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Completely Monotone Families of Solutions
of n-th Order Linear Differential Equations
and Infinitely Divisible Distributions (*).

PHILIP HARTMAN (**)

dedicated to Hans Lewy

1. — Introduction.

It was shown in [9] that if = I,(f) is the unique solution of the
modified Bessel differential equation

(1.1) 2"+ to'— (124 pte =0

satisfying @~ (¢/2)*/'(1 + u) as t — 0, then I,(?) is a completely monotone
function of A= u2=0 (for fixed ¢> 0); for the definitions of the solutions
I,(t), Ku(t) of (1.1), see [15], pp. 77-80. Thus, by the theorem of Hausdorfi-
Bernstein (cf. [16], p. 160), there exists a (unique) distribution function
W(r) = W(r,t, o) on r=0 satisfying

Iu(t) = Io(t) [exp (— rut) W(dr, t, 00)  for p20,
0

8o that W(0) = 0, W(co) =1, W(r— 0) = W(r), and W(dr)=0. The results
below will imply the following generalization:

THEOREM 1.0. (a) 0<t<t=<o00. Then I1,(t)/I.(z) is a completely mono-
tone function of A= u®=0, so that there exists a (unique) distribution func-

(*) This study was supported by NSF Grant No. MPS75-15733.
(**) The Johns Hopkins University, and Courant Institute for Mathematical
Sciences, New York University.
Pervenuto alla Redazione il 24 Settembre 1975.
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tion W(r)= W(r,t, ) on r=0 satisfying

Lu(t)/Lu(z) = [Lo(t)/Io(7)] f exp (— ru?) W(dr, t,7v) for p=0;
0

the distribution function
(1.2) W(r) = W(rt,7) is infinitely divisible
for 0 <t< 1= o0y

(1.3) W(-y 71y Ta) = W(°y Ty Ta) % W(+, Tay T5) %o % W(y Tusy Ta)

for 1, <...<7Tn
with 7,>0, 7,= oo;

(1.4) W(r,t, 7) is non-decreasing in r and #, and non-increasing in t;
(1.5) W(ryt,t) >0 ast—+0

for 0 <7< o0

(1.6) W(r,t, t) > W(r,t,00) as 7 —>o0 for r=0,

and t>0; and

.7 W(r,t, ) = 6(r) as tho, t|0

with 0 <o < oo,

(1.8) Wi(ryt, 1) = 0p(r) a8 7>1—>00,

where 8y(r) is the unit distribution function (i.e., 6(0)=0 and 6(r)=1 for r>0).

(b) Also, 1/K,(t) and K,(t)/Ku(l) are completely monotone functions of
A=u*=0 for 0<t<t<<oo, so that there ewxists a distribution function
W(r)= W(r,t, 7) on r > 0 satisfying

1K) = [1/Eo(t)) [exp (= rut) W(dr, 1, o) for p>0,
0

K (7)|Eu(t) = [Ko(v)| Eolt)] f exp (— ru?) W(dr, t,v) for u=0.
0
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The distribution function W(r) =W(r,t, v) satisfies (1.2), (1.3) with 7,> 0,
T, < o0 (1.4), (1.5) for 0 <7< o00; (1.6); (1.7) with 0 <o <<co; and (1.8).

The arguments of [9] can be used to show that if the definition of W(r,, 7)
for r= 0, ¢t > 0 is extended by putting W(r, ¢, ) = 0 for r < 0 andjor { =0,
then W(r,, 7) is continuous for — co <r<< oo and 0 =< §<< (= o), of class C”
for — co <r<< oo, 0<<t<< 7(Z o), and satisfies the parabolic equation

LW, + W, — W =W,,

for fixed 7, on — oo <r<<oo and 0 <t<< 7(Z o0).

The result of [9] concerning the complete monotony of 1,(t) as a function
of 1=p2=0 (for fixed ¢> 0) suggests the questions as to when a family
of solutions ¢ = X(, 1) of a 1l-parameter family of differential equations

1.9) D@+ g, () D@ + ... + () Do — q(t, )z =0, D= djdt,

(t, A)e T'x A, is a completely monotone function of Ae A (for fixed te T)
or when such a completely monotone family of solutions z = X(t, 1) exists,
and when the analogue of Theorem 1.0 is valid.

NoTATION. — Unless otherwise specified, an «interval » can be bounded
or unbounded, and closed or open or neither. 7 is a ¢-interval with endpoints «
and f, —co=Za<f<oco and T°= («, ) is its interior. A is a A-interval
and A° its interior.

‘We shall make some of the following assumptions from time to time.

(A1) q1(t)y «oey @ua(t) € C(T) and q(t, A) € C°(T' xA). For fized Le A,
(1.9) is disconjugate on T; i.e., no solution x(t)=0 has more than n—1
zeros on T.

(A2;) omq[0A™ exists, is continuous, and satisfies (—1)™t*omq/oi™= 0
on TxA® for m=1,2,... and a fized k (in particular, (— 1)*+10q(t,+)/04 is
completely monotone on A° for fized te T).

It is immaterial in assumption (A1) whether or not zeros are counted
with multiplicities. For a more general result, see [6]; and for a simple
proof for the linear case at hand, see [13].

