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KILLING FORMS IN A RIEMANNIAN MANIFOLD
WITH BOUNDARY (*)

GRIGORIOS TSAGAS

1. Introduction.

Let M be a compact Riemannian manifold which is the closure of an
open submanifold of an n-dimensional orientable Riemannian manifold V.
The manifold M has a boundary ¢M = B, which is an (n — 1)-dimensional
compact orientable submanifold ([1]). We denote by K7 (M, R) and K5 (M, 1R)
the Killing 2-forms on the manifold, which are tangential and normal to
the boundary, respectively. We assume that the manifold M is negatively
k-pinched, then the groups K2 (M, R), K2 (M, IR) have some properties.

The aim of the present paper is to prove that if the number £k is
greater than a number u and the second fundamental form on the bounda-
ry B satisfies some relations, then the two groups are trivial. These results
are an extension of those given in ([7)).

2. A p-form o = (a.-‘ .. ip) i8 called Killing if it satisfies the relation,
(8], p. 66)

Vea(Y, Xy, oy X))+ Vra(Y, Xyy o, X)) =0, X, Y, i€ T (M), i =2, ..., p,

which implies
(2.1) dx = 0.

For any p-form «, we have the formula, (5], p. 4)

(22 5 A= 40— |Pal + (@)

2[(p )']

Pervenuto alla Redazione il 5 Dicembre 1969.
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where
1 Tt
(2.3) |Voc|2=p—!|7’0€1 PV s,
(2.4) Qp(@)=(p — 1) Rygn o™ 2ol o —9Rua™> "o . .

If o is a Killing p-form, then (2.2) takes the form ([7])

1 1
(2.5) ?A(|“|2)=—|V°‘ lz_TP!)QP(“)'

We consider a point P on the boundary B. Let (u!,...,%"1) be a lo-
cal coordinate system of a neighborhood of the point P as a point of B
and (vl ..., v") another local coordinate systen of a neighborhood of the
same point considered as a point of V. The local representation of B is
given by

(2.6) o= fi(ul, .., um 1), i =1, ...,n,

in U (P)n M, U (P) being a coordinate neighborhood of V.

We denote by N the normal vector field to the boundary. We choose
the local coordinate system (u!,..,u"1) such that the vector fields N,
8/ouly ... ,5/pur—! form a positive sence of M with respect to vector fields
8/0vt, ..., 8/0v".

We assume that the mapping F of B into M defined by (2.6) is an
isometric immersion, therefore the metric » = (h;,) on the manifold B is
given by

i, = 0v/0ur dvI/ow” ¢4,

where (g;;) is the metric on the manifold M.

We denote by g and h the diterminants of the metrics (gi;) and (hy,),
respectively.

If w is any (n — 1)-form on the manifold M, then Stoke’s theorem can

be stated as follows
/ do = / w,
M B

@.7) [ern= —B/ ™, 97

M

from which we obtain
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for any vector field y = (y;) on M and 77,17 are the volume elements of
M, B, respectively, defined by

p="VgdvtA...adv, q =Vhdul A...Adurt,

The relation (2.7) is valid, if we define the codifferentation of a p-form
o = (,...i,) 38 follows

(2.8) ()i, .5, = — Vi 0‘:, g ¢

A pform o= (“il-..ip) on the manifold M is tangential to B, if sati-
sfies the relations ([10], p. 431)

0 = Gol/ud .. gu'P/ou @, .5,
or .
ahtn ’p Nh — 0’
where o = (Zjl,,,jp) is a p-form defined over B, which imply, ((10], p. 434)
(2.9)  Ta%i.s) @) NP = — Hyal,.a" 7 4
Vi anis ..i, + Vi iy .. 5)) ol N,

We consider a p-form o = («;, ... t-?) on the manifold M, This form is
normal to the boundary B, if we have the relation, ([10], p. 432)

%y .5, OV UL s ov'/ou’r =0,
from which, we obtain ([10], p. 435)
(2.10) Vh ajiy ... 3,) 1 Nh=p (Vs oc,l; weip) it N;+

i

PHi . i, 0" "7 —p(p—1) H .y, a0,
where a = (a,..,) i8 a (p — 1)-form on the manifold B defined by

Aty ... iy NP = iy .. i OV 0un .. dv’r/pu'r .
3. We assume that the dimension of the manifold M is odd n = 2m 4 1
and admits a metric which is negatively k-pinched. We also assume that «
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is a Killing 2-form and consider the 2m-form fj

1 .
B= aEA A (m times). y

Let P be any point of the manifold M. There is a special base of the
vector space M,*, such that the following inequalities hold at the point

P, (7))

