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Smoothness and Analyticity of Free Boundaries
in Variational Inequalities.

L. A. CAFFARELLI (*) (**) - N. M. RIVIERE (¥) (¥**)

dedicated to Hans Lewy

The study of free boundary problems consists basically of two parts;
the study of the topological structure and the study of the differentiable
structure.

The techniques for the study of the differentiable structure were laid
down by H. Lewy in a series of papers [8], [9], [10] and applied later by
H. Lewy and G. Stampacchia [11] in the linear case and by D. Kinderlehrer [6]
in the minimal surface case. In brief, such techniques were based on the
analytic continuation of a conformal mapping, requiring some a priori
topological knowledge of the free boundary and analyticity of the data.
To obtain the necessary topological structure conditions of geometric type,
such as convexity of the boundary and concavity of the obstacle, were
imposed.

In this paper we localize the analysis of the free boundary and remove
the artifically imposed, geometric conditions. Moreover a more flexible use
of quasi-conformal extensions of conformal mappings yields regularity of
the free boundary according to the smoothness of the data. The use of
quasi-conformal extensions was already considered by D. Kinderlehrer [7],
where he obtains the O™* character of the free boundary when assuming
a priori topological behaviour.

The paper is organized as follows. In the first paragraph we prove a
series of lemmas which allows the local study of the free boundary.
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In the second paragraph we study specifically the two dimensional free
boundary problem arising from the variational inequality that solves the
minimal energy problem (Laplace’s equation) above a given obstacle.

In the third paragraph we study the nonlinear case as considered in [1],
and we extend the regularity results of the linear case; in particular we obtain
the regularity of the free boundary of a minimal surface above a given
obstacle.

In the fourth paragraph we study the nowhere dense part of the set of
coincidence considered in the previous paragraphs.

Finally, in the last paragraph we give a brief application of the techniques
of the first paragraph to the Stefan problem and a number of examples are
constructed to exhibit the topological behavior of the free boundary of the
problems considered in paragraphs 2 and 3.

1. — Density properties of the free boundary.

In this paragraph we show some elementary properties of a free boundary.
Although the lemmas of this section are valid for quasilinear elliptic operators
of second order, as we will see in Section 3, in this first paragraph we will
limit ourselves to the Laplace equation.

Lemma 1.1 shows a density property of the set of non-coincidence at
its boundary points, Lemma 1.2 estimates the area of a sequence of surfaces
approximating the free boundary, and Lemma 1.3 shows that the solu-
tion » can be extended in a O? way across the non-dense parts of the coin-
cidence set. Finally, Lemma 1.4 shows how a local construction of a mapping
considered by Lewy and Stampacchia [9], preserves, in some weak form,
the property of mapping the non-coincidence set into the coincidence set.

LevmA 1.1. Let 2 be a bounded, connected, open set of R* and w a real
valued function defined in Q satisfying:
(i) ue 0(2)N CY(Q);
(ii) du(x)=g(x)> 4,>0, for xzc .

Consider an open set, 0, and assume that u(z) =0, Vu(z) =0 when
€32 N 0. Then for each xc0 N 0N there exists y = y(x) € 00 N 2 such
that

Ao
“(y)>§;h le—y|*.

ProOF. For x€ 0N 022 set ¢,(2) = (4/2n)|r— 2|* —u(z). Clearly ¢, C*2) N
N C(Q), it is superharmonic in 2 and @,(®) =0, V.(z) = 0.
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Assume first that there exists a ball, B, Bc 2 and such that v e 0B
(such a’s are dense in 02 since £2 is open); then, in virtue of the strict
maximum principle, @.(y) must be negative at some point y, y € 0(2 N 0).
On the other hand observe that ¢,(2)>0 when ze 0 N 02. Hence ¢.(y) <0
for some y€90 N Q2 and the lemma follows for such x.

When « is not in the boundary of a ball contained in {2, there exists a
sequence, {%,}, for which the property holds and z,, -~ as m — co. Since
@, converges uniformly in 0 to ., .(2) can not be strictly positive in
00N 2 and the lemma follows

LEMMA 1.2. Under the assumptions of Lemma 1.1, if further ue C**(Q);
then:

(i) Given x€02N O and a ball, B(x, o), B(x, 0)CO; there exists 6
(6 fiwed) and y = y(x) € 0B(», ) such that B(y, dg) N O C Q.

(ii) If Q is a cube of side I contained in O, there exist constanis M and «;
M an integer, 0 <o <1; such that if we decompose Q into M*» cubes, {Q.},
of side IM—* where k is an arbitrary positive integer, and form

Ue=UQ:, @:NoR=0,

then Uy has at most (Ma)™* cubes. In particular the area of 0U, wverifies

A(0T) <§A(9Qs) <(Ma)*m(Q)

and
m(U) <a*m(Q) .

Proor. To prove (i) we apply Lemma 1.1 to B(w, o) instead of O. Hence,
there exists ye0B(z, 0) N2 such that w(y)>(4/2n)lx—y|?; therefore,
since Vu is Lipchitz continuous in 2, there exists 4, depending on the Lipchitz
constant only, such that «(2) and Vu(z) can not vanish simultaneously when
2 € B(y, dp), that is B(y, dp)c 2.

