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THE BOUNDARY REGULARITY
OF MINIMAL SURFACES

by DAVID KINDERLEHRER

Suppose that the boundary of a minimal surface contains an open
arc I" whose tangent is (n — 1)-times differentiable with respect to are
length ('€ 0?), n=1. In this paper we determine the differentiability
properties of the conformal representation of the surface restricted to that
arc y in the boundary of the parameter domain whose image is I'. The
recent investigations of this question date from M. Tsuji [10] who extended
to minimal surfaces the theorem of F. and M. Riesz ([11]. p. 318). In 1951,
H. Lewy [5] proved that if I' is analytic, then the conformal representa-
tion is analytically extensible across y. To solve this problem, Lewy em-
ployed his method of connecting the conformal representation to its ana-
lytic extension with an auxiliary function constructed as the solution to
an ordinary differential equation. Although this method does not apply in
our case, the differential equation itself does play an important role.

Criteria insuring regularity of the conformal representation have been
given by S. Hildebrandt in [2], [3]. In his latest paper, he has proved
that if I'e C" and the (n — 1)s8¢ derivative of the tangent vector satisfies
a Holder condition with exponent o, 0 < a <1, (I'€¢ C"?), for n = 4, then
the conformal representation is of class C** on p. Hildebrandt’s proof
proceeds by «straightening » the arc I' to a line segment by a suitable
‘diffeomorphism of lZuclidean space, thereby transforming the problem to a
quasilinear elliptic equation with certain boundary conditions. This new
problem is then solved with the assistance of methods in the theory of
elliptic equations. Unfortunately, this technique seems to require that "€ 0% ¢,
a > 0.

The primary object of this paper is to prove that if '€ C''¢, then
the conformal representation is also of class C'¢,« > 0. In an elementary
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manner, it follows that the conformal representation is of clags ¢™® when
I'e C»>, The precise statements of these results are Theorems 4 and 5.

Motivated by the conformal character of minimal surfaces, the proof
given here utilizes methods of function theory. For each point of I, we
provide a special representation of a portion of the surface where one of
the harmonic functions is Re 2™, 2 = x 4 iy and m an odd positive integer.
The points of I' for which m ==1, corresponding in a sense to interior
branch points for a minimal surface, pose serious difficulties. None-the-less,
such « boundary singular points » comprise a discrete subset of [. These
considerations only require that I has a continuous tangent. The use of
a special representation to describe a particular problem in the behavior
of minimal surfaces has been found useful by many authors. We mention
as examples L. Bers [1], J. C. C. Nitsche [7], and M. Shiffman [9].

The regularity is proven by estimating the special conformal repre-
sentation and applying Kellogg’s Theorem (cf. [11] or [12]). Higher deri-
vatives are discussed in § 6.

Each theorem we prove has an analogue for a minimal surface whose
boundary contains a cusp. As an example, we state Theorem 4’. The me-
thods used here provide some information about boundary behavior when
I’ is assumed to be difterentiable at a single point or when the tangent to

4
I' has a modulus of continuity w (¢) satis;fyingft—l w (t) dt < oo, for a 6 > 0.
0
We do not discuss these questions here. The local character of the results
insure that the conclusions are valid for minimal surfaces bounded by
several Jordan curves which may even have self-intersections.

§ 1. Definitions.

Denote by @G the upper half [ =£&+ iy plane. Let § be a minimal
surface in three dimensional (z,,x,, ;) space which is the conformal image
of G under the triple of harmonic functions

r (C) = (wi (C)y Loy (C)} Ty (C))

which are continuous in @, the closure of @, and admit finite limits at
{ = = oco. Suppose that the curve 88:tr = r (&), — co < & < oo, the boun-
dary of S, is rectifiable and that v =1t (£) is a strictly monotone map of
(— o0, co) onto 8. In the conformal representation, v ({) satisfies the isother-
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mal relations
r: (0P =1, ()7

(1) for L€ @
b (£)- 1, (0)=0

Here, we have adopted the notations a-b =a, b, 4 a,b, 4+ a3 b; and a® =
= a-a for vectors a = (a,,a,, az),b = (b, , b,, by). The subscripts &, 5 denote
differentation with respect to &, # respectively.