(3.1) %Qg(oc)22(2m—1)k|a|2-——§—(1—-k)6,

1

(3.2) 2[(2m — 1)1

where

Qzm (B) = 2mk | B |?,

— 2 2 2 —
|a[P=a}, +af, + ... + X1, 2m? B = %y %gq oo Bop 1 o

0= %12 O34 + + %12 %2m—1, 2m + —|— %om—3, 2m—2 %2m—1, 2m 9

where &3, %34, <o y %om—1, 2m the components of the Killing 2-form o with
respect to the special base of the vector space ME.
The formula (2.5) for p = 2 becomes

1 1
SAlaP=—Pa—— Q@)
or

1 1
?flal?"”‘24(ia|2)n= [—lapr=?[Va | ——|a ™2 @ (a)] n,
M M

which by means of (3.1) becomes

88 5 [lap=raqapins [—lapPap— 30 —B]apmss+
M M

(2m — 1) | o | 2] .
It can be easily proved the formula

Al|aPym)=m|afm24(|af) —m@m—1)]a =@ ()

from which we obtain

(3.4) [atarrin< f m a4 (e n.
M M
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The relation (3.4) by virtue of (2.7) becomes
(3.5) —[@apraqapy< [l agapn
B o
From (3.3) and (3.5) we obtain

6o g [anlapraqapyy= [k rage—
B M

%(1——k)[a]26—-}—(2m—-1)k|a|2"‘ 7.

The formula (2.2) for the 2m-form f takes the form

1 1
—2—4(|13|2)=(!3,Aﬁ)“|'7/3|2+m Qo (B),

or

3 [aasmn= [0 a0 1782 + st om ]
M M

which by means of (2.7), (3.2) and the relation, ([4], p. 187)

CBrapd=|ag|P+ | 8P

becomes

60— [@adpeyy=[(108p+1a8F— VB P+ 2mk|p Pl
B M

It has been proved the inequality, ([7])
(3.8) [PBPRP<<|Val|?|a[2™—2/mms,

From (3.7) by means of (3.8) we obtain

39 - o f N, mm=3d (] )y = f [— Ve a4 2tmm=? | B [*] .
B M
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We add the (3.6), (3.9) and after some calculations we obtain

. _
_2'[(1\7, lafr2d (el —mm=3d( B ) g=
B

f[?»(zm—1>k|a|2"*—4(1—k)|a|2m—26+6kmm-2|ﬁ|21n,
M

which can be written
(3.10) 3 [ Ua =7y o oo 30 —
B . . —
M3 (Vn Biiy ... ig,,) ﬂﬁ* wtam NR] gy >
J <y < oo <llgm:*

f[s(zm—1>k|a|2m—4<1—k)lalm—26+kam—2|ﬁ|2]n-
M

The inequality (3.10), if the Killing 2-form o« is tangential to B by
means of (2.9) becomes

Qi ... i
fom ﬁh 2m) -

B

—hiy ..

(Vj Biy... gy + Vi Bita i) B ‘2m Nj]; =

iy < e < g +

f[3(2m—1)k|a]2m—4(1-—k)|oc|2m'25+kam_zmlz]’?-
M

The second member of the (3.11) is positive, if k satisfies the inequa-
lity, ([7])
(3.12) k> p=2m?(m — 1)/(8m — 5)m? + 6.

‘We consider the following quadratic form

(3.13) G () = Hy (| o |20 ot — mm—3 g, BT iamy
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hig ... & :
(V] ﬂhl’a.‘.i2m + Vh ﬂjiﬂn-‘izm)ﬂ g .. T N].

ty < oo <lgm»
From (3.11), (3.12) and (3.13) we have the theorem

THEOREM (I). Let M be a compact negatively k-pinched Riemannian
manifold of dimension n=2m 41 with a boundary B. If the number
k> p, given by (3.12), and the quadratic form G (x,a) i8 semipositive, then
the group K7 (M, 1R) = 0.

We assume tha the Killing 2-form « is normal to B, then (3.10) by
means of (2,1), (2.10) and the relation, ([10], p. 436)

Hll ;i’ ;i’ -_— Hj; ;:’ ;i = 0,
takes the form

LA .

(3.14) fgmm—z [(2m — 1) Hy; ) I—gii, g
B

H By iy B2 — (V1 By ig) B Ny =

g < o < dope
/[3(2m— DEk|affm— 41 —Fk)| o™ 24 6Lmm2]|8*]y.
i
Let L (a, &) be a quadratic form defined by

B’il“ e tom

(3.15) L (o &) = (2m — 1) Hy; B, .

- 2m
H Byt B0 — (7 Bl i) B2 2 N

iy < oo < i -

From (3.12), (3.14) and (3.15) we obtain the theorem :

THEOREM (II). We consider a compact negatively k-pinched Riemannian
manifold M of dimension n = 2m -+ 1 with boundary B. If k> pu, given by

(3.12), and the quadratic form L (a, «) is semi-negative, then Ky (M, 1R) = 0.

Mathematisches Institut der Universitdt Bonn.
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