ANNALI DELLA
SCUOLA NORMALE SUPERIORE DI PIsA
Classe di Scienze

LUIGI RODINO

A class of pseudo differential operators on the product
of two manifolds and applications

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4 série, tome 2, n° 2

(1975), p. 287-302
<http://www.numdam.org/item?id=ASNSP_1975 4 2 2 287 0>

© Scuola Normale Superiore, Pisa, 1975, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique 1’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1975_4_2_2_287_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

A C(lass of Pseudo Differential Operators on the Product
of Two Manifolds and Applications.

LUIGI RODINO (*) ()

Introduction.

Some particular linear singular integral operators on the product of two
compact manifolds have been recently studied in [7], [8], [9] under the name
of «bisingular operators». These operators appear in connection with a
boundary value problem for functions of two complex variables in bicylinders,
which leads to a «bisingular equation» on the distinguished boundary
(see [7], [10]). We can easily express a bisingular operator A in the form
of pseudo differential operator, that is, in local coordinates and with the
usual notations:

(0.1) Au = (27)™ | exp [iw, £)]a(x, &) (&) d&

where, in the present case, &= (#;,,), €2, cR", z,€0,cR™ and
E=(&,&)eR, n=mn,+ n,.

However, A need not be a classical pseudo differential operator; par-
ticularly, the symbol a(x, &) is not in general in any of the classes of
Hormander [5], Sp5(£2; X2, X R"*"™), 9> 4.

Our aim is to construct an algebra of pseudo differential operators con-
taining the bisingular operators in [7], [8], [9]. We shall introduce in
02, x 2, the classes of symbols S™™ (2, x Q,) defined by the inequalities:

(0.2)  |DHDEDEDEA(@, Ty, &)y )| <Oy ppr(+ 16 ])™ P14 |, ])me 1P
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for x,, #, in a fixed compact subset K c 2, x2,. In section 1 we develop
the symbolic calculus and we study the boundedness of pseudo differential
operators with symbol in the preceding classes; in section 2 the symbolic
calculus is specified for operators with homogeneous principal symbol
(see def. 2.2).

All the statement and the proofs are modelled on the theory of classical
pseudo differential operators and in particular on Hérmander [5], chapter II;
however, it will be not convenient to identify the symbol with the function
a(xy, ®y, &, &) in (0.2) but rather with the two maps:

{ 01 @y, & — a(Ty, Ty, &, Dy)
(0.3)

0yt Xy, & —>a(y, 25, Dy, &)

from 2, xR™ to Ly4(£2,) and from 0Q,xR™ to Ly'i(£2,) (see the related
definition of symbol of a bisingular operator in [7] and [8]). With this under-
standing we will find the usual property, that the symbol of the product of
two operators is the product of the symbols (def. 2.3, th. 2.5).

In section 3 we consider operators on the product of two compact mani-
folds X, X X,; the principal symbol of an operator A will be a couple of
homogeneous maps:

o0 T*(X,) — L%(X,)
(0.3")
gy T*(X,) - LT%(X,) .

It follows from the symbolic calculus that A is Fredholm if each operator
of the two families o, and o, is exactly invertible in Lj(X,) and Ljj(X,)
respectively (th. 3.2): when we assume m; = m, = 0 in (0.2), this gives the
results in [7], [9] about the bisingular operators.

In section 4 we present two applications. First we study the tensor
product of complexes as in Atiyah-Singer [1]: we shall check that the tensor
product of two elliptic complexes of pseudo differential operators of order
zero is actually an elliptic complex in our algebra (note that the method of
approximation in [1], proposition (5.4), fails for operators of order zero).
In the second application we extend to systems the results about the
boundary value problem in [7], [10].

Finally, I thank Professor G. Geymonat, who suggested the argume:t
of the research, and Professor 1.. Hérmander, who guided the work.

1. - We write @, = («, ..., 2}*) for the coordinate in R™, i=1,2, and
& =(&,...,&" for the dual coordinate; «; = (!, ..., &) is an m,-tuple of
nonnegative integers; likewise we use in R™ the other standard notation of
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the theory of pseudo differential operators, as in [4], [5]. Particularly,
8,5 and L;'s are the classes of symbols and operators in [5], chapters I and II.