When (Al) holds, (1.9) has first, second, ..., »-th principal solutions at
t =P, say x= &, A), ..., E.(t, A); i.e., solutions satisfying &,(f, 1)< 0 for ¢
near B and &(t, )/£,,1(t, A) =0 as t —>p for j=1, ..., n; [7], pp. 328-347
or pp. 353-355 or [11]. (In [7], pp. 353-355, the assumption of « discon-
jugacy » is relaxed to «non-oscillatory at ¢=f»). Furthermore, if 7€ 1°,
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then there exist unique prineipal solutions 7, (, 7, 1), ..., 7.(¢, 7, 4) at t = 8
such that @ =#,(t, 7, 1) satisfies

(1.10) Dizg=0 forl=<i<j and Dz=1 att=r1;

[7], Theorem 7.2,(vii), p. 332. The solution = = #,(t, 7, 1) is called the j-th
special principal solution at t=f, determined by t. A first principal solution
x =& (t, A) is unique up to a non-zero constant factor and &(¢, )= 0 for
te T° ([7], Theorem 7.1,(i), pp. 331-332), so that n(t, 7, 2) =&,(t, 1)/&(z, A).
Sometimes it will be convenient to assume

(A3)) Let 0 =0 or 0 =pf. There exvists a family of non-negative first
principal solutions x = &(t, A) at t = f satisfying

(1.11) &ty A)[Es(t, u) -1  as t o for A, ued.
This assumption is equivalent to the requirement that

(1.12) h(4, p) =lim ,(t, A)/z,(t, p) exists and #0 for 4, ued
t>o

holds for arbitrary first principal solutions «,(f, )=0 of (1.9). For
in this case, &(t, 1) = (¢, 4)/h(4, v), for a fixed v e, satisfies (1.11,). The
asymptotic integration theory of (1.9) gives simple sufficient conditions for
the validity of (1.12), hence of (A3). Also, if T = («, 8] is closed and
bounded on the right and x = &,(¢, A) is the solution of (1.9) satisfying the
initial conditions (1.10) with j == and v =g, then (1.115) holds; contrast
part (b) of the following theorem with the result in the Appendix 2 below.

THEOREM 1.1. Assume (Al) and (A2;) for a fized k, 0 <<k <<m. (a) Let
TeT® and ©=mn._4(t, 7, A) be the special (n—k)-th principal solution at
t =B determined by 7. Then Din,_4(t, T, A)€ CO(T X T°xA° for i =0, ..., n,
and 1,_i(t, T,*) is completely monotone on A°, for fized (t, v) with a <t <1<<f.
(b) If, in addition, n— k =1, A°>[0, o), and = = &(t, A) is a first principal
solution, then, for a<<t< t<<pf, there exists a distribution function W(r) =
= W(r,t, 7) on r=0 such that

(1.13) &, )&t 2) = [Ez, 0)/&(, 0)] f exp (— Ar)W(dr,t,7) for 2=0.
0

The distribution function W(r)= W(r,t, ) satisfies (1.2), (1.3) with 7,>«
and t,<p; (1.4); and (1.7) with a <o <pf.
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REMARK 1. In Theorem 1.1(b), condition « A°>[0, o) » can be replaced by
«A = (0, ) » provided that &(¢, 1), defined on 7T xA = T x (0, o), has a
continuous extension to 7' x [0, oo); see [7], p. 335, or [5], p. 360, Corollary 6.6
and the comment following it. A similar remark applies to Theorem 1.2(d)
and the last part of Lemma 2.2 below.

REMARK 2. If (A2,) holds, then (A2,_;)holds after the change of variables
t ——1¢. Thus, part (a) implies that if & ={.(, v, 1) is the k-th special
principal solution of (1.9) at t =« determined by 7, i.e., x(f) = {u(t, 7, 4)
satisfies the conditions Di-'x =0 for 1<4<k and D* 'z = (—1)*1 at
t = 7, then D (¢, T, A) € OYT X T x A°) for ¢ =0, ..., n, and (¢, 7,-) is com-
pletely monotone on A° for fixed (¢, 7) with a<t=<t<p.

THEOREM 1.2. Assume (Al), (A2,_;) and (A3,) with ¢ =a [or 0 =f].
(a) Then Di& (8, A) e O(T X A°) for 0 i< n, and &(t,-) [or 1/&,(%,)] is com-
pletely monotone on A° for fized te T°. (b) If, in addition, A° > [0, o), then
there exists a distribution function W(r) = W(r, a,t) [or W(r) = W(r, 7, §)]
on r=0 such that
(1.14) Ei(z, 2) = £(z, 0) f oxp (— Ar)W(dr, @, 7) for A=0

0

and tveT° [or such that

o}

(1.15) 1/6(t ) = [1/£,(t, 0)]|exp (— Ar) W(dr, t, ) for 2 =0
0

and teT,]; also ©,=a [or t,=p] is admissible in (1.3); W(r,t, T) — o(r)
ast<t-—>afort>t—>p];and W(-,a, ) [or W(-, 1, §)] is infinitely divisible.

REMARK 3. It will be clear from the proofs that Theorems 1.1 and 1.2
remain valid if (1.9) is replaced by an equation involving quasi-derivatives
of the form

K—1
(1.9') {p;,ill)p;,lp W pTIDE £ S g D — q}m —o0,
i=1

the operators D* for i =0, ..., n are replaced by L, = Di for 0=<¢< K and
L, g =P;;1D... Dp7* D for 0 <i<M, and assumption (Al) is replaced by

(A1) k=21, M =0, and n=K + M; 0<p,; = p;(t) e C(T) for j =1, ...,

M+1; q,=q,8)e C(T) for j=1,..., K—1; ¢ =q(t, A) e C(T x A); and (1.9')
is disconjugate on T for fixzed AcA.
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As an application, different from that concerning I,(t), we might mention
that the results above imply that the Legendre differential equation

(=12 V=@ +1) +p(E*—1)]z=0

has a family of principal solutions » = X (¢, u,») at ¢ =1 on T = (1, o0) such
that X(t, u,») is a completely monotone function of A = u2?=0 for fixed
t>1, »=0. In fact, from Theorem 1.2, we obtain X(¢, u,») in the form
c(u, v) P, #(t), where c(u, ) can be given explicitly in terms of the I-function
and P * is a Legendre function of the first kind; cf. [4], p. 122, (3) and (5).
Also, if @Q%(t) is a Legendre function of the second kind, then @¥(¢) is a prin-
cipal solution at ¢ = oo for fixed u,» =0 and, by Theorem 1.2, I'(yv 4 u +1)-
-exp (7wiu)/Q%(t) is a completely monotone function of A= u?> 0 for fixed
t>1, v=0; cf. [4], p. 122, (5). We could also formulate an analogue of
Theorem 1.0.