Given a cube, @, we partition it into M* subcubes, {Q.}, of side /M ;
to prove part (ii) it suffices to show that for M large, but independent of @,
at least one of the cubes of the partition does not intersect 0f2. The result
would then follow by induction with respect to k.

Let @, be one of the central cubes of the partition and assume that
2,€QyN 0. In virtue of (i) there exists y(x,) € 0B(x,,1/2) such that
B(y, 6,1/2)c Q. If M is chosen large enough, there must exist @, c
c B(y, 6,1/2) c 2, and the lemma follows.

LeMMA 1.3. Under the hypothesis of Lemma 1.2 assume further that Au = g,
with g Holder continuous in 2N 0. Then Au=g in (2)°NO.
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Proor. It suffices to show that, given x,e (2)°N C(Q), Au =g in the
sense of distributions in a neighborhood of x,.

Let @ be a small cube centered at #, @ c O and ¢ a O (E") function with
support contained in @. Following the notation of Lemma 1.2

f w(@) dp(x) do = f u(@) Ap(w) do + f u(@) Ap(@)do =T + 11 .

Q Q0 C(Ux) U,

In virtue of the fact that m(U;) -0 as k — oo, (II) tends to zero.
On the other hand

I = [ u@)dp() do = f (w(@) 2, (@) — (@) Oy u(@)) dH,_, +

QnC(Ux) Uk
+ [ Au@)p(@)do = P+ Q.
Qn C(Ux)

Since, for z€U,, |u(z)|<CM~%*, |Vu(zr)|<COM-* and A(QU,)< M*a*m(Q),
it follows that P tends to zero as k tends to infinity.
Also
f Au(@)p(x)de  tends to f 9(@) (@) de
QnC(Ux) Q

and the lemma follows.

Finally, in this first paragraph we want to study a «reflexion » function
that will provide us with the local topological behavior needed to obtain
the smoothness of the boundary. Assume the hypothesis of Lemma 1.3,
and let the coordinates be fixed at a point z, of (9(2)) N O.

Suppose also that g has a Lipschitz extension g, to a neighborhood of z,.

Under such assumptions, using standard arguments, we may construct
a function, y, solution of the equation Ay = —§ in a neighborhood of x,,
and such that

y(@) = — 5= Jl@oet + 0(g+™) .

with o= [z — x| and 0 <a<<1.
In a small neighborhood, U,, of x,, Vy is a diffeomorphism of the form

V(e) = o (00 (0 — ) + 0 ().

Hence, there exists a well defined function &(z), &: Uy N 2 — R*, verifying
Vy(é(@)) = V(y + u)(@),

when ze U,.
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Clearly, if € 02, &) = . We want to prove the following

LEMMA 14. If we U,N 3, and there exists a ball B, Bc C(2), x e 0B,
then there ewists a sequence {x,}, ©,€ 2, ®, —x, such that &(z,) € C(2).

ProoF. Assume that the coordinate axes have been chosen so that in a
small neighborhood of =,

() = Uy) + X (@ — ) + O(lo — y[*+*)

with Y o; = $dy(#) and 1 a linear function.
We may assume that U, is so small that «;<< 0 for every 7.
Let us consider the ellipsoid

Bo) = {y: 3 (— )y’ — o)2 < 0%} .

We can choose &(g) — 0 with ¢ — 0, such that, by the argument of Lemma 1.1,
the function h(y) = u(y) + (1 — &(0)) > a:(y? — #%)? is subharmonic in E(g) N 2
and hence has a positive maximum at a point ze 0E(p), 0 << go.

The gradient of h verifies, by the strict maximum principle,

(%) Vh(z) = Vu(2) 4+ 2(1 — &(g)) (cu(e — @Y, ..., ota(2" — 27))
= — Aou(z* — @Y, ..., ot (2" — 2™))
with >0 (Vh(z) is normal to 9E(g) at 2).
We recall that by the Lipschitz character of Vu, there is a ball B*(z, Cp) c .
Since B* cannot intersect the ball B,, lying in C({2) and tangent to z,
the point z must lay in a cone O, with vertex at # and whose axis is the
prolongation of the radius of B, passing through # (C={y: (y—,7)>

Bly — «[}, where v is the exterior normal to B, at ).
On the other hand, by definition

V(&) = (Vu + Vy)() .
By the above formula, we get
Vy((2)) — Vy(2) = — (2 + 2 — 2¢(0)) (ule? — @Y), ..., aale® — a7)) .
That is

2(oy(E1 — 21), ooy a(En — 27)) =
=—2(1 + A)(o(2* — @Y, ..., aa(e" — &%) + O([z— 2|+2) .
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To complete the proof we will show that A remains larger than a fixed
number 4,>0 as o —-0. The conclusion will then follow since z lies in
the cone C mentioned above.

LeEMMA 1.5. With the hypothesis of the preceeding lemma, let A be defined
as before (See (k)).
Then, A remains larger than a fived positive constant A, as o tends to zero.

Proor. The ellipsoid E(p) contains a ball B’ tangent from inside to E(p)
at the point 2, with o'= Cp and satisfying that Be'c Q.

In order to prove our lemma we make the following claim

inf [A(w) — h(2)]<— Cp?,
wedBo
with O positive independent of p.
‘We postpone the proof of the claim and proceed with the lemma.
Observe that the Lipschitz character of the derivatives of » imply that
h(w) — h(z) is less than — 1Cp? as a function of w, over a subset of 0Bp’
proportional to its total area. This can be shown noticing that, if h(w,) =

= i{?lf h(w) the tangent derivatives of h vanish at w, and therefore the
wedBp’

property follows integrating the derivatives of h along meridians passing
through w,.