Let Fj({) = x;({) + ) ({), with «f ({) the harmonic conjugate of x;({)
and F;(0)=0,j=1,2,3. According to the results of Tsuji [10], the F;({)
are bounded analytic fanctions in G assuming absolutely continuous boun-
dary values Fj(£) on Im { = 0. Their derivatives Fj((),j=1,2,3, belong
to the Hardy class H! of the upper half {-plane. This implies there exists
an M, 0 <M < oo, 8o that for 1 <<j <3,

-/]F].'(t.{_iqﬂdthforeach 7, 0<n<< oo

/'F;'(5+it)|dth for each §, — oo <T§ << oo.
0

The isothermal relations (1) hold almost everywhere (a.e.) on Im ¢ = 0, null
sets on Im{ = 0 correspond to null sets on 48, and null sets on 48 cor-
respond to null sets on Im { = 0. In particular,

t:(62=1,(2=0 a.e. for — oo < &< o
3)
t:(8)r,(8)=0 a.e. for — oo < ¢ < oo.

The assumption that 68 be rectifiable is a local one in this sense: if
the image C of — 1 <<& <1 under t (&) is rectifiable, then there is a
Ssubset G’c {|{|<C1}n G whose image S’ under t =t ({) is bounded by a
curve of finite length. See, for example, Lemma 1.1 in [4].

§ 2. Geometric Considerations.

Let S be a minimal surface with rectifiable boundary 48. Suppose that
08 contains the arc

I:zy=vy,(z), *3=vy;(®x) —B<z, < B,



714 Davip KINDERLEHRER : The boundary

where the wy;(x,) are absolutely continuous with |y;(x) < w (|2, |), a.e.
in [— B, B], and y;(0)=0, j =2, 3. Here w (t) is a modulus of continuity
at t = 0(*). Since v =t {£) is a monotone mapping, we may assume that
I' is the topological image of — 1 <& <1 with «, (—1)=—B and «, (1)=B.

ds —_
1t follows that ;1%20, where s is the arc length of I'in S measured

from &= — 1. In this section, the behavior of § on I’ will be utilized to
provide a special conformal representation for a subset of S. The proofs of
Theorem 1 and the lemmas which precede it are only technical modifications
of those in § 2 of [4]. They are presented here for completeness.

LEMMA 2.1: There is an absolutely continuous function H (x,) such
that «? (¢8) = H (x, (§), — B < #, < B, and
(i) |H (x| < co (|2 |) a.e. —B < a, < B, where ¢ is a constant
which depends on I,

(i) 7 (0) = lim 1L

2, » 0 '7'1

0.

1s
PRoOF: With the notations introduced above, jl& > 0, a.e. in [—1,1]
by (3), so that

ax, g , =~ ds
() —- = (1 4 ¢ (2)* + i (v))?) 2ﬁ—>0’ a.e. —1<<¢<1.

=
It follows that the inverse function & =g (x,) to x, =, (§) on [— 1,1] is
absolutely continuous. Since ¢ (x,) is also monotone, H (x,)= «f (¢ (x,)) is

absolutely continuous in [— B, B].
From (3) and (5),

o3 [aX 2 ) |
%. (z,li ((?)) < sup (1 + yi (x)? + v} (2)) = 5 ¢ ae in[—1,1]

where ¢ depends only on I. Using the isothermal relations once more,

H @)+ vie) o + i) TS = 0 e,

(* By modulus of continuity at t=0 we understand a non-decreasing continuous
function w (¢) with w (0) = 0.



regqularity of minimal surfaces 715

|H'(w1)|S%V«pé(xi)’e—]—wé(wi)zgcw(lxl'), ae for —1<<&<1.

=

Statement (ii) follows upon the integration of H’ from 0 to a point x,
and applying the estimate above.

LEMMA 2.2: Recall that F, ({) = =, ({) + izf ({), F,(0)= 0. Then
(i) lim Arg F, (¢§)=0 and lim ArgF, (§) = n, where Arg (x4 iy)
ot E—~o0—
denotes the unique number in [-—-g—, —g-n) satisfying « + iy = | ¢ +
+ iy I 6" Arg (@) ,
(ii) | F, (&)] is strictly decreasing for — &, << £<C 0 and strictly in-
creasing for 0 << & < §,, where £, > 0 is sufficiently small.,
ProOF: For —1<<¢<0, Arg F, () = Arg (¢, + tH (»,) =7 4
+ Arg (l + z%@) Hence lim Arg F, ()= n by the previous lemma.
1 E—>0—

The same reasoning applies in the case & — 0+,

For —1<§¢<0, set R(z,) =z, (§)*+ H (z,(¢)? By an elementary
computation

dR 1

55,—<0 whenw(]m,l)(—o—.

