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ON THE RIESZ MEANS OF THE SOLUTIONS
OF THE SCHRODINGER EQUATION

by SIGRID SJOSTRAND

0. Introduection.

Consider the solution u = @ (t)f of the initial value problem

louw . . A_§i2
B_tzzAu,lft>0, _lawf’

w=f, if t=0.

At least formally we have

Fu(l)=FG@)f (& =exp(it| &) 71 (),

where </ denotes the Fourier transform. From this it is easily seen that
G (¢) is a bounded, even unitary, operator in L? = L?(R"). We also have

the group property
G(t+8) =G aQls),

G (0) = identity.
Thus we have a unitary group of operators. In L? = L?(R"), p 5= 2, G (f)
is not bounded. See Hormander [2] and Lanconelli [3]. See also Littman-

McCarthy-Riviere [4]. A possible substitute for this, motivated by the
theory of distribution (semi) groups, is that at least the Riesz means

(0.1) I @ @) f = kt—* f (t — 8)k—1 @ (s) f ds,

0

of sufficiently large order k¥ are bounded in L?. See Peetre [7].

Pervenuto in redazione il 18 Novembre 1969,
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More generally we consider the operators @ (t), t = 0, defined by
(0.2) : F @ (1) f(§) = exp (it H (8)) Ff (&),

where H is a positive homogeneous function of degree m >0, and H is
infinitely differentiable for £==0. We will show that I* G (¢) is bounded
in Lr, if k>n|1l/p—1/2]

In particular we consider the case H (£) = |&|™. In this case we show
that the bound = |1/p — 1/2| is the best possible if m =1, but can be
improved to (n — 1)|1/p — 1/2| but not more if m=1. (If m =2, our
result easily follows from Lanconelli [3], th. 1, with the aid of lemma 2.1
below.)

The plan of the paper is as follows. Section 1 contains some preli-
minary theorems, mostly on Fourier multipliers. In section 2 we show that
our problem is equivalent to the following one: For which ¥ is the function

D (H (&) H (§)* exp (iH (£))

a Fourier multiplier on L?, Here @ is infinitely differentiable and @ (t) = 0
for t < 1/2 and @ (t) =1 for ¢ > 1. In section 3 we prove that k >n|1/p —
— 1/2| implies that I* @ (t) is bounded in L?. Section 4 and 5, finally,
treat the special cases H (§)=|&|™ for m == 1 and m = 1, respectively.

The problem treated in this paper was suggested to me by professor
Jaak Peetre. I thank him for valuable advice and great interest in my
work,

1. Preliminairies on Fourier multipliers and asymptotic expansion.

By f or ¥f we denote the Fourier transform of f and by ; or F-1f
the inverse Fourier transform of f. Thus formally

Fo)= “Jf(£)=/e“<”’5>f(w) i
R"

and
9 (@) = ?F—‘y(w)=(2n)“"je‘<”'f>g(§) dé.
R?
Let M, = M, (E") denote the space of Fourier multipliers on L? =

= L? (R"), i.e. &,EM p if and only if a is a tempered distribution and

lally= sw_ (1@ s, < oo

Ly
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Then
M, = My, 1/p+1/p’ =1.

In the sequel we may therefore consider only the case 1 <<p <<2. We also
have

(1.1) FILic M, c M,
for every p, and
(1.2) M, = L.

If a, € M, and a,€ M,, then a, a,€ M, and

A A A A
(1.3) Il @y ag llar, < || @y [[ag, [las [ag, -

Further M, is invariant for homotheties, i. e. for a constant ¢

(1.4) '@t &) llag, =1 & (€) |lag, -
For proofs and details see Hormander [2].

THEOREM 1.1. If 1 <p < 2 and 6 = 2(1 — 1/p), then

A A A
[l @ llar, <[l @[50 | @114, -

PROOF : Apply the Riesz-Thorin convexity theorem.

By D¥ a we denote the set of all derivatives of a of order N and by
|| D¥ a ||zs the maximum of the L%*norms of these derivatives.

THEOREM 1.2. (th. of Bernstein; cf. Peetre [6], chap. 1, th. 2.1). If
N > n/2, then there is a constant C, so that

A A A
@l < Ol @||572¥ || DY a [[22¥.

ProoF: Using (1.1), Parseval’s formula and the Cauchy-Schwarz
inequality we get

il [la@as= [Ja@iast [ |20 |aw]| <

lz|=s»r lz|=r

< O™ || a |z 4 =422 || DY g ||p).
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If ||2v||1,a = we choose
r=la |5 || D¥ & ¥
to obtain the desired inequality. If Ha’;“p = 0, the inequality is of course

trivial.

