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Spectral Properties of Schriodinger Operators
and Scattering Theory (*) (**).

SHMUEL AGMON (*+*)

1. — Introduction.

We propose to discuss here certain spectral properties of Schrodinger
operators — A -+ V(x) (4 the Laplacian and V a potential) which have ap-
plications to scattering theory.

We denote by H, the self-adjoint realization of — A in L2(R®), with
domain D(H,) = J,(R") (1). The complete spectral description of H, is ob-
tained by application of the Fourier transform map F: L*}(R") — L*Rv»),
defined by

(1.1) (Fu)(E) = 4E) = (2m)" f u(@) exp[— i~ &) dw .

R™

It follows that H, is unitarily equivalent to the operator of multiplication
by [£]%,

1.2) (FH,)u(€) = |E]X(TFu)(é) .

Consider a perturbation of H, given by the differential operator — A + V(x).
We shall assume that V(z) is a real function such that the multiplication
operator V:u — V(x)u is Hy-compact (that is V is a compact operator from
Je,(R") into L2(R")). Under these conditions — A+ V admits a unique
self-adjoint realization in L?(R") which we shall denote by H. It is well
known that both operators H, and H possess the same domain of definition

(*) Fermi’s Lectures supported by the Accademia Nazionale dei Lincei.
(**) Lectures given at the Scuola Normale Superiore of Pisa during March-
April 1973 (revised and completed).
(***) The Hebrew University, Jerusalem.
Pervenuto alla Redazione il 30 Agosto 1974.
(*) J€, denotes the Sobolev space of square integrable functions possessing square
integrable derivatives up to the second order in the distribution sense.
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and also the same essential spectrum which consists of the interval [0, o).
We recall some notions from scattering theory. The wave operators of
the pair (H, H,) are defined as the strong limits

Wi= s—Ilimexp [itH] exp [—itH,] .

t—>tco

When the wave operators exist they yield isometries from L*(R") into L*(R").
The wave operators are said to be complete if

Range W, = Range W_ = L*(R"),, .

Here L*(R"),, denotes the absolute continuity subspace of L*(R") with respect
to H. (We recall that if 4 is a self-adjoint operator in a Hilbert space having
a spectral resolution {¥,}, then the absolute continuity subspace with respect
to A consists of those vectors f for which (Z,f,f) is an absolutely con-
tinuous function of 2 on R, (see Kato[7], p. 516).)

‘When the wave operators exist and are complete one defines the scattering
operator 8 by the relation: 8 =W’_';W_. 8§ is a unitary operator on L*(R")
and one finds in a general situation, taking Fourier transform and introducing
polar coordinates & = (k, w), that

F(8f)(k, w) = 8(k)(FT)(k,")(w) ,

fe L}(R"), where S(k) is an operator valued function defined for %> 0,
taking its values in the class of unitary operators on L*(Y), X' = {w: |o| =1,
w e R"}. One refers to S(k) as the scattering matriz.

The following problems arise.

PrROBLEM I. What are the conditions on V which ensure the existence and
completeness of the wave operators.

ProBLEM II. What are the conditions which ensure the existence of the
scattering matriz and what are the properties (*) of the operator valued func-
tion S(k).

There is an extensive literature dealing with these problems. In particular
the first problem was investigated by many authors who gave solutions which
apply to different overlapping classes of potentials (see Kato [8; 9], Kato
and Kuroda[10], Kuroda [11-14], Rejto[18], and other references given
there).

(2) For example, it is of interest to give conditions which ensure that S(k) is
an analytic operator valued function of k.
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Among the various methods introduced in scattering theory there is an
interesting method based on eigenfunction expansions. The method was in-
troduced by Ikebe in [5] where he derived an eigenfunction expansion theorem,
suitable for applications to scattering theory, for a class of Schrédinger opera-
tors in R3 (see also Povzner [17]). Ikebe’s results were extended to R" by
Thoe [23], and were further improved by Alsholm and Schmidt[2] (3).

The main object of this study is to derive an eigenfunction expansion
theorem for Schrodinger operators, which is useful as a tool in scattering
theory, under minimal decay assumptions on the potential. Precisely we
propose to establish the theorem under the condition that

(1.3) sup |+l IVl ly—aledy ] < o
ly—2|<1

for some ¢> 0 and u satisfying 0 <u < 4. Note that (1.3) holds in par-
ticular for V which at infinity verifies the condition:

(1.4) V(r) =0(z|"'"°) as |2] > oo,

and which locally verifies the condition: Ve ILf (R") with p =2 for n<3,
p>n/2 for n>4. We observe here that the decay condition (1.4) is weaker
than decay conditions imposed on V in the previously mentioned works
on the eigenfunction expansion theorem, where it was (essentially) assumed
that (%)

V(@) = O(|a[®V2=¢)  ag |z| > oo.

Ag an application of the eigenfunction expansion theorem we shall show
that under condition (1.3) the wave operators exist and are complete (this
result was recently proved by Greifenegger, Jorgen, Weidmann and
Winkler [4]; see also Schechter [20]). We shall also show that the scattering
matrix S(k) exists as a continuous operator valued function and that, for
a fixed k, S(k)— I is a compact operator.

The plan of the paper is as follows. After introducing some notation, we
begin in section 3 our study of Schrodinger operators. We consider an operator

(3) See also Shenk and Thoe [22], Schulenberger and Wilcox [21], where the
eigenfunction expansion method is applied to other problems.

(4) This statement refers to simple pointwise decay conditions only. An integral
decay condition on V which is given in [2] is not quite comparable with (1.3).
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H = — A+ V with potential V" of class SR (a class which contains in par-
ticular all functions verifying condition (1.3)). We show that the positive
point spectrum of H is a discrete set in R, . Eigenfunctions which correspond
to positive eigenvalues are shown to decay rapidly as |x| — oo (a well known
result in the case of negative eigenvalues). This property is shown to hold
also for certain generalized eigenfunctions, thus proving that such generalized
eigenfunctions are necessarily proper eigenfunctions. In section 4 we establish
the limiting absorption principle. That is, roughly speaking, we show that
in some (optimal) topology the operator valued function (H — 2)~!, defined
for non-real 2, admits continuous boundary values on both sides of the posi-
tive axis (excluding the discrete set of eigenvalues). The limiting absorption
principle is a basic tool in our study. Using this tool we introduce in section 5
the generalized eigenfunctions (distorted plane waves) for the class of Schro-
dinger operators with potentials verifying condition (1.3). Our main result,
the eigenfunction expansion theorem, is proved in section 6. The applica-
tions of the eigenfunction expansion theorem to scattering theory are given
in section 7.

There are three appendices where we prove some more special technical
results. In particular in Appendix A we establish the a-priori weighted L?
estimates which are used to prove our version of the limiting absorption
principle (see Lemma 4.1). We go here beyond the needs of the present
study and establish the estimates for the general class of partial differential
operators with constant coefficients of primcipal type. In this connection
we note that with the aid of these estimates one can easily extend the results
of this paper (and in particular the eigenfunction expansion theorem) to a
general class of self-adjoint operators H which are self-adjoint realizations
of higher order elliptic operators. More precisely, all our results can be ex-
tended to the case where H is a self-adjoint realization in L?(R") of a for-
mally self-adjoint elliptic operator P(x, D) of the form: P(x, D) = P(D)+
+ V(xz, D), where P(D) is an elliptic operator with constant coefficients of
order m, and where V(z, D) = > V, (x)D"is a differential operator of order m

|aj<m
with continuous top order coefficients satisfying condition (1.4), and with
lower order coefficients V,, |x|<m —1, satisfying condition (1.3) with

M= Yoy 0<1uaz< 2(m— ]“l)

2. — Notation and definitions.

In our study we shall find it convenient to use various weighted L* spaces.
For any real s we shall denote by L**(R") the space of all complex valued



SPECTRAL PROPERTIES OF SCHRODINGER OPERATORS ETC. 155
functions on R" defined by

LR = {u(x): (1 + |2[*)"u(w) € LR},

@ = (&y, ..., %), |®]*=a7+ ...+ In L*° we introduce the norm:
laefo,s = 101+ [@]*)"™ ] ey -

More generally, we shall consider weighted Sobolev L* spaces X, (R"),
defined for any integer m>0 and real s by

&, (R") = {u(@): D*ue I**(R"), 0<|aj<m}.

Here derivatives D*u are taken in the distribution sense,

« « « — 0
D*=- Dy ... D%, 1),.:-\/—1—@,
o = (¢t ..., ;) denoting a multi-index of order |a| = ot; 4 ...+ ot,. I, (R")
is a Hilbert space under the norm:

2 )%
0,8) °

The spaces J, o(R"), which are the usual L* Sobolev spaces of order m,
will also be denoted by JC,(R"). As is well known one defines the Sobolev
spaces J&,(R") for any real m as follows. JC,(R") is the completion of Cg (R")
under the norm:

Julms=( 3 197w

| <m

ko= ( [1a)

R™

(14 [ep)maz)”

We shall have the occasion to use the well known fact that a function
in J€,(R"), for m > }, has a trace on any sufficiently smooth n —1 dimen-
sional manifold imbedded in R*. More precisely, we shall use the following
special

TRACE THEOREM (°). Let I' be a C® compact n —1 dimensional manifold
imbedded in R~. Let do be the measure induced on I" by the Lebesgue measure dx,
and denote by L*(I') the class of L* functions on I" with respect to the measure do.

(%) E.g. Lions-Magenes [15], p. 44.
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For any given m > %, there exists a bounded linear map

7: 3,(R") — LI
such that

Ty =ulp, for uelkX,(R")N CR" .

One refers to 7u as the trace of  on I". In particular, if Tu = 0 one says
that w =0 on I" in the trace sense.

Let X, Y be two Banach spaces. We shall denote by B(X, Y) the space
of all bounded linear operators from X into Y. As usual we shall consider
B(X, Y) as a Banach space whose norm is given by the operator norm.

3. — Schrodinger operators. The positive point spectrum and a decay prop-
erty of eigenfunctions.

In this and in the following section we shall consider Schrédinger operators
with potentials of class SRE. This general class of potentials is defined as
follows.

DEFINITION 3.1. A real function V(x)e L (R") is said to belong to the
class SR (short range) if, for some &> 0, the multiplication mapping:

w(@) = (1+ |2|)'"* V(@) u()
defines a compact operator from JC,(R") into L*(R™).

REMARK 1. If V is of class SR, then for some ¢ >0 and any real s the
multiplication operator:

M,: u(x) - V(z)u(r)

is a compact operator from J¢, (R") into L>**'"%(Rr). Indeed, thisis obvious
for s = 0. For a general s the result follows from the special case noting
that the mapping: w — (14 |#[*)~**u defines a bounded operator from
X, (R into X, ., (R") for any real r, s and m =0,1, 2, ....

REMARK 2. If V is a real function verifying condition (1.3) then V is
of class SR. This follows from a well known result (see Schechter [19], Ch. 6)
by which condition (1.3) implies that the map: u — (1 -+ |])*** Vu, defines
a compact operator from JC,(R”) into L*(R") for any 0 <<g&'<e.



SPECTRAL PROPERTIES OF SCIIRODINGER OPERATORS ETC. 157

Consider a Schrodinger differential operator — A4 + V(x) with potential
V(x) of class SR. As before denote by H, the self-adjoint realization of — A
in L2(R®), D(H,) = J,(R"). Denote by H the operator: H,+ V in L*(R")
with domain D(H) = J€,(R") (V the multiplication operator by V(x)). Since V
is a symmetric operator in L*(R") which by our assumption is H,-compact,
it follows from a well known theorem (e.g. [7]; p. 287) that H is a self-
adjoint operator in L2(R"). It could also be shown that H is the unique
self-adjoint realization in L2(R") of the differential operator — A4 + V(x)
and that H is semi-bounded. Let o(H) be the spectrum of H. It is well
known that o(H) = [0, o0) U {4;} where [0, co) is the essential spectrum of
H and {4,} is a discrete set of negative eigenvalues with a finite multiplicity,
having zero as its only limit point.

We note that the results just described do not require the full strength
of our assumption on V. For instance, it is well known that all the results
hold under the weaker assumption that V is H,-compact. However, the
assumption that V is of class SR will be used in an essential way in the
following results.

With some abuse of notation we shall sometimes use the notation
— A+ V to denote the operator H.

We denote by e, (H) the set of all positive eigenvalues of H.

THEOREM 3.1. ¢, (H) is a discrete set on the real line. The only possible
limit points of e (H) on the extended line are the points A =0 and A = + oo.
Every point in e (H) is an eigenvalue of a finite multiplicity.

REMARK. Under more stringent conditions on V than those assumed
here it could be shown that the set e, (H) is empty (e.g. [2; Appendix 3]).
It is an open question whether e (H) is empty for any potential V of
class SR(®).

For the proof of Theorem 3.1 we need the following

THEOREM 3.2. Let f(x) e X (R") for some s> L. Suppose that f(z) =0
on a sphere |x| =k in the trace sense, and let K1<k<K, K some positive
constant. For any multi-index o with 0<|o|<2, set

x* () u

:m, :m"f‘...ﬂvz".

Ve (@)

(°) The proof that e,(H) is empty requires, among other things, the validity
of the unique continuation property for solutions of the equation — Au + Vu = Au.
This may indicate that the property: e,(H) = # nced not hold for ¥ which is
too singular.
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Then v, e ¥, (R N L, (R"), and
(3.1) 1ellsa < ClIf s

where C is a constant depending only on s and K.
The proof of Theorem 3.2 (in a more general set up) is given in Appendix B.
We turn to the

PROOF OF THEOREM 3.1. We shall show that if weJC,(R") is an eigen-
function of H corresponding to a positive eigenvalue A, 0 < a<A<b, then
u e, (R") for some £> 0 depending only on V, and that

(3.2) l]lg,e < Cllello

where C is a constant depending only on V, ¢ and b. The theorem is an easy
corollary of the estimate (3.2). Indeed, by a variant of Rellich’s compactness
theorem (see [1], p. 30) it follows that the injection map of ¥, (R") in L*(R")
is compact for any ¢> 0. Hence, any orthonormal set of functions {u,} in
L*(R"), which is also a bounded set in JC, (R"), is necessarily a finite set.
This and (3.2) clearly imply that H has only a finite number of eigen-
values in [a, b] and that the multiplicity of each eigenvalue is finite.

To prove (3.2), observe first that the estimate (3.2) holds for e = 0. Indeed,
let R(4) = (H —4)~'. The relation Hu = Aw implies that w = (1 — 1) R(¢)u.
Since R(¢) is also a bounded operator from L3*(R") into D(H) = JC,(R"), it
follows that

(3.2) luly = [(2—3) B@&)u].<C"ul,

where C’ is a constant depending only on V and b.

We set g(x) = — V(x)u(x). Using our assumption that V is of class SR,
it follows from Remark 1 (following Definition 3.1) that the multiplication
operator V is a compact operator from 3¢, (R") into L***'**(Rr), for any
real s and a certain fixed ¢> 0. Hence, in particular, we have

(3.3) 1Volosrrse<ylwly, for Ywell, (R")

and any s, where y is a constant depending only on V and s. Applying (3.3)
with w =« and s = 0, using (3.2)’, we conclude that g€ L*>'"*(R") and that

(3.4) I9ll0+e<¥lul<Cful,,

C; denote constants which depend only on V, ¢ a and b.
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Now, since g(z)e L*'**(R"), it follows by Fourier transform that §(é)e
e, (R*). Since u(x) satisfies the differential equation: (44 A)u = Vu,
we also have, by Fourier transform,

(3.5) (15— A) @) = — F(Vu)(§) = §(&) .
From (3.5) it follows that
(3.6) J(&)ljg—vz=10 in the trace sense.