Finally, observe that the harmonic function g(w) whose value on 0Bp'
is h(w) — h(2), bounds h(w)— k(z) from above in (Bp)’. But, since g(w) is
less than or equal to — Cp? on a proportional part of o(Bg’), 0,9(2) <— Cp
(0v denotes the normal derivative) and the lemma follows.

ProoF OF crAmM: Notice that for o< g,; [E(o)~ E(e/2)]1N 9(2) 0,
since by hypothesis there exists a ball contained in C({) and tangent to .

An elementary geometric construction provides us with a chain of balls,
{Bu(xm) gm)}',‘,,=o, where %k depends only on =, and such B,= By,
B, c E(¢)~ E(0/2)y ®n€EOBy_y, and 0B, N 02~ 0. Therefore h(w)— h(z) <
< — Cyp?for we 0B, N 0R2, since u(w) =0, |w— x|~p, and h(z)>0.

Proceeding inductively, h(x;) — h(2) < Crp* and the claim follows.

2. — The topological behaviour of the free boundary.

We now turn our attention to the free boundary problem arising from
variational inequalities.
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Let D be a bounded connected open set of R”; ¢, the obstacle, a real
valued function defined on R* satisfying

a) e C(D), pe C¥(D);
b) <0 on 0D;
¢) Ap and V(4p) do not vanish simultaneously.

Let v be the least superharmonic vanishing at 0D and verifying v>¢.
This function can be obtained, for instance, by minimizing

Df (V) dw

on the convex set of Hy(D) defined by
K = {uec Hy(D)u> ¢}

and it is known that » has Lipschitz first derivatives in any compact sub-
set of D (see Frehse [3], Brezis-Kinderlehrer [1]).
The function v, defines two sets

Q = {z: v(z) > p(r)}

and
A=D~Q = {x:v(x) = @)} .

Observe that for x€9(D~ 2), Vo(x) = Vep(z), and on 2, Av=0.

LEMMA 2.1. Under the preceeding conditions CA has a finite number of
connected components and Ap <0 on A.

Proor. £ containg a neighborhood of 0D and hence we can chose a
compact set K (a finite union of cubes) such that A c K, Kc.D and CK has
finitely many connected components.

On the other hand, since Ay and V(4p) do not vanish simultaneously
and v is superharmonic we have

a) Vi={w: Ap>0} and V,= {x: Ap <0} have a finite number of
components that intersect K;

b) AcV,;

¢) If C is a component of 2, C¢ V,N K.
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By b) and ¢) there are at most as many components of 2 contained in K
as those of V, and this proves the first part of the lemma.

To obtain the second part, consider x€dV,; in virtue of our assump-
tions (4 and V(4p) do not vanish simultaneously), the cone

Ce = {5z — 2, V(do)(@))>ele— 2} N {2, |¢ — 2| < 8,

satisfies C.c V, for small values of ¢, £¢>0. On such cone, v — ¢ is super-
harmonic and strictly positive, and V(v — ¢) is Lipschitz hence x¢ 4.
The preceeding lemma shows that we are in the conditions of the first
paragraph of this work. That is, Ap < e< 0 in a neighborhood W, of A
and hence, if we consider » = v — ¢, we have the following situation

a) Au=—Ap>2,>0 on 2N U.

b) Au has a Lipschitz extension from 2 N U to £ NAaL.
¢) u has Lipschitz first derivatives on .

d) v and Vu vanish in (02) N U.

Lemmas 1.1 to 1.3 show that the free boundary of 2, 02, has measure
zero and that in Q% = (2)°, Av = 0. Hence it is natural to redefine Q* as
the non coincidence set, and A* = D~ Q* as the coincidence set (see also § 4).

We recall that H. Brezis and D. Kinderlehrer [1, Theorem 3] show that A«
is locally of bounded variation. They also observe that, if Ag is negative
then Au/Ap(=1— y, a.e.) is of bounded variation. (A has finite perimeter
in the sense of De Giorgi). The same argument shows in our case that A*
has finite perimeter.

In the n-dimensional case each connected component of (A*)° has finite
perimeter [2, Lemma IV]. (Notice that (092*) ND =?9[(A*)°] and its measure
is zero).

For the remaining part of this paragraph we will restrict our analysis
to the two dimensional case.

In such case, applying Theorem I of [2] it follows that the boundary of
each connected component of (A*)° is formed of a finite number of recti-
fiable Jordan curves.

In order to apply the reflection techniques of H. Lewy, we will prove
that, once a finite nunber of points is deleted from each Jordan curve in a
neighborhood of any other point of the curve, the only boundary of Q* is
the curve itself.

Let C be a connected component of (A*)°, x, € 0C, and also B(xy, 7o) a
small ball where Ap << 0. We may assume that ¢ N CB(w,, 7,) %~ 8. Let {C;}
the connected components of C N B(x,, 7,/2) such that x,€ 00;. Notice that
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there are a finite number of them (at most, as many as connected com-
ponents hasg 02%).