THEOREM 1.3. Assume that F is infinitely differentiable on 0 < u < co
and that
| F(u)— F(0)]| << Cyus, 0 <u<l,

| Fu)| < Cput, 1< u< oo,
| D7 F (w)| < O7 min (w*—7, u—F=7), 0 < u < oo, .
where J =1 and «, § > 0. Let H be a positive homogeneous function as
in the introduction. Then
F(H (&) € F L.
PROOF : Se Lofstrom [5], lemma 1.4,
Next we want to compute the Fourier transform of a function which

has a similar behaviour near the point x, as the function f defined by

(2 — xp)e, if © > 2,

fra— (@ —x)) =
0, if e <x,.
For §>0 and a - —1, —2,...
(1.5) f(&) = K, g1 e—ion,
where

K,=—il(a+1)e 2.
See Gelfand-Schilow [1], p. 169.

THEOREM 1.4. Suppose that
1° f is infinitely differentiable for « &= x, and has compact support.
20 DY f(x) = Oy (= —mo)'_'l_—M—|— 0(|x —uax,|f~¥), a—x, for0<<M=<N,
where

of+—1, —2,..., >« and N> g4 1.
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Then

S (&)= Of—=—1 e=mt 4 0 (§—F—1), & — oo,

Proor: By (1.5) we may suppose that C =0 and x,=0. Here and
on several occasions in the sequel we shall make use of the following con-
struction. We let ¥ be a fixed function such that 0< Y€ 0y (R) and
supp P c{r|1/2 < |x| < 2}. We write

Y,(x) =P (2 2
and assume

E’ P, () =1, 0.

(For the existence of such a function, see Hormander [2].)
To prove the theorem we write f, = ¥, f. Then

| fo (@) | << Of 2%,

| DY f, (¥) < Oy 266-N)

and thus
A@)< o2
14(]¢&]-2)
This implies
A 0 A @ (|§|.2v)ﬁ+l , .
" 1y 2L~ B—1,
HUIESAVACIEIT] ZTr(e]op = |£|

2. A Lemma.

Using (0.1) and (0.2) we get after Fourier transformation

t

FI* G (0)F (&) = (kt—* j (t — 8= 60HO ds) Ff (@)

0

Thus our problem is to find for which %

t
a, (8) = kt—* / (t — s)t—1 geHE) s
0
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is a Fourier multiplier on L?, i. e. belongs to M,. By (1.3) it suffices to
consider the case £ =1, i. e. to find for which % the function

1
a@d)=k / (1 — s)t—1 gisHE) ds
0

belongs to the space M, .
Now let @€ C~(R) be such that @ (t)=0 if t<1/2 and DP(t)=1
if t> 1.

LeMMA 2.1. a€ M, if and only if b€ M,, where

b(&) = @ (H (&) H (&)~* 5,

ProOOF: We want to apply theorem 1.3 to the function F, where

F(HE)=a()— G b @),
and the constant Cp is defined by

1
k f(l — sf—leisu ds = Cru* e, u > 0.

-—00

Such a constant C; exists in view of (1.5). The integral is of course to be
understood as a Fourier transform. For » > 0 we get

1
Fu)y==Fk f (1 — sp—leirvds — O D (u) u—* e =

0

0
= CruFe" — % f (1 — s)s—1¢isu dg — Oy D (u) u—*e™.

—00

Thus for u >1
0

Fu)= — kf(l — §)k—1 gisu g,
Put -
(L — g1 if 8 <O,

fk(8)=%
0 if >0.
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Then for v >1
DNF(’M) == CN,k (Ska (8))v (u).
But
sV i (8) = ¥ (fu(s) — 1) + ¥,
where s_ = (— 8)1 .
The first term belongs to O¥t+! in a neighbourhood of s =0 and the
derivatives of it of sufficiently high order belong to L!(s<{—1). This
gives the desired estimate

| DY F (u) | < Oyu—""1, u>1.
For 0 <<u<{1 we get

1
|F(u)—-—F(O)|gkf(1—s;"—1|e"’“—1|ds—|—|0k| @ () u—* < Oy u.

0

We can now apply theorem 1.3 with a = =1 and get

F(H ¢)eFL.

3. The gemneral case.
THEOREM 3.1. a€M,, if k>n|1/p — 1/2].

PROOF : According to lemma 2.1 it is sufficient to show the correspond-

ing statement for I;, where
b(&) = & (H (&) H (&)~ aHE

‘We may also assume 1 <Cp << 2. Choose ¥ as in the proof of theorem 1.4
and put

b, (&) = P, (| £]) b (&.