To sece this (") we use the formula:

(3.7) lim - f{?(&)qﬂ(é)drf :f(rs?)(f)'q?(é)dﬂ

|1E1-val<a 1El=vZ

which holds if §eJC,(R*) with s> 1 and ¢ O(R*). Here 7§ denotes the
trace of § on the sphere || = \/Z, and do is the induced measure on the
sphere. (Indeed, (3.7) is immediate if § is also continuous. In the general
case the result follows from this by a density argument, using the continuity
of the trace map 7.) Combining (3.5) and (3.7), it follows readily that

(19)(é)-@(é)do =0  for Vpe C(R"),
|&l=vi

which implies (3.6).

Finally, apply Theorem 3.2 to the function f(x) = (). Since e, . (R"),
and since 4(&) = §(&)(|€]* — A4), it follows from Theorem 3.2 that &*d(£)e
e (R") for |x|<2. This in turn implies that w e, (R"). Moreover, com-
bining (3.1) (with s =1+ ¢) and (3.4), we find that

TTAL p)
Julee= (3 1€02)" < Gl .
Ja|<2
= O, g]o1:.<Csfulo,
which yields (3.2). The proof of the theorem is now complete.
In proving Theorem 3.1 we have obtained as a by-product the result

that any eigenfunction of H, which corresponds to a positive eigenvalue 4,
belongs to the weighted Sobolev class J, (R") for some ¢> 0. As a matter

(") (3.6) does not follow from (3.5) immediately since we know only that
we L*(R").
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of fact one can show more, namely that »e€J€, (R") for any s> 0. This
useful decay property could also be shown to hold for certain improper
eigenfunctions of H, which to start with are not assumed to be in the domain
of H. The general result is the following

THEOREM 3.3. Let V(x) be a real function on R such that (1+ |x|)° V(x)
belongs to the class SR for some 8> 0. Let u(z) €JL(R") be a solution of
differential equation

—Au+ V(@)u=Au in R*(®),

2 a positive number. Suppose that u e, , (R") for some s,>—%—05. Con-
sider u as a tempered distribution acting on S(R") (°), and let 4 be the distri-
butional Fourier transform of u (de 8'(R")). If i€ Ly (R"); then u e, (R")
for any real s.

ProOF. To prove the theorem it suffices to show that under the condi-
tions of the theorem it follows that weJ,, ,,(R"). For then it would
follow that the conditions of the theorem hold with s, replaced by s, 9.
Applying the same result it would then follow that u €JE,, ,.5(R"). Con-
tinuing in this manner we shall find that wel,, ;(R") for j=1,2, ...,
which is the desired result.

Now, to prove that ueX,, ,,(R") we repeat the same argument used
in the proof of (3.2). We set g(x) = — V(v)u(x). It follows from our as-
sumptions, using (3.3) with w = u and ¢ = 6, that g(x) e L>*"**(R"). By
Fourier transform we have that §(&) € ¥, ., ;(R") and that the relation (3.5)
holds. Since 4 € L;,,(R") it follows from (3 5), with the aid of (3.7) as before,
that the trace relation (3.6) holds (here we use our assumption that s, 414
+ 6>1). Apply now Theorem 3.2 to the function f(x)= §(x). Since
W(E&) = ﬁ(&)(|§|2 A)71, and since §e X, ;. ,R"), it follows from the theorem
that &*4(§) e, ,s(R") for |x|<2. ThlS implies that weJ,, ,s(R"), thus
completing the proof of the theorem.

4. — The limiting absorption principle.

Let R(2) = (H—z)™* be the resolvent of H defined for z¢o(H). It is
of interest to know whether R(2) assumes in some sense boundary values
on the positive axis R, = {i: Ae R, 1> 0}, obtained as limits of R(z) as

(8) Here and elsewhere solutions of the Schrodinger differential equation should
be taken in the distribution sense.
(*) S(R") denotes the Schwartz class of rapidly decreasing O® functions on R~.
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# — A through points in one of the half-planes: C, = {z: 26 C, 4-Im 2> 0}.
Since R, co(H), it is clear that such limits cannot exist in the uniform
operator topology of B(L?, L?) (or in any weaker L2 topology). However,
as we shall see, such limits do exist if one considers R(z) as an operator valued
function with values in B(L**, I*~°) (or even in B(L*’, ¥, _,)) for any s> %.
This result, which following an accepted terminology we call the limiting
absorption principle, is the main result of this section. It has a basic role
in our subsequent study of the eigenfunction expansion theorem.

The proof of the limiting absorption principle is long and we shall arrive
at the final result through intermediate steps. The first step in the proof
consists in verifying the result for the special case of the unperturbed operator
H,=—A.

THEOREM 4.1. Let By(2) = (H,—=2)'. Consider Ry(2) as an analytic oper-
ator valued function on C\R, with values in B(L**, ¥y, _s)y s>%. Then

(i) For any Ae R, the following two limits exist in the uniform oper-
ator topology of B(L*, %, _,):

(4.1) lim Ry(z) = Ry(A) .
hmreo

(il) For any feL*(R") and A€ R. the function w = RE(A)f verifies the
differential equation

(4.2) (—A—Nu=f.

The following identity holds (1°):

(4.3) Im<Ry(Wf, = + ﬂl fl(ff)(f)l2d0

2v/2

l=v7

where 7f denotes the trace of f= Ff on the sphere |&|—+/A.
The crux of Theorem 4.1 are certain weighted I? estimates for the
operator A -4 z which we state as

LemMA 4.1. Let s> %, K> 1. There exists a constant C depending only

() For any pair of functions f, ¢ on R* with fg e LY(R"), we define

frg> = f f(@)g(x) de .

Rn
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on s, n and K, such that
(4.4) el < O (A + 2) o,

for Yu e J,(R") and Yze C such that K< |z|<K.

Lemma 4.1 is proved in Appendix A (it follows as a special case of esti-
mates established for general elliptic operators, see Theorem Al). With
the aid of the lemma we give now the

ProoF oF THEOREM 4.1. Let f, ge L**(R"), s> 1. We shall first show
that the function F(z) = (R,(2)f, g¢> which is an analytic function of z in
CR,, has continuous boundary values on both edges of R,. Now, by
Lemma 4.1, we have

(4.5) IBo(2) fll2.—s< Ol lo,s

for Vfe L**(R") and Yze C\R, such that K< |2|<K, (any fixed K >1).
This implies that with the same constant C, we have

(4.5") KBs(2) 1, 921 < Clflo.clglo.s

for Vf, ge I**(R") and Yze C\R, such that K-'<|¢:|<K. The uniform
bound (4.5)" implies that in order to prove that {R,(2)f, g> assumes con-
tinuous boundary values on both sides of R, for any f, ge L*R"), it
suffices to show that this is true for f and g in some dense set in L>*(R").

Let f, ge O (R"). By Fourier transform (using Parseval’s formula and
changing to polar coordinates) it follows that

46) (R, g f |512 :i f - ‘"2( ffww)g(x/tw)dw) at

lol=1

By well known continuity properties of Cauchy type integrals, it follows
from (4.6) that the function (R,(2)f, g> has continuous boundary values
on both edges of R, given by

. = f(E §(&)
4.7 lim (R I\5)
(4.7) Hm CRof at, g = 2\/_ Jf(f)y(E) o+ p.v. |§|2 3 ag
+Imz>0 1&6l=v7

the last singular integral being taken in the principal value sense.
From (4.7) and our previous remarks it follows that (R,(2)f, g> admits.
continuous boundary values on both sides of R, for any f, ge L>(R").
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This in turn means that for fe L*(R"):

(4.8) Jw— lim Ry(2)f  in L*—(R").
Lm0

Moreover, since (by (4.5)) R(2)f is also bounded near i when considered
as a function with values in J¢, _,(R"), it follows (using the weak compactness
of the unit ball in J¢, _(R")) that the limit (4.8) also exists as a weak limit
in J, _(R"). We shall define for any fe L**(R") and 1€ R,:

(4.9) Ry(A)f=w— lim Ry(2)f in J, (R").
Tmrso

It is clear that (4.9) defines an operator RE(1)e B(L*, %, _,) for any s> 1.

We are going to show that the weak boundary values Ri(1) of R(2)
on R, just defined are actually assumed in the stronger sense (4.1). Before
doing this let us observe that the relations described in part (ii) of the
theorem are simple consequences of (4.9) and (4.7). Indeed, that w = RI(4)f
satisfies equation (4.2) (in the distribution sense) follows immediately
from (4.9) and the relation: (B,(2)f, (— A4 —2z)¢)> = {f, >, which holds for
Vpe 07 (R") and z¢ R. Formula (4.3) for fe Cy(R*) follows immediately
from (4.7) (taking f = g). That (4.3) holds for all fe L**(R") follows from
this by continuity, noting that both sides of (4.3) represent continuous
quadratic functionals on L**R®) for any s> 1.

We continue with the proof of (i). Define the operator valued function
R/ (2) on 6} +=C,UR,_, and the operator valued function R;(2) on
C_=C_UR, (Rf(2) and Ry (2) with values in B(L**, ¥, _,)) as follows:

RE(2) = Ry(z) if +Imz>0,
RE(z) is the operator defined by (4.9) if z=1eR,_.

From the preceding it is clear that Roi(z) is a weakly continuous operator
valued function on C’~i. We shall show that Ri(z) is actually continuous
on 0~i in the uniform operator topology of B(L**, J¢, _,). To this end observe
that for « in JC, ,(R®) the norm |u|,_, is equivalent to the norm
1(14 |@)~"2u|,. As is well known this last norm is equivalent to
[(I —A4)(1+ |®?)~>u], which in turn is equivalent to the norm [ull =
= |w]o—s+ [Au]o_s. From this it follows that in order to show that R (2)
is continuous on C’; in the uniform operator topology of B(L*%, J€,_,), it
suffices to show that both RF(z) and ARZ(z) are continuous in the uniform
operator topology of B(L**, L>~). Since — ARy (2) = I + 2R (2), thisreduces
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simply to showing that RZ (2) is continuous on at in the uniform operator
topology of B(L**, L*~®). In order to establish this result let us first observe
that RE(2) is continuous on Gi in the strong topology of B(L**, L*>™*), i.e. for
any z,€C. and fe L**(R")

(4.10) Js— lim Rf(2)f= Ro(2)f in L>—(R").
-y

Indeed, (4.10) is obvious if 2,¢ R,. If z,= AR, then (4.10) follows
from (4.9), using the compactness of the injection map of ¥, _,.(R) in L**(R")
for any s'<s (1) (we also use the observation that Ry(z)fe¥,_,, and that
the limit relation (4.9) holds in ¥, _,, for any s'>%).

Next we observe that if {¢,}cC,, and {f;}cI*(R"), are sequences
such that

limz, =2, C, and w—limf;=f in L*)R"),
then
(4.11) s—lim Ry(2;)f; = Ro(2,)f  in L*—*(R").
j—>00

Indeed, for any ge L**(R"), we have

lim (B3 () f;, 90 = lim {f;, Ro(2,)g) = <f, Rs(2)g) = <(Ri(20)f, 9> (**)

J—> j—>00

which shows that

(4.11") w—lim R¥(2;)f; = Ri(2,)f in L*—*R").

j—>o0
Since (by (4.5)) the sequence {R3(z;)f;} is bounded in J¢,_,(R") for any
s'> %, and since the injection map of ¥, ,(R") in L,_,(R") is compact, for
any s'<<s, it follows from the existence of the weak limit (4.11)’ that (4.11)
holds.

Finally, it follows from (4.11) that R;E(z) is continuous on Ci in the

uniform operator topology of B(L**, L*~*). Indeed, suppose by contradic-
tion that this is not true. This would imply that there exist a sequence

(**) This follows from Rellich’s compactness theorem.
(*?) '.l‘he relation: (Ry(2)f, g = <f, BF(2)g), f, g€ L2+, which is obvious when
2¢R,, is also valid by continuity when zeR,.
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{2,y c 0, with ¢, >2,eC,, and a sequence {f;}cL>(R") with |[f;],,=1,
such that

(4.12) lL-m, H(Rf(zi)—l?f(zo)) filows> 0.

j—>o0

Extracting if necessary a subsequence we may also assume that 3w —1lim f;, = f
in Z**(R"). Applying (4.11), it follows that

s —lim Ry (z;)f; = Ry(20) f = s —lim R(2)f, in L*7*R").

This gives a contradiction (to (4.12)), proving the continuity of Rj(2) on éi
in the uniform operator topology of B(I*%, L*~*). As was observed before
this last result implies in its turn that Rg(2) is continuous on C. in the
uniform topology of B(L*% 3¢, _,). This yields (4.1) and completes the proof
of the theorem.

We introduce the following

DEFINITION 4.1. A function ue€JCE(R") will be called a k-outgoing func-
tion (resp. k-incoming function) if for k> 0 the following relation holds:

(4.13) u=Ry(k*)f (resp. w= Ry (k*)f)

for some fe L**(R"), s> L. (Here Rg(k?)e B(L*, ¥, _,) is defined by The-
orem 4.1.)

Note that if # is an outgoing or an incoming function then u € [ ¥, _(R").
The following result will be needed later on. >4

LEMMA 4.2. Let ucJ(R") be a k-outgoing (k-incoming) function satis-
fying a differential equation of the form:

(4.14) —Au+ V(@)u =k*w in R,

where V is a real function of class SR. Then wuel, (R") for all real s.

Proor. We shall prove the lemma for % outgoing, the proof for « in-
coming is similar. By assumption u = R{(k?)f for some fe L*>*(R"), s,> }.
This implies that f =(— 4 — k?)u which, when compared with (4.14), gives
that f = — Vu. Applying formula (4.3), using the last relation and the
reality of V, we get

2 2k 2k
(4.15) fl(ff)(f)lgdaz = Im <R5(k?) f, f> = — P Im <u, Vu, =0.
&=k
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From (4.15) it follows that f(&):O on the sphere || =k (trace sense;
note that fe X,,). Hence, applying Theorem 3.2 to f it tollows that

(4.16) JE(1E] — k)1 € Lig(R") .
Next we show that
(4.16)’ @ = f@)( &) — k)

where e 8'(R") is the distributional Fourier transform of « (note that w
is a tempered distribution since w e L> *(R")). Indeed, let g S(R"). Since
w = lim Ry(k*+ ie)f in I»~*(Rr) it follows (using Parseval’s formula, (4.16)

&e—>+0
and Lebesgue’s convergence theorem) that

{uy gy = lin})<R¢,(k2 +ie)f, > =
&>+

g(&d¢.

f&
IZ___ k2

|

to) [EP—k [EF—kr—ie
R,I

This proves (4.16)', showing in particular that @€ L (R"). Observing now
that « verifies the conditions of Theorem 3.3, it follows from Theorem 3.3
that u eJC, (R") for all s. This proves the lemma.

We shall formulate now the limiting absorption principle for general
Schrodinger operators.

THEOREM 4.2. Let H=—A + V be a Schrodinger operator with potential V
of class SR. Let R(z) = (H —z)~' be the resolvent of H. Consider R(z) as
an analytic operator valued function on C\o(H) with values in B(L**, X, o),
for any s> 1. Let e (H) be the discrete set of positive eigenvalues of H, and
let e R)\e.(H). Then, the following limits exist in the uniform operator
topology of B(L**, %, _,):

(4.17) lim R(z) = R*(}).
:I:Ifn—;l>0

Moreover, for any fe L*(Rn)
(4.18) R*(2) f = Ry(A) f — Ry(A) VE*(A)f .