DEFINITION 1.1. Let £, be an open subset of R, i =1,2; we denote by
8"y % £2,) the set of all ae€ C°(2, x 2, x R"*") such that for every com-
pact set KcQ,xQ, and all multiorders o, oz, 1, P, the estimate:

(1.1) IDg:D::DB:D?:“(xU @y, &1y 52)'<0az,.¢,.ﬁ1./3,.1((1 + Ifll)mr’ﬁ‘l(l + lle)mrlﬁ"

is valid, for some constant ¢, , g 5 xy *1, %€ K, & € R™, &€ R™.
We associate to every aeS™™(£2, x £,) the two maps:

@1y & —>a(xy, 3y, &, Dy), from £, X R™ into Lj3(£2,)
and
Xy, &3 > a(@1, @y, D1,y &), from 'Qz‘ X R™ into L;'f(l)(g;) ’

where:

(21, B3y &1, Dy)p = (27!)—"‘fEXp [i@z, ED)a(®1, @2, &1,y &) P(E2) AE
(1.1) | a(@, 25, Dy, &)y = (2ﬂ)‘”‘fexp [i<a, E)a(wy, @, &1, &2) (&1 A6y
el (2:), vely@).
Reciprocally, the symbol a is uniquely determined by one of these maps.
Note that if ae 8™™(Q, X 2,), then D D:2Df Dfaisin §™~1Alm=15l(Q, % Q,);

if b is in S”"(Q, x 2,) then ba is in §™ 7™ 2(Q x Q,).
Note also that:

8720, X 2,) C 8o (2, X 2, x R" ™), m = max (my, my, m, + m,) ,

and this is in general the best possible inclusion in the classes of Hor-
mander [5] on 2, X 2, x R"*™.

ExampLE 1.2. If g, is in the class S74(£2; xR™), ¢=1,2, the product
a=a,a, is in 8™"(2, X 2,).

Let u(x,, z,) € 0y (2, X £2,); we define the operator:
(1.2) (@1, @3y Dyy Dy)u =

= (2”)*7"_"2"‘92(1) [i(<-’”17 &+ (@, §2>)] (@1, @y &1, &)U (61, &2) A€ dE,
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where a(xy, x,, &, &) is in 8™, x 2,) and @(&, &) is the Fourier trans-
form of w in R™*™; a(xy,,, Dy, D,) is a continuous linear map of
C5 (2, x £2,) into C*(2, X 2,).

DEFINITION 1.3. We write L™ (£2, x ,) for the class of operators of the
form (1.2); a(ay, @,, &, &) is called the symbol of a(x,, x,, D,, D,).

Now we shall study the composition of two operators in the classes
L™ (0, x Q,) and the effect of a change of variables. For simplicity we
assume that symbols have compact support in the wx,, x, variables; then,
a(®y, 3, Dy, D,) is a continuous linear map of Cy (2, X £2,) into CF (£, X 2,)
and the composition is well defined. At first we introduce some operations

on symbols.

DEFINITION 1.4. Let a e 8™ (02, X Q,) and be 8" (2, X Q,) with compact
support in the ®,, x, variables; the two symbols (bo; a)(xy, s, &1, &) and
(bog,a) (@, @5, &1, &o) are defined in 8™ PR, x Q,) by the relations:

(bos,a) (@1, @3y Dy, &) = b(®1, oy D1,y &)y, @y Dy, &)y
(1.3) (b0 @)(21, T3y &1, Dy) @ = (@1, Ty, &1, Dr)a(®1, @5, &1,y D)@
pelr(Q), @elp(L,)

where in the right products of operators in L]§(R2,) and L7'\(L2,) are considered.

