations with nonlinear boundary conditions, to appear
in the « Mathematische Annales », H. BRILL obtains (independently and by
a different method) a general existence result for related problems. In his
paper the function g depends also on the gradient Vu, moreover, differen-
tiability (and monotonicity) of g, as a function of the variable u, is not
required.

Under these general conditions the existence (unicity and bounds) of
a solution u is not always true and depends on the proof of the existence
of a suitable subsolution and a suitable supersolution (see theorem 2.3 in
the Brill’s paper). A simple condition under which existence holds is
described in the remark 2.4 of that paper. However if one assumes that
all the conditions of theorem 7.2 hold (plus a(x) =— oo, b(®) =+ co in
our notation) the result following from that remark does not, in general,
imply the existence of a solution « for the problem (1.1) since it requires
the existence of two constants R,<0 and R,>0 such that g(z, R,) and
g(z, R,) belong to L) and such that g(z, R,)<f(®)<g(x, R,) a.e. on Q.

Appendix I.

Consider the measure space (B, M) where B is a non empty set and AL
is a o-algebra in B. The following result holds (see [3], appendix II):

PrOPOSITION 1. Let w: BXR—>]— oo, 4 o] be a convex l.s.c. function
in the second variable y for all x € B and measurable on the first variable x for
all ye R. Suppose that there exists at least a measurable function &: B —~R
such that y(x, £(®)) < + oo YoeB and y(w, &) is measurable. Then
y(», u(x)) is measurable for any measurable function u: B — R.

LEMMA 1. — Let Ac M and let w: B—>R be measurable. There ewist
measurable simple functions u,(x) (n positive integer) vanishing on B — A and
such that the following properties hold:

a) lim u,(2) = u(x), Vaeed,
n—>+

b) for any x € A there exists a positive integer N(x) such that

1) Un(®) < U3 () < u()

if n> N(x) ((1) can be replaced by w(w)<Uny1(%) < Un(T)).
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Proor. Put for each n

E,i=Anu([(i—1)27"27"), 1<ig<n2n,
E..=Anu([—i2—(@G—1)2), 1<i<n2".

Let x, be the characteristic function of a measurable set E and put
n2"
U= > [({—1) 2" g — "2_"9(2,.,‘] .

j=1

The u,, are measurable simple functions vanishing on B — A. Fix z,€ 4
and put N(xz,) > |u(x,)|; for each n > N(x,) the point x, belongs to one and
only one set E,; or E,.,i (1<i<n2n). Since u(xy) — 27" < U (@) <U(%) @)
holds. Moreover b) holds trivialy.

PrOOF OF PROPOSITION 1. For each € B put

a(z) =inf {y: (2, y) < + oo},
@

b(x) = sup {y: p(x, y) < + oo} .
Obviously a(r)<&(x)<b(xr) Yre B. Moreover the function y— y(z, y)
is continuous on [a(x), b(x)].
Consider now the following measurable sets:
B, = {zeB: u(z) < &)},
(3) B,= {we B: &) < u(®)} ,
B, = {x€ B: &) = u(x)} .
From lemma 1 it follows the existence of two sequences of measurable
simple functions in B, %{’(z) and w;”(x), such that:
a) u9(x) —>u(x) VeeB,, j=1,2.

b) for each x € B, [resp. B,] there exists N(x) such that
u(@)>u(@) [resp. uP(@)<u(x)] if n> N(z).

Moreover 7' (x) =0 on B— B, j=1,2.
Let
1/"(w’ uﬁ,”(w)) if veB;, j=1,2,

pal) = { (z, E@)) if z€B,.
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We shall prove that these functions are measurable on B. On B; this
is obvious. To prove the statement on B, (on B, the proof is similar) we shall
see that the sets

(4) {we B,: y(w, ul(x)) € I}

are measurable for any open set IC]— oo, 4 co]. Since uy(#) = 3 B, %,

i
on B,, with ;eR, E,eM;, UE;=B, and E;NE,;=0 if isj, it follows
that the set (4) coincides with the measurable set U {we E;: p(z, B;) e I}.
Finally we shall see that

(5) hm wa(@) = (o, u(@)) , VxeB.