In particular, w*= R*(A)f is a v/ A-outgoing solution, and uw—= R-(A)f is
a VA-incoming solution of the differential equation:

(4.19) (—A4+V—Nu=f in R".
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In the following we shall refer to R*(1) as the boundary values of R(2)
on the positive axis. Clearly the function R*(1) (with values in B(L**, ¥, _,)
for any s> %) is continuous on R \ e, (H) in the uniform operator topology
of B(I*% X, _,).

PrOOF oF THEOREM 4.2. We shall prove the theorem for R*(1), the
proof for R~(1) is similar. With no loss of generality we may assume that s
is restricted to some interval §<<s<i- ¢ £¢>0. We shall choose ¢>0
sufficiently small so that the multiplication operator V is a compact oper-
ator from J¢, ,_ .(R") into L*!**(Rr).

For any z in . = C_ U R, we define T(2) e B(¥, _,, ¥, _,) by
(4.20) T@)u = Ri(z) Vu for uel, (R").

Here Ri(z) = Ry(2) € B(I**, ¥, _,) if Imz> 0, whereas Rj(z) is defined by
(4.1) if 2= AeR,. From Theorem 4.1 and the compactness of V (con-
sidered as an operator from J¢,_,(R") into L*(R")) it follows that 7T'(z) is
a compact operator for every 2eC +, and that, furthermore, the operator
valued function T'(2) is continuous on 4} , in the uniform operator topology
of B(J,_,,J, ).

Congider the question of invertibility in B(J, _,, J¢, _;) of the operator
I+ T(z) where I is the identity. We claim that (I + 7T'(2))" exists if and
only if zeC \e,(H). Indeed, suppose first that Imz> 0. Using the re-
solvent equation:

(4.21) R(z) + Ro(2) VE(2) = By(2) ,
and (4.20), it follows that for any f e L} R") and u = R(z) f € },(R"), we have
(4.22) (I+ T(@)u=Ry)f.

Letting f vary on L*(R"), it follows from (4.22) that range (I - T'(2))>
2 J€,(R"), which implies that range (I+ T'(2)) = J¢,_,(R"). From this it fol-
lows by well known results on compact operators in a Hilbert space (the
Fredholm-Riesz theory) that the inverse (I47T'(z))~* exists in B(J,, _,, ¥;,_,).

Next, let 2= AeR,. By the Fredholm-Riesz theory I T'(4) is in-
vertible if and only if —1 is not an eigenvalue of 7'(1). Hence suppose
that —1 is an eigenvalue of 7'(1) and let u € &, _,(R") be the corresponding
eigenfunction. From (4.20) it follows that u = — R}(A)(Vu), which implies
that u is a v/ ﬁ-outgoing solution of the differential equation: (— A + V)u = Au.
Applying Lemma 4.2 it follows that u € D(H), which in turn implies that 1
is an eigenvalue of H. Conversely, let 1> 0 be an eigenvalue of H with

12 - dnnali della Scuola Norm. Sup. di Pisa
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a corresponding eigenfunction e D(H). Using (4.21) we find that
U+ Ro(2)(Vu) = (A—2)Ry(?)u for 2z in C,.. Hence, letting z — 1, using
Theorem 3.3, we have: w4 R{(1)(Vu)= 0, which shows that —1 is an
eigenvalue of 7(1). The above considerations show that (I -+ T'(2))~! exists
for z in €, if and only if z¢e (H).

Now, since T'(z) is continuous on o] + in the uniform operator topology
of B(%, _,, ¥, _,), it follows by elementary considerations that the operator
valued function (I + T'(2))~* is also continuous on C~+\e +(H) in the uniform
operator topology of B(X, _,, 3, _,). From (4.21) and (4.20) it follows that

(4.23) R(z) = (I + T(2))*Ry(z) for Imz>0.

Using the continuity properties of (I + T'(2))~* and R,(2) it follows that, for
any A€ R \e (H),

(4.24) 3 lim R(z)= (I + T(1))*R§(A)
z—>A

Imz>0

in the uniform operator topology of B(L*% J,_,). From the last result
(or letting # — 4 in (4.21)) we obtain (4.18). The other results mentioned
in the theorem follow immediately from (4.18). This establishes the theorem.

We conclude this section with an approximation result which we shall
need later on. It shows that boundary values R*(4) of a Schrodinger operator
with a SR potential depend continuously (in some sense) on V.

THEOREM 4.3. Let H = — A -+ V be a Schridinger operator with potential V
of class SR. Let H;=— A4 V;, j=1,2,..., be a sequence of Schridinger
operators with potentials V; of class SR such that: (i) lim V,(z) = V(x) for
almost all x, and (ii) |Vi2)|<W(x) for all © and j=1,2, ..., where W is
some function of class SE.

Let R(z) and R,(z) be the resolvents of H and H;, respectively. Consider
R(2) and R;(z) as operator valued functions on C\R with values in B(L**, 3¢, _,),
for some s> L. Denote by RE(A) and R;'“().), j=1,2, ..., the boundary values
of R(z) and R;(z) on the positive axis, defined by Theorem 4.2. Let X be any
compact set in R \e, (H). Then,

(i) K does not contain any eigenvalues of H; for j>j, sufficiently large.

(ii) The following limit relation holds in the operator topology of
B(I*, %, _,):

(4.25) lim Ry (1) == R*(}),

j—>c0

uniformly for 4 in XK.
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Proor. As was observed before, we may assume with no loss of gener-
ality that £ <s<} -4 ¢ e¢> 0 arbitrary but fixed. We choose ¢ such that
the multiplication operator W:u — W(x)u, is a compact operator from
¥, _;—.(R") into L*(R"). We shall prove the theorem for RE*(1), the proof
for R—(4) is the same.

As in the proof of Theorem 4.2 we define for Ae R,

"@4.26) T =RXANV, T,A)=RiAD)V, forj=1,2,..,

_V;ﬂ(;re the multiplication operators V and V; are considered as operators
in B(¥, _,, I**), and R{(4)eB(IL*,X,_,). Since by our assumption V
and V; are compact, it follows from (4.26) and Theorem 4.1 that 7'(1) and
T,(2) are compact operators in B(J, _,, ¥, _,) for every fixed 4, and that the
operator valued functions 7'(1) and T';(4) are continuous on R, in the oper-
ator topology of B(J, _,, JC, _,).

We claim that
(4.27) Lim T5(4) = T(2)

j—>00

in the operator topology of B(¥, _,, ¥, _,), the convergence being uniform
in 4 on any compact subset of R,. Now, from (4.26) it is clear that (4.27)
will follow if we show that

(4.28) limV,=V

j—>00

in the operator topology of B(J,_,, L**). To prove (4.28), set U(x) =
= V(x)|W(x), Ujx)= V,(x)/W(x), and note that U,x) — U(x) for almost
all o, |U;(x)|<1 for all @, j=1,2,.... Consider the multiplication oper-
ators U:f— U(x)f and U;: f — U,(x)f, as operators in B(L>, I*%). Tt is
clear that s —lim U; = U. This implies that if {f,} is a strongly convergent
sequence in L**(R") with s —lim f; = f, then Is —lim U,f; = Uf in L**R").
This in turn implies, since V= UW, V,= U,; W, and W is a compact oper-
ator in B(J€, _,, L**), that isif {u,} is a weakly convergent sequence in JC, _(R")
with w—1lim #; = u, then

(4.28") 3s—lim V,u;,— Vu  in L*(R").

By an obvious argument used already before (13), this last property im-
plies (4.28) and establishes (4.27).

(1) See end of proof of Theorem 4.1.
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Now, from the proof of Theorem 4.2 it follows that the inverse (I-+1'(4))~
((T+T,(2)") exists if and only if AeRNe,(H), (AeR\e (H})). This
and (4.27) imply that if J is a compact set in R\ e (H), then J& does not
contain any eigenvalues of H; for all j sufficiently large, and that the fol-
lowing limit relation holds in the operator topology of B(¥C, _,, 3, _,):

(4.29) lim (I 4 T,(0)) = (I + T(2)*,

uniformly in 2 on X. Noting that (by (4.23)) we have
(4.30)  R¥(A) = (I+ TA)*Ry(A), RBf(A)=(I+T;2)) RiA);

it follows from (4.29), (4.30) and the continuity of R{(4), that (4.25) holds.
This completes the proof of the theorem.

5. — The generalized eigenfunctions.

The question whether there exists a good eigenfunction expansion theorem
for the Schrodinger operator H = — A + V is related to the question of ex-
istence of a « good » family of generalized eigenfunctions which behave like
plane waves. This family is a function ¢(xz, &), defined for xe R*» and
Ee RN{0} (|&]*¢ e, (H)), which satisfies the differential equation

(5.1) (—As+ V(@) — &) p(, &) =0,

and which has the form: ¢(x, &) = exp[ix-&]+ v(x, &) with v —0 as |v| — oo
(in some sense). In particular » should satisfy the equation

(5.1") (— Ao+ V() — |&]*) v(x, &) = — V(x) exp[iz-&]  in R,

Now, if V is of class SR and if, moreover, Ve L>s(R") for some s>},
then the limiting absorption principle (Theorem 4.2) yields two solutions
of (5.1"). Hence we find in this case two families of generalized eigenfunctions
given by

(5.2) $..(x, &) = exp [iw-&] — RT(|€]2)[V(-) exp[i(-, 1] () .

The eigenfunction expansion theorem that one obtaing with the aid of
the generalized eigenfunctions ¢.(x,£) defined by (5.2) is applicable to
Schrodinger operators with potentials having (roughly) a decay rate

(5.3) V() = O(|p|"®TV2=¢)  ag |z| >oo.
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Condition (5.3) is (essentially) the rate of decay assumption on V imposed
in most works on the eigenfunction expansion theorem. (We disregard here
weaker integral conditions on V which on the average imply (5.3).) Now,
the rate of decay condition on V, given by (5.3), depends on the space
dimension #». The question arises whether such a strong condition is really
necessary for the existence of the two families of generalized eigenfunctions
¢. (2, &). In the following we shall show that condition (5.3) is indeed not
necessary and that the appropriate families of generalized eigenfunctions
¢ (@, &) exist under the weaker assumption:

Vizg) = O(lz|7*"°) as |#| > oo,

or to that matter under the still weaker assumption that condition (1.3)
holds. It should be remarked, however, that in the general case the functions
¢.(x, &) need not be continuous functions in both variables # and & (a,s they
are if (5.3) holds), but only be continuous in # and belong to a certain class
of measurable functions in « and &.

In order to prove the existence of the generalized eigenfunctions under
minimal decay assumptions on the potential we shall use, in addition to the
limiting absorption principle, two lemmas. In connection with the first lemma,
and also for later use, we introduce certain classes of continuous functions
on R*. We denote by C**R"), s any real number, the class of continuous
functions u(x) on R” such that (1 -+ |#|)*u(x) e L”(R"). We consider C°%R")
as a Banach space with norm

(5.4)

) [ui)| .

For any 0 <6< 1 and real s we denote by C%(R") the subclass of func-
tions w in C**(R") such that (14 |#|)*u(w) verifies on R* a uniform Hélder
condition of order 0. We shall consider 0*(R") as a Banach space with norm

65 llelllor= llellloa+ sup [0+ )+ 21O
0<[zfyl<1

The following lemma combines a regularity result with an a-priori estimate
for solutions of certain Schrédinger equations.

LEMMA 5.1. Let u(x) be a function in L**(R) N JE(R") for some real s.
Suppose that u satisfies the differential equation

—Au+qu =f in R~

where q(x) € I (R") and f(x) e L**(R").
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Suppose also that there exist a mumber 0, 0 << <L, and positive con-
stants @ and F such that

(5.6) sup flq(y)P ly — a0t dy <@®
? ly—a|<1 .
and
(5.7) sup (1 + lx!) zsf |f(7/) 2 y__xl—n_20+4dy<1,12 .

lv—a|<1

Then u e C**(R") N 3e, (R"), and the following estimate holds:
(5.8) lellg,s + [ llz,s <p(@ + 1)(Julo, + F),

where v is & constant depending only on 0 and n; y is a constant depending
only on 0, n and s.
The proof of Lemma 5.1 is given in Appendix C.
The second result we shall need is

LEMMA 5.2. Let I' be a C° compact n—1 dimensional manifold imbedded
in R*. Let do be the measure induced on I' by the Lebesgue measure, and let
L(I) be the class of L® functions on I" with respect to the measure do. With
any given function ge L*(I") associate a function g(x) on R», defined by

(5.9) §(@) = [9(&) exp[—i&-a]do;

Then, §(x) € X, _,(R*) N C*(R*) for any m>0 and any s> L. The following
estimate holds:

(5.10) [G1m.—s < Crmsl gl Loy 5

where C,, . 18 a constant depending only on m, s and I

This useful lemma is due to Y. Kannai(*). It was observed by
S. T. Kuroda that the lemma follows easily, by duality, from the trace
theorem (see end of section 2). The following proof follows Kuroda’s ob-
servation.

(**) Oral communication.
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Proor oF LEMMA. Let ¢ e OF(R®). It follows from (5.9) that
(5.11) [o@)3@) do =[p@)( [96) exp[—it-o] do) do
Rn Rn Ir

= (2n)"*| §(&) (&) do .

r

By the trace theorem (applied to ¢) and the definition of the s-norm,
we have

(5.12) 17@ 1y < Cl@ls = Clplo.s

where 7¢ denotes the trace of ¢ on I, and C is a constant depending only
on s and I. Hence, combining (5.11) and (5.12), we get

| [ @@ do| < 2™ 2 lry g |

’ <@y Olploulglpe  for Vpe O (R,
which implies that §e L*~°(R") and that
(5.13) 1G]l0.—~< (27)""* Clg [ oz -

This proves (5.10) for m = 0. The estimate (5.10) for general m follows
from (5.13) by differentiation, observing that D°§= §* where ¢*(¢&) =
= (—&)"9(8).

REMARK. Set §.(x) = §(kx) for any k> 0, §(x) defined by (5.9). It fol-
lows from the lemma that for any s> %, any integer m >0, and any com-
pact interval X c R,_, we have

(5.14) 19

lm,—s<Cllglzery for Vge L¥I")

and Yk e X, where C is some constant.

We turn now to the construction of the two families of generalized eigen-
functions ¢.(x, &) for the Schrédinger operator —A + V. As was already
mentioned we shall assume that V verifies condition (1.3), or, what amounts
to the same thing, we shall assume that for some ¢>0 and 0 <0< %, the
following condition holds:

(5.15) sup [(1 -+ ) 2+2"flV(y)P |y——x|—"+4—2"dy] < oo.
xeR™

lv—z|<1
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It was observed before that a function V which verifies condition (5.15) is
of class SR. We shall also use the following notation. With the set of posi-
tive eigenvalues e, (H) we associate the set in R, :

(5.16) e (H}E=1{k:keR,, kce (H)},
and the set in R~:
(5.16) N(H) = {&: £E€ R, |EPee, (H)} U {0}.

We shall use polar coordinates k, w in the R} space (k = ||, w = &/|£]).
We shall denote by X the unit m—1 sphere in R», X = {&:|&] =1}
We shall denote by dw the measure on 2 induced by the Lebesgue
measure on R,

THEOREM 5.1. Let H = — A+ V be a Schridinger operator with potential V
satisfying condition (5.15). There exist two families ¢ (v, &) of generalized
eigenfunctions of H, defined for every & R™\ N(H), having the following
properties:

(i) As a function of x and &, ¢, (x, &) is a measurable function of class
Livo(R X (RNN).