DEFINITION 1.5. Let a € 8™ "™ (2, X Q,) with compact support in the x,, x,
variables; let 2, be an open subset of R™ and let k,: 2, — Q, be a diffe-
omorphism of 2, into Q; the symbol a, (z, x,, &,, &) is defined in 8™™(Q; X Q,)
by the relation:

(14) @y, @y, Dy, &) = [a(xy, @y, Dy, &) (poky) okt ye CP(2y)

where w(x;)oklzw(kl(ml)) and ki' is the inverse of k,. If Q; is an open
subset of R™ and ky: 2, — 2, is a diffeomorphism, we define in the same way
a, (%, xé, &1y Sé) in 8™ (6, XQ;)~

REMARKS. Itis easy to verify that (1.3) and (1.4) define actually symbols
in the sense of definition 1.1.
Note also that, in view of formula (2.1.9) in [5], the symbol

1
- 85“: bD:: a

bofla— z

Joy | <N, *1¢
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is in M Nemed e Q). In view of formula (2.1.14) in [5], the symbol:
a/lc,(x;7 L3y 517 52)_"(751_1(9‘7;)7 Ty tk;'f;v £,)

is in 8™TI(0Q, % Q,).
THEOREM 1.6. Let ac 8™ "™(2, x2,) and be 8" (0, X 2,) with compact
support in the x,, x, variables; the composition b(xy, x,, Dy, Dy)a(xy, %5, D1, Dy)

defined on CF (2, x£,) is an operator in L™ "™ (0, % 0Q,). Moreover, its
symbol c(xy, x,, &, &) has the asymptotic expansion:

@
(1.5) chcmﬁpri.mﬁvra’
i=0
where:
’ " e
(1.6) Cony+py—imy + p3—i = Gy +py—dimy+ 9y~ + dml*’”l_“‘l'mﬁ'”’_’. + dm‘+p‘—5‘m2+p’-‘j_1

0L 0T b D Dia

, 1
dml +py—imy+Dy—i T 1 1 51
EARIPARS ISR

" 1 & 1 o o
dml“"m—.’f—l-mz‘*’%_’ = z __| {aé;b 051 D:«:a’ - z —_'_ agxl aS:mel'_D:: a’}

Jao] =3 Ko EARSSY

1 1
ot D b pymim1 = D, {agf bog, Dila— 3 — 0 010 Dy D3y “}

o= %! o | <5 O e

¢,, and d, . d, . d  are in S*(Q,%Q,) and the (1.5) means that, for any

. . my+v,—N.my+p,—N
N>0, ry=0—20Cp p imip_j t8 0 8™ Hem N0 % Q,).
J<N

Proor. Direct computation shows that:
b(@y, @y, Dy, Dy)a(xy, 25y Dyy Dy)u =
= (Zn)_"l—nlfeXp [7:(<971- D+ <., §2>)] (%1, Xy, &1,y E)U(Ey, &) dE dE,

where
(1'7) 0(‘”17’%'2751752):

= (23)_"1_712feXp [—a(ps + p2)10(@1, Ty 1y M) @Y1, Yy &1y &) Y1 Y, A dn,

Uy = Y1 — @y, 771—§1>
He = Yo— s, Ny — & .
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To find the asymptotic expansion (1.5), we put in (1.7) the following devel-
opment of b(xy, %z, 71, 72):

(1.8) b(xuwzynlvﬂz):b}v“*'b?v‘}'b}%v‘{_RN
where:
1 &
by = Z —,(’71—51)“‘55,‘1?(071, Xyy E15 M)
Joyj<N %y
b‘j\’ = 2 _'i("]z 52)128 PO(@yy Xay My &)
leo| <N &g
1
bgV = 2 » T'"‘(nl_gl)a‘( —Sz)a’a aé,zb(“'f'uwzysn &)
a|<N 0y 0la:
(1.9) =¥
N2
Ry — o (p, — o .
" - lzzzl voula! (= &) = 24)
1
f (1— L)Y (1 — )Nt 6?,1 ag;b(-’”n %y & 1 —
00 .
— &), &+ tz("]z_‘ 52))dt1 dt, .
‘We have:
e=cy+cy+extry
where:

(1.10) ¢, = (27:)_”‘_"’fexp [— (s + o) by dy, dypdidy,  §=1,2,3
(111) 7y = (27) """ [exp [— i(u + o)) Ryadys dya dr de
To compute cy, in (1.10) we use the formula

(e — &) exp [— (s + )] = (— 1) 1D exp [— (s + )]
Then we integrate by parts: the result is

)
oy = z ( ) {GXP [— tu,] a’i.lb(wu ®ay &1y M2) D:c, a(®yy Yoy &1y &) Ay dns -

Ja, | <N !