Let us fix one of them, (;, whose boundary is composed of a Jordan
curve I, passing through ,. (C, is again of finite perimeter and Theorem 1
of [2] applies). Observe that any component of Q* N B(w,, r,) must inter-
sect O0B(x,, 7).

Let y and & be as in Lemma 1.4. Choose 7y, 37, <7, <7y, such that the
Hessian H(u + )% 0 (V(u + p) is analytic) in 0B(w,, ;) N 2*. Let « be
small enough such that &(B(w,, aro)) C B(wo, 7/2).

In the next two lemmas we look at the local behaviour of the mapping &,
in B(x,, r,), and show that except for a finite number of exceptional points &
maps the non-coincidence set into the coincidence set.

We have already shown, Lemma 1.4, that £ crosses the boundary near
any point of I'N B(wx,, 7). In the first lemma we will show that the number
of components that & maps into C, is finite. In the second we prove that
each of these components attaches to I' and the exceptional points will be
those where two of such components meet.

LemmA 2.2. Let @ = &1(Cy) N B(zy, 11), G =V G; (G; connected compo-
nents of @); then, the number of components G;, such that G; N 0B(xy, ory) 7~ @,
is finite. Moreover, if U is a comnected component of Q*~ @G, and
U N B(x,, are) = O then U N [0B(a,, ) ~ Gl 0.

Proor. Since dp< 0, 2*U C(B(w,, r)) is connected, 0<r < 7,.

Assume that U c B(x,, ) U G. Since & is open (W) c £(6W) and
E(0W) N [2* U C(B(wo, 11))] = @ (since 9U c (0G) U (82*)).

On the other hand,

(1) E(W) N [@* U C(Blay, )] # 0.

In fact, if 2eW N B(x,, aro) and &(x)e 0, (C, a component of A* N B(w,, 7,/2))
we can construct a bundle of disjoint paths in 2%, joing & with a fixed point
of @. The images of this paths join &(x) with a point of C; since, Cs N C,
has at most a finite number of points (see [2]) and & restricted to any
compact subset of £ has finite multiplicity, there exists a path & such that &(5)
intersects 0C, strictly before than 0C,. Being & open, (1) follows, but then
£(W) > 2* U C(B(w,, r,)) and that is impossible.

Let us see now that there are finitely many sets G,.

If @, is compactly contained in B(x,, r,), in virtue of the fact that & is
open, £(G;)> C moreover, since & is Lipschitz u(G)>ou(C) (u(C) denotes
the Lebesgue measure of C). Therefore, there are only a finite number of @
compactly contained in B(xz,, 7).
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On the other hand if infinitely many components G, reach the boundary
of B(xy,r,), let y be a limit point of them. Clearly y ¢ 0Q* since
E(GYN B(a,, ro/2) # @ and therefore it would be u(@,) > «, for infinitely many <.

Hence the Jacobian of & does not vanish in a neighborhood B(y, o)
of y, and &/B(y, ¢) is a diffeomorphism that maps G onto C, N &(B).
Observe that &-1(I") intersects infinitely many times 0B(y, o/4) and 0B(y, 0/2)
alternatively, contradicting the fact that 00, is a Jordan Curve (C, has
finite perimeter and hence its boundary is a rectifiable Jordan Curve.)

We recall that, by Lemma 1.4, any point y of I, not belonging to
0B(x,, 1,/2), verifies ye@.

Let I'*(t), (a<t<b), be a portion of I" verifying x,€ [™*, I'* N 0B(x,, ar,) = 9.
If x(t,), «(t,) e I'™*, they divide I' in two open ares, I and I,.

Let IYT=I'NTI* I}=I,NnT*

Lemma 2.3. If x(t,), «(ty) € G, then for I'Y or Iy it follows that: for any
wel}, there ewists B(w, o(x)) verifying (B(w, g(w))~51) cG,.

Proor. Let a,, b,€Gy, a, —x(,), b, —>2(t,), and 4, a poligonal arc,
A4, c Gy, joining a, with b,.

If we consider the Jordan curves «,, formed by I}, 4, and two small
segments; and f,, formed by I3, 4, and two small segments, then either
any compact subare of I lies in the interior of 8, for infinitely many n’s,
or any compact subarc of I, lies in the interior of «, for infinitely many »’s.

It suffices to consider either possibility.

Assume the first possibility holds and # e I}. We will argue by con-
tradiction. If the lemma were to fail we may find a sequence x, -, x, ¢ G,
and moreover z,€ Q*. Each z, can be joined to a point of (2*~@G)N
N B(x,, ar,) by an arc m,. By a similar argument to that in the preceeding
lemma we may construct z, so that m,c C(CU G,).

It is, then, clear that we can extend =, to an arc =} joining x, with a
point of 9B(z,, r;) With z* c C(CU G,).

Choosing adequate subsequences we may assume that x, lies in the in-
terior of 8, and, since z} can intersect f, only in the small segments near
x(t,), z(t;) we may therefore also assume that x, does not lie in the interior
of Bn,: (k>1) and that ¥ intersects 8, for the first time always in the small
segment near (l,).

Let us remove two small balls B(x(t,)) and B(«) and analyze the situation.

Between the portion of #* and =}, from B(z) to B(w(t,)) there is an arc
of 4,, hence Gy~ (B(w)U B(x(t;)) has infinitely many connected compo-
nents, G*, each one containing an arc A} joining B(x) with B(x(t))).

n

To complete the lemma it suffices to show that &(G}) contains a fixed com-



SMOOTHNESS AND ANALYTICITY OF FREE BOUNDARIES ETC. 299

ponent of C~ &([B(x) U B(x(t,)]N 2) which is a contradiction since then
u(G%) > ¢, for every n.