(ii) For every fized & the function ¢.(x, &) belongs to O(R"™) N JEX°(R™)
and satisfies the differential equation (5.1).

(iii) Introduce polar coordinates and write: v (@, k, w) = ¢ (2, kw). Then
for fized (w, k)€ Rrx (R \e¢ +(I-I)*) the function v, (x, k, w) belongs
to L*X). Moreover, the wvector wvalued function vy (x,k, ), with
values im L*2X), is a continuous function of x and k on
R x (R)\e.(H)}).

(iv) For any function g in L*(X), define

(5.17) ¢(o, k) =[pu(@, ko)g)dw, @@, ) =[exp[iko-olg()do .
P P

Then, for a fized ke R \e (H)}, the function ¢’ (x, k) has the representation:
(5.18) P (x, k) = gg(a, k) — RT(E)[V(-) ¢5(-, b)](@),

where BT (k?) are the boundary values of the resolvent of H defined by (4.17).
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In particular ¢% (v, k) lies in 3, _(R") N C**(R"), for any s> %, and
satisfies the differential equation

(5.19) (— A+ Viz)—k2) gl (x, k) = 0.

REMARK 1. Our proof will show that the functions ¢ (x, &), for any
fixed &, are in C%"(R%) N3, ,(RY) for some 6> 0 (the exponent in con-
dition (5.15)) and any r> (n - 1)/2.

REMARK 2. The families @, (x, &) are (essentially) uniquely defined by
the conditions of the theorem. Indeed, suppose that q&(w, &) is a second
pair of families of generalized eigenfunctions which also verify the condi-
tions of Theorem 5.1. It follows readily (using (5.18)) that

[ [#:@ oi@o avd [ [f.@, @9 doat

R™ x R* R™x R™

for any fe Oy(R*) and ge Co(R™NN) (*%).

This implies that ¢_(z, &) = ¢.(, &) for almost all (z, &) in R*X (R\N).
From the continuity of ¢, and q?i in x, it follows further that for almost
all & we have that ¢,(, &) = ¢, (z, &) for all .

PROOF OoF THEOREM 5.1. We shall prove the theorem for the family
é_(x, &), the proof for ¢, (x, &) is similar.

We start by approximating V by potentials which decay sufficiently
rapidly at infinity. More precisely, we choose a sequence of real funetions
{V(x 2, having the following properties. (i) V,(x)eL**(R") for some

> % and all j. (ii) V(@) — V(2) for almost all  in R". (iii) |V,(x)|< W(x)
for all # in R* and all j, where W(x) is a function satisfying condition (5.15)
for some ¢>0 and 0<60< 4. (Thus we may always take for {V,} the
sequence defined by: V,(x) = V(z) for ||<j, V(@) =0 for |x|>j. In case
Ve L*(Rr) for some s,>%, we may take V;=7V for all j.) With
the sequence {V,} we associate the sequence of Schrédinger operators
H,=—A+ 7V, j=1,2,.... We shall denote by R; (1) the boundary values
of the resolvent of H; on the upper edge of the positive axis, as defined
by Theorem 4.2. Thus, R; (1) is a continuous operator valued function,
defined for Ae R\e,(H,), with values in B(L*’, ¥, _,) for any s> 1. In
the following s will denote an arbitrary but fized number such that 1 < s<
< min (s, 3 + ) where 6> 0 is chosen sufficiently small so that the func-
tion Wy(w) = (1 + |»|)° W(w) verifies also condition (5.15).

(1%) C,(R2) denotes the class of continuous functions with a compact support in 2.



176 SHMUEL AGMON

Write @o(z, &) = exp (iz- &) and denote by N°; the set N(H;) defined
by (5.16'). For any &e R™\N;, define

(5.20) Bi(@, &) = u(x, &) — BF (1)L V5(- ) ol , E() .
{Note that ¢,(x, &) is well defined since V(x)@y(w, &)eL**(R%).)

From (5.20) it follows that ¢,(x, &) € ¥, _(R;) for any r > n/2, and that ¢,
satisfies the differential equation

(5.21) (=44 V@) — |E]) s(z, &) = 0.

Applying Lemma 5.1 to ¢;(x, &) it follows further that ¢;(x, &) is a Hoélder
continuous function of x. More precisely, it follows from the lemma that

(5.22) s~y ENllp,_ < Cellds -, &)]

0,—r

where C, is a locally bounded function of £ on R». From (5.20) it follows
that ¢,(-, &) is a continuous function of & with values in L*~"(R"). This
and (5.22) imply that ¢,(x, &) is a locally bounded function of # and £. Finally,
applying Lemma 5.1 to the function u(x) = ¢;(x, &) — ¢;(x, &), which satis-
fies the differential equation

(— A4 Vi— g]?)wi@) = (1§ — &)

i@, £),

it follows easily (with the aid of the observations just made) that ¢,(x, &)
is a continuous function of x and & on R"X (R*/N)).

Let JU be any compact set in R \e, (H) (} will be fixed throughout
our discussion). Since the sequence of opera,tors {H;} verifies the condi-
tions of Theorem 4.3, it follows that there exists a positive integer j, = j,(J0)
such that H; has no eigenvalues in X for Vj>j,. For any k>0 with
B ek, j>j(X) and ge.L¥(X), define

{5.23) Pi(@, k) = gy(w, k) — B (R)[V,(- ) 85(- , B)](@)
where as in (5.17) we let

B, 1) = [$o(@, ko) glw) do
z

Now, be Lemma 5.2 the function g¢g(, k) belongs to ¥, _(R7). This implies
that, for a fixed k, ¢j(x, k) is a well defined function in ¥,  (R7).
Since ¢i(x, k) is a solution of the differential equation (5.21) (with |&] = k)
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it follows further, upon application of Lemma 5.1, that ¢%(x, k) is a con-
tinuous function on R of class C* *(R?). (Throughout the proof 0 < 6 < %
stands for the 6-exponent in condition (5.15) for the function W.)

We propose to show that the sequence of vector valued functions ¢5(- , k),
with values in C*~*(R") N J€, _,(R"), converges to a limit, uniformly with
respect to k* in JC and g in the unit ball of L*(X). More precisely, we are
going to show that there exist a constant ¢ = C(X) and a sequence of
positive numbers &; = ¢;(}), with &; — 0, such that

|]¢§'( ) k) l[z.——s
(5.24) I - 1) 1”0._8} <Clglrxz),
and
’ ”¢gn( Ty k) — ¢'§( Ty k) ”2,—8
(5.24) 160 (- ) — ¢7(-, k)mo,_s}@"“g””‘””

for Vge L2(X), Vk*e X and all integers m, j such that m > j>j,(¥K).
We shall first prove the L? estimates part of (5.24) and (5.24'). To this
end consider the operators

(5.25) T =RV, T =R WV,

defined for any A€ and j>j,(3), where the multiplication operators V
and V; are taken as compact operators from J,_,(R") into L**(R"). Re-
calling the properties of the boundary operators R+(1) and R](4), it follows
that 7'(2) and T,.(/l) are continuous functions of 1 with valuesin B(%, _,, ¥,
By Theorem 4.3, we have

—s)-

(5.26) lim Rf(A) = R*(A)  in B(L**, %, ),

j—>00

uniformly for 4 in JX. Also, in the process of proving Theorem 4.3 we have
shown (see (4.28)) that

(5.26") limV,=V  in B(¥,_,, L**)

j—>00
Hence, combining (5.25), (5.26) and (5.26'), it follows that

(5.27) lim 7',(2) = T'(3)

j—>00

in the operator topology of B(X, _,, ¢, _,), the convergence being uniform
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on Ji. Now, it follows from (5.23) and (5.25) that

(5.28) (@, k) = Pg(x, k) —T;(k>) 3(- , k) () .
By Lemma 5.2 there exists a constant y, such that

(529) “¢g( 9 k) |‘2.~s<y0 HgHLQ(E)

for Vge I*(2) and Vk*eX. Combining (5.28), (5.29) and (5.27), we con-
clude that
(5.30) 18505 1)l <701+ 1K) | e, i) 19122y

<G, ”9”1,2(2) y
and also that

(5.30") | 9%(+ s k) — %+, k) o —o < Vo | Tu(2) — T5(%2) || 3, _.. 30, 19| 22y

<&9llzzy

for Ym > j=>jo(X), Vi e X and Vge L*X). Here C, is some constant and
{&;} is a sequence of positive numbers such that &, —0 as j — co. This yields
the L* estimates part of (5.24) and (5.24").

To derive the second estimate of (5.24), we use once more the fact that
@%(x, k) is a solution of the differential equation:

("’Am—{‘ Vj_kg)qsg(x’ k) = 07

where |V,|<W for Vj, W satisfying (5.15). Applying Lemma 5.1 to the
function ¢f(x, k) it follows that there exists a constant y, = y,(J)such that

(5.31) M5, k)llg,—s <7185+ 5 &) llo.—s

for Yj>j,, k2e X and Vge L2(X). Combining (5.31) and (5.30), the second
estimate (5.24) follows.
Finally, to prove the second estimate in (5.24'), we set

(5.32) Win(@, k) = Gr(@, k) — Bi(a, k), m>j>jo.
For any 2¢e R" and 0<C p<1, we have

(5.33) ( f ]u;?m(xﬂ,k)lzfzx)k( f |u;.’m(x,k)12dx)%
le—x0|<e |a—a0]<e

+( f |5 (5 Fe) — U5, (@0, k)lzdx)% )

Jz—a| <@
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Now, using the inequality

@, 1) der) <2100+ 1) [ B o

[z—a0<e

it follows from (5.30') and (5.32) that

(5.34) (] 1@ vl o) <20+ 1[50, B
|z—a°|<e
<27 &(|2°| 4 1)*19 2z -

Using the second inequality in (5.24), taking note of the definition of the
weighted Hélder norm (5.5), we have

(5 ) — 0, (@ )| < |B5(w, k) — B5(2° B)| + |7 (2, k) — ¢7,(2°, )|
<le—a*P"(1 4 &) (g7, B)llg, s + N5l -, ®)llg_,)
<20z —a*"(1 + |2°))*] | acz -

ot

Hence, by integration,

6.35) ([ e, 1) — (e, B o)< €0 (1 4 o)) g e

|z—x°|<e

where C, is a constant which does not depend on 2°, k2 X, or on g.
Combining now (5.33), (5.34) and (5.35), we find that

(5.36) Qg (2°, k)| <2 (&07" + Cro®) (0% + 1) oz »

for any o<1, £, denoting the volume of the unit ball in R». Choosing
0=2¢"" if ¢, <1 and p =1 if ¢;> 1, it follows from (5.36) that

|G(@®, k) — $5(2°, k)| <ei(12°] + 1) g] 2z »

for Va*e R, Vk* e X, Vge L*(X) and all integers m > j>j,, where &, = const-
&Y 0 .0 as j — oo. This establishes the last estimate in (5.24').
Returning to the functions ¢,(xz, &) defined by (5.20), it is easy 1o seec
that the previous considerations imply the following
Spherical Mean Estimates for ¢;(x, kw). Let X be compact set in R\ e, (H).
Then there exist a constant C and a sequence of positive numbers {e;}, &; — 0,
such that

(5.37) ([1802, hol:) < o1 + Ja)),
z
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and

(5.37) ([18nia, k) — 8,0, ko) deo ) <e,(1 + )
X

for Yee R, Vk*€ XX and all integers m > j>jy(¥).
Indeed, to obtain these estimates observe first that (5.20) and (5.23)
yield the following relation:

(5.38) #w, k) = [¢/(, ko) g(o) do,
=z

where (5.38) holds pointwisely (since ¢ and ¢; are continuous in « and k).
From (5.38) and (5.4) it follows that for every fixed x and k*e X

3
@30 ([igtokonliao) = sup i 1< (1 ) sup 11950 Bl
geL¥(ZX) geL¥(X)

z lloll =1 lloll =1

and
3

6:39)  ( [Ipute, ko) — o, ko)l do) = sup ihio, 1) — o, B <

£ loli=1

< (1 + |o])* sup ||ign(-, k) —@5(-, ©)[lo.—s -
geL¥(X)

llofl=1

Hence, combining (5.39) and (5.24) we obtain the estimate (5.37). Similarly,
combining (5.39’) and (5.24’) the estimate (5.37') follows.

With the basic estimates (5.37)-(5.37') at our disposal, we proceed as
follows. Given any compact set L in R\ ¢, (H), we choose a subsequence of
positive integers {j,}, v =1, 2, ..., such that Y &}, < oo, where g, = ¢,(X) is.

the sequence of positive numbers for which the estimate (5.37') holds. We
also choose a number r> s+ n/2. We let

% = {E: E€ R EPe X} .

We shall denote by &y the set of points & in R for which
(5.40) 3 | Bs(@ &) =i, OF (Lt o) s = oo
Rﬂ

Thus, if &e R\ 8y, it follows from (5.40) that

Alim g, (-, &)  in L*(Ry).

y—>00
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We claim that the set &5 has a Lebesgue measure zero, and that, moreover,
for any k*€X the set: A, = {w:w €, ko €8x} is a null set with respect
to the measure dw. Indeed, let k*eJ.. Using the monotone convergence
theorem and the estimate (5.37'), we have

f(hm Z ]¢,,,(w, kw) — @, (@, ko) 2(1 + |z])~ 2'dm) do =

p—>00 ¥=1

= lim E f]¢,,, (@, kw) — @4 (2, ko) [2dw) (1—L|ac|) 2 dor <

p—>c0 v=

<(Za)[a+pprmdo < co.

R®

This implies that for any fixed #,

521 165,(@) k) — @j0(w, ko) [2(1 + |#]) 27 d < 00
Rﬂ

for almost all w in 2, which proves that A, is a null set with respect to dw.
Similarly, using the monotone convergence theorem and the estimate (5.37'),
we find that

G (3 [1uto, 61— Baate, 81+ )2 de) a =
R? R®
X

:gl J ( f 65, (2, &) — @)y, E)lzdf) (L4 |#))2rde<

= (ie’?”) (% f ”’Tldl)f (L + Jl) =22 < oo .
v=1
X

R"™

From (5.42) it follows that &y is a null set with respect to the Lebesgue
measure on R~

Let now X, ¢ =1,2,..., be an increasing sequence of compact sets in
R N\e¢,(H) such that U, = R\e,(H). Let r be a number > n/2 4 s.
By the result just established for JC = X,, it follows that there exists a
subsequence {¢;;} of the sequence {¢;(», &)} such that IFlim@;(-, &) in

L(>7'R}) for every & in Rj N\ 8y Where 8§ is a null set in R" whose inter-
section with any sphere |£| =k is a set of measure zero with respect to
the Lebesgue measure on the sphere. Applying the same result to the
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sequence {¢,1} and set J., it follows that there exists a subsequence {¢;:}
of {#;1} such that Ilim ¢z(-, &) in L>"(R}) for every & in Ri\8x , &x, a

null set of the same type as &y Continuing in this manner, extracting suc-
cessively sequences of functions {¢;i} O {¢;;+1} (i-th subsequence {@;i(-, &)},
converges in L* "(R}) for every &eRj\ &%), and applying a diagonal
process, we obtain the following.