Then
I b, << C-2—rmk. 22,
Since
b (&) = F (H (§)),
where

Fu)= P (u) u=* e,
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and
| DY F(u)| < Cyu™, M=0,
we get .
| DYb ()| < Oy | & [-mitMm—D - I >0,
and thus

| D¥ 1’;v |22 << O 2¥(—mk+-Nm—1)), gomi2
If we take N > n/2, theorem 1.2 gives
I 3, g, << €+ (2¥mR—mR)YI—n[2N. (9o(Nm—D)—mEAn /22N — (Qrmn/2—P),

Moreover, by (1.2),
“ b, ”Mn = H b, ||L°° << 0.2k,

Theorem 1.1 with 6 =2 (1 — 1/p) gives

|| 1’,"' I x, < C- Qymnj2—k)(1—6) , g—ymkd — (), Qvm(n(ljp—1/2)—F)

Remembering that I';(f) vanishes in a neighbourhood of 0, we get for
some

A A
10 a5, << 2 [[ 05 [lag, < o0,
70
if k>mn(1/p—1/2).
REMARK 3.1. Exactly in the same way we can prove the more general

result: Let F be infinitely differentiable on R and vanish in a neighbourhood
of 0. Assume that

| DT F(u)| < Oyu®, J=1,...
Then F (H (§)€ My, if k>n|1/p — 1/2|. The correspoﬁding result for the
torus T is proved in Lofstrom [5], section 10.
4. The case H(&) =|&|™,m 1.
In this section we always take H (£)=|&|™ and m == 1.
THEOREM 4.1. If H (&) =|&|, m <=1, then a€ M, implies k=

=n|l/p—1/2|
For the proof we need two lemmata.
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LEMMA 4.1. If m =1 and »n -+ m’ (X — n/2) > 0, then
b (@)= 0, | & [-m+m =2 exp (iC, | @ [™)[1 + 0 (| @ |-™12)] +
+bn (2], [#[™—> oo,

where m’ = m/(m — 1), ¢, and C, are constants == 0, and b, is a conti-
nuous funection if m << 1 and identically zero if m > 1.

REMARK 4.1. The lemma was proved in the case m <1 by Wainger
[8], Part I1I. We will prove it in the case m > 1.

LEMMA 4.2. Let D be the function in section 2 and put

A

Ja©)=D(EM &, a>0.
Then f,€ L?, if « >n/p’, 1<<p<<oo, 1/p+1/p’ =1.

PROOF OF THEOREM 4.1.
If a€M,, then beM,. Consider

(&) =@ (&™) &|-mC+Dexp (i | &™), Am > n/p’.
Then f€ L? according to lemma 4.2. On the other hand lemma 4.1 gives
f@)= 0, | x|~ Eti-n2) exp (iCy | |™)[1 4 o (1)] + b (|2 ]), | @ |™ —> o0,

if n4+m" (k+ 21 —n/2)>0.
Now choose & so that

P4 m (k42— nj2)=n,

i.e. 0<<ml—n/p’ =m(n(l/p—1/2)—k. Thus a€M, leads to a contra-
diction if
k< n(lfp—1/2).

REMARK 4.2. This method was used by Wainger [8], Part IV, to prove
the analogous theorem for Fourier multipliers on the torus 7™.

PROOF OF LEMMA 4.1 IN THE COASE m > 1.

We will restrict ourselves to the case n = 2. The case n =1 can be
treated in an analogous way.
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Let ¥, be the standard functions introduced in the proof of theorem
1.4. We may assume that

@(t).—_ozo' P,(t) for t=0.

0

A

Then b (&)= = b, (£), where
0

b, (&) =W, (| &|™ | &|~™F exp (i | £|™).
This implies
b, (®) = Ofe"@' W, (&™) E|~™kexp (i | £ |™) dé.
Clearly b, is a function of |z|, so we can assume that « = (|« |, 0,...,0).
Then we make the transformation
1
G— a1, 1<j<n,

and get
b, (x) =

0| l—m'k+n/(m—l)fexp (@la|™ & +]E™) P (o™

£l ok ag =

O | @ [-mE+nim—1).

exp [i | @[ (& + & + )] ¥, (@

—o0<L &1 <0
r=0

™ (&2 - rR)mi2) (g2 - 2)mmER gn=2 4E d,

Finally we make variable transformation

%8 =& + (& + ®y

t=¢,
or
51 =1
; r = ((8§ — t)2m — )2,
We get

b, () = O | & |-mktnim=1) .