To show this, we consider a « diameter » separating x from x(¢,) (where
by a « diameter » we mean the image of a diameter by a conformal mapping
from the disk). The arcs of A, above mentioned intersect this « diameter »
if B(z) and B(a(t,)) have been chosen small enough and that completes
the proof.

At this point of our work, we have shown that for each connected com-
ponent C of A*, its boundary, 00, is except for a finite number of points,
« clean », that is, if # € 90C and is not an exceptional point there is a neigh-
borhood H of x that is divided by a Jordan arec I'c 0C, into two con-
nected, simply connected domains, D, and D,, D,cC, D,cf. Hence on
the domain D,, we are in the conditions of the theorem 1 of Kinderlehrer [7]
and therefore the curve I" has a OV* parametrization (x<<1). The results
in [7] that interest us can be resumed as follows:

Let w be a conformal mapping from a portion, H, of the half plane
R} = {(, y), y> 0} onto D, that carries a segment, (a, b) of the z-axis onto
I'NH in a one to one fashion. Then we 0%, <1, up to (a,b) and at
any point 2, € (a, b), either w(z) = a(z — 2,) + O([z — 2|***), a0, or w(2) =
=b(2— 2)* + O(Jz — 2,|*+*), b=~ 0.

In the second case, centering w at 2, and letting b =1, w(z) =22+
+ O(Je|*+*) = @* — y® + 2wy + O((2* + y?)*+*/2) in & neighborhood of (0, 0),
that is, w(2) forms a quadratic cusp., D, being the exterior of it. But, by the
properties of the reflexion mapping considered in Lemma 1.4; identity (1.41);
near (0, 0) & would not reflect the noncoincidence set D, into the coincidence
set, property which must hold on D,. Therefore, I" is differentiable and
has a nonzero tangent at each point.

The following lemma is a refinement of the result of D. Kinderlehrer [7].
We improve the reflexion mapping to obtain as much regularity of the free
boundary as that of Vg.

We will also keep track of the C* continuity norms in order to prove
analyticity of the free boundary. We must point out that a simplier reflexion
argument yields the analyticity in the linear case (see [11]). However,
the estimates are needed in the nonlinear case where a direct reflexion ar- .
gument fails.

Let z,eI" and assume that for a fixed 7.

a) |Dig|, = Sup |Dig|<Cijl, 1<j<k+2;

D 2g(x) — D*2e(y)
b) || D¥2p|,= su
) vl m,veBIf)(O) | —yl=
¢) dp<—e on B.(z).

<Ok +2)1
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Let us fix »'<r, depending only on C, r, %, such that Cr'<<xn. (n to be
chosen later). We will prove:

LEMMA. Let w be a conformal mapping from the half circle into
D c B(z, ') N 2%, mapping the segment (— 1, 1) (boundary diameter of the half
circle) onto a segment of I' (I' is known to be C*), w(0) = 2,.

Assume that w is Lipschitz with constant A in such domain and that for
te(—1,1)

w(t) = Zk:a‘(t —15)* + O(L) [t — 2, [+) .
1]

Then, under hypothesis (a) and (b), w(t) verifies

k+1
w(t) = Zai(t — 1)t + O'(1)[t — 2, |pr1te
0

where

ladd* 40+ 4 1020 ]le 4y1s2
|ak+1|<M[z d"+1 r'A s + (k+2)"! Ar+ -

-

(d=1—1t|, M a universal constant, A depending only on the second derivatives
of @) .

ProoF. Suppose that 0 = w(f,) and define
V¢y =u,—iu,, Ve=e¢p,—ip,.

Then V*g(a, y) = P*1(z, 2) + O(1)(Je[*++2), (0(1)< ).

Pz, 7) = —— (D Dig)#iz,

i+i<k+1 ’/'.7'
since
Adp = D;V*¢p< —¢ in Br; Or'<y;

choosing 7 = 7(e, C) small enough
D_Pk+1 lD:D:tpl lit-jd 0 1 'k+o 2
I 5 I>8'—z——igr!—_?' +0o)r >ef2.
Furthermore, we can choose % so small that the implicit function problem:

V*u(z) Pk-H(z 5) _I,_ 0 Iz|k+l+¢
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for ze Q2 has a unique solution & = &(z) which is Lipschitz continuous with
constant 4 depending only on the second derivatives of ¢.

0= Agp(0)& + ( zk j(D;'D;Z(p)zig:;q) & + Dy(O(1)) |eft+1+e,
i +i<<k+1
Hence
20

Sl <1

)' Izlk+az

Now, we proceed to extend the conformal mapping quasi-conformally to
the whole disk; set

w(t), Im(t)>0
Q)= _
E(w(®), Im(t)<0.

(Remember that 2 depends on t,. To construct & we develope V*p around
0 = w(t)).
Set Q(t) = 2(t) — za (t—1,)%, then

i=0

19;(1)] <2A

k+1+o
p, 0k+2|t —_ to|k+a .