In Section 2, we state the main Lemma 2.1 concerning the complete
monotony of certain Green’s functions with respect to A (for fixed s, ?).
Section 3 contains the proofs of Theorems 1.1 and 1.2. Section 4 gives some-
what different criteria for a family of solutions X(f, 1) of second order dif-
ferential equations to be completely monotone with respect to A. The-
orem 5.1 deals with a generalization of (1.1) in a neighborhood of a regular
singular point. Finally, Section 6 contains interesting related observations
about the I-function.

Appendix 1 concerns the situation when m is restricted to a finite range
in condition (A2;). Appendix 2 deals with the Cauchy functions of a
1-parameter family of n-th order linear differential equations. Appendix 3
extends from j=1 to 1=<j<n a known characterization of a j-th special
principal solution of a disconjugate equation; cf. Theorem 7.1,, [7], p. 330
for the case j =1.

2. — On Green’s functions.

Assume (Al) and fix [a,b]cT and k,0<<k<<n. Write the left side
of (1.9) as L(i)x, where L(Ad)= D"+ q,_ D'+ ..+ ¢D—q is a differ-
ential operator. Consider the boundary value problem on [a, b] consisting
of the differential equation L(1)x =0 and boundary conditions

(2.1) (Di-z)(@)=0 for i=1,..,n—k,

(2.2) (Di-1x)(b) =0 for i=1,..,k.
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The fact that (1.9) is disconjugate on T, hence on [a, b], implies the existence
of a Green’s function Gt s, A) defined on [a, b]X[a, b] XA such that if
h(t) e C[a, b] or h(t)e L*(a, b), then

(2.3) L)z =h

has a unique solution satisfying (2.1), (2.2), and « is given by
b

2.4) a(t) = j Gt 8, A)D(s) ds .
a

Recall that G, is uniquely determined by the conditions: (i) as a function
of t, x(t) = Gu(l, s, A) is a solution of (1.4) on [a, s), (s, b] and satisfies (2.1),
(2.2); (ii) Di-'a(t) = D~1Gu(t, s, 4) € C°([a, b] X [a, b]) for fixed AeA and
t=1,..,m—1, and D" 1Gyu(s 4+ 0,s, ) — D*1Gyu(s—0,s, 1) =1.

The main lemma is the following

LEMMA 2.1. Assume (Al), (A2;) with fized k, 0 <k <n, and [a,b]CT.
Then (—1)kGy(t, s,+) is completely monotone on A for fiwed s, tc [a, b].

McKean [12] contains a similar result for self-adjoint (possibly singular)
boundary value problems with » =2, q({,}) =1+ Q(#)=1=0. We sim-
plify his operator-theoretic proof.

REMARK. Lemma 2.1 implies that if h(¢) = h(t, 1) € C°([a, b] X A) has the
property that h(t,-) is completely monotone on A for fixed t < [a, b], then
the unique solution «(¢) = x(t, 1) of (2.1)-(2.3) given by (2.4) is completely
monotone on /A for fixed ¢€[a, b].

The proofs of Lemma 2.1 and Theorem 1.1-1.2 can be modified to ob-
tain the following:

LEMMA 2.2. Let 0<p(t)e CY(T), q(t, A)e C(T xA) satisfy (A2,), and
(2.5) (p®)2')'— q(t, )2 =0

disconjugate on T for fized A. Let © = Y(t, A), Z(t, A) be non-negative (first)
principal solutions of (2.5) at t =, B, and suppose that Y, Z are linearly
independent and normalized by p(t)[ZY'— Z'Y]=1. Then G, s, 1), defined
as Y, A)Z(s, A) or Y (s, A)Z(, A) according as t<s or t=s, is a completely
monotone function of A€ for fixed s,teT. If either s< Tt or t<t=<3s,

18 - Annalt della Scuola Norm. Sup. di Pisa
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then G(t,s,:)/Q(v, T,*) is completely monotone on A°. If also A°> [0, o),
then there exists a distribution function P(r) = P(r,1,s, 1) on r=0 satisfying

@, s, 1)/G(z, 7, 4) = [G(t, s, 0)/G(z, T, 0)] J' oxp (— rA) P(dr, 1, s, 7)
0

for A=0, and P(-,1,s, 1) is infinitely divisible. Note that
Gty 8y A)[G(zy 7y A) = [X(8y A)| X (, M- [Z(2, A)]Z(z, A)] if s=T<t.

ProOF oF LEMMA 2.1. It will be clear from the explicit construction of
Gu(ty 8, A) in the proof of Theorem 1.1 that 0++itm@,(t, s, A)[0ti0s! 0A™
exists and is continuous on [a, b]X[a, b]xXA[or A°] if m =0 [or m> 0]
and either 0 <4, j<n—2or 0=<14, j<n and tss. It is known ([1], [10],
[14]; of. [2], p. 105) that (—1)*G(t, s, )= 0 on [a, b] X [a, b]XA.