Since z, (¢) is strictly increasing in [— 1,1], | F, (&) | is strictly decreasing
for — ¢, < £< 0, some &,. Analogously, | F, ()| is strictly increasing for
0<<§<E¢,, some &;.

LemMMA 2.3: The function F,({) has an isolated zero at {==0.

The idea of this proof is due to Donald Sarason. It derives from a well
known theorem. If a function in the Hardy space H' of the disc |z|<1
is real valued almost everywhere on an arc y of |2| =1, then it can be
analytically continued across y.

PROOF OF LEMMA. Let 2z = 2 ({) map @ onto the unit 2z = x 4 iy dise,
2(0)=1, and set ¢ (2) = F,({)>. By Lemma 2.2, for some 6, >0 and a,

0<a<-721,

—%<—a<Argg(e‘9)<a<—g—for0<|9|<90.
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Here Arg has the same meaning as in Lemma 2.2. Let ¢ (2) denote the
bounded, harmonic function in |2z| <1 with boundary values

_ Argg(e%) 0<|0|<CH,.
@ (€)==
0 elsewhere.

Again invoking Lemma 2.2 (i), ¢ (2) is continuous at z = 1. Let ¢* (2)de
note the harmonic conjugate of ¢ (2), ¢*(0)= 0. The real part of the ana-
lytic function h(2) = e*"@—*(@ ig positive in |z | < 1.

h(z)=|h(2)| et

Re b (2)
cosa

> | h(2)]

1ntegmtin £,

7

f‘ h (re'%) | d0 <<

-n

JU

21 Re I (0).
cos a

Hence h(2) belongs to the Hardy class H! so that the function g (2)h (2)
belongs to H?'. Moreover, for almost every 6, |0 | << 0,, lim g (re®) h (re®®) =
r—1

= ¢#"(¢") =i A9 () g (¢i6), a real number. By the analytic extension theorem
for H! functions quoted above, g¢(z)h(2) may be analytically continued
across |0 | < 6,. Since h(2) is zero free, z =1 is an isolated zero of g ().
Therefore { = 0 is an isolated zero of F ({).

THEOREM 1: Let S be a minimal surface with rectifiable boundary 8.
Suppose that 4S contains the arc

<

I'z,=vw,(x), zy=vy3®), — Bl <DB,

where the v; (r,) are absolutely continuous with | vj(x,)| << w(|2,|), a.e in
—B<2x,<B and y;(0) =0, j=2,3.

Then there is a subdomain U of G bounded by a segment [a,d] of
— 1< ¢ <1 and a Jordan arc o« joining b to @ in G such that log F, is a
univalent map of U onto a region of bounded argument in the Riemann
surface of log (x, -+ iaf).

The notations of the theorem and its proof are explained in § 1. The
function  (t) is a modulus of continuity at ¢t = 0.
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Proor. We may assume that x, (§) is strictly increasing in — 1 <
< & < 1. Choose #; > 0 so that { = 0 is the only zero of F, in {|{|<
<r)n@, and so that | F, ()| is strictly decreasing in —r, <<( <0 aund
strictly increasing in 0 << {<Cr,. This is possible by Lemmas 2.2, 2.3.
Choose a semicircle re®%, 0 << 0 <<, with » << r, such that

| F, (re) | =L for 0<<6<a=x, some L>>0.

For 0 <1< L, it will be shown that the set
a=a;={(€§; [Z]<r | F ()| =4

is a simple are, analytic in @. By continuity and strict monotonicity of
| F,(£)|, there are unique points a <0 and >0 on «. By continuity of
F,,an@ =+ . Since | F, ({)| is not constant in @, an @ is locally one or
several branches of analytic curves. No more than one branch passes through
each point of a«. Suppose that starting at a point of « and traversing o
in one direction necessitates passing through a point of « more than once.
Then « would separate G into at least two components. On the boundary
of at least one of these components, the harmonic function log|F, ({)|
would be constant. Hence F, would be constant in @, a contradiction.
Because F, (0) = 0, « does not contain the origin. Since | F, (re)| = L > A,
o does not intersect the semicircle re®, 0 << 6 <<n. Hence a c {0 <|{|<<7).
Therefore, starting at the point » and traversing « must lead to the point
a. Hence o is a Jordan arc from b to a.

