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CHAIN SEQUENOCE PRESERVING LINEAR
TRANSFORMATIONS

by HADI M. HADDAD

1. Introduction.

Let T = (a,x) be an infinite matrix defining a sequence to sequence
linear transformation by

(Ta), = Zk onk W -

The purpose of this paper is to study such linear transformations which
preserve chain sequences. A number sequence a is a chain sequence means
that there exists a number sequence g such that for every positive integer
r, 0< gpy<<1 and a,=(1— g,—;)gr-. The following main result gives
sufficient conditions that a sequence to sequence linear transformation is
chain sequence preserving.

THEOREM 1. Let T = (a,x) be an infinite matrix such that for every
positive integer n,
(i) ow=0 for k <mn, and o, =0 for k >n,

o 1
(ll) Zk Ong = ﬂn < ?, and

(iii) either anx << @ntq, k41 fOr k=m0 Or oux = Guty, k41 for k=n.
Then Ta is a chain sequence for every chain sequence o. If in addition,
the sequence {f,] converges to b, then the chain sequence Ta converges to
be for every chain sequence a which converges to c.
The proof of this theorem is based on a sufficient condition for a
number sequence to be a chain sequence. We will first develop this suffi-
cient condition.
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2. Sufficient condition for chain sequences.

The following theorem is found to be useful as well as it is interesting
in its own right.

THEOREM 2. If a is a sequence of non-negative numbers such that for

each positive integer r, Va, + a,41 <1, then a is a chain sequence.
To prove this theorem, the following well known lemma is needed. For
a proof see [3, p. 86].

LEMMA 1. Let @« be a number sequence. The following two statements
are equivalent
(1) a is a chain sequence.
(2) For every number sequence £, and every positive integer n,

n n—1 __
2 53"_2 Z;Var‘frstr+l20-

r=1

PROOF OF THEOREM 2. Let & be any number sequence, and = any
positive integer. Since 2&, &,44 <& + 53.,_1, we have

n n—1 __ n o n—1 __
SE—23 V&b >= 38— 3 Va, &+ £y
r=1 r=1

r==1 r=1

The right hand side of this inequality can be written in the form

A —Va) &+ = (1 —Va, —Varg) Er + (1 — Jan) €2,

r=1

which is non-negative, since each term is non-negative. Consequently the
condition of statement (2) of Lemma 1 is satisfied, and therefore a is a
chain sequence.

REMARK 1. We would like to note here that the condition stated in
Theorem (2) is not necessary. To show this, consider the chain sequence
a, generated by the sequence given by

1 (1\
gn=?——(?) 9 n=0,1,2,....
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The chain sequence a is then given by

1 1 \»+! 1 1 \n+2
>+ -G
which can be written as

1 1 \»H+1 1\")
=g ) -G
which shows that a, > 1/4 for every positive integer n. So the sum of
the square roots of every two consecutive terms is greater than 1.

a,,=[1——

REMARK 2. In [1], T. 8. Chihara proved that the condition of Theorem
(2) is necessary and sufficient for periodic number sequences with period 2.

The following lemma, whose proof is obvious, is frequently used and
it will be used in the proof of Theorem 1.

LeMMA 2. If a is a chain sequence, then the sum of any two conse-
cutive terms is not greater than 1.

3. Proof of Theorem 1.

To prove this theorem, let & be a chain sequence. Ta is given by
(Ta),, = Zx otur; W -

Let us observe first that for each positive integer n, (Ta), is an abso-
lutely convergent series.
For each positive integer n, we have

(Ta’)n + (Ta)ﬂ‘l'l = kz Onx Qg + kzl “fn.l.l‘ k+1 ak
=1 —

(o]
= Z (ot @ + Cnt1, 1)

k=n

This last expression is either not greater than

[oe)
{3.1) kZ Ont1, k41 (@ = rt)y
=N

6 .Annali della Scuola Norm. Sup. - Pisa.



82 Hapr M. Happabp : Chain sequence preserving
or not greater than

(8.2) 3 (ax + @rt1)-

k=n

This is true because of condition (iii).
Each of the expressions (3.1) and (3.2) is not greater than 1/2, since
ay -+ axt; << 1 for every k. So we have

(3.3) (Ta)s + (T < - -

Now

1
2

V(Ta), + V(Taptr < [2 (Ta)n + (Ta)uya}]

=Jk )

1,

which proves that Ta is a chain sequence.

To prove the second part of this theorem, let a be a chain sequence
which converges to a number ¢. Let us note first that 0 << ¢ <C1/4. Let
e> 0 and let M be a positive integer such that | az — ¢| <e for all k=M,
and let N be a positive integer greater than M and such that |f,—b|<e
for all n = N.

For n = N, we have

—1
| (Ta), — be | < Zank (ax — ¢) +Zocnk|ak—cl—l—c|ﬂ,.—b|
(3.4)
< 3e/4,

for the first term on the right hand side is zero, the second is less than
¢/2, and the third is less than ¢/4.

This proves that the chain sequence Ta is convergent and it converges
to be.

4. Linear combinations of chain sequences.

In a previous paper [2], the author of this paper obtained conditions
sufficient for a linear combination of two chain sequences to be a chain
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gsequence. The following theorem is an extension of that result to linear
combinations of a sequence of chain sequences.

THEOREM 3. Let {a,} be a sequence of non-negative numbers with
1
b ang—2—. Then each of the following statements is true.

(1) If for each positive integer n, {a?} is a chain sequence, then

)
r=1
{Zn on ay);=; is a chain sequence.

(2) If for each positive integer n, {a7}> is a convergent chain se-
quence and converges to ¢, , then (3 a aPje is a convergent chain se-

n-on rir=l
quence, and it converges to I a,¢,.

PROOF. In proving this theorem we will make use of Theorem 2. Let
us first observe that for each positive integer r, 2 « a7 converges absolutely.
For each positive integer r, we have

1 1 1
(Zn on af)‘l 'I' (Zn on a’:“+1)2 = [2 (Zn on a:'L ‘I‘ Zn O a:‘+1)]2
1

<[22 an)?
< 1.

This proves that {3, a,ay}—; is a chain sequence.
Now let ¢ >0 and let K be a positive integer such that

(4.1) S a, < —
n=m-1 2

for all m > K.

Let M=K and let N be a positive integer such that » = N implies
that

(4.2) lar—e¢ | <e for n=1,2,.., M.
Now for »r = N, we have

|2:1°=J ana/?— :o=1an0n| SZ:.O=1 \a?_cnl
<Z;,M=10L”|0:¢—0nl+%

M &
<£Zn=1“n+?

< &

which proves that {3,2; a, ¢y },—; converges and it converges to ;) ¢t Cy.
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