If ¢~ s, then L(A)G(-,s, A) = 0. Differentiation of this equation with
respect to AeA° gives (2.3), where & = 0G,(*, 8, 1)/0A and b = Gy(-, 8y A)-
-0g(+, A)/0A. As functions of ¢, b is continuous and z e C*[a, b] satisfies (2.1)-
(2.2). Hence (2.4) holds, i.e.,

(2.6)  (—1)*3G.n(t, 5, 4)/0A =

b
=f[(-— 1)*@a(ty 1y )] [(—1)*q,(r, D)) [(—1)*Ga(ry 8, A)]dr = 0.

Successive differentiations with respect to A4, and an obvious induction
give Lemma 2.1.

3. — Proof of Theorem 1.1(a).

Let z(t) = X(¢, , A) be the solution of (1.4) satisfying the initial condi-
tions (1.10) with j = n, so that X(t, 7, ) is the Cauchy function for (1.9)
for fixed AeA. It is clear that (Al) implies that 0‘X/oti0t*e CO(T x T x A)
for j+k=4=0,..,n. Also if (A2;) holds, then 0:t+#+mX[0ti0ri0Ame
€ 0T X T xA° for 4,§j=0,...,n and arbitrary m.

Let x(t) =Y, a, s, b, 4), Z(t, a, 8, b, A) be the solutions of (1.9) such that

(3.1) Go(ty s, )= Y(t,a,8,b,A) or Z(t a8 b, A)

according as a<t<¢ or s<t<b. Thus, condition (ii), following (2.4) and
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defining @,,, implies that Z— Y = X(t, s, 1), while (i) implies that 2(f) =Y
satisfies (2.1) and x(¢) = Z satisfies (2.2). Since Y =Z — X, ¥ = Z is deter-
mined by the boundary conditions
(3.2) [D~1Z)ima = [D** Xm0 1<isn—Fk,

[D-1Z]jep=0 i 145K,
Similarly, # = Y is determined by
(3.3) [Di-1Y]),e =0 if 1<isn—k,

[Di 1Y )jmp =— [D1 Xy 1=K,

Let x(t) = X%(¢, 8, 7, A) be the unique solution of (1.9) satisfying the
boundary conditions

(3.4) [D1X7],., =0 if 1<i<n—j,

[Di1Xi]e; =0 orlif 1<i<jori=j.

Thus, by (3.2) and (3.3), we have

n—k

(3.5) Z@t,a,8,b, )= > Xitb,a, 1) -D1X(a,s, 1),
i=1
k

(3.6) Yt a,8,b, 1) =— Xi(t,a,b, A)-Di-2X(b, s, 1) .
i=1

This makes it clear that Y, Z have smoothness properties similar to those of X.

ProrosITION 3.1. Assume (Al) and (A2;) with k fized, 0 <k <<m. Then
(— 1)1 X1, a,8,-), for a<<t<s, and X", b,s,-), for s<<t<<b, are com-
pletely monotone on A.

ProOF. The definition of the Cauchy function X(¢, 7, A) implies that
Di-1X(t, 1, A)~ (t— 7)»7/(n—j)! as t — 7 uniformly on compacts of A.
Hence, by (3.5) and (3.6),

X¥¢,a,8,4) =—1limY(t,a,s b, A)(n—k)!/(b—s)**,
b—>s

Xn*¢, b, s, A) =1lim (—1)*Z(t, a, 8, b, A) k!/(s — a)* .
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Thus, Proposition 3.1 follows from Lemma 2.1 and (3.1); cf. [16], pp. 147 £f.,
or Appendix 1 below.

PROPOSITION 3.2. Assume (Al) and let Ac A be fized. Then

(3.7) 74, 8, A) = lim Xi(¢, b, s, A) for j=1,...,n—1.
b—>p

This limit is valid in O* on arbitrary (t, s)-compacts of T X T°.

REMARK. This proposition and (3.5) imply, for example, that

n—k

(— 1)k_21771(t7 8,*)Di~1X(a, 8,*)
=
is completely monotone on A° for fixed (a,s,%), a<<s<t and a,teT.
Proposition 3.2 is contained in Appendix 3 below.

It is now easy to complete the proof of Theorem 1.1(a). Proposi-
tions 3.1, 3.2 imply that %,_x(t, s,*) is completely monotone on A° for fixed
(s, 1), a<<s<t<<p. In particular, it is continuous and non-increasing with
respect to A for fixed (s,¢). It therefore follows from Dini’s theorem that
Na_i(ly 8y A) = Nu_s(ty 8, o), a8 A — A €A% uniformly on (¢, s)-compacts of
a<s=t<p, hence of T xT°. Consequently, 7, (t, s, 1) € C°(T x T° x A°).

Hence, Din,_(t, s, A) e C(T X T°xA°) when ¢=0,...,n, for a solution
of (1.9) is uniquely determined by its values at n distinet ¢-values (i.e., if
y(ty A)y ..., @4(t, A) are linearly independent solutions of (1.9) and ¢, <...<t,,
then det(w,(t;, ) # 0). (For an analogous non-linear result, see the proof
of Lemma I 1.1, [8], pp. 207-210. In the linear case at hand, a proof need
not use the disconjugacy of (1.4), cf. Lemma 7.1, [5], p. 479.)