Hence:

C}v— z —85,boe Du

la | <N o!
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Likewise we find:

1
03\7: "'_?

bos, DZa.
Joes| < X2+

To compute ¢}, we use the formula
(11— E0)™ (s — £2)" exp [— (s + pa)] = (— 1) "D D exp [— (g + pa)]
and we integrate by parts in (1.10). We have

L

3 —_ @y A o &g
CN I%ZN 0(1'. 0(2! 6,5‘ 852 belez a .

Now, if we re-arrange the terms in ¢} -+ ¢y -+ ¢, we obtain

Z 0m,+m—a’.m,+m—a‘ .
i<N

To estimate 7y, write in (1.11):
(1.12)  exp[—i(u:+ pe)] =
= (14 I, — &) M1+ I — &) VA —4,)" (1 —4,)" exp [— i + p)]
and integrate by parts. Then note that:
|Ry| < C(1+ |E)™ V(14 &)"YA + = &F)Y (A + I —&[F)Y .

If we choose M > N + max (n,;,n,)+ 1, we have from (1.11):

IrN(xly Ty, &1, Ez)] < C(l + lfll)mlﬂ)‘_N(l + lfzI)mﬁpPN .

Similar estimates provide bounds for D%D%D&Dfry: hence ry is in
grutr=Nmtr=N(Q () and the theorem 1.6 is proved.
Later on we shall only deal with the first term of the expansion (1.5):

’ n M

(1.13)  e(@y, 5, &3, &) = S d1n1+p,—1,7n2+172+ it Do+ pe—1 T 11

= ba + (bog a —ba) - (bo,a—ba)+ 1, .

THEOREM 1.7. Let ac 8™™ (2, x 2,) with compact support in the x,, x,
variables; let Q; be an open subset of R™, i=1,2, and let k;: Q, 9, be
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a diffeomorphism of Q, into Q;; denote k, xky: Q,xQ, —0Q,x Q) the diffe-
omorphism product. The operator:

(1.14)

[a(@y, @y, Dy, Dy)(woky X ky)Jo(ky X k)™t ve CF (2, X 2))

is in LM (Q) x QL) with symbol in 8™, X Q,):

(1.15)

(1.16)

! ! ! r
a/(wm Ly, 51’ 52) = eml‘mg—*— 6»1171.m2 + eml,mz—l + Sml—l.mzvl where:

"_1 ! —1 ! t r ! t ! !
Cnm, a(kl (@), ks “(23), 'k, &y, k2§2)
! —1 ! r t ! !
Cry—1m, = ak,(wu kz (.%'2), 517 kzéz) €,

i

—1 ! t I ol !
Conyma—1 — “kz(kl (@) @5, k1 &5, 52) —Cym,

. . — — ! 14
and s, 1.4 ds i S™TITHQ X Q).

Proor. By an usual argument due to M. Kuranishi the operator (1.14)
can be expressed by:

(1.17)
with:

(2) ™" [exp [ivlqr (v, yi) dy, dy, d&,

v = (&, @ — >+ &y Ty — Y

and with:

q = q(@y, T3, Y1, Y2, &1, E3) =

ldet 1 det 1/)2‘

= a(k (@), byt (@2), wil@i, y1) &1, yal@s, ¥2) &) |det | deb k)|

where v,, ¢=1,2, is a convenient matrix and wi(m,;,w;):‘k;: We put
in (1.17) the following development of ¢:

where:

(1.18)

Q(x;7x;7 .1/;7 ?/;7 ‘Sivg) =—q+ ¢+ &+ 8

qo = Q(mL wéa x1’7 wé, 5{7 gé) - a’(k;l(x{)y k;l(.Wé), tki E{) tkéé:z’)

Ii ! !
¢ = q(®y, Ty Ty, ?/é? 51,7 &)=

14 — 14 ! 14 7 I ! det
= a(k;l(wl), kgl(-Tz), k&1, y)2($2, Y2) 52) ;det ;IZ:
Qo= Q1 @5, Y1, @3, &1, &) =
|det "Pll

= a(ki"(@1), ki'(@3), palowr, y1) &1, haée) A
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and