In virtue of Green’s identity

Aty — D(t,)

b= -2 [fo—wem gy L ast

lsl<1

t)
+~ f(s—t <k+1>.é()———ds

|sl=1

and a,,, is the value of the above integrals for ¢{=1,, we obtain the
desired bound for a,,, and the required estimate for

Q) — Bt f f

(t—to)k+1 k+1

8 ""to) (lc+z)
(s—1)
1
T

ls|=1

Oi(s)(t— )| ds +

(8 — to)—(k+2) Q(g)(t .

51 0.E.D.

As an immediate consequence of the lemma we have the following:

THEOREM 1. If Ape C*= and G is a connected component of A*, then oG
is composed of a finite number of Jordan arcs with a C** nondegenerated
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parametrization. Moreover, if Ap is real analytic, the Jordan arcs are real
analytic.

Observe that the argument actually shows that there is a virtual extension,
across the free boundary, of the solution, #, which is in the class (%2,

In the case studied by H. Lewy and G. Stampacchia (D convex and ¢
concave) where it is known that (A*)® has only one component and Q* is
mapped into (A4*) by &, the boundary of (A*)° is a C*1= Jordan curve, with
no exceptional points.

3. — The non-linear case.

In this section we want to show how the preceeding methods apply also
to the non-linear case treated by H. Brezis and D. Kinderlehrer [1], in
particular to the minimal surface equation.

In this case we study the regularity of the solution # to a variational
problem of the form

f a,(Du) D,(v — u) dw>0

on the convex set of functions v > ¢, (¢ the obstacle), v € Hy(D). (a; is locally
a strictly coercitive, (%, vector field, and g€ C4D)N C(D), ¢ <0 on 0D);
such that V.S§(p) and Sp do not vanish simultaneously.

As before, we have two sets,

A={x:u=¢}
and,

Q={z:u>g¢}.

Brezis and Kinderlehrer [1] prove that 4 € C*! in a neighborhood of A.
On 2, 8(u) = D;(ayD,)(Di(u) =0, the system Dj(a,(Du))&;&; being

1%

uniformly elliptic for bounded Du.

By exactly the same reasoning as in Lemma 2.1, using now, instead of
the strict maximum principle, Lemma 2, of MacNabb [12], we prove the
following lemma.

LeMmMmA 3.1.
a) AcV,= {z: 8(p) <0},

b) 2 has a finite number of connected components.
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To apply the results of Lemmas 1.1 to 1.4 to this case we begin linearizing
the problem.

LeMmA 3.2. For ze R, let g be
g= S.p(“) = zDMc(D‘P)DU’“ .

If we extend g by g/A = 0, g is Lipschitz in a neighborhood of A.

ProoF. The Lipschitz character of g in the interior of 2 follows from
the interior Schauder estimates of the second derivatives of . The
Lipschitz constant being fixed whenever the distance between the points is

d(z, y) <a(mind(z, 0Q), d(y, Q) (2 <1).
But near the boundary of A
[8,(w)(@) — S(u)(@)| = | 3, [D;a{Dg) — D;a(Dw)]Dy(u)| < Cd(w, 912)

and that completes the proof.

For the linearized problem it is easy to obtain the equivalents of
Lemmas 1.1 to 1.3.

LemMA 3.3. Under the same hypothesis as Lemma 1.1, but now, S (u)>
>2,>0, instead of Au>1,>0.

Then, u(y)> Cly — x,|* for some point y on 00, the constant C depending
on the modulus of elliplicity of 8.

LEMMA 3.4. Under the same hypothesis of Lemma 1.2, with 8, instead
of A, the same conclusions hold.

LEmumA 3.5. Under the same hypothesis of Lemma 3.4. Assume further
that S(u) =f on 2, where f has a Lipschitz extension to QU 0 (we keep the
notation of Lemma 1.3). Then u is a C*>* solution of S(w)=7f in (2)°NO.

ProOOF. As in Lemma 1.3, we can show that

j S a/(Dw) Divds = — f fodw, ve0(({))

and therefore the extension of w to (£2)° follows.
We define Q* and A* as in Section 2.
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To prove the equivalent of Lemma 1.4 we can reduce our situation
pointwise to that of the lemma. However, since in this paper we apply it
to the two dimensional case only, by means of a Beltrami transformation
we can reduce

S (u—p)=g

(9 & Lipschitz function different from 0 in a neighborhood of the free boundary)
to A((u —@)ow) =h (o denotes composition) where h is again Lipschitz,
h+0 in a neighborhood of w-1(A*) and

Vi(w —@)ow] =0, (u—@low=0
on V-1(04%).
The mapping w being a diffeomorphism, the results of Theorem 1 apply
to our new A* and hence it remains valid for the general, non-linear case:

THEOREM 3. If C is a connected component of A*, 0C is composed by a
finite number of C“* parametrizable arcs, I';, each one of which is locally
the only boundary between A* and Q*.

From now on we restrict our attention to one of the C* arcs, I, separating
a portion, of Q* from a component, C, of A*.