Suppose that { €« is a point where F; ()= 0. Then in a neighborhood
of this ¢,

F,t)— F, () =kE e (t — O)F, n=2,

=N

1t follows that more than one branch of a passes through {. But this can-
not occur. Consequently, o is an analytic arc in G.

For a fixed ¢ 0 < e < %, choose 7, 80 small that

—e<ARgF, () <e 0<E<,
(6)
n—e< Arg P, (§) < 7+ —r, < £<0,

and ry<r<<r,. Let a=a, where A= min(|F (rj)],|F,(—ry)|}]. Say
A= |F,(ry)|. Put ry=2», let a = — 7, be the terminus of «;, and denote
by U the simply connected subdomain of @ bounded by « and the segment

12, Annali della Scuola Norm. Sup. - Pisa.
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[a, b]. Since F, ({) does not vanish in U, a single valued branch of log F, ({),
{ € U may be defined by specifying that log F, (r;))=1log |F,(r,) |+ ¢ Arg F, ().

d
According to the maximum principle, ™ log | F, (£)| <0 for{E€ain @,

where % denotes the outward normal derivative on «;. Therefore,
with s as arc-length on o, measured from its right hand end point,

d
the Cauchy-Riemann equations imply that s arg F, ({) > 0 for (€ ay . Hence

arg F, ({) is strictly increasing on «;.
We now show that arg F, (§) is finite for any &€(a, 0). For a fixed

£ € (a, 0), choose 6 > 0 so that the segment [E + 9, % b+ id] c U. Then

b .
E-’-l(’ E+"6
Fi () | | f Py ()
log F' —d d
| log .(E)Isu o |+ | 76 c|+
2 2 4
2 2

&
Fi () ' (1 )|
——d¢ log F, |—=0b}!.

+U 7o T n )

E4-10

Since the total variation of F, on segments parallel to the £ and 5 axes

is bounded (cf. (2)) and since F, is not zero in U, |log F, (¢)| < co. Hence

for a given £¢€(a, 0), there is a positive odd integer m, in view of (6), such
that

(6%) am — ¢ < arg F, (§) < am + e.
It also follows that log F, (¢) is continuous on [a,b] for & ==0. Given

0> 0, choose an interval |& —¢|<<p and a box B with vertices & -+ o,
E+o4id, E— o+ id, £ — o, for some d > 0 so that

e
f|1«*1' €+ o)< sint|F Q).

—e

Since F, is in the Hardy space H1,

n—0
—e

e I3
lim |F{(§—|—t+in)dt=[llﬂl’(5+t)\dt.
~e
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Therefore, for |& — & | < p,

|]0gF1(5)—-10gF‘(§’)|g(ilx:t'|F1( 111mf|F, &+ t+in) | dt < 6.

n—=0

This continuity implies that (6”) holds for all &€ (a, 0) with m indepen-
dent of &. Q. E.D.
Maintaining the assumptions and notations of the theorem, determine

a branch of F, ({)'™ by specifying F, () = | F, (b) | exp (i Arg F, (b)). The

image of U under the mapping z = F, ({)'™ is a domain in the (ordinary)
2 = x 4 iy plane.

COROLLARY 1: With the hypotheses of Theorem 1, there is a subdo-
main U of @& and a positive odd integer m such that z = F, ({)'/™ is a uni-

m
valent map onto Q2 =|F, (U). Let y denote the image of [— 1,1] n U under
this mapping. Then y is a simple rectifiable arc, null sets on Un[—1,1]
correspond to null sets on y, null sets on y correspond to null sets on
[— 1,1]n U, and

limarg2z = 0 as 2 — 0, Re 2> 0, 2€y

(M
limargz== a8 2— 0, Re 2 < 0, 2 €.

ProoF : For y we have the representation
yie= (x4 il (@), <@ <V,

for suitable b’, b”. Hence the strict monotonicity of x, (£) in [—1,1]n U in-
sures that y is simple. By (b),

1—m

dz |1-|—zH’(w,5)|[F 5)|’"8‘>O a.e. £€ Un[—1,1),

dg

which implies the correspondence between null sets. Rectifiability of y is
shown with Lemma 2.1 (i) and (7) is shown with Lemma 2.2 (i).