If ze B; this is obvious. Suppose that xe B,; then
(r)<u(x), limuP@)=uwux) and u2@)<u(®) if n>N(=).
In particular

(6) a(@) <&(@) < uy (@) <u(®)

for n sufficiently large. If b(x) < w(x) we have b(z) < «®(x) for n sufficiently
large and therefore y(w, u®(z)) = + oo = y(w, w(x)). If u(x)<b(x) the rela-
tion (6) yields a(z) < ul (x) <u(x) < b(w); therefore lim y(z, u® (x)) = y(=, u(x))
since y — y(x, y) is continuous on [a(x), b(x)].

COROLLARY 1. Let u be a complete measure on the o-algebra M. Then the
proposition 1 holds if the conditions «y — p(x,y) is convexr and l.s.c.» and
« y(z, &(®)) < + oo » hold only for almost all z€ B.

In the following we suppose that

(7) the g-additive measure u is complete and positive (u: M — [0, + oo]).

Furthermore we assume that the hypothesis of corollary 1 hold and that
for a fixed p, 1<p< + oo,

(8) &(w) e L*(B), y(w, &(x)) € LY(B) and for almost all x € B one has y(z, y) >
> y(®, &), VyeR.

Put for any wu(x)e L?(B)

(9) () = [p(o, u(@) du(a) .
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Since y(z, u(x))>y(x, &()) a.e. in B with y(z, £(x)) € L}(B), the inte-
gral in (9) has a clear meaning.

PROPOSITION 2. Suppose that the conditions of corollary 1 and the condsi-
tions (7) and (8) hold. Then the functional ¥: L?(B) — ]— oo, 4 oo] is con-
vex, l.s.c. and ¥ # + oo,

ProoF. — The first and the last statements are trivially verified. Suppose
now that w,—w in L?(B) and that ¢ = li”ql) +i£f Y(u,) << + oo. There exists
a subsequence %, such that lim ¥(u, )=+ and u, (v) >u(®) ae. in B.
Since y — (2, y) is ls.c. for almost all ze B it follows that y(x, u(@)) <
<lim inf y(=, u,,k(w)) a.e. in B. Hence by Fatou’s lemma ¥(u)<4 (recall
that (@, u,,(#) > y(s, £()) € LY(B)).

In the sequel we assume that
(10) the measure u is o-finite, i.e.,

+o0o
B = U B; with B;e and u(B;)<< + oo, Yi.

t=1

Let p'=p/(p —1). The following proposition holds:

PROPOSITION 3. Assume that the hypothesis of corollary 1 and the condi-
tions (7), (8) and (10) hold. Let fc I* (B) and u € D(¥). Then the following
conditions are equivalent:

(i) P(0)— P> [fo—w)du, Yoe I(B).

(ii) y(w, v(x)) — (@, u(@)) >f@) (v(®)— u(x)) a.e.in B for any v € L?(B).
(iii) (e, y) — p(@, w(@)) >f(x)(y — w(x)) Yy R, for almost all x< B.

ProOOF (12). (i) = (ii): Let F e M and put

v(x) it vek,

w(w):{
u(x) if reB—F.

Obviously we L?(E). From (i) it follows that

[l v(@) du— [p(o, u@) du> [0~ w) du

E E

(*2) Cf. also the proof of proposition 3, appendix I [6].
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and consequently

a1 [[y( o@) — p( w(@) — f@)(v@) — u@)] @ >0, VEe k.

Therefore the integrand in (11) is non negative a.e. in B. (ii) = (iii): Fix
a B; and consider the function

wa() = u(x) , ?f xeB—B,;,

7.+ E(x) , if vreB,,
where {ry, 75, ...} is the set of all the rational numbers. Since u(B;) < + oo
the functions w, € L?(B). Applying now (ii) it follows that for each index n

12) (@, ra+ @) — (@, u(@) >f(@)(E@) + r.— u(@)) ae. in B;.

Obviously there exists a set of measure zero A ¢ B, such thatforallze B, — A
the following properties hold: (j) the estimate (12) holds for any index n;
(i) (=, u(@)) < + o003 (jii) ¥ = v(@, y)is convex, Ls.c. and p(», &) <+ oo.
Now define for any « € B; — A the functions a(x) and b(x) as in (2) and fix
zeB;, — A. If y ¢ [a(x), b(x)] the property (iii) holds since y(x, y) = + oo.
Suppose now that y € [a(z), b(x)]. Since &(x) € [a(x), b(x)] there exists a sub-
sequence &(®) + 7, € [a(x), b(x)] such that &(») + 7, —y (a(x) = b(wx) is not
excluded). Passing to the limit in (12) with this subsequence we obtain (iii).