We recall that, by construction (see the linear case) such arcs have a
continuous tangent. Therefore, a conformal mapping, #(z), from D, into
a portion of the half plane, {(#, y), y > 0}, carrying I" into a segment (a, b)
of the real line is C™* on any compact subarc of I" (understood as a uni-
form interior estimate (*)). Let us fix, as in the linear case, a point z, € I,
and B,(z,) such that

1D/ples<Cit, j<k+2

[ D], < Ok +2)!
S(p)< —e, 2€B,(%).
Also, assume that
1Dias(py @), < Cjt,  G<k+1,
[ D**2ay(p, ) |o,p,< C(k + 2)!
for

(P, @) — Vo(20)| < Ar

(*) See 0. D. KELLOG, On the derivalives of harmonic function on the boundary,
TAMS, 33 (1931), pp. 486-510.
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(4 the Lipschitz constant of Vu, Vg in B,(%). Let us choose a 7' <p/C
with g, small, to be chosen later.

Finally let 2(¢) be a Lipschitz conformal mapping from the half circle
A={t:|t|<a, Imt>0}, into 2(4)c2*NB,(z), mapping (—1,1) into
T, (2(0) = ).

We are going to prove, inductively, that if Vo eC**, and a,(p, q) eC**
then z(f) e 0®* up to Im(t) =0, (k>1). Moreover, we will keep track of
the constants in order to obtain analyticity whenever Vo and a,(p, q) are
analytic.

Let us first observe that Auwe C** for any «a <1 up to I. To prove it,
observe that S (Dw) is bounded and hence A(Dwow) is also bounded. Com-
posing Duow with a C** conformal mapping, £, we reduce the problem to a
half space problem where the Laplacian of the composition is bounded, the
composition takes Dpowol boundary values on (a, b) and therefore Vue C**
up to I'. Therefore Vu has a C** extension, Vu, to a neighborhood of any
compact subarc of I

Let us assume that on B,, Vu has C* norm smaller than C.

LeEMMA 3.6. Assume, inductively, that for t,e(—1,1), teA(z(t)=0).

k

2(t) = 3 a,(t— )7 + O(1)([t — to*+=)

1
and

1D/ o sy <(CBY)SY, G<k+1
D1 g,y < (CBy)*+1(K + 1)1

(where B is a large constant and A, = AN {t: [t|<1—1/y}. Then

k+1

2(t) = zaq(t— to) + 0(1)(|t— toik+1+u)
0

where

kEa,|d?  Adr' 2
|@k41] < Co (%: |d:‘|+1 + Fr + Cﬂ/lkﬂz)

where d =1— [, A is the Lipschitz constant of 2(t) on A and C, an absolute
constant. Also,

[-D** 2w ]| g, < (CBp)ETE.

PROOF. Since 0 = z(t,), then (Vau)(2) = P(2, y) + O(1)(2— 2,)*+*(P, (P, Py)).

20 - Annaii deila Scuola Norm. Sup. di Pisa
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Let

auy(p, 9) = &(p — Poy ¢ — g0) + O((Ip — 2ol + lg— ])**=), ((Po, %) = Vu(0)) -

Set
B8*(u) = 3 ag(P) s,

if o is chosen small enough depending on O, A and the modulus of ellipticity
of 8, ,; then 8* remains strictly elliptic on B,(2,). Let u be the Beltrami
coefficient associated to S*.

Clearly u is a real analytic function

b= 2 (pis) 22
|| < (CByr)iti = (Oy)iti

(z an absolute constant depending only on the definition of 4 as a rational
function, in particular as a series, on a;). Also |u|<1— d with § depending
only on I, that is on C, 8, . and A. Therefore, there is a unique real

analytic Beltrami transformation f = Y b,;2'Z/ verifying by = 6x, and such
that if -2 = 3b,&&, by, as well as b, verify

bis] ]b5’1|<(0’ 0y,

(¢’ again an absolute constant.
On the new coordinate system, «—¢ and V(u—¢) vanish on f(I).
Moreover, around 0 = f(0), they verify

*(1t) — S*(@9) |2
A=)+ 3 00 Deg(j-) Dx, (u—g) = =0 b

where ¢;; and T(f) depend only on the Beltrami transformation, are analytic,
and with bounds for its coefficients for the same type as before.
Let us now consider a conformal mapping {(5) of the half circle, A onto

(=4), (=1,1) =f((=1,1), 70 =n(C(f(e(t) =1o) -

Then u; = fin, with &= u(2(t)). Hence, f is of class C*% with the same
type of constants as those of 4 and 2z and therefore 5(t) is a C**»* function
on #,, with an asymptotic development %(f)

k+1

7(®) = n(t) +52 ni(t—t) + O(It - to|k+l'a) .
=1
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(This can be easily checked writing # as the composition of a particular
solution with a conformal mapping.) The constants 7, are bounded by

;| <(C"d)?j!.

Applying Lemma 3.6, {(n) has a C*1* agymptotic development, and hence
so does z({(n)(t)) around #,. The estimate for |D***ul,,,,, V.« as a funec-
tion of %, provided B is chosen large enough to absorve the constants that
appear in standard a priori estimates.

4. — The non-dense part of the free boundary.

We would like now to discuss the remaining part of A.

First, we notice that A~ A* is a false coincidence set in the sense
that @ can be replaced by another obstacle ¢ —h (heCy(2)) still satis-
fying our hypothesis and such that « is still the solution of the variational
problem, but A(p — h) = A*.

To construct h, we consider a C;° function g such that

g>0 on [{z: 8(p)<e}~A*]NH

(where H is a suitable neighborhood of 04) and g = 0 on the rest of 0.
Set h =yg. For y small enough the condition that S(p — h) and V8(¢ — k)
do not vanish simultaneously is still fulfilled.