(1.19) 8 =82y, @5, Y1y Yo, &10 &2) = IZ (yy — )™ (Y5 — )™
a|=1
LARS!

f 0y 052 @y, @y @y A b (Y —2y), @+ (Y —@3), £, &) Aty .
First we have
(20) " [exp [i9]a0(y;, 9a) dy; dyy d, dg, = (2) ™™™ [exp [i(Ca;, &> +
+ <y, E)]a(ky (@), Ky (@), Tay, Rabo)D(EL, &) dE AE, -
Secondly, if we keep in mind the effect of a change of variables for the

pseudo differential operators in L% (R,), Li'3(2,) (see [5]), in view of the
definition 1.5 we obtain:

(2) " [exp [iv]ay v(y , 32) dy dy, dE, dE; =

— (2m) " fexp [i(<ay, £+ <oy, ED)] oy, (k7 (01), a3, 'y 61, £))0(81, &) )
and

(2m0) " [exp [iv1,0(0;, v2) Ay, dy, 0, dE, —

— ()" oxp [i(<ay, £+ <@l E)ag (o, B\ (@), &1, HAEL)DIE , £2) dELE;

Finally, if we use an argument similar to the proof of the theorem 2.1.1
in [5], it follows from (1.19):

(2) ™" [exp [iv1S0(y} , 2) dy, dys d&; dE; =
(2) 7" [exp [i(<al,s &> + <@h, E)]501.ma @5 01, &1, DL, £2) 06, 8,

With 8, 1, € 8™ TITHQ X Q).
The proof of theorem 1.7 is complete.

Now we shall study the boundedness of operators in L™™(; X 0Q,).
H*v#=(Rm*™) will denote the space of all we D'(R™*") such that:

(120)  ful, .= @o) "™ (14 &)1+ &) (&, &) d&, dE, < oo.

20 - Annali della Scuola Norm. Sup. di Pisa
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THEOREM 1.8. Ewery a(wz,, %y, Dy, D,) in L™™(Q,xQ,) is lincar conti-
nuous from Hyt: (2, X ;) to Hp ™" (0, X £2,).

Proor. We can easily restrict ourselves to proof that a(x,, x,, D;, D,)
in L0, x£,) is continuous from HXS (2, xQ,) =12 (2,x2,) to
HY(Q, x Q,) = L} (£, x£,). Then, in view of the inclusion in the note
after the definition 1.1, a(®y,#,, &, &) is in 89,(2, X 2, x R"*™) and the

usual arguments for boundedness of pseudo differential operators hold.

2. — Now we shall study in more detail operators in L™™(Q, x £2,) with
homogeneous principal symbol (see the following definitions 2.1 and 2.2).

Later on we shall note by HL™(£2,), i = 1, 2, the set of all the a(x;, D;) €
e L7,(2,) with homogeneous principal symbol a’(x,, &) (this means that we
assume the existence of a ¢ homogeneous function a’(z,, £;) of degree m on
0, x R™ such that a—a®e 87, (2, X R™)).

DEFINITION 2.1. We denote by ™™ (2, X 2,) the set of all couples {0y, 0.}
such that:

1) 0,€ C°(2, X 2, X {R"™\ 0} X R™) and, for t>0:
01(®1, ®oy &1, &) = 1™01(21, @2, &1, &)

Moreover, for all x,, &, & #0, 01(@y, @y, &, D,), defined as in (1.1'), is in
HL™(£2,) with homogeneous principal symbol

ol(@y, @y, &, &) € O°(2, X 2, X {R"'\O} X {Rﬂz\\o}) .
2) 0,€ C°(£2, X 2, X R" X {R™\0}) and, for t>0:
03(&1, Xy, &1, 1&;) = 17205(@1, @y &1, &5) -

Moreover, for all x,, &, & # 0, 0y(®y, @5, Dy, &) is in HL™(2,) with homo-
geneous principal symbol

05(@y, Ty, &1, &) € O°(2, X 2, X {R™\ 0} X {R™\0}) .
3) We impose: o) = o2 = o°.
Let {1, Uz}ezml'm’3 let y,(&)eC>(R™), i=1,2, py(&) =0 if |&|<1,
v,(&) =1 if |&]>2. We can construct in §™™(£, x 2,) the symbol:

(2.1) 0 =011+ 02— Y1 ¥, .
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Note that the symbol o does not depend from the choise of y,, except for
addition of a term in S§™ 1":~1(Q % Q,); then we can introduce the fol-
lowing definition:

DEFINITION 2.2. We denote by HS™™:(£2, X £2,) the set of all a € S™™(2, X )
such that for some {0, a,} € Z™™(Q, X 2,) a— o isin S™V™THQ, X Q,). We
write HL™™(Q, x Q,) for the corresponding subset of L™™ (2, X 2,) and we
call {0, 0, the homogeneous principal symbol of a(xy,x,, Dy, D,).

DEFINITION 2.3. Let {oy, 65} € Z™™(0, X 2,), {11, To} €Z77(02, X 2,) and
let oy, 0,5, T1, T, have compact support in the x,, x, variables; we define in
Dmuteametve (0 5 .) the composition:

(2.2) {rs, 72}°{01, Oy} = {71901, Tz°£,02}

where 7,00, and 7,0 0, are defined as in (1.3), for & #0 and & #0 re-
spectively.

DEFINITION 2.4. Let {0y, 05} € Z™™(2, x 2,) and let oy, 0, have compact
support in the x,, x, variables; then, with the notations of theorem 1.7, we define
in ™m0 x 0)):

(2:3) {01, Oati,xr, = {0u, (01, (@), &1 By 02, (K (1), 23, 'Ry &, 63}
where o,, and oy, are defined as in (1.4), for & +0 and &, + 0 respectively.

THEOREM 2.5. Let a(xy,%,, Dy, D,)€ HL™™(Q, X 2,) and b(x,,x,, Dy, D,) €
€ HL"™(Q, X 2,) with compact support in the x,, x, variables; let {oy, 0.} €
€ Z™ M (0 X 2,) and {11, T,} € Z™(Q, X 2,) their homogeneous principal symbol.
The composition b(xy, €y, Dy, Dy)a(xy, Ty, Dy, D,) is in HL™ ™47 % 0Q,)
and its homogeneous principal symbol is:

{117 /12} = {Txy 72}0{0'1, 02} .

THEOREM 2.6. Let a(z,, x,, D,, D,)e HL™™(Q, X Q,) with compact sup-
port in the xy, x, variables and let {0y, 0.} € Z™™(Q, X 2,) its homogeneous
principal symbol. The operator defined in (1.9), theorem 1.7, is in
HI™™(Q, x Q) with homogeneous principal symbol in Z™™(Q] x ;)

{0';7 G;} = {61’ 62}k,><lrz .

The theorems 2.5 and 2.6 follow easily from theorems 1.6 and 1.7 and the
details of the proofs are left for the reader.
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Note finally that there is no difficulty in extending the preceding results
to matrices of operators in L™ ™(,x£,) and HIL™™(Q, X ,).

3. — Now we shall consider operators with homogeneous principal symbol,

as in definition 2.2, in the product of two compact manifolds, as operators
between vector bundles.
Let X,, i=1,2, be a compact manifold; we write T*%(X,) for the co-
tangent bundle and S*(X;) for the unit sphere of T%(X,;) for some metric.
E, F, @ will denote vector bundles on X,xX,. If P,eX,, we denote
by E, the restriction E|, , x; likewise, if P,e X,, Ep = E|y , p . Letw, be
the canonical projection of S8*(X;) into X;; we note: E* = (m, X7,)*(H);
E* is a vector bundle on S*(X,)XxS*(X,).

Moreover we shall write HL™(X,, E,, F,), i =1,2, for the class of
pseudo differential operators with homogeneous principal symbol between
two vector bundles E;, F; on X,.

Let kP': X' — 0%, X'cX;, 27°cR™, be a complete family of C® co-
ordinate systems in X,; then:

(3.1) B Xk X x Xt — Q0 x Q3

is a complete family in X, X X,.

We denote by H***(X, x X,) the Hilbert space of all u € D'(X, x X,) such
that wo (kS X k3*)~ '€ Hps(Q9 x 23) for all kX ky* in (3.1); in the same
way we define H**(X,xX,, E) on the vector bundle E. (The properties
of the spaces H**(X,x X,) can be easily deduced from the results in [6],
chapter II). Note that the inclusion mapping of H**(X,xX,) into
H*~'%"1(X x X,) is completely continuous (see theorem 2.2.3 in [6]).