Finally (iii) =- (ii) = (i) is trivially verified.

Let X be a real Banach space and let X' be the dual space of X The
subdifferential of a functional ¥: X —]— oo, 4 o] at a point % € D(¥) is
the set 0¥(u) = {v'e X': ¥ (v) — P(u)><v', v — u), Yve X}.

COROLLARY 2. Assume that the conditions of proposition 3 are fullfiled and
that 1<p << + oo. Then for each u e D(¥)

(13) 0¥ (u) = {fe L* (B): f(») € 0y(w, u(x)) a.e. in B}.

Appendix II.

We shall denote the Lebesgue measure in R” by m,. If B c R” we denote
by Bi the orthogonal projection of B into the hyperplane {x:x,= 0}.
Moreover we put w(#?) = { € B: #* = constant}.

PrOPOSITION 1. Let B c R” be a N-measurable set and let g: B— R. Let
B be a subset of B* such that m,_,(B‘°— Bi)=0, i=1,..., N. Finally as-
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sume that for all x* € B the sets w(x?) are open (in R) and the restrictions of g(x)
to w(x?) are continuous (i =1, ..., N). Then g is N-measurable in B.

ProoF. For N =1 the result is obvious. We suppose that the result holds
for the value N and we shall prove it for the value N 4 1. Denote by
B(xy,,), Bi(®y,,) and Bi(z,,,) the intersections on B, B’ and B; with the
hyperplane {xe R"*':x,,, = constant}, 1<i<N. For almost all x,,, the
sets B(xy,,) are N-measurable. Furthermore my_,(Bi(®y,,) — Bi(®y,,)) =0
for almost all x,,, since m,(B‘— B;) =0 (1<i<N). Consequently the con-
ditions of proposition 1 hold for almost all the sections B(x,,,). Let us denote
by A the set of the exceptional values x,,, for which the referred conditions
don’t hold. Put

g(w)={g(m) %t’ z€B,
0 it x¢B.

If x,,, ¢ A the function g(x) is N-measurable in B(z,,,) (by the induc-
tion hypothesis) and consequently g(x) is N-measurable on the corresponding
hyperplane {w: x,,, = constant}.

For each positive integer m fix a sequence a*, j integer, such that a] ¢ A
and 0 < af}, — " < 1/m. Foreach x,,, defineaj  ,byaj, <@y, <& .
and put

= (Nt o N+
G2, Tyyq) = g™, a;'('@m,)) .

Obviously g, is (N + 1)-measurable in R**'. Fix now « € B such that
™ e By*. For m sufficiently large §,.(«"*',x,,,)=g("*", a}, ) since
w(@”*) is open. On the other hand since the restriction of g(x) to w(z”*?)
is continuous and Lm af =@, we have
1) lim gp (@) = g(x) .

m—>+ ®

Therefore (1) holds for almost all z€ B.

Appendix III.

We shall verify that (6.5) holds if w € W223(Q) and w e W¢(Q). Consider
two sequences of regular functions, say C*2) functions, u,(z) and w,(z)
such that u,(x) —u(r) in W22(2) and w,(r) —w(r) in Wr¢(Q). Obviously
(6.5) holds with » and w replaced by u, and w,, respectively; by passing to
the limit when m — + oo we obtain (6.5) as follows from the following remarks:
In the first integral Aw,— Au in L*2) and w,—>w in Wie(Q) L¥Q).
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In the second integral ow,/dz;—> ow/ox; in L¢(Q) and ou,/ox,— ou/ox,
in Wr2(2)<>L7,(2). In the third integral du,,/on — 0u/on in W*(I") and
Wy, —>w in WVey Q) If N> 2 the embedding theorems for fractionary
Sobolev spaces give W4 (I")>L7(I') and W Vo[> L'(I') with r=
=2(N —1)/N. If N =2 the same inclusions hold for » =q. TFinally if
N =1 (6.5) is nothing but the usual integration by parts formulae since w
and du/dr are then a.c. on £.
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