ProoOF oF THEOREM 1.1(b). Since #,(¢, t,*) = &(z,*)/E1(¢,+) is completely
monotone on A = [0, o) for fixed (f, 7) with «a <t=< 7 <<f by part (a), the
exigtence of a unique distribution function W(r) = W(r, ¢, 7) satisfying (1.13)
follows from the Hausdorff-Bernstein theorem. The relation (1.3) for
71 <..<7, With 75, 7,€ T is a consequence of (1.13) and the standard the-
orem on the products of Laplace-Steltjes transforms. The statement (1.4)
follows from (1.3); in fact, if 7, <o <7t,, then (1.3) implies that

W(r, 7y, 1) =fW(7"‘ 0 71, 0)dW(g, 0, 72) =fW(r— 0; 0y T2) AW (g, 71, 0)
0 0

8o that
W(ry 1, ) S W(ry 11,0) and  W(r, 7, )= W(r, 0, 1),
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which implies (1.4). The statement (1.7) is clear from (1.13) since (7, ¢, 1) =
= &(z, 1)/&(t, A) =1 as ¢, T — ¢ uniformly on (o, A)-compacts of 70 X [0, oo).
Furthermore, the monotony condition (1.4) and (1.7) imply, by virtue of
Dini’s theorem, that (1.7) holds uniformly on compaet (r, g)-subsets of
{r>0}xT°. The infinite divisibility of W(-,t, 1), a<t<7<p, follows
from (1.3) and the uniformity of (1.7); cf. [3], pp. 128-135.

Proor oF THEOREM 1.2(a). By Theorem 1.1, #,(z, ¢,*) = &i(7,*)/&i(2,
completely monotone on A° if a <t< 7v<<f. Thus if (A3,) holds and u e/l
is fixed, & (7,) = lim#,(z, t,-) (% p), a8 t — o, is completely monotone on A°
for fixed te I°. Similarly, if (A3;) holds, then 1/£,(4,-) is completely mono-
tone on A° for fixed tc T°. The asserted smoothness properties of &(t, A)
follow as in the proof of Theorem 1.1(a).

PRrOOF OF THEOREM 1.2(b). This is similar to the proof of Theorem 1.1(b)
and will be omitted.

4. — Use of asymptotic estimates.

It was mentioned in [9], although no details were given, that a proof
that I,(f) is a completely monotone function of 4 = 2= 0 could be based
on a knowledge of the asymptotic behavior of I,(¢) near t =0 and t= oo,
instead of using Green’s functions. A generalization of such a proof can be
obtained from the following simple proposition.

Theorem 4.1. In the differential equation
(4.0) (p(t)2')'— q(t, Hz =0,
let 0<p(t)eC(T), q(t, A) satisfies assumption (A2,) and q(t, ))=0. Let
= X(t, 2) be a solution of (4.0) such that X, X'e C°(T xA), and 0»X[0A"
exists and is continuous on T XA° for n=0,1,.... Then X(t,-) is complete-

ly monotone on A (for fized teT) if and only if

(4.14) 0 <lim sup (— 1) 0" X (¢, 1) [0A"( =< o0) for n=0,1,...
o

holds for ¢ =a, B and all AeA°.

In contrast to Theorems 1.1 and 1.2, it is not supposed that z = X (¢, 1)
is a principal solution. A variant of Theorem 4.1 is the following:
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THEOREM 4.2. Let p(t), q(t, A) be as in Theorem 4.1 and = X(t, A) &
principal solution (4.0) at t =B such that 0"X[0A" exists and is continuous
on TxA° for n=0,1,.. and that either

B
(4.2) fdt/p(t): o or limX@#A)=0  for AeAd.
t—p
Then X(t,-) is completely monotone on A if and only if

(4.3) 0 <lim sup (— 1)"0* X (¢, )/0A*( = o0) for Ale A, n=0,1,....
t—>e

Proor oF THEOREM 4.1. Since the necessity of (4.1,) and (4.15) for
A€ A° ig clear, we only prove the sufficiency. Since ¢(¢, A) = 0, a standard
maximum principle shows that a solution of (4.0), for fixed 4, cannot have
2 negative minimum interior to 7. Thus (4.1,) for n =0 and oc=o, f
imply the case n =0 of

(4.4,) (=1)»X"=0 on TxA°, where X" =0g»X[0A".

Let n—1=0 and assume (4.4,) for k=0, ..., n—1. If ¥ = X(t, ) in (4.0),
n differentiations with respect to 4 on A° give

(4.5) (p()y') — alt, Dy = — Falt, 3),
where

n—1
(4.6) y=(—1rX®, F,=73 Ou(—1)rF+1gnB—1)X®=0,
k=0
g™ = omq[/oAm, and C,.=n!/k!(n—k)!. Another appeal to the maximum

principle shows that, for a fixed 4, y cannot have a negative minimum in-
terior to 7. Hence (4.1,) for ¢ = «, § implies (4.4,). This completes the proof.

Proor or THEOREM 4.2. Since one-half of Theorem 1.2 is trivial, we
prove only the sufficiency of (4.3) for the complete monotony of X(t,-).
We first consider the case
4.7) X(t,A)—>0 ast—>f for Aed
of (4.2). By induction, we shall prove (4.4,) and

(4.8,) X0(,) >0 as t—>p in IL(4°).
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Of course, (4.8,) is trivial if T = («, #] is closed on the right, by virtue
of (4.7) and the continuity of X on T xA.

The case n =0 of (4.4,) follows as in Theorem 4.1. Also the case n =10
of (4.8,) follows from (4.7) and Lebesgue’s monotone convergence theorem.
Assume (4.4;) and (4.8;) for k=0, ..,n—1, and differentiate (4.0) with
respect to A€4° to obtain (4.5), (4.6). Suppose, if possible, that

(4.9) y(t, A4) <0 for some (7, A)eT xA°.

Note that if T = («, §] is closed on the right, then = 8 by (4.7). Since y
cannot have a negative minimum at an interior point of 7, it follows
from (4.3) that y'(t, 4,)<0 and y(t, 1) = y(t, 4) <O for t=7. By con-
tinuity, y(r, A)<<0 and similarly y(t, 1) < y(z, )= y(7, H)/2<0 for t=7
and A near A,.