CoROLLARY 2: With the hypotheses of Theorem 1,

(i) The arc «, is rectifiable for almost all 1,0 <1 < |F, (b)|, and
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(ii) For almost every 4, 0 << A << | F, ()|, there is a C; < oo such that
, , 1
| Ff )| < C1,C€a,,j=1,2,3, and | F, (CHZE’CE“"

PROOF: For (i), let ¢ (?) denote the inverse to F, ({)!/™ (cf. [13]).

For each g<< R = | F, () |'I™, let ¢; denote the arc of |2| <o in 2. Then
the length I, of a, = ¢ (¢,), A = o™, satisfies

2
= ( f |9’ (06| 0 de) = Zm¢ [ | ¢ (0e®) ? ¢ d6.
ce ;:0

Hence
R
2
L

R
. d9£2ﬂfjlqv'(ee“’)|2ed9de£27”1,
0 Co

where A denotes the area of U c @. Since the integrand I5/o is finite al-
most everywhere, I, is finite almost everywhere, 0 << o << R.

To prove (ii) we utilize two well known theorems. Let E be the set of
0, 0 << o < R, such that

a. y has a tangent at ¢, ny = (F, (a,)V'™, F, (b,)"/™}, and
b. lim Fy (J), lim Fy ({),{€a ,Ad= o™, exist for
t—a, ¢t

Jj =142, 3, and the limits are not zero when j = 1.

Since y is rectifiable, the set of points ¢ not satisfying a. has measure
zero. By a Theorem of Lindelof ([11), p. 357), ¢ preserves angles at each
point where y has a tangent. It follows that the set a n{|{—a,| < ¢},
for a suitable § > 0 depending on a,, is contained in a sector with vertex
at a, for almost every g, 0 << 9 << R. The same is true for almost every b, ,
0<<o<RZR.

According to a well known Theorem ([11], p. 314), a function % of Hardy
class satisfies tlin; h(§) = h (&) (¥ 0, &= co0) uniformly in any sector with

vertex at & for almost every & Hence the complement of E has measure zero.
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For any o € E with a,,4 = ¢™, we have that for some C; > 0
|Fy' Q)< i< oo, b €a,,j=1,2,3, and

1

C < |F/' ()] ¢€a, since F ({) is known not to vanish in U.
A

§ 3. Estimations.

Limitations for the conformal representation determined in § 2 are pro-
vided in this paragraph. In what follows, let § be a minimal surface with
a rectifiable boundary which contains the arc I described by (4). For con-
venience, we suppose that the modulus of continuity w (¢) satisfies w (B)<<2-5.
With m the positive integer and U the subdomain of @G determined in Theo-

m
rem 1, we set z =a 4 iy = F, ({)/m, Q = VW), y the image of [— 1,
1]n U, and f; (2) = Fj ({),j = 1, 2, 3. Since m is positive, £ does not inter-
gect the negative imaginary axis. We assume that £ is bounded by y and
an arc of |2| = R > 0, with R™ satisfying the conclusions of Corollary 2.
Note that f, (¢) = 2™ .

LEMMA 3.1: Set ¢, = 4 (2 + 4o (B*'?, with w (B) << 2-5.
(i) Let y: 2 = 2 (o) + iy (o), where ¢ denotes arc length on y. Then
dx

1
d—o—l}g?crwqwil)and

dy 1
‘—G)g?cpw(] z,|), a.e. on yp.

(ii) There is a Lipschitz function h(x) so that y: 2 = x 4 ik (),
a << x <b, and

|h’(x)|gcl,co(|x1])<tan%<—;—,a.e. e x<b

(iii) For t € y and fixed 2 € y, determine a branch of the logarithm so
that t — 2z = re'?, with — —;t— <0< % for a fixed ¢ satisfying Re (t —z) > 0.

1 lo
Then cos 260 > - and~ ar
(iv) For z, 2’ € Q there is a path C from 2 to 2/ in Q such that

< ¢, < 2 for t € y, where ¢, depends only on I.

'[t'dtlg&"" e,max (|2, |2/ ") |¢e — 2|, 8 =0,
0
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and there is a path L from 0 to 2 in Q such that

(s-l—l)lft’dt)gcilzls‘l",sz().
L

This Lemma is proven in an elementary manner. To begin, use the
parameterization

yiz= (x, + iH (&))", bV < o, <b", for suitable b’, b".

LEMMA 3.2: Let ¢ (2) be analytic in 2 