LEMMA 5.3. Let {¢;(», &)}, j = 1,2, ..., be the sequence of functions defined
by (5.20). Then, given any number r>n|2 4 s (), there is a subsequence of

functions {¢;} such that

(5.43) 3lim ¢, (-, &)  in L¥(Ry) (7)

V—>00

for every &€ RN\N, &¢ &, where & is a null set in B\ N having the property
that its intersection with any sphere || =1k is a null set with respect to the
Lebesgue measure on the sphere.

We have seen already that ¢;(x, &) is a Holder continuous funetion of «
and that ¢,(-, &) eJeX(RY) for every £e R™\N;. More precisely, since
$i(x, &) is a solution of the differential equation (5.21), and since |V,|<W
for j=1,2,..., with W gsatisfying (5.15), it follows upon application of
Lemma 5.1 (compare (5.22)) that the following inequality holds:

(5.44) 15Cs EVlig,—r - 16sC5 E) g, <V 1505 E) o, -+
for any £e R\ N;, j=1,2,..., where y is a constant depending only
on & 0, r and W.

With the aid of Lemma 5.3 we shall complete the proof as follows. We
fix a number > n/2 4 s, and use the lemma to extract a subsequence
{¢s,(x, £)} verifying (5.43). We then apply (5.44) to the functions ¢; (-, &)
which are well defined for any fixed &€ R™\(N U §), & the null set in the
lemma, for Vy>w,(£). Since, by (5.43), the sequence {@; (-, .ﬁf)}@v‘l is bounded
in Z*~"(R"), we have

(5.45) i, (-5 ENllg,—p + 15,5 E)llgy—r < Ce

for Vv>w,(£), where (. is some constant depending on & but not on ».
The estimate (5.45) implies in particular that for any fixed & e R™\(N U §)

(1) We can actually assume that r > (n 4 1)/2, since s> % can be chosen as
close to § as we pleasc.

(Y) Werecall that if & belongs some compact set K ¢ B*\ N, N defined by (5.16)’,
then g@;(z, &) is a well defined function of x for all j>j,(K).
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the sequence {¢; (z, &)}y=rye 18 an equicontinuous sequence of functions on
any compact subset of R,. This and the convergence in norm (5.43) imply
that the sequence {¢,.v(x, 5)}v>,0(5) converges pointwisely for every z, the
convergence being uniform on compact subsets of Ry.

We now define

é_(x, &) = lim ¢,,(x, &) for vreR", £Ee R"\(N'U §),
(5.46) v—>00
o_(x, &) = for xeR*, (€ §.

We shall show that ¢_(x, £) has all the properties of the family of generalized
eigenfunctions ¢_ claimed in Theorem 5.1. To this end observe first that
$_(x, &) is a Holder continuous function of # and also that ¢_(-, &) € JEL°(R?)
for every fixed £ e R"™\ (N’ U §). More precisely, since by (5.45) the sequence
é..(-» &, v=n(|€]), is bounded in O*(R}) as well as in ¥, _(R}), it follows
from (5.46) that ¢_(-, &) e C* "(R%) N Je,_,(R:) for every £¢ N U §.  More-
over, the boundedness of {¢,} in X, ,(R;) and the pointwise con-
vergence (5.46) imply that

(5.47) (-, &) =w—limg,(-, &  in K, (R7).

Since ¢, (2, &) satisfies the differential equation (5.21), it follows upon pas-
sage to the limit: » — oo, using (5.47) and (5.26'), that

(5.48) (— A, 4+ V(@)— &) d_(¢,£) =0 in R"

for every £e R™\(N U §). Since ¢_(z, &) =0 for £€ &, we have established
that for every fixed & R™\ N the function ¢_(z, &) is in C""'(‘\J@z._, and
satisfies the differential equation (5.48). This shows that ¢_ has property (ii)
of the theorem.

Next, introduce polar coordinates in the &-space, & = kw, and write

(5.49) Y; (@, ky0) =, (0, ko), j=1,2,..,
y_(2, ky 0) = ¢_(.%‘, ko).

Since ¢;(x, &) is a well defined continuous function on R”X (R™\N;), it
follows that for any compact set J c R,\ ¢, (H)! the functions v,(z, k, w) are
well defined continuous functions on R*xX J x X' for V >j,. Consider y,(z, k, w)
as a vector valued function vy,(x, k,-), defined for (z, k) € R"x (R \e(H,)?)
and taking values in IL3(X2). The estimate (5.37") shows that

(5.50) ds —lim y;(, k, ) in LX),

j—>00

13 - Annali della Scuola Norm. Sup. di Pisa
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uniformly in (2, %) on compact subsets of R"x (R \e,(H)!). Now, from
(5.46) and (5.49) it follows (since A, = {w: w e X, kw € &} is a null set with
respect to dw) that for every fixed x and k

(5.50") lim y,, (@, k, w) = p_(x, k, »)

V->00

for almost all w in 2. From (5.50) and (5.50") it follows that for every (z, k)
in Rnx(R)\e.(H)}) the function y_(w, k, w) belongs to LX), and that
the vector valued function y_(z, k,-), with values in L*(2'), is a continuous
function of ¥ and k. This establishes property (iii) of the theorem.

Since ¢_(x, &) is a measurable function in (x, &) it follows readily from the
validity of (iii) that ¢_(w, &) € Lf (R* X (R™\\N")). Thus, property (i) of the
theorem holds.

For any ge L*(2), define

(5.51) 97 (@, 1) = [y_(@, by ) g(®) do> .
P

From the continuity of the vector valued function y(z, k,-) it follows that
¢° (, k) is a well defined continuous function of # and k on R~ x (R™\ ¢, (H)}).
Reintroduce the functions ¢)(x, k) defined by (5.38), or by

(.51 B, 1) =[ps(@, b, o)glo)do,  j=1,2, ..,
z

(¢'§(w, k) is a continuous function on R" X (R, \¢,(H ,-)%)). From (5.50), (5.50'),
(5.561) and (5.51') it follows that

(5.52) .lim¢g($7 k)= ¢?—(w’ k),
j—roo

uniformly in (2, k) on compact subsets of R*X (R \e, (H )*). Recall that
(for a fixed k) the function ¢9(z, k) is in C**(R%) NI, _,(R}). Moreover,
by (5.24), the sequence {#%(-,k)};~; (for ke R \e,(H)!) is bounded in
O *(R%) as well as in J€, (R%). This and (5.52) imply that ¢’ (v, k)e
€ %R N 16, _(RY).

Finally, using the representation (5.28) for ¢} and the limit relations (5.27)
and (5.52), we find that, for any ke R \e (H)},

¢f_(-, k) :hm ¢g(' ’k) in J€2.~3(R:)
= lm [g§(-, k) —T,(k*)g4(+, &)1 in 3, _,(RZ)

= ¢a(+y k) — R¥(k*) V(- k) .
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This establishes the representation (5.18), proving also that ¢’ (z,&) is a
solution of the differential equation (5.19). Hence, we have shown that
property (iv) of the theorem also holds. The proof of Theorem 5.1 is now
complete.

For future reference we note the following result which follows from the
proof of Theorem 5.1.

THEOREM 5.2. Let H=—A-+ V be a Schrodinger operator with potential V
verifying (5.15). Let {¢.(x, &)} be the two families of generalized eigenfunctions
associated with H by Theorem 5.1 (thus in particular ¢, (x, &) EL?OC(RZX
X (RDNN(H ))) Consider an approximating sequence of Schrédinger operators

H,=—A+7V,, j=1,2,..., where the sequence of potentials {V,} verifies the
following conditions. (i) V,€ L**(R") for some s,>}%. (ii) V(@) — V() for
almost all x. (iii) |V(x)|<W(x) for j =1,2,..., where W(x) is a function

satisfying condition (5.15). Let {§;,(x, &)} be the two families of generalized
eigenfunctions associated with H;. Then, ¢, (x,&) are continuous functions
of ® and & on R*X (R™\N(H,)) such that ¢;, — P, in Lfoc(R"x (R"\J\P(H)))
as j — oo. That is, if 3 any compact set in R \e (H) and re R, then

(5.53) tim [ [1guto, 0= puuto, D@z =0.

J—>o0
lzl<r 8]0

Proor. it follows from a previous observation (see Remark 2 above)
that the families of generalized eigenfunctions ¢, (x, &) of H are uniquely de-
fined by the conditions of Theorem 5.1 (as functions in wa(R" X (R™NN(H ))))
To verify (5.53) we apply the proof of Theorem 5.1 to our approximating
sequence {H,}. We observe that in the proof of Theorem 5.1 the gener-
alized eigenfunction ¢;_(x, £) was denoted by ¢;(z, £). We have shown there
that ¢;(z, &) is a continuous function on R"X (R™\ N(H,)), and that the
sequence {¢,} satisfies the estimates (5.37'). These estimates imply that

(5.54) lim J‘]gbmw(w, &) — i (z, &)|PdadE =0 .

|lz|<r |&[230

Since, by (5.46), ¢, (#, &) — $_(z, &) for almost all (z, &) in R*X (R™\N(H)}
(for some subsequence {j,}), it follows from (5.54) that (5.53) holds for ¢_.
The proof of (5.53) for ¢, is similar.

6. — The eigenfunction expansion theorem.

Before discussing the eigenfunction expansion theorem we establish a
simpler spectral property which holds for Schrodinger operators having a
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potential of class SE. We show that the spectrum of any such operator H
is absolutely continuous on any interval not containing eigenvalues of H.
More precisely, we have

THEOREM 6.1. Let L*(R"),, be the absolute continuity subspace (**) of L*(R™)
with respect to H = — A+ V where V is a potential of class SR. Let L*(R"),
be the closed subspace in L*(R") spanned by the eigenfunctions of H. Then,

(6.1) L}(R") = L*R"),, ® L*R"),.

REMARK. — Theorem 6.1 under different conditions on the potential was
proved by many authors (see for instance [8], [10] and references given
there). In the following we denote by {E,} the spectral resolution of the
identity associated with H, and we denote by E(3$) the projection associated
with a Borel set $c R. We also denote by P,, the projection of L*(R")
onto L*(R"),,. With this notation Theorem 6.1 asserts that

(6.1") P,,= E(R)e,(H)).

Proor or THEOREM 6.1. We have to show that a necessary and sufficient
condition for (Z,f, f) to be absolutely continuous on R is for f to be ortho-
gonal to L*(R"),. The necessity part of the condition is obvious. To prove
sufficiency we observe that if f | L*R»), then (E,f, f) is a continuous func-
tion on R, vanishing for 1< 0. Because of this and because ¢, (H) is a discrete
set, to prove sufficiency it is enough to show that the function (Z,f, f) is
absolutely continuous on any compact interval in R \e (H).

Thus, consider an interval [a,b]c R\¢, (H). We shall use the well
known formula

b
62)  (B—Bf, )= lim oo (R0 -+ o) — RG—ief, ) ak,
e>+0 47T

which holds for any fe L*(R") (see [3], p. 1202). Assume that fe L**(Rr)
for some s> 1. It follows from (6.2) and Theorem 4.2 that

b
(6.2 (B Ef, 1) = 5 (B D= @1, 1) a2

Hence, it follows from (6.2') that (H,f, f) is continuously differentiable on

(18) See section 1 for definition.
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R \e¢,.(H) and that
" d 1 +( 3
(6.2") ai Bty D=5 ((RY () — R (D)1, )

for any fe L**(R"), s> }. Since the set of functions f for which (%7, )

is an absolutely continuous function of 1 on [a, b] is closed in L*(R") (see [7]),

it follows from (6.2") that (E,f, f) is absolutely continuous on every com-

pact interval in R\ e, (H) for all fe L*(R"). This establishes the theorem.
We now turn to the eigenfunction expansion theorem.

THEOREM 6.2. Let H=— A V be a Schridinger operator with potential V
verifying condition (5.15). Let ¢ (x, &) be the family of generalized eigenfunc-
tions introduced in Theorem 5.1. There exist two bounded linear maps

F,: IR - IR,

with the following properties:

(i) ker (F,) = L*(R"),. The restriction of F, to L*(R"),, is a unitary
operator from L*(R»),, onto L*(R").

(ii) For any fe L*(R")

(6.3) (FNE) = (27t)‘"’215im (@) $o(x, &) dw  in LARP),
o |la] <N
and
(6.3") (Fif)(@)= (2m)=2 lim |f(§) ¢ (@, &) d& in LRy,
K;

where K; is an increasing sequence of compacts such that U;K; = R\ N
(N the null set defined by (5.16)).

(iii) Let P,, be the projection of L*(R") onto L*(R*),,, then
(6.4) (P H)f = (Ft M., F)f for Vfe D(H)

where M., denotes the multiplication operator by ||
We note that (6.4) and (1.2) yield the following

CorOLLARY. Let H,  be the restriction of H to the reducing subspace L*(R"),,.
Then,
H,=U,HU;
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where U are unitary operators from L*(R") onto L*(R"),, given by U, = F;
(F denotes the Fourier map).

PRrROOF OF THEOREM 6.2. We denote by LZ(R") the class of L* functions
with compact support in R». For fe Li(R"), we set

(6.5) (F 1)) = @) [f(@) $(a, &) da.
R"

Using the properties of the generalized eigenfunctions ¢ (x, &) (see The-
orem 5.1) it follows that (F,.f)(§) is well defined for any &e R\ N and
that F, fe Li (R™\N). Let {E,} be the spectral resolution of the identity
of H. We shall show that

(6.6) (B, — B = [ 1T HE!dk

a<|é*<b

for any interval [a, b]c R\ ¢ (H).

‘We shall first establish (6.6) under the additional assumption that V is
a bounded function with compact support (**). To this end we introduce
the resolvent operator R(z) = (H —2z)~! and compute the Fourier transform
of R(z)f (fe Li(R"), Imz5 0). We claim that

(6.7) F(RE)1)(E) = (& —2) (& 2)

where

©7) (&9 = Cn i@ (i &) )90, (@) da,
R"

do(z, &) = exp (ix-&). Indeed, suppose first that f is of the form f = (H —2)u,
with u e O (R"), then

(27 RF(R(2))(E) = (2m)"/2 (&) =
= (|§*—2)~ f(— —2)u(x)-exp [—iz-&] dw

= ([£1*—2)[[(H —2) u(2) — V(@) u(@)] o(x, &) do
Rl
= (g —2)[f®) —f V(2)(R(2)1) () fola, &) do]

= (lél—2)=[ &) —ff VREV (ol @) o]

(1%) In this special case (6.6) is proved in [5], [23] and [2]. The proof which
we give here (mainly for the sake of completeness) is different in some details.
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This yields (6.7) for f in the clags of functions
L= {f:f=(H—2)u, uecCyR")}.
Since £ is dense in L3(R") (in the L* norm) it follows that (6.7) holds for
Vf e Li(Rr).
Next, we fix an interval [a, b] in R\e (H) and set
Q.[a,b] = {z:2€eC, a<Rez<d, 0< +Imz<l}.

For any f € LiR") we consider the function f(.f, z) defined by (6.7'). It is
readily seen that f(&, 2) is a continuous function of £ and z on R"x@,[a, b].

Moreover, using Theorem 4.2 it follows that

(6.8) AlUmf(&, A 4-1ie) = F.(§, A)

e—>+0

uniformly for a<A<b. Since V has a compact support it follows from the
proof of Theorem 5.1 that the generalized eigenfunctions ¢, (z, £) are con-
tinuous functions given by (5.2). Hence, combining (6.5), (6.7'), (6.8) and (5.2),
it follows that

(6.9) Fo& 1E2) = (FLN(E)  for a<|EP<b.