If A> u, then we have

n—1
@10) (1T H— 3 XN WA — iRl =

a
S f (A —»)"1y(t, v) dv)(n—1)! .

"

The right side is not less than — (1— u)"y(z, 4)/2n! >0 for A, u near A,
and ¢=7. Integrate (4.10) with respect to x over an interval [g, 1] to
obtain

A
n—1
(411) (DX A=) — 3 [XO w)(d— p)Pdufk! =
e

A
=—[=»10—0) yt, » @r/n—1)!,
e

which is not less than — (4 — g)*tly(z, 4)/2(n +1)!>0. This contradicts
(4.7) and (4.8;) for k=0,..,n—1, and so (4.9) cannot hold. Thus

=(—1)*"X"=0 on TxA° ie., (4.4,) holds. Furthermore, (4.7), (4.8;)
for k=0,..,n—1, and (4.11) imply (4.8,). This completes the induction
and the proof of Theorem 1.2 in the case (4.7) of (4.2).

B
We now consider the case f dt[p(t) = oo of (4.2). By induction, we
prove (4.4,) and

(4.12,) X®(t,-) is bounded t —f in I} (A°).
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This proof is similar to that above if it is noted that (4.9) implies not only
Y'(t A) < 0 for t< 7, but also that y(¢, 4)) >—oco as £t —f. This follows
from a convexity argument since (4.5) shows that d2y(f, 4))/ds®< 0 for
0 < s < oo, where ds/dt =1/p(t), s(v) =0, and ¢ = #(s) is the inverse of s = s(t).

5. — A regular singular point.

The next result conerns the case of the family of differential equations

(5.1) 22" + rote’ — [q.,(/'l) + Slq,,t”] z2=0.

THEOREM 5.1. Let r, be arbitrary and ¢, q., ... non-negative constants such
that the power series in (5.1) is convergent for [t|<B(= oo0). Let go(A) e C*(A)
satisfy

(5.2) ¢(2)>0 and 0g,/04 is completely monotone on A .
The indicial polynomial P(v) = P(», A),

(5.3) Py, 2) =v(v—1) + 7ev — go(A)

has the (unique) positive zero v =v(A)> 0,

(5.4) Y(4) = (1—1r0)/2 + [(1 —1r0)*/4 + 2T,

and Ov[oA is completely monotone on A. Let c¢(A)# 0 be arbitrary. Then,
for fized 2, (5.1) has a solution

(5.5) X(t, 2) = c(A) P> @ (A)tr

n=0
on 0<t<p such that x,(A) =1 and x,(A) is completely monotone on A for
n=1,2,... Hence, if c(A)t'® is completely monotone on A for 0 <t < fo(< B),
then the same is true of (5.5). (This is the case if o(A) =1 and f,<1.)

ProoF. We shall make use of the following simple fact in this proof and
in the next section.

ProrosiTIOH 5.1. Let g(u) be completely monotome for pu=0. Let
u=@(1) be continuous for A= 0, ¢(0) =0, pe C*(0, oo), and dp/di is com-
pletely monotone for A>0. Then G(A)=g(p(A)) is completely monotone
for A= 0.
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Substituting (5.5) into (5.1) gives the recursion formula

(5.6) 2u(2) = S (D@[P(n+7(2), )  and ao(d) =1.
j=1

)

Here P(y, A) is the indicial polynomial (5.3) for fixed A, so that, by (5.4),
(8.7) P(n +»(2), 2) = 2n[(L—10)*/4 + (ATt + 2.

An analogue of Proposition 5.1 with g(u) = (2nu + n?)~1 and @A) =
= [(1 —1,)2/4 + go(A)]¥ shows that G(A) = g(p(4)) is completely monotone.
Another application gives that g¢;/P(n+ »(4), 1) is completely monotone
on A. An induction and (5.6) imply that xo(4) =1, #,(2), ... are completely
monotone.

6. — A property of the I“function.

The modified Bessel differential equation (1.1) is of the type (5.1) with
¢o(4) = A= pu?> 0. The solution I,(f) has an expansion,

61) L) = (2000 + W] [14 3 27 /niu+1) o 4 m)]

analogous to (5.6); cf. [15], p. 77. From Theorem 5.1, we can only deduce
that I,(f) is a completely monotone function of 1 = u®>0 for 0 <?=< 2¢?
(rather than for all t>0). In fact, we have the following:

PROPOSITION 6.1. Let t>0 be fized and f(u)=1t"/'(1 4+ u). Then
F(2) = f(AY) is completely monotone for A= 0 if and only if

(6.2) 0<t<e?=056..,

where y is the Euler- Mascheroni constant. In this case, — 0log F(1)[0A is also
completely monotone for 1> 0.

REMARK 1. By the Hausdorff-Bernstein theorem (cf. [16], p. 60), it fol-
lows that if (6.2) holds, then there exists a distribution function V(r) =
= V(r,t) for r= 0 satisfying

#/1(1 4 p) = f exp (—ru?) V(dr,?) for u>0;
0

V(r,t)=0 or V(r,t)= V(r+log(te"), ™) according as r 4 log(te”) < 0 or > 0.
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REMARK 2. The exponent } in F(1) = f(A}) is the « best» possible in
the sense that f(4°) is not completely monotone on 1> 0, for any 6>}
and any t>0. In fact, it is readily verified, by using the formulas in the
proof to follow, that d?f(A%)/dA2 ——oco as A >0 if §<d<1, t>0.