On the other hand, the fact that S(u)=0 across A~ A* shows that
locally A~ A* is contained in an arc of a differentiable curve.

If the a,’s are real analytic functions of Du and ¢ is also real analytie,
the set A~ A* is locally an analytic arc or an isolated point (Notice that
if there exists a sequence of points x, of A~ A* accumulating on a point @
not in A*, they must lay in an analytic are, I, near «; then (¥ — p)ow has
to be the solution to the Cauchy problem Vv =0 on I, Av= A[(u— @)ow],
once the problem has been linearized by means of the Beltrami transfor-
mation, w).

Furthermore, since the ball property of Lemma 1.2 (resp. 3.4) has to
hold at both sides of the curve I', we have two possibilities: either I" is a
closed analytic curve or its closure, I', is a new arc, I'*, eventually closed,
with its end points (point) laying in A* (Precisely I'*~ I" consists of these
end points (end point)).
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In the linear case, this second possibility can also be excluded.

THEOREM 5. In the linear case with a real analytic obstacle, A~ A* is
composed of isolated points plus a finite number of closed analytic curves.

Proor. The Lewy-Stampacchia [11], reflection function, let us call it w,
is defined in a uniform neighborhood of 4.

Let us choose a neighborhood H in such a way that, if w(x) ¢ 4, w(w(x))
is again defined, and let x, be an end point of I', #, € A*. Then there are
two components, S8, and S,, of 2 N B(x,, g,) that have I' as common
boundary.

If (A*)° has a finite number of connected components in a neighborhood
of x,, by means of the reflection w it follows that 08, is an analytically
parametrizable arc, part of which is I. Hence, the arc is the same for §,
and S, and that is not possible. Therefore, one of them, let us say S, has to
have boundary points in common with infinitely many components of (A*)°
in any neighborhood of z,.

On the other hand, near I', w maps 8, into §,, and w(w(zr)) = (wow is
analytic and w(x) == on I'). Hence in a subneighborhood of @,, w(8;)c S,
and w(w(r)) =2 which means that 08,c 08, but that is not possible

5. — On the Stefan problem and other remarks.

In this last section we will make a few remarks that we postponed for
the purpose of continuity. Let us first mention the Stefan problem as
treated by Friedman and Kinderlehrer [4].

There, we have two domains Q and A in Dz[0, co]. (D a domain in R#)
and a funetion, u, verifying

a) we Cv! in the variable x for fixed ¢. (Personal communication of
David Kinderlehrer.)

b) Hu)=Au— D,u=Fk in Q.

¢) V,(u) =0 at 04.

d) D;u>0 in Q.

e) F(A N R afty}) < oo, V4> 0 (T denotes the De Georgi n-dimensional
perimeter).

Hence Lemmas 1.1 and 1.2 apply for each fixed ¢ and we obtain

1) m(oA N [Rrx{t,}]) = 0, for every #,> 0.
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2) Since u; is bounded, there is a «parabolic ball condition »: if

(2, t,) € 04 N [Rrx{t,} | and B(w, o) is a ball (in R*) with ¢ small enough, there

is a cylinder C = B(y, Cp)x[t,— Cp? t,] verifying Cc 2, with y € 0B(y,, o).

It is worth noting that this cylinder goes backwards in time, which in
some sense bounds the « velocity » of melting of the ice.

3) As a consequence of the results of [2], for each fixed time, n = 2,
if we consider A* = (A°), each connected component of A* being simply
connected, has a boundary composed of a rectifiable Jordan curve.

Our next remark is about the number and shape of the components of A*
in the two dimensional elliptic case. First let us show an example in which
the number of components is as large as we please.

Consider the periodic analytic curve

I' = cos 0 + i(cos2nf) sin 6 .

The Cauchy problem Aw =1 with the initial data =0, Vu=0 on I
can be solved in the exterior side of I'. To construct our obstacle, we con-
sider a curve I enclosing I" and such that  is defined and positive between I"
and I". We then solve the Dirichlet problem Ap=-—1, ¢/I"'=—u.
Then ¢ is our obstacle, v = ¢ 4 u our solution and the interior of I" is the
set of coincidence, (4,)°.

If we now consider the obstacle ¢ — ¢

A4p—e c (Aqy)o

and v,_,>v—¢e. Hence for ¢ small, 4, _, has at least n-different non-tangent
connected components.

The second example shows how a curve of A~ A* can appear. Con-
sider a sixth degree polynomial P(¢{) such that P is symmetric has an
absolute maximum at 0 and two relative maxima at 1 and —1.

Also suppose that A(P(|«|)) verifies the nondegeneracy condition above
imposed (4P(|z|)) and V(AP(|z|)) don’t vanish simultaneously and P(0) =1.
If we solve now the minimum energy problem for ¢(x) = P(|z|) and D = D(R)
the disc of radius R, for R> R, the coincidence set is a circle, for R, it
is a circle and a circumference (A~ A*) and for R< R, it is a circle and
a ring.

Finally let us notice that the fact that the boundary of each component C,
of (A*)° is formed by a finite number of Jordan curves can also be obtained
from Lemma 1.1 under the weaker assumption, ¢ € ***.

First we prove that each two points of C can be joined by a curve on C,
laying in a square proportional to the distance between the points, and
then the result follows using accessibility of the boundary.
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