‘We shall also need the estimate
(6.10) "f(: )| p@m<C  for VzeQ,[a, b]

where C is some constant. To prove (6.10) we multiply both sides of (6.7')
by a function ¢(¢) e Oy (R") and integrate over R*. We get

(611)  [7(¢, 2)9(6) & = [f(@)g(o) do —
Rﬂ R’l
— [#(@) B@IV () @) da.
R®
From (6.11) it follows that

(6.12) | [ 76 209661 48| < 1f1a1d 1o+ 1Floa | RV,

for any $>0. Choosing s> 1 and applying Theorem 4.2, using the fact
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that V is a bounded function with compact support, we have

(6.12') IR V1], o< Ci| V§

lo,s < C2lg]lo

for Vze @, [a, b] where C, and C, are constants which do not depend on z.
Combining (6.12) and (6.12’) it follows that there exists a constant C such that

[ 76, 29 ag|< gl
R™

for Yge Cy (R") and VYzeQ.[a,b]. This yields (6.10).
We are in a position to prove (6.6) (special case). We shall use once more
formula (6.2) which we rewrite in the following form:

b
(6.13 (B Bf, 1) = lim £ (| ie)f i
Assuming as above that fe L3(R") and noting that by Parseval’s formula
b b
(6.14) IR £ ie) 112 a2 = [ |FTRG. + ie) 112,

it follows from (6.13), (6.14) and (6.7) that

(6.15) ((B,— Eaf, f) = Iim | G..(¢)dE,

&—>+0

where we set

b
©15)  Gu® =2 [[(Er—0e eI 2 iear

Observing that f(£, 2) is a continuous function of £ and z on R"x@_[a, b]

which admits a continuous extension to R"X@,[a, b], it follows from (6.8)
and well known properties of the Poisson integral that

(6.16) lim @ (&) =

&—>+0

{f:t(§7 lgp) it a<|EP<b,
0 if |£]2<a or |£[2>0b.

Now, to evaluate the limit (6.15) we break the integral on R* into two parts:
an integral on the sphere || < A where we choose A > /b, and an integral
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on |£|>A. Since the family of functions {G, .(&)}¢<.<; is uniformly bounded
on |§|< A, it follows from (6.15') and (6.16) that

(6.16) lim (@8 ds = ff;(f, 1£]%) e .
H+0IEI<A a<|E|*<b

It follows from (6.15') that, for |£|> A4,
b
& ; L
1G.(8)| < mz—_—b)gflf(&, Atie)|*dA .

Hence, using the bound (6.10) we have

b

(6.16") l fGie('f) d§!< (AT—D) f flf(fy Ad-de)|PdEdA<

|&]=>4 a|é]=4

(b—a)C?
<8n(A2—b)2_>0 as €¢—>0.

Combining (6.15), (6.16'), (6.16") and (6.9), we get
b )

(B — B 1) = [ Il leP)ras= [ (Fohi)pae.

a<|E|2<b a<|E]*<b

This proves (6.6) under the additional assumption that V is a bounded func-
tion with compact support.

To establish (6.6) in the general case (i.e. assuming only that V veri-
fies (5.15)) we approximate V by a sequence of functions V, with compact
supports, j =1, 2, ..., defined as follows

V (2) = V(z) if |#|<j and |V(x)|<j,
Mo otherwise .

We denote by H; the Schrodinger operator — A 4 V;. We set R;(z) =
= (H;—#)"* and denote by R;" () the boundary values of R;(z) on R, (defined
by Theorem 4.2). We denote by {Ej} the spectral resolution of the identity
of H;.

Let {¢,.(x, &)} be the generalized eigenfunctions associated with H;.
For fe L3(R") define

(6.17) (FLh(E) = @m)~"|f(@) psula, §) da .

R?®
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Since @;. (v, &) is a continuous function of « and & on R"X(R™\N(H)))
(see Theorem 5.2), it follows that (7 f)(£) is continuous on R™\ N(H,) =
= {£: £e R™\{0}, |£|2¢ e, (H,)}. As before let [a, b] be an interval contained
in R\e,(H). Applying Theorem 4.3 to the sequence {H,} it follows that
there exists an integer j, such that [a, b] N e, (H;) = 0 for Vj>j, (3°). Since V;
is a bounded function with compact support it follows from the result
established above that (6.6) holds for H,, i.e., we have

(6.18) (B—2)f, )= [ (FLhEra

a<|§*<b

for Vfe L(R") and Vj>j,. Now, applying Theorem 4.3 and using (6.2)’
we find that

b
©19) i (0B — B2, ) — lim o [(R7G)— Re (011, f) dh=

§—>00

b
1
— 5w [~ R 0f, P a2 = (BB,
On the other hand, using Theorem 5.2 it follows from (6.5), (6.17) and (5.53)
that

(6.19') lim fl(ﬂ’if)(§)l2d5 zfl(fif)(é)lzdf
Fma<|£l’<b a<|&]2<b

for any fe LX(R"). Combining (6.18), (6.19) and (6.19'), the relation (6.6)
follows.
From (6.6) it follows readily that if O is any open set in R\ e, (H), then

(6.6) (BOY, 1) = [ (Fop@lae.
HEEY

Applying (6.6') with O = R \e.(H) and using Theorem 6.2, we get in par-
ticular that

(6.20) 1Pac 1l = 1F .11
for Vfe Liy(R") (P,, the projection of L*(R") onto L*R~),,).

(*) It actually follows from Kato [6] that e.(H;) = @ for Vj.
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From (6.20) it follows that the mapping f — F.f is a contraction from
LZ(Rr) into L*(R"). Extending the map by continuity to the whole of L*(R"),
we denote also the extended map by & .. Thus &, is a contraction from L*(R")
into L*(R") which (by (6.20)) satisfies the relation

(6.21) FoP=5..

We shall show that the linear map ., which we have just defined has all
the properties described in the theorem.

First we observe that (6.21) and (6.1) imply that ker(F,)= L*}R"),
and that &, is an isometry from L?(R"),, into L*(R*). This yields part (i)
of the theorem except for the fact that range(¥,) = L*(R=). This last
property we shall establish later on.

To prove (ii) it would suffice to establish the relation (6.3"). Now, let f
and ¢ be two functions in LZ(R") with suppfc R™\N(H). We have

(6.22) (Fif, 9= (f, Fo9) = (2n>*"’2ff(‘f)(f9“(5”~)¢i(x’ $) d””) de =

R* R

— @m) 2 [g@)( [1(O) b, &) @E) do,
ARAFA

R

where the change of order of integrations is justified by Fubini’s theorem.
Hence, it follows from (6.22) that

(6.22') (FL@) = 27)""| {(€) pu(, &) dE

RI
for any fe L(R") with supp f c R™\N(H). Clearly, (6.3') follows from (6.22’)
by continuity. This yields (ii).

Let ge L*R"),,. Since (Z,g, g) is an absolutely continuous function of 4,
it follows from (6.6) that

(6.23) (Erg,0) = [ (To0@Fds, 2>0.
1€]2<A

Hence, if geIﬂ(R")lcr\ D(H) it follows, using (6.23), that

(6:24) (Hy, 9) = [1d(Bpg, 9) =] |61 .0)()|: &
0 Rn

= (M[.lzg'.ig, \T:tg) - (g'.:: Ml-l’ ‘7.:!:97 g) .
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Since L*(R"),, N D(H) is dense in L*(R"),,, it follows from (6.24) that
(6.25) Hg=51 M. 5.9.
Applying (6.25) with ¢ = P, f, fe D(H), and using (6.21) we find that
(6.26) HP,f =53 M., F.f
for any fe D(H). This yields (6.4), proving (iii).

To complete the proof of the theorem we still have to show that

range(¥ ,) = L*(R*). For the proof of this result let us note the following
relation

(6.27) FBE))E) = 1a(I€

) FL)E),

which holds for any compact interval Jc R\e,(H) and any fe L*(R")
(%3(A) denotes the characteristic function of the interval 3 on R). Indeed (6.27)
follows readily from the relation (6.26) just proved, observing also that
(by a computation similar to (6.24)) we have

|Hg|* = [ M..F.g|*  for Vge L (R") N D(H).

We shall prove that range(F.) = L*(R") by showing that ker(F}) = {0}.
Le., let

(6.28) Fif=0 for some fe L*R").

We shall show that f = 0. To this end we observe that it follows from (6.28).
and (6.27) (by taking adjoints) that

(6.28") Filas(l-12)f) = B Fif=0,

for any interval J=[a, b] in R \e¢,(H). Hence, using (6.22') it follows.
from (6.28') that

(6.29) f f(&) do(@, £)dE =0  for Voe R».

a<|é]?<b

Next, we introduce polar coordinates: k = |EleR,, o = &[|é|e X, and
set v, (2, k, w) = ¢i(m, kw). We define

(6.30) u(, k) = f fkeo) . (, k, ©)do .
z
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Since the vector valued function w,(x, k,-), with values in L3(X), is con-
tinuous on R»x (R \e,(H)}) (see Theorem 5.1), it follows readily from (6.30)
that for each fixed # the function u_(, k) is defined for almost all k in R,
and that u,(z,") € L (R \e.(H)!). Moreover, from (6.29), (6.30) and Fubini’s
theorem, it follows that

Vb
(6.31) f kr—tu, (@, k) dk = 0
va

for any « € R" where [a, b] is any interval in R\ ¢, (H). From (6.31) and
the arbitrariness of a and b it follows that, for each fixed ,

(6.32) u, (2, k) =0 for almost all k in R, .
More precisely, we claim that there exists a null set 4 in R, such that
(6.32") wy (2, k) =0 on R*X(R\A).

Indeed, let {x,} be a dense sequence of points in R". It follows readily
from (6.32) that there exists a null set A in R, such that ,(;, k) = 0 for
Vke R\ and Vj (we choose A so that u,(z, k) is well defined for z € R"
for each ke R\ ). Since u.(x,k) is a continuous function of z for each
ke R\ 4, it follows by continuity that (6.32’) holds.

We consider now the function

(6.33) w@, k) = f f(kw) exp [ikw- @] dw .
Py

It was assumed implicitly above that A is chosen so that for each fixed
ke R\ the function f(kw) is a well defined function of class L*(X). Hence,
for each such k, u(x, k) is a well defined function of class 3¢, _(R") N C*(R")
for any s> 4 (by Lemma 5.2). Next observe that « and u, are connected
by the relation

(6.34) uy (2, k) = u(@, k) — RT(k)[V(-)u(-, k)](@) .

Indeed, this follows from Theorem 5.1 since (6.34) is nothing else but the rela-
tion (5.18) written for g(w) = f(kw) (with the notation of Theorem 5.1 we
have u, = ¢{, u = ¢j). Hence, combining (6.34) with (6.32') we find that

(6.35) w(@, k) = B¥E)[V(-)u(, k)](@)
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for every ke R\ . Finally, combining (6.35) with the resolvent equa-
tion (4.18), we find that

(6.36)  w(w, k) = BY(k))[V(-)ul-, k)](x) — RFE)[V(-) BT (%) V() ul-, k)](x)
= Rk V() (u(-, ) — BF(E2) V(- )ul:, k)))(2) = 0,

for ke R\ .
From (6.36) and (6.33) it follows (by integration) that

1(§) exp[if-w]dé =0

c<|é|<d

for any 0 <e¢ < d, which implies (by Fourier transform) that f(&) =0 for
almost all £ This establishes that range(¥,) = L*(R") and completes the
proof of the theorem.

7. — The eigenfunction expansion theorem and scattering theory.

In this section we shall show that the eigenfunction expansion theorem
furnishes a useful tool for the study of certain problems in scattering theory.
‘We shall consider here briefly the two problems mentioned in the introduction:
the problem of existence and completeness of wave operators W, (associated
with a pair of Schrodinger operators H = — A + V and H, = — 4), and the
problem of existence of the scattering matrix S(k).

As was mentioned in the Introduction, the first problem was studied by
many authors. Among the various solutions given to the problem the
following solution was given recently in [4].

THEOREM 7.1, Let H = — A+ V be a Schriodinger operator with potential V
verifying condition (5.15). Then the wave operators:

W, = s—limexp [itH] exp [—itH,] ,
t—>F oo
exist and are complete.

We shall indicate here a proof of Theorem 7.1 which is based on the
eigenfunction expansion theorem. For reasons of brevity we shall not give
here a self-contained proof of the theorem, but rather make use of the fact
that the theorem is well known in case V has a compact support.

Proor orF THEOREM 7.1. The proof of existence of wave operators is
elementary. It is given in Kuroda [11]. In this connection it should be ob
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served that condition (5.15) (or even the weaker condition that V is of class SR)
implies that

Ve L*#(R") for some > (g — 1) )

which is the condition in [11] ensuring the existence of wave operators. We
also remark that the proof of Kuroda’s result follows easily from the formula:

¢
exp[itH]exp[—itHy|f =+ ifexp [isHIV exp[—isH,] fds,

0

which holds for fe D(H,), and from the observation that

(7.1) quexp[_itHO]fudK oo,

— o0

for f lying in some subset of D(H,), dense in L*(R").
Next, let 5, be the generalized Fourier maps associated with H, defined
in Theorem 6.2. We shall establish the formula

(7.2) W, =F:F,

F the ordinary Fourier map. Since by Theorem 6.2 the operators F :? are
isometries from L?(R") onto .L*(R"),,, the relation (7.2) will imply in par-
ticular that the W, are complete.

To prove (7.2) we approximate V by a sequence of potentials {V},
j=1,2,..., defined by

ac’

V(x) if |#|<j and |Vi(x)|<j,
0 otherwise .

(7.3) V@) = {

We consider the Schrodinger operators H; = — A4 -+ V,, and denote by W,.
the wave operators of the pair (H;, H,). We denote by 5,, the generalized
Fourier maps which correspond to H;, and set U;, = & :h F. We shall show
that the following relations hold.

() W,.=U,, for j=1,2,...
(i) W, — W, strongly in L*(R").
(i) U,, - FiF weakly in L*(Rn).

It is clear that these relations imply (7.2).
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Now (i), which is the relation (7.2) in case V is a bounded funection with
a compact support, follows from the results of Ikebe[5]. To be precise,
Ikebe considered in [5] only Schrodinger operators acting on functions on R3.
However, given Theorem 6.2, the extension of Ikebe’s results to R» is imme-
diate. We shall not repeat Ikebe’s argument here (see also [23], [2] and [22]).

The proof of (ii) is elementary and is based on the estimate (7.1). We
refer to [2], p. 301, for a complete proof.

We shall prove (iii). Let fe Li(R"), and let g be a function in L*(Rr)
such that Fg¢ has a compact support in R™\N (N the null set (5.16')).
Recalling the definition of U,, , we have

T4 (1, [FLF — Ug)| = ([Fo— F iy Fo)I< |12l F o — Fo 11 F9l

where y(x) is the characteristic function of supp Fg. From Theorem 5.2
it follows (using (5.53) together with the definition of ¥, f and F,,f) that

(7.5) lim | (5] —Frufl] =0

Hence, combining (7.4) and (7.5) we get

(1.6) lim (f, [F1F — U,,1g) = 0.

j—>00

Since (7.6) holds for all pairs (f, g) such that f belongs to a certain dense
set in L*}(R"), and g belongs to another such set, it follows by continuity
(since U;, are isometries) that (7.6) holds for all f and g in L*(R"). This
yields (iii) and completes the proof.

Next we establish the existence of the scattering matrix for the class of
Schrodinger operators with potentials verifying (5.15). In this generality
the result we prove seems to be new.