-f[exp @™ 8) P, (|@|™ (s — 1) (8 — t)"FH1—2m (s — 1)2m — 2)(n—3)/2 dsqt,
2
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where Q2 = {(s,t)|s=8,,t+ |t|™ < s} and s, =inf (t 4 |t |™).

s=t+'t‘m

/
—

______ 2,

fig. 4.1.

Let ¢, be defined by
8 ="ts + | s |™

We split the integral into two integrals
b, (@) = C- | |~mE+nim—1 4+
23>ty an i<ty

Both of them can be handled in the same way. Let us consider only the
second one and call it b} (). With ¢, defined by

s=1t + |t [") . >,

we get
82 0) = O o |-riin=d foxp i [ 0) 0, ], ) s
8o
where
], 8) = f @™ (5 — 1)) (s — t)=FH1=2m (s — t)tim — o0 i,
Since

9(|w|,8)=020v(|x|,8)=

ts
= f D (|x|™ (8 —t) (8 — ty~*H1-2m (5 — g)2im — ¢2)n—3)2 d¢

tso

12. Annali della Scuola Norm. Sup. - Pisa.
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is uniformly convergent on compact subsets of {s|s=s,} we get
b* (1) = 3 by (¥)= O | @ |~F+nlm—1) fexp (is||™)g (], s)ds,
0

where the integral, as in the rest of the proof, is to be understood as an
inverse Fourier transform.
Now we write
9=290+ 9.+ 9
where
gv(|w|7s)=xv(3)g(’w|)s)a "’=091y27

and X,, X, , X, are as in fig. 4.2.

%o 22

%

fig. 4.2

Choosing |z |™ sufficiently large, we can obtain that @ =1 in the integrals

defining g, and g, .
We first consider g, .

gollw],8)=29,(8)=
ts
= Xo (s) f (s — t)——k+1—2/m (s — t)2/m — tz)(”'—3>l2 dt =
t

80

1
= (ts — ta)) %o (8) f (s — ¢ (y)y~FH1=2m (s — t (y)PIm — t ()P dy,
0

if
t (y) = tﬂo + (t8 - t#o) Y.
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The integrand is a function f of y and (4, —t,). Elementary ecalcula-
tions give

Sy ts —to) = Oty — to)" 2 (1 — y)*=302 (1 + 51 Oy (b — 1) (1 — y)¥)
=0
uniformly in {0 <<y <<1} < {|t, —t,| < e} with C5=0.
But
te — tsy=h((s — 80)1/2),

where & is analytic in a neighbourhood of 0, and & (0) = 0, A’ (0) == 0.
Hence g, (s) fulfils the conditions of theorem 1.4 with «a=(n — 2)/2
and f = (n —1)/2. We thus get

fexp (is | 2 |™) g, (8) ds =
= 0| a |~ r=22+D exp (— isy | & |™) [L 4 0 (|2 |~™P)], | & |" — oo.

We finally turn to g, and g,. One can show that for N sufficiently
large
1D gy (@], 8) [|zx < O] a [Nom—rconst.
and

|| Ds' g5 (8) ||z, < 0.
This implies

[exp (is |

for every M =1 » = 1,2.

m')gy(|u13|,8)d8=0(|x‘—m'M)’|w|m,__>oo’

PROOF OF LEMMA 4.2.
At first we suppose n > o > n/p’. Write

Ju® =& — @ — & &[m)| &
Thus
fa (@) = a,n |w |a_” + Ja (w)a
where ¢, € L™.
By differentiation we get

Ja@®)y=0(x|~¥),|®|— oo, for any N.
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Thus f, € _LP, if .
P (@ —n)>mn,
i. e. if a > n/p’.

Now the proof will be finished, if we show that

Jo, € L? and oy > 0y
implies
Sy € L2,
‘Write
Far (E) =[P (| E[™12 | & [~lar—ad].[D (| &|m)V2 | & |~).

If &y — a, > 0 the first factor belongs to M? by theorem 1.3 The proof
is finished.

5. The case H (&) =|¢|
Now we turn to the case m =1, i.e. in this section H (&)= |¢&|.
THEOREM 5.1, a€ M, if H(¢)=|&| and k> (n — 1)| 1/p — 1/2|.
THEOREM 5.2. If H (£) = | |, then a € M, implies k= (n — 1)|1/p — 1/2|.
For the proofs we need the following
LEMMA 5.1, If b (&)= D (| £]) | &|7*€l¢], then
(6.1) b € Lig (| @ | 5= 1),
(5.2) b@) =b, @)+ C(sgn(1—|a )| 1—]|a|/ 6= (14o(1),|e|—1,
where b, € L, if k¥ — (n — 1)/2 < 1 and k — (n — 1)/2 is not an integer
(6.3) bx)=0(|z|"Y),|x|—> oo, for any N.

