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An Asymptotic Formula Relating the Siegel Zero
and the Class Number of Quadratic Fields.

DORIAN GOLDFELD (*)

§1. — For a fundamental discriminant d, let h(d)= > 1 denote
a.b.c
the number of reduced, primitive, inequivalent binary quadratic forms

ax? + bry + cy? with d = b2— 4ae. In view of the correspondence

b+ w/ci]

azx® 4 bxy + cy® [a, 3

(Z-module) ,

1(d) is also the narrow class number of the quadratic field @(V/d).
If, for a real primitive character y(modd)

1) L(1, y) < (10g|d|)_1 )

then L(s, y) will have a real zero § in the interval 0 <1— g < (log|d|)-%.
This can be seen, by simply considering the following integral (see [1])

1+ i
! ! ws —
(2) 1<jf5(8+ﬂ)L(3+ﬂ’X)m2‘—)d3—
—_;1 . LB L o(|d|a—*

after shifting the line of integration to Re(s)=—3%. Now, if 1—f§'=
= ¢,(log|d|)~* for suitable ¢,, and L(s, ) # 0 for §’<s<1then {(8') L(f, x) <O.
Choosing z = |d|%, say, it follows from (2) that L(1, x)>> (log|d|)~?, which
contradiets (1) unless L(s, x) has a zero in the interval. The precise location
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of this zero can be given as follows

THEOREM 1. Let d<<O0. If the Siegel zero f ewxists, then

1-p=S @ n+oa-p (logldl)a}{z +o(za, piogla)]

1—p= (L, z) + 01— p)*(log |d|)?) L'(1, x)~*

1dl h(d)7(y + log 27)
A = m) lo al ’
0= 2 2m logT )+ Vil

where y is Euler’s constant, and all other constants occuring in the O-symbols are
effectively computable.

When d>0, let o= (—b+ Vd)/2a, &= (—b—d)/2a, p./g. (With
¢ = 1) be the principal convergents to w, and |g.0| = |g.0—p.]. If ¢
is the fundamental unit of Q(v/d), define M to be 0 if ac/v/d <1, and other-
wise the unique integer satisfying ¢, <ae/Vd< gy,

s

THEOREM 2. Let d> 0. If the Siegel zero B exists, then

1—/3:% {L(l,x) +0(1—B)*(log |d|)3}{ > ( =+ —V_Q)-E—O(L(l,x)logd)}‘l ’

—1

0= i [avetan (=200 srotan (gulg.0)] +

m

1 azsznq,,.wu) ]
——— | Arctan (———— — Arctan w
+ qu"quIl[ dqu (¢l qxe])

and all constants occurring in O-symbols are effectively computable.

§ 2. — Following a suggestion of Gallagher, a simple proof of Theorem (1)
can be given by use of Kronecker’s limit formula. Let, for z =a + iy

©

®)  fes=y 3 |m+nelr=

(m.n)(0.0)

= 2yreee) + 2 Ay Lo o1 +

Lo

4+ 47VY TAVY 2 > ntgy_y, (n) cos (2man fexp — ny (t + ) . ﬁz_t
F( )ﬂ-l J t

a result which easily follows from [2].
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Now, by a classical theorem of Dirichlet (for d < 0)

(4) L(8)L(s, y) = 2 2¢|d|-*2f(2, 8) (z:bz;@),

and by equations (3) and (4)

(5) tim (202, 2)— 5 22) = p200, )+ L', ) =
=53 L+ 0T, 7)log |a])

On the other hand, the Taylor series expansion for L about § gives
(6) 0=I(, y) + (B— 1 L'(1, y) + O(1 — B)*(log|d|)°

The first part of Theorem 1 now follows from (5) and (6). The second part
follows from (6) and the formula for L'(1, x) (see [2], p. 110).

§ 3. — In the case d> 0, let

@+ wu? vVd u

ey e w41

Following Hecke, Siegel [3]
ne?

e/ f(z’ 3) -

n

(M (s) L(s, x) = 2

F 2(8/2)

where 7> 0 is arbitrary. Henceforth, we take 5 = a/V/d.
Now, f(#,8) is invariant under a unimodular transformation

az -+ A
0z + 6’
Yy
(0z 4+ 9)* 4 (0y)*

(8) 2—>2¥=

yr=
It follows that for

(9) qn < ?/_} < Qn +1
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and the choice 6 =¢,, 6 = — p, that
(10) 1<y*<Vd.
The condition (9) can be expressed

Q,<u<Q, 4,

1|vd d H
Qn='2‘ TQ:'F(EQ:_‘i) ’ (I<n< M),

Quriq = ac[Vd.

Consequently, the integral in (7) can be written as a sum of integrals

(11) C(s) L(s, x) = 1"2( /2 a-zy [ ff (2,8 + z f(z* u]

a.b.e

We now get from (3), (10), and (11) that

L
() tim (26026, 20— 22 2) = 2, 9+ L0, 0=

s—>1 1
n_3 R+ R
- 3 \/- = m + l+ 2
where
0 d Qm+1 d
u W
Io= ',"[’ m = ?/*_,'1/—7 (1<m<M)
a/\/E m
and
E’als/cil
R, < d*3Ylog df 7“ < L@, ) logd,
a.b.c
alVad
13) e
Rz«d_*z f 6-l—’l‘£</1}( 1, 7.
a‘b'calx/a

Since & = w —+/d/a(u?® + 1), it follows from (8) that

\/ﬁ u
b — —2 -
Vi _gn

m

a Jgme]



AN ASYMPTOTIC FORMULA RELATING THE SIEGEL ZERO ETC. 615

Therefore (for 1<m< M)

I, = \g [Arctan (@,) — Arctan (a/d)] ,

IL.= ﬁl[qmwll—z B;! [Arctan (Q"‘“) Arctan (Q"‘)] .

B, B,
We get
7,— avVd 1 o),
a.b.c 2 a.b.c
Sr=3y - L1 [Arctan (qﬂﬂwﬁ”) _
” ab.cm=1 a.b.c m= IQmHQm I m
" — Arctan (¢n[gn o] )] + O(h(@)) ,
_y_ 1 oelowol) ]
a'Eb;cIM = a}ﬁ:c aelamal [Arctan ( e Arctan (qulquol) |+
+0Q).

Theorem (2) now follows from (6), (12), (13) and (14).
k %k %k

The author would like to express his sincere thanks to Scuola Normale
Superiore for having made possible the time devoted to these researches.
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