ProoF. Let yp(u) be the logarithmic derivative of I'(u), p(u) = I"(u)/I'(u).
By a standard formula,

63 pHp)+y=Spln Do+ 140 for 42 0;
cf. [4], p. 15. Put
(6.4) e(w) =f"[w(1 + ) +ylds  and p(2) = o(2).
°
Then Proposition 5.1 is applicable to ¢(4) for, in this case,
65)  dpli=[p(l+ )+ )2t = T1}20n +Din+1+ &)
is completely monotone for A= 0. By (6.4) and f(u) =t*/I"(1 + u),

(6.6) F(2) = f(u) = exp (— o(u)((te’)*  with p=2120.

When (6.2) holds, (t¢*)* is a completely monotone function of = 0, hence
of A= 0 (by Proposition 5.1 with ¢(1) = }.*). Also, ¢ is a completely mo-
notone functjon of ¢=0, so that exp (— g(u)) is a completely monotone
function of 1 (by the case (6.4) of Proposition 5.1). Consequently, (6.6) is
completely monotone for A=0 when (6.2) holds. Also, in this case,
— F(A)/F(4) = dep[dl + [log (1/(te")]/2}.* is completely monotone for A> 0,
where dp/dl is given by (6.5).

Let t¢” >1. Then, by (6.6), df(u)/du = [— do(u)/du + log (te*)]f(u). Since
do/du =0 at u =0, by (6.3)-(6.4), and log(te’)>0, we have df/du>0 at
u=0. Hence F(A) = f(A}) is increasing for small 1> 0 and cannot be com-
pletely monotone.

Appendix 1: Monotone families of solutions.

We use the notation of Sections 1-3.

DEFINITION. The class Mu(A). A function h(1), 1A€A, is said to be of
class M, = M,(A) if h is nonnegative and nonincreasing. A function he M,(A)
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is said to be of class M, = M,(A) if it is continuous and convex on A.
If u=2,3,..,h is said to be of class M, = Mu(A) if he 0°(A) N C*~3(A°)
and (—1)"hme MyA°) for m =0, .., u—2. M_(A) is the class of comple-
tely monotone functions on A.

Note that he M, is continuous if x>1. The class M, is closed under
point-wise convergence if /4 = A° is open. This is false if if A = [0, o) as
is seen from the example h,(4) = exp (— ni).

LEMMA. Let A =A° be an open interval. Let h,e M, for n=1,2, ...
such that h(A) = lim h,(A) exists as n — oo for AecA. Then he M,. Further-
more, if u=2, then

1) B —>1P(A) as m—>oco for j=0,..,u—2

uniformly on compacts of A.

ProoF. It is clear that he Myif u=1or u=2. Let u=2, a<ec<p,
and [a, f)cA. Then ¢=< o< v<f implies that

0= [ha(0) — ba(D)]/(z — 0) = [hn(a) — ha(0)]/(c — a) ,

so that h, is uniformly Lipschitz continuous on [¢, §) with a Lipschitz constant
independent of ». Thus (1) with j = 0 holds uniformly on A-compacts.

Let u=3. The argument just completed shows that the sequence of
first order derivatives h,, h;, ... are uniformly bounded on A-compacts.
Thus, since they are convex, they are uniformly Lipschitz continuous with a
Lipschitz constant independent of » on A-compacts. Hence the Arzela selec-
tion theorem implies that there exist subsequences of h;, h;, ... uniformly
convergent on A-compacts. But the limit of such a subsequence is neces-
sarily »’, independent of the subsequence. Consequently, (2) with j =1 holds
uniformly on A-compacts. This proves the case u = 3. The proof of the
Lemma can be completed by a simple induction.

(A2;,) Let u=1 and k>0 be fixed integers. Let o™q/0A™ exist, be con-
tinuous, and satisfy (—1)™*omq[oA"=0 on TXA® for m=1,2,..,u (in
particular, (—1)*+10q(t,-)/04 € My_,(A°).

The Lemma just proved and the arguments in Section 2 and 3 have the
following consequences which are analogues of statements in Sections 1-3.

THEOREM 1.1,,. Assume (Al) and (A2,,) for fized integers (k, u),
0<k<n and u>1. Let teI’. Then Din,_(t, 7, A)e O(T X T°x A% for
0=1i=n and n._i(t, 7, -) € Mu(A°) for fized (t,7), a<T<t<p.
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THEOREM 1.2,. Assume (Al), (A2;,,) with k=n—1 and u>1,and (A3,)
with ¢ = o [or 0 = f]. Then D& (t, 2) e CT xXA°) for 0= i< n, and &(t,-)
[or 1/&(t,+)] is of class Mu(A°) for fized te T°.

LEMMA 2.1,,. Assume (A1), (A2;,) with fized (k, p), 0 <<k<mn and u>O0.
Let [a,b]cT. Then (—1)*Gul(t, s,-) € Mu(A).

ProposiTIoN 3.1, ,. Assume (Al), (A2,)) with fixed (k, p), 0 <k <n and
u>0. Then (—1)+1X*t, a,s, )€ Mu(A) for fized (,a,s), a<a<t<s<p,
and X *(t, b, 8,-) € Mu(A) for fized (t,b,s), a<<s<<t<b.

Note that A (rather than A°) and x>0 (rathe. than g >1) occur in
the last two assertions, since no limit process is involved in the proof of
Lemma 2.1, and the limit process in the proof of Proposition 3.1, is
uniform on compaects of A.

Appendix 2: Cauchy functions of n-th order equations.