THEOREM 7.2. Let H be a Schrodinger operator with potential V wveri-
fying (5.15). Let S = Wt W_ be the scattering operator of (H, H,) (W. the
wave operators introduced in Theorem 7.1). Set S = FSF*. Then there ewists
an operator valued function S(k), defined for ke R, \e (H)! and taking values
in the class of unitary operators on L*(X) (X the sphere |w| =1 in R"), such
that the following relation holds:

(7.7) (8)(ky ) = S(k) f(k,* )(w)

for f(k, w) € L*(R%), where the equality (7.7) holds in L*(X) for almost all k.
(Here k, w are polar coordinates of &).
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The operator valued function S(k), called the scattering matriz, has the
following properties.
(i) k — S(k) is a continuous map from R N\e (H)} into B(L3(X), L¥(Z)).
(ii) Let S_(k) = I— S(k) where I is the identity in B(L*(X), Lx2)).
Then S_(k) is a compact operator for any ke R N\e L(H)t. Moreover, S_(k)
has a distribution kernel s_(k, w, ') given symbolically by

! i AN : !
(7.8) s_(ky w, w )Nﬁ (2—7;) f¢_(w, kw)V(x) exp [—tho' -x]dr
Rn

where ¢_(x, &) is the generalized eigenfunction of H defined in Theorem 5.1.
Here the symbolic representation (7.8) has the following meaning. For any two
functions g(w) and h(w) in LX), and for every keR+\e+(H)%,

(7.9) -0, 1) = 57 (35) [ VrdiE B,
Rﬂ

where ¢° and @b are defined by (5.17).

Proor. For a Schrodinger operator with a potential V' which decays
rapidly at infinity the theorem is well known. In particular the theorem
is known to hold if V is a function with compact support satisfying (5.15)
(see for instance [2]). In this case it follows also that S_(k) is an integral
operator

(8.0 f)(@) =[s.(k, @, 0) fl@)do,  felx),

z

with a continuous kernel s_(k, w, ®’) given by the right hand side of (7.8).
(To be precise, when V has a compact support it follows from the results of [2]
that S_(k) is a well defined integral operator only for ke R \JF where F
is some unspecified closed set of measure zero in R,. However, using the
explicit form of the kernel, it follows readily from our results that the kernel
is well defined by (7.8) for all ke R\ e, (H)!. From this it follows that
S_(k) admits an extension as a continuous operator valued funection to the
whole of R \e,(H).)

In order to prove the theorem in the general case we shall (as in the proof
of Theorem 7.1) approximate V by a sequence of potentials {V;} with compact
supports, defined by (7.3). We shall consider the sequence of Schrédinger
operators H; = — A -+ V;; denoting by W,. the wave operators of the pair
(H;, Hy).

14 - dAnnali della Scuola Norm. Sup. di Pisa
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We set 8;= W, W,_. Our first observation is that

(7.10) s—lm8,= 8.

j>c0
Indeed, from the proof of Theorem 7.1 (or rather from [2], p. 301) we have
(7.11) W;, — W, strongly.

From (7.11) it follows, taking adjoints, that

(7.11%) Wy, — W: weakly.

Hence, combining (7.11) and (7.11’) we find that

(7.10") w—1lim 8, = w—lm WA W, = W:W._=§.

j—>o j—>00

Since §; and S are isometries, it follows from (7.10’) that (7.10) holds.

We shall now use the fact that Theorem 7.2 is known to hold for H; (see
previous remarks). We denote by 8;(k) the scattering matrix associated
with H; and set S, (k) =1— §;(k). By the theorem applied to H; it fol-
lows that S,_(k) is a continuous function on R\ e (H )} with values in
B(L2(ZX), L*(X)). For a fixed k, S;_(k) is a compact (actually integral) oper-
ator on L3*(X) such that

y k\n1 —
(7.12) (8- w09 1= gz (5) [0 0 V1B, B o
Rﬂ

for any two functions g(w), h(w) in L*(X), where

8@, ) = [¢,(@, ko)g)dw, B, k) = [exp [ike-o]h(w) do.
z z

(Here ¢,_(x, &) is the generalized eigenfunction which corresponds to H; by
Theorem 5.1). Inserting in (7.12) for ¢] its expression (5.18) (or (5.23)), we
find that the bilinear form associated with 8;_(k) admits also the following
representation:

@12) (8099, = 5 (35) f¢o<w, )V (@) B, B do—

v (k\™ + ) v . T —
—270(27,) fR (B)V () B5(-, B))(@) -V (@) Bo(a, k) dav

R®
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where R}L(k2) stands for the boundary value of the resolvent of H; at k*
(defined by Theorem 4.2; Rj(k*) e B(L*, ¥, _,) for s> }).
We have

(T13)  lim (8,_(k)g, h) = ()( ) f¢a (@, k) V(@) i, k) dao —

_%v(él‘j}) fR+ BV (-, k) (@) V(@) g, k) de
Rﬁ

where (7.13) holds uniformly in g, k and k, for g and kb in the unit ball of
IxX) and keX, ¥ any compact set in R\ e, (H)} (observe that, by The-
orem 4.3, R}(k*) is well defined on J for all j sufficiently large).

To prove (7.13) we recall that the multiplication operators V and V; are
compact operators from J€, _, (R") into L**(R) for some s,> } (since V()
is a function of class SR). Moreover, by (4.28) we have

(7.14) IimV,=V  in B(,_,,, L*%).

j—>00

We also note that by Lemma 5.2 (see also remark which follows the lemma)
the function ¢g(x, k) belongs to ¥, _, (R"). Moreover, the following estimate
holds:

(7.15) IB0C 5 B) 12—, < Co 9] 12z

for Vge L*(2) and Vk e X where C, is some constant. From (7.14) and (7.15)
it follows that

(7.16) lim V,5(-, k)= Vo(-, k) in L**(R"),

j—>00

uniformly in g and k for ||g| <1 and keX. From (7.16) and Theorem 4.3,
we get

(7.17)  lm Ry (k%) V,45(-, k) = R*(k*) Vgg(-, k) in L—+(R"),

j—>00

uniformly in ¢ and k for |g| <1 and k€. Combining now (7.12'), (7.16)
and (7.17), we obtain (7.13).

The above considerations show in particular that the right hand side
of (7.13) is a well defined bounded bilinear form on L*(X) for every fixed k.
Hence, for every ke R\ e, (H )}, there exists a bounded linear operator in
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B(Ix(X), L*(2)), which we shall denote by S_(k), such that

y k n—1 ———
(1.18)  (S_(k)g, ) = (;7) (2—n) f i, k) V(2) ph(ar, k) doe —
R'l

/&' k\nr1 -
—(5) () [rr v s, o vsie a.
Rn
We define S(k) = I — S_(k), ke R\e¢,(H)*. We shall show that S(k) has
the properties of the scattering matrix deseribed in the theorem.
Now, it is clear from the definition of S(k) and (7.13) that

(7.19) 8(k) = lim 8;(k) in B(LZX), LX) ,

j—>00

where (7.19) holds uniformly in k¥ on any compact subset of R\ e (H )%, Since
8;(k) is a scattering matrix, having the properties of Theorem 7.2 with respect
to H,, it follows from (7.19) that, for each k, the operator S(k) is unitary
and that S(k)—1I is compact. It also follows that the map: &k — 8(k), is a
continuous map from R \e,(H)! into B(Lx(2X), L*(X)). Next, applying (7.7)
to S;(k) we have

(7.20) (F8F )k, ) = 8,(0) [k, Yw), j=1,2,..,

for any fe L*(R"). Letting j — oo, it follows from (7.20), (7.19) and (7.10)
that (7.7) holds for 8(k). Finally, combining (7.18) and (5.18) we find that (7.9)
holds. This shows that S(k) has the desired properties and completes the
proof of the theorem.

Appendix A.

In this appendix we shall establish the a-priori weighted estimates (4.4)
which had a erucial role in our proof of the validity of the limiting absorption
principle (given in section 4). As a matter of fact we shall go here beyond
the needs of the present study and shall establish analogous weighted esti-
mates for the class of operators P(D)—z where P(D) is a differential oper-
ator of principal type and z is a complex parameter. As was already men-
tioned in the Introduction, the estimates which we shall give here could
be used to extend the spectral and scattering theory results of this paper to
self-adjoint realizations of higher order elliptic operators, as well as to certain
non-elliptic operators of principal type.
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Let P(D) = P(D,, ..., D,) be a partial differential operator with constant
coefficients of order m, acting on functions on R". We denote its principal
part by P,(D). The operator P is said to be of principal type if

(A.1) grad P,(&)# 0  for V&e R\ {0}.

P is said to be elliptic if

(A1) P& #0 for V&e RN\ {0} .

Clearly an elliptic operator is also an operator of principal type.

We shall say that a number z€ C is a critical value of P if there exists
a & € R* such that P(&,) = z, grad P(&,) = 0.

We shall denote the set of all critical values of P by AyP). If P(&)
is a homogeneous polynomial of degree>2 then 1,(P) consists of the single
point {0}. In general we have the following

THEOREM. The set of critical values A P) is a finite set.
For a proof of this theorem see Milnor [16], p. 16 (Corollary 2.8).
We shall establish the following

THEOREM A.1. Let P(D) be a differential operator with constant coefficients
of order m and of principal type. Set m'= m if P is elliptic, m'= m —:
otherwise. Let 3. be a compact set in C\AyP) and let s> L. The followiny
estimate holds

(A.2) I, < CL(PD) —2)u]os

for Yu e ,,(R") where C is some constant not depending on 2 or w.

REMARK 1. Theorem A.1 when specialized to the operator P = — A
is Lemma 4.1.

REMARK 2. One can prove the following sharper form of Theorem A.1.
Let Ay (P), = {#: z€ C, dist (2, A,(P)) < 6}. Then for any given s>} and
0> 0 there exists a constant ¢ = C,; such that

(A.2') 3 (el + D" D, < O(PWD) —2) ull,

fal<<m’

for Yu e ,.(R") and Vze C\A,(P)s.
We reduce the proof of Theorem A.1 to the proof of certain lemmas. The
first lemma is an elementary inequality.
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LEMMA Al. Let ucXk,(R), AcC and s> %. The following inequality

holds:
(A.3) lufo._ <, (d%—a) “
where
(A.3)) ¢, =2 f (1+ a%)dz.

0

Proor. We set

(A.4) f(x) = (d%— 1) u(x) , ue J,(R) .

We may assume without loss of generality that fe IL,(R) (otherwise
[flos = oo and (A.3) holds trivially), and that ReA<0. Solving (A.4) for u
we get

(A.5) w(x) = f #(t) exp [A(w — t)]dt .

From (A.5) it follows that

©o

(A.6) o) 2 < ( f|ﬂt)|dt)2< ([a+era) ﬁl eyl dr.

oo —

Multiplying (A.6) by (1 + «?)~* and integrating on R, we obtain

Tlu(m)l?(l + %) do<( f(l + e at)? flf(t)l%l + e)di

This yields the lemma.
Given a polynomial P(&) = P(&,, ..., &,), we set: P®(£) = (0/0&,) P(&),
k=1,..,m.

LemMA A.2. Let P(D)= P(D,, ..., D,) be a partial differential operator
of order m. Then for Yu € J,.(R") and any given s > 1, the following inequality
holds:

(A7) f (1 + 22)~ | PO(D) ult do < m*e[ (1 + a2)s| P(D) u|*der,

R" R"

for j =1, ..., m, where c, is the constant (A.3').
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PROOF. We shall prove (A.7) for j=1. We write P(§) = P(§,, &),
&= (&,...,&). For a fixed & we denote by 1,¢&), j=1,...,v¢"), the
roots of P(&,, &) in &, taken according to their multiplicity. We have

»g)
(A.8) P, &) = a—Z;P(En §) = gl Qi(&1, &)
where the @; are polynomials in &,
(A.8) Qi(&y, &) = P&, &6 — L(E)) ™.

Let, now, u e C5’(R") and write u(x) = u(%,, '), ¥’ = (¥, ..., #,). We denote
by ii(xz,, &) the Fourier transform of « with respect to the variable »'. Using
the relation (A.8) it follows that for any fixed & with »(§') >0,

v(§')
(A.9) PO(Dy, EYii(xy, §) = 3 Qi(Dy, &)il(2,, &) .
i=1

We shall apply now Lemma A.1 to the function v;(x,) = Q;(D,, &)i(z,, &),
taking A = i4,(¢'). From (A.3) and (A.8') it follows that

(A10) [+ ) 1QuD;, &) ey, &) doy<

— 00

o

< &[(1 + @)Dy — 1(8)) @Dy, £)(as, &) o,

—_—00

— [+ @ |P(D,, &) lar, &) da,

Combining (A.9) and (A.10), we get

oo

A11) [+ o) PD,, E)ilay, )] dm, <

oo

<mt[(1+ 2| P(Dy, &) i(ar, £ do,

— oo

for any &' with »(§')> 0. Since (A.11) holds trivially when »(£') =0, we
have (A.11) for all &'. Integrating (A.11) with respect to &', using Parseval’s
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formula, we find that

(A12)  [(1+ )| PO(D) (o) do
o

_ f e’ f (1 + a3~ |PO(D,, &) i@y, &) dr,

R*-1  — oo

<meet [ @& [+ PO, o, &) da,
Rn—l — 00
—m [ (1 + [ PD) () o

Rn®

This proves the lemma for Yu e Cy(R®).

To complete the proof of the lemma we observe first that (A.12) holds
also for any function # with compact support in JC,(R*). This follows
readily from the result just established and from the fact that such u is
a limit in JC,.(R") of a sequence of functions u,e Cy°(R") such that the u,
have their supports in some fixed ball. Next, we choose a cutoff function
{e CF(R") with {(x) =1 for |r|<1 and set (,(x)={(k'x). By the above
(A.12) holds for u, = u{,. Letting k — oo it follows readily that (A.12)
holds also for . (In the last step one assumes without loss of generality that
1< s<1.) This establishes the lemma.

LEMMA A.3. Let P(D) be a differential operator of principal type of order m.
Set m'=m if P is elliptic, m'= m — 1 otherwise. Let i be a compact set in
C\A,P) and let s be a real number. The following estimate holds

(4.13) (s = O (1D =)o, + 3 [POD) )

for Yuel, (R") and Vze X, where C, is a constant not depending on z or w.

Proor. Since P is of principal type it follows that there exist positive
constants C and R, such that

(A.14) (14 [E)m1<C 3 [PYOP  for [£]>R,.
i=1
Since J N AyP) = @, we also have

(A.14') min (|P(§)— 2] + 2|P(”(§)|2) — 0> 0.

[&/<R,
26
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Hence, it follows from (A.14) and (A.14') that with a possibly larger con-
stant C, we have

(A.15) 1+ ;512)m—1<0( |P(E)—2*+ 3 IP""(S)IZ)
i=1

for all £€ R* and zeX. If P is also elliptic it follows further that with a.
different constant C we have

(A15) (1+ [eF)m< 0(1P&) — 2+ 3 PO L)
j=1

for all £ R* and ze X.