We denote by HL™™(X, x X,) the set of all linear maps of C°(X, x X,)
to C”(X,xX,) such that, for every coordinate system kJ*xk3* of the
form (3.1), the associated operator from Cg(27'x025%) to (27 x 0%
is in HL™™(Q x £25%); in the same way, we can define HL™™ (X, X X,, E, F)
in the set of the linear maps from C°(X,XxX,, E) to 0°(X,xX,, F). In
view of theorem 1.8, an operator in HL™™(X, X X,, E, F) extends to a con-
tinuous map of H**(X, xX,, E) to H* ™ ™(X, xX,, F).

We denote by XZ™™(X,xX,, E, F) the set of all couples {oy, 65} such
that (we use the terminology of Atiyah-Singer [21):

1) o, is a C” family of pseudo differential operators on S%*(X,) such
that: if o,€8%(X,), Py=m(v), o1(v,) is in HL™(X,, Ep: Fp). We
can identify the symbol ¢ of the family o; with an element in
HOM(E*, F*).
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2) o, is a C® family of pseudo differential operators on S*(X,) such
that: if v,€ 8*(X,), P, = m,(v,), 02(v,) is in HL™(X,, Ep , Fp). We
can identify the symbol ¢} of the family o, with an element in
HOM(E*, F*).

3) We impose: o = o = ¢° in HOM(E*, F*).

Let {0y, 0,} be in Z™™(X, x X,, E, F): for a coordinate system kj* x k2*
of the form 3.1, its local expression is in X™™(Q7* x 05*) (we understand
the generalization of definition 2.1 to matrices). If we change the coordinate
system, the local expression of {o,, o, changes as in definition 2.4; hence,
in view of theorem 2.6, the principal symbol of every operator in
HIL™ ™ (X, xX,, E, F) is well defined in 2™"™(X, x X,, B, F).

DEeFINITION 3.1. The symbol {0\, 0,} in X™"™(X;xX,, B, F) is elliptic
if, for each v;€ 8*(X,), 01(v,) as an operator in HL™(X,, Ep , Fp ) is exactly
invertible and, for each v, € 8*(X,), 0,(v,) as an operator in HL™(X,, i, , Fp)
18 exactly imvertible.

1f {0, ,0,} is elliptic, we can constructits «inverse» in X "™~"(X;xX,, ¥, F).
Theorem 2.5 immediately gives:

THEOREM 3.2. Let A in HL™™(X,xX,, B, F) have elliptic principal
symbol. There exists B in HL™™ ™(X,xX,, F, E) such that

AB=1I,+ K,

(3.2)
BA=1,+ K,

where I, is the identity on C°(X, X X,, F), I is the identity on C(X, x X,, E),
Ky is compact on H**(X, X X,, F) and Ky is compact on H**(X,x X,, E).
Then A, as a map from H**(X,xX,, E) to H*" ™% ™(X, xX,,F), is a
Fredholm operator (it has closed range of finite codimension and a finite dimen-
stonal null space).

A, as a map of C°(X,xX,, E) to (°(X,xX,,F) or as a map of
D'(X, X X,, E) to D' (X, xX,, F), has also range R(A4) of finite codimension
and finite dimensional null space N(A4); the index:

(3.3) i(4) = dim N(A4) — codim R(A)

depends only on the homotopy class of the principal symbol of 4 in the
space of elliptic symbols in 2™™(X, x X,, E, F).

Note that, when we assume m, = m, = 0, theorem 3.2 gives the results
in [7], [9] about the bisingular operators.
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4. — Now we present two applications of the theorem 3.2.

a) First we shall study the tensor product of pseudo differential
operators as in Atiyah-Singer [1], pp. 512-515. Particularly, we consider
the tensor product of two operators of order zero.