In the N-th order linear differential equation
k—1
(1) Lo = {p;ileng...pl‘le— Eq,Df}a:=0,
i=0

let D=dldt; k=1; m=0; n=Fk + m; p; = p;({t, A)> 0, g,(¢, )= 0 contin-
uous on 7 xA such that p;(,-), ¢;(t,) are completely monotone on A (for
fixed teT). For suitable functions «(!) on 7, define the vector y(t; x) =
= (Y1y oy Yu) DY y; = D71 for 1<j<k and y,,; =p;'D... Dp; ' D*x for
1=<j=<m, so that (1) is equivalent to the first order system

Y =Y for 1<j<k;

o) Yers = Pipa¥rpipn  Tor 0 j<m;
) k-1
Yn =DPmipr 2 QiYip13
i=0

cf., e.g., [6], pp. 309-310.

For fixed A, let X (¢, s, ) be the Cauchy function for (1), i.e., if y(¢; z) is
the vector belonging to the solution x(f) = X (¢, s, 4) of (1), then y satisfies
the initial conditions

3) ¥;=0 for1<j<n and Yy.=1 att=s.
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We denote this vector y(¢; #), with @ = X(t,s, 1), by Y(¢, s, 1) = (X,(,s, 1),
vy Yu(ty 8, 4)). For example, Y,(t,s, 1) = Di1X(t, s, A) for 1<j<k.

THEOREM. Under the conditions above, Y ,(t,s,-) is completely monotone
on A for fived t,seT, t>s, and j=1,..,n.

Note that, in this theorem, ¢,(f,-) is completely monotone, so that as-
sumption (A2,) holds, but the disconjugacy of (1) is not assumed. It is clear
that the theorem is contained in the following

LEMMA. Let A(t, A) be a continuous nXn matrix function on T XA such
that every emtry is completely monotone on A, for fized te T. Let U(t) =
= U(t, s, A) be the fundamental matriz of

(4) U=At, )T

reducing to the identity at t =s. Then each entry of U(t, s,-) is completely
monotone on A for fixzed s,te T, t>s.

REMARK. — It follows that if A(Z, A) is a continuous vector on 7' x A such
that each component of h(f,-) is completely monotone on A and ¢(4) is a
vector with completely monotone components, then

w'= At Au+h(t, 4,  uls) =),

has the solution

¢
ut, s, 2) = Ult, s, Ne(d) + [Tty r, Whtr, D dr,

with completely monotone components on A, for fixed t,seT, t=s.

Proor oF LEMMA. Since each entry of A(f, A) is non-negative, it is clear
that each entry of U(t, s, A) is non-negative for t=s. Let U= U(l,s, 1)
in (4) and differentiate with respect to AeA° to get

U;(" 8, M) =A(, )U,(+y 8 4) + 4,0+, ) T(+y 8, 4).

Since U,(?, s, A) =0 when #=s, the variations of constants formula gives
¢
Us(ty 8, 4) = f U(t, 7, A)A,(r, A) U(r, s, A)dr.

This shows that each entry of U,(t, s, A) is non-positive for = s. Repeated
differentiations with respect to A€4° and an induction give the lemma.
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Appendix 3: Special principal solutions.
Let the differential equation
1) D@ + gua(t) D2 + ... + (1) Dz + qot) o =0

have continuous coefficients on a ¢-interval 7' with endpoints e«, f§, where
—coZa<ff<oco. Let T°=intT.

THEOREM. Let (1) be disconjugate on T and [s,b]c T,. Let x = Xi(t, b, 8)
be the solution satisfying the boundary conditions

[D-1X7],, =0 ifl1<i<n—j,

(2)
[Di-1Xi]ey =0 orlifl1=si<jorei=j.
Then
(3) n;(t, 8) = lim X’(¢, b, ) for j=1,...,n—1
b>p

exists in C* on arbitrary (i, s)-compacts of T X T° and is the j-th special prin-
cipal solution of (1) at t =, determined by s; cf. (1.10) above.

ProoF. The case j =1 follows from Theorem 7.1,(ii), [7], p. 330. In
particular, the theorem is correct if » =2. Assume its validity for dis-
conjugate differential equations of order n —1(=1). Let 1 <j<n.

Let 7, =n,(t, ). There exists a disconjugate differential equation of
order n—1, say L,_,v =0, such that = is a solution of (1) if and only if
v=W(n,s)=na'—ne is a solution of L, ,»=0; furthermore, for
1<j<mn, # is a j-th principal solution of (1) at ¢t=pg if and only if
v = W(n, x) is a (j—1)-st principal solution of L, ;v =0 at t=pg; The-
orem 7.2,(iv), [7], p. 332. Put Vi-1(t, b, s) = W(n,, Xi(t, b, 8)) for j=2,...,
n—1. Then v= Vi1 ig a solution of L, ,»=0 and satisfies the same
boundary conditions at {=b, s as does Xi-1(¢, b, s), i.e., (2) with j replaced
by j—1. By the induction hypothesis, v, ,(t, ) = limW(n,, X(¢, b, s)), as
b —f, exists in COn' on arbitrary (, s)-compacts of 7T xT° and is the
(j —1)-st special principal solution of L, ,» =0 at ¢ = f, determined by s.
This implies that (Xi/n,)'— y;_1/n} as b — . Hence, also o(f) = lim Xi(t, b, )
exists, as b —pf, in O* on arbitrary (¢, s)-compacts of 7' X 79 and

¢
o(t) = (2, s)f['l’i.l(fr 3)/"75("’ s)ldr 4 eni(t, 8) ,
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where ¢ is a constant. Since g(s) = 0 and #,> 0, we have ¢ = 0, so that o
satisfies the condition (1.10) with v =s. Also, from v, ; = W(n,, o), it fol-
lows that @ =p(t) is a j-th principal solution of (1) at #=pg. Hence
o(t) = n,(t, s), and the proof is complete.
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