PROOF OF THEOREM 5.1.
As usual we prove the theorem for b instead of a. By theorem 1.3 it is

obvious that if b€ M, for a certain k = k,, then I;EM1 for all k=>=k,. By
lemma 5.1 we get

beLt, if 0 <k —(n—1)2 <1,
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and thus
beM,, if 0 <k— (n—1)/2.

To prove the theorem for p > 1 we use again the standard functions
from the proof of theorem 1.4 and put

by (&)= P, (| &) b(&.
Let %, be a number > (n — 1)/2. Then
bi&)= W2 |£) D(ED|E[He1¥ =
= (VD[ 27 [ H (D ([ EN] &[T} 2o=R),

which implies, in view of (1.2), (1.3) and (1.4),

18, |35, < ©- 2700
and

116, llag, < 02—

Theorem 1.1 with 6 = 2 (1 — 1/p) gives

I ;;y 3ty << 02—k (1—0)—+k0 — (1 Qrko 1=0)—P),

345

Thus be M,, if k> k,(1 — 0). But k, is arbitrary > (n — 1)/2 and hence

beM,, if
k> (n—1)/2)(1—6)=(n—1)(1/p —1/2).

PROOF OF THEOREM b5.2.

Let 0 be the annulus (#|1/2 << |« | << 2}. Then by (5.2) b € L (0) implies

pk—m—1)/2—1)>—1,

k> (n+1)/2 —1/p.
Suppose now that

k=m—1)1/p — 1/2) —¢ ¢ > 0.
Put

g(& =D (&|)|&|* where A=n/p’ +e.
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By lemma 4.2 g€ L,. But

b(&)g (@) = B (&|R|& [~ o1,
where

ke i=m—1)(1p—1/2) — et n/p’ +e=(n+1)/2—1p.
Thus (b9)* ¢ L, , which implies b ¢ M, .
PROOF OF LEMMA b.1.

By writing 3(§)=Z‘l;, (&) as in the proof of lemma 4.1 we can justify
0

the following calculations :

b= 0 [[ein @ (gt o —

1
== O'f D (s) g—F+n—1 ¢is (f ezl (1 — ¢2)n—3)2 dt) ds.

-1
‘Write
1

g9(x|8)=(2n)" j ¢l zlst (1 — 2)n—3)12 dt,

-1
Then ¢ is the inverse Fourier transform of the function
t— (1 — 20 =1 — )¢ 4
Let
A=t =30 1+t
and
14+ t)g:_s)/z =3d,(1—1
0
be the corresponding Taylor series.
Put
_ o—g)2 Vol n—8)f2r ot (n—3)[24»
EBy)=Q1—#)1"" — 3 6,1+ 0)4 - 20’ d, (1 —1t)p .
0

From
DY Rye L, and

DM Ry€ Lt (|¢| = 2) if M is large
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we conclude that

|RBy(z|s)| < On(@|8)~7.
Thus by (1.5)

N—1
g (l x 1 8) = 3 o’/‘(l @ | s)——(n—3)/2——v—1 e—tlz|s
0

N—-1 v

4+ = 4, (| x | 8)—(n-—3)/2—v—1 eilzls + Ry (| z | 8)
0
and

N—1
be)= 3 o' |a|-r-Ir-1f, (1 — [ +
0

N—1
D o e f, (L @)+ G @) | @Y,
0
where Gy € L* and f, is defined by

fv (8) = D (8) 8~ *k—(—Dj24»),

Now it is obvious that (5.3) is fulfilled. To obtain (5.2) we consider the
function f defined by
(5.4) F(s) = D (s) 5.

If o > 1, then fe€ L=
If « <1 is not an integer, then

D(s)se=81"—(1— D(s)) 65",

The inverse Fourier transformation gives

o) =095+ Cv " + g ),

where g€ L~ and (y_)*!= (— y)i'. (See Gelfand-Schilow [1], p. 169).
Using this withy=1—|z|andy=1+4|x|and a =k —(n —1)/2 +»
we obtain (5.2). To prove (5.1) it is now sufficient to consider |x|<<1/2.
By changing the order of integration and with f defined by (5.4) and
=k—mn-+1 we get

1 1
|b(@)| = [ Y f (A —@)r=902f (14 |a|t) dt\sl 0| f (1 — =90 (1 4| 2| )™ d
-1 -1
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for N sufficiently large. But

A4 |2ty V< (1—1/2)~% for |2|<1/2,
and thus
| b(x) | < comst. for |z |<C1/2.
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