Let now «(x) be a function in JC,(R") with Fourier transform (&). Multi-
plying both sides of (A.15) ((A.15") if P is elliptic) by |@(£)|* and integrating
on R», using Parseval’s formula, we find that

3 1Dl <y (1 + [6F) 1@ 2 ds <y (| (PD) —2) ]+ z |PO(D)ul:)

el <m’

for Vze X where y is a constant depending only on » and m (here and in the
following |-| denotes the norm in L2*(R")). This proves (A.13) for s = 0.
To prove (A.13) in the general case fix a real s and introduce the family
of weight functions g,(«) on R», defined for every ¢> 0 by g,(x) = (1 -+ |ex|?)*>.
Observe that

(A.16) D% e(@)] < Ot o)
for x€ R, ¢> 0 and |x| >0 where C, are constants given by

Co = sup (|D%0s()|02(2)™") -

Observe also that if @(D) is a differential operator with constant coefficients
of order k, then

(A.17) 1Q(D)(e.w) — QD) u| <eKq 2 [e.D%ul

|a|<k—1

for Yue X, (R") and Ve such that 0 <e<1 (K, is some constant not de-
pending on ¢). Indeed, we have

(A.1T") QD)(e.w)—e.QD)u= 3 D0 Q(D)u,

1<]e| <k
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where the @, are certain differential operators of orders <k —1. Combining
(A.17’) and (A.16) the estimate (A.17) follows.

Let now u €3, (R"). Applying the estimate (A.13) for s = 0 proved
above to the function g,u, we have

@18) 3 (D] <0(IPD)— el + 3 PAD) e

lal<m’

for V23l (C some constant depending only on P and X). Using (A.17)
for Q(D) = D% Q(D) = P(D)—=z and Q(D) = P¥(D), it follows from (A.18)
that for any w e, (R, ze X and 0 <e<l,

(A.19) > le.D*u|< X |[D%eu)| +eK, ¥ lo.D*ul

|a)<<m’ |el<m’ |aj<m’'—1

<0(le (B —2)ul + 3 [e.POD)ul) + oK 3 [e.D"ul

a|<m—1

where K, and K are constants not depending on ¢ or z. Finally, choosing
& =g = min (1/2K, 1), it follows from (A.19) that

2 le 0l <20(jle.(PD) —2)u] + z lo., PO(D)ul])

for all ueX, (R*) and zeJ. This implies (A.13) and completes the proof
of the lemma.
‘We pass now to the

PRrOOF OF THEOREM A.1. Let s> } and let JC be a compact set in C\ A,(P).
By Lemma A.3 there exists a constant C_; such that

0,— s)

A20)  Jup | <O (I(BD) —2)ul, -, + 2 |PD)ul

for all v e X, (R") and 2zeX. By Lemma A.2, we have

(A.20") I POD)ully,_,<me,|(P(D)—2)uly,, j=1,...,n

for all v e¥,(R") and 2 C. Hence, combining (A.20) and (A.20'), we get
[, < O (1 (PD) —2) g, -+ mme, | (P(D) —2) ul,,) < O|(P(D) — 2)ul,,,

for all e, (R") and zeX. This yields (A.2) and establishes the theorem.
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Appendix B.

In connection with Theorem 3.2 we establish here the following more
general result.

THEOREM B.1. Let F(x) be a real C* function on R* such that F(x)+# 0
for |#|>R,, and which satisfies

1
(B.1) ]D“(E,—(‘;)) } <Cu  for [2|>R,

for all multi-indices o; R, and C, certain constants. Set I'= {w: F(z) = 0}.
Assume that I' is not empty and that grad F(x)+ 0 for wel, so that I'is a
smooth compact n—1 dimensional manifold in R".

Let now u(x) be a function in JC(R"), with s> L, such that w(x) =0 on I'
(trace sense). Then,

(B.2) FE KR N LR,
and

, u|
(B.2') 7 |M<0Hulls

where C is a constant depending only on I and s.
We note that Theorem 3.2 is an easy corollary of Theorem B.1, with
F(z) = |z|* — k?, using also the following well known result (e.g. [15], Ch. 1).

LemmA B.1. Let a(x) be a bounded C= function on R" such that
sup |D*a(x)| << oo for Ya. Then the map: u — au takes JC,(R") into itself for

x
every real s. One has

lou|,<ec|ull, for uelX,(R")

where ¢, is a constant depending only on a and s.
The main step in the proof of Theorem B.1 is given in the following

LEMmA B.2. Let w(x) be a function in K (R") with s> 1. Set u(z) =
= u(zy, 2'), ¥ = (g, ..., 2,), and assume that u(0, x') = 0 (trace sense). Then,

(B.3) ~e 3. 4(R") N Liu(R?)
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and

&1

(B.3') <ys|uls

5—1

where y; is a constant depending only on s.

Proor. Consider u(z,,-) as a function of », with values in L(RY').
It is well known (e.g. [15], Ch. 1) that u(,,-) is a Holder continuous func-
tion satisfying
|u(@y, ) — w(yy, ) ”L2<R"-l)<csl$1 — leP% o],
where ¢, is a constant depending only on s. Since %(0,-) =0, we have

”'“/(xla ) ”L’(R"—l) < CSle Isy% |1’“ “s ’

which implies that
u()

X1

€ Li,o(R") .

Next we show that u/x, € JC,_,(R"), assuming first that « is a function with
compact support. Set

(B.4) fla) =

and note that by the preceding f is a function with compaect support in L1(R").
Taking Fourier transform, it follows that f(&) and () are C°° functions on R»,
tending to zero as |£| — oo, and satisfying

(B.4") = f(&) = —ui(§) .

We shall use the following inequality due to Hardy. Let g(¢) be a continuously
differentiable function on R such that g(t) -0 as ¢ - + oco. Then for any

s> 1,
)flg (@) dr .

(One proves (B.5) by integration by parts, noting that when the right hand
side of (B.5) is finite then g(f) = o(|t| 2***) as t — + oo).

(B.5) jlg(t)l””“
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We shall write f.f) f&, &), &= (&, ..., &), and shall apply (B.5) to the
function ¢(t) = f(t, £&'). We get
S

z A 9 F28 7‘__2__ 2 2
2 (28_1) [laereras<(5,2) ki< oo
o

If $<s<1, it follows from (B.6) and (B.4) that

Cgvas—

(8.6) f e ara =

(B.6/) i “

el

< -
Zille, S 28—1

which gives the desired result in the case considered. If s> 1, an applica-
tion of (B.5) to g(t) = f(t, &) with s =1 gives

(B.1) [1fe, pde<afli, &)pga,.

Multiplying (B.7) by (1 -+ |£'|2)** and integrating with respect to &', we find

B8 [If@P+ g R) - as <4l (L + ) ds< 4wl

Adding (B.6) and (B.8) it follows that

(B.9) -

Hﬁf (14 a2
<Z f AT+ (1) -1 <

s—1

where v, is a constant depending only ons. This yields (B.3') and establishes
the lemma for « with compact support.

To prove (B.3') in the general case, let [ e O7°(R") be a cutoff function
(S(x) =1 for |x|<1) and set u; = {(z/j)u, j =1,2,.... Then u;ecI,(R") and
by the result just proved u,/®,€J,,N L., and the corresponding in-
equality (B.3’) holds. Letting j — oo it follows readily (sinece w; —u in
¥, (R") and u;/®, — u/», in L (R")) that w/z, € }¢,_;(R") and that (B.3’) holds.
This yields the lemma.



212 SHMUEL AGMON
A somewhat more general form of Lemma B.2 is the following
LEMMA B.2 B1s. Let g(v') e CP(RL™Y), &' = (@3, .., @,). Set I' = {w: 2 =

= (@, ') € R @, —g(2x') = 0}. Let w(x) be a function in X (R") with s> 1
such that w|, = 0. Then,

u(x) n 1 "
@) € X, _1(R") N Ly, (R")
and
T gla) L_l<ysllulls ,

where y, 18 a constant depending only on s and g.

ProoFr. By change of coordinates: y, =x,—g(2'), ¥y, =, for i =2, ..., n,
one defines a C* diffeomorphism # —y = @(x) of R} onto R}. By a well
known result (e.g. [15], p. 94) the map ¢*: w(x) — u(p~(y)) is an isomor-
phism of J,(R") onto itself for every real s. The conclusion of the lemma
follows now immediately from this result and from Lemma B.2 applied to
the function u(¢~'(y)) in R}. We give now the

Proor or THEOREM B.1. Using a partition of unity and Lemma B.1
it is readily seen that to prove the theorem it suffices to show that for every
point y € R" there exists an open neighborhood U, such that the conclusion
of the theorem holds for all functions u satisfying the conditions of the
theorem and having their support in U,, and also that the same is true for
a neighborhood of infinity U, = {x: |¢|> R,}. (The constant C'in (B.2)' may
depend on U,.) To prove this result suppose first that y is any point in Rr
such that y ¢ I. In this case let U, be any open neighborhood of y such
that U,, N I'= ¢. Using a cutoff function we define a function a(x)e Cy (R")
such that a(x) = 1/F(z) for x € U,. Since u/F = au for any u e J,(R") with
suppuc U,, it follows from Lemma B.1 that «/F € X,(R") and that

w

(B.10) 7

<0lul.

where O is a constant independent of . One sees similarly that (B.10) holds.
for all functions u € JC,(R") with suppu c {z: |z|> R,}, R, chosen sufficicntly
large.
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Finally, let yeI'. Since (grad F)(y)+# 0, we may assume without loss of
generality that (0F/ox,)(y) 0. By the implicit function theorem it follows
that in a sufficiently small ball B, = {z: |z —y|< 0}, the function F ad-
mits a factorization

F(r) = G(x)(wl_h(m/)) y = (@ .oy @),

where G e C*(B;), G+ 0 in Bs, and where h(z') is a C* function of 2’ for
|#'—y'| < d. Set Us= {x: |r—y|< 6/2} and choose functions a(x) € (g3’ (R")
and g(z') e Cy(R*') such that a(x) =1/G(x) in Us, and g(z') = h(z’) for
|#'—y'| < d/2. For any u eI (R") with suppuc Us, we have

% %

(B-1) T~ "D e @

If in addition u|,=0, it follows from (B.11) upon application of
Lemma B.2 bis and Lemma B.1 that w/FeJ,_,(R") N L] (R") and that (B.2)’
holds with a constant C depending only on a, g and s. This completes the
proof of the theorem.

Appendix C.

We give here the proof of Lemma 5.1. Set B,= {x: || <7, o€ R"}.
It is readily seen that Lemma 5.1 is implied by the following local regularity
result.

THEOREM C.1. Let w(x) be a function in Jy(B,). Suppose that u verifies
the differential equation

(C.1) —Au+ q(x)u = f(x) in B,
where q and f belong to L*(B,).

Suppose also that there exists a number 6, 0 <0< L, and positive con-
stants Q@ and F such that

(C.2) sup flq(y)P ly — x| —20t1dy <Q*,
2EB, B

and

(C.2") sup f}f(y)P |y — x|t dy < F2.
x€EB, B
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Then u is a Holder continuous function in B,. For every 0 <r<<1 the fol-
lowing estimate holds

(C.3) fulcom)<Cl@+ 1)"([[w] papy + F)

where v 1s a positive constant depending only on 6 and n, and C, is a constant
depending only on 0, n and r. Here

[u() — wu(y)|
n = I SUP S| o
[ leocm el el +|$T§ o=yl

We also have

(0.3) 5,5, < Cu@ + 1) (%] 1o, + F) -

Proor. It suffices to prove (C.3) since (C.3’) follows from (C.3) and (C.1)
by the interior L? estimates for solutions of the Laplace equation. For con-
venience we shall assume that n>3. With an obvious modification our
proof is also valid for n = 2.

Suppose first that the restriction of w to B, (0 <r<1) is in L*(B,) for
some p, 2<p << co. Then we claim that e L{ (B,) with p,>p, p,< oo
given by

(C.4) 1 max (1 — 0, O)
P

P

where 0 is a positive number depending only on 6 and » (one may take
20 = 6/(n—0)). Moreover, for any 0 <r,<r we have the estimate

(C.5) w78,y < C(Q + 1)( 4|z, + F)

“where ¢ is a constant depending only on 0, », r and r,.
Assume for a moment the validity of the claim just made. Then, since
we L*(B,), it would follow from the above that ue Lj (B,) with 1/p, =
= (1/p —d),, and that for any 0 <a<<1

(C.6) ”'“HL".,(B,,)< c@Q + 1)( ”“”1}(31)'!‘ F) .

If p,< oo, we apply again (C.5) with p =p,, r=a and r, = a? con-
cluding that e L*(B,.) with 1/p, = (1/p,—1/0),<(¥ —29),, and that

(C.6") ] 1o pay < C@ + (| | 1o, 5y + F') -
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Tterating this argument at most v, = [1/26]+ 1 times it follows that » is
bounded in B,, . Combining the successive inequalities (C.6), (C.6'), ...,
setting a” = r and noting that r may be any number < 1, we conclude
that « is locally bounded in B, and that

(€.7) sup [u(@)| <Cr(@ + 1) (lwlwm + F)
where C~', is a constant depending only on r.

Turning to the proof of (C.5), we denote by E(x) the fundamental solu-
tion of — 4, E(x) = y,|2|~"? with y, = }I'(n/2 —1)m—/>. We introduce the
two functions:

(©:8) wi@)= [ ) Be—yay,
lvl<1

(©8) vi@) =— [ aw)u@ E@—y)dy.
lvl<r

Using (C.2') it follows readily that wy(«) is a bounded funection in B, satisfying
(C.9) lwo(@)|<elF  for |w| <1

where ¢ is a constant depending only on 6 and n. Also, using (C.2), it
follows that

(C.10) jo.(@)| <@ [ luty)l2ly —a] =+ dy)?
B,

for almost all z in B,. Since |u(y)|* € L**(B,), and since |z|"***e LV ~2}(B,),
with 20 = 0/(n —0), it follows from (C.10) applying Young’s inequality that
v, € LP(B,) with 1/p, = (1/p —6), and that

(C.11) 19, 2y < 1 Q% | 228,

where ¢, depends only on 6 and n.

Set h, = u —ov,—w,. It follows from (C.1), (C.8) and (C.8') that A, is
harmonic in B,, so that in particular h,.e C*(B,). Using a standard esti-
mate for harmonic functions, together with (C.11) and (C.9), we find that
for any r, <r:

(C.12) 17 PLEREA |8 RS
<ol zy + 1orl ey 1 0 lzemn) <

<e((Q@ + 1) |z, + F),

15 - Annali della Scuola Norm. Sup. di Pisa
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where ¢,, ¢; depend only on r, r;, 6 and n.
Finally, since

(C.13) U =0+ wy+ h,,

it follows from the above that « € L’ (B,). More precisely, combining (C.13),
(C.12), (C.11) and (C.9) we obtain (C.5), as claimed.

We have already shown that (C.5) implies that « is locally bounded in B,.
To show that u is Holder continuous we use the following

LeEMMA. Let

w@) = [ gy) Ba—y) dy

<1

where g is a function in L*(B,) such that

sup f[g(y)P ly —xl-"—”“ dy<G*< oo,
|zl <1

lv|<1

0<6O<l. Then, we CB,) and
lw]ctm,)<c@

where ¢, s a constant depending only on 0 and n.

We omit the proof of the lemma which follows by a standard potential
theoretic argument. To complete the proof of the theorem we use again the
decomposition (C.13). Applying the above lemma we see that w, is Holder
continuous of order 6 and

(C.14) 0o || comy < Co .

Also, by the same lemma applied to v, it follows that v, € C°(B,). More pre-
cisely, taking note of (C.8'), (C.7) and (C.2), we find that

(C.14") v | coB.) < €0@ lSI|1<P lu(@)| < eoCo(Q + 1)+ (|u] 2y, + F)

Combining (C.13), (C.12), (C.14) and (C.14'), it follows that e C°B,) and
that (C.3) holds. This establishes the theorem.
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