Let A; in HL*X,), X,, ¢ =1, 2, compact manifolds. For simplicity we
assume that A, is a sealar operator; denote a’ the principal symbol of A4,
in C°(8*(X,)). We define:

4,01 —I®A}
4.1) A #A,= (I®A2 ;@I)

A, # A, is actually in HL**(X, x X,, E?, E?), where E? is the trivial 2-dimen-
sional vector bundle over X,xX,. Its principal symbol {oy,0,} in
200X, x X,, E*, E?) is:

al(v,) —A;

1 1 2

v, € 8*(X,); al(vl)——( A a_w"(v ))GHLO(Xz, B2 I?)
2 1 1

A, — a(vs)
a3(0,) Af

(4.2)

0, € 8¥(Xy);  0y(0y) = ( )EHLO(XM E?, E?).

Direct computation shows that o,(v;) and o,(»,) are invertible in
HL(X,, E?, E*) and HL(X,, B2, E?) for each »,€8*(X,) and v,e 8*(X,).
In view of theorem 3.2 we have proved:

THEOREM 4.1. A, # A, in (4.1), as a map of H*(X,xX,, E?) to
H**(X, x X,, E?), is a Fredholm operator.
This is the expected result, according to [1]; in [1] is also proved that

(4.3) i(4, # A,) = i(4,)i(4,)
b) In the second application we extend to systems the results in [7],

[10] about a boundary value problem for functions of two complex variables.
In the complex plane C, we note

D;:{z“ |zi|<1}7 D;l:{zw Izil>1}’ Xi:{zi’ szlzl}'
In C*=C,xC, we write D"*= D}xDf, h,k=1,2, for the four comple-

mentary bicylin;iers with common distinguished boundary X,; X X,. Consider
the following boundary value problem:
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PROBLEM 4.2. Let #,,(2,, 2,), hy k=1, 2, be four m Xm matrices of func-
tions in C*°(X, X X,). Find f"*z,2,), b,k =1,2, m-tuples of functions in
C=(D"), such that:

h.k hok
o o

L= =0 in Dw*
0%, A

(I) for hyk=1,2:
and f** has a zero at infinity.
(11) z Hnp Pz xx, =@
hk=1,2

where g is a given m-tuple of functions in C°(X; X X,).

The problem 4.2 can be reduced to the study of the following operator
on X, xX, (see [7], [10]):

(4.4) P=3 #,P®P"
hk=1.2
where
1 _1 r—1 {Cq d ;
(4'5) P;‘(pi(zi) = -E(pz(zi) + ( ) 4 (C ) C

4+ v/—12n Ci—a;
X
g:€ (X)), r=1,2

are the Plemelj’s projections.

P is a map of C°(X,xX,,E™) to C°(X;xX,,E™), where E™ is the
trivial m-dimensional vector bundle on X, X X,. Actually Pe HL*(X, X X,,
E™, B™) with principal symbol {0y, 0,} in Zo(X, x X,, E™, B™):

oy(2)) = 2 #,, P, e HLY(X,, B", B")

k=12

o,(77) = > .A:z_kPZeHLO(Xz, E™, E™)

k=12

oy(2)) = D #,, P e HL)(X,, E", B™)

h=12

0y(25 ) = X A4, Pt e HLY(X,, E™, E™)

h=1.2

(4.6)

where we identify S*(X;) with two copies of X,;, X, and X;, and
v,€ 8%(X,) with 2" € X;" or 2; € X;. Now use the terminology in [3] and
note 0,(#), t=1, 2, ..., m, the partial indices of a matrix £ of functions
on the unit circle in C.
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THEOREM 4.3. Let det £, , #0 for all b,k =1,2 and all 2,2, X,xX,.
Suppose that, if we consider partial indices with respect to 2,:

(4.7) OfAp A,) =0, O(AR Ay) =0, t=1,2,....m
for each z,e X,; moreover, if we consider partial indices with respect to 2,:
(4.8) O An' #,) =0, Oyfdyx'A,) =0, t=1,2,...,m

for all z,e X,. Then P in (4.4), as a map of H**(X,xX,, E™) to
H*"*(X,xX,, E™), is a Fredholm operator and the problem 4.2 has a finite
index.

In fact, in view of the results in [3], the conditions (4.7) and (4.8) imply
that the symbol in (4.6) is elliptic; hence, if we apply theorem 3.2, we obtain
theorem 4.3.

The index of P, in the case m =1, is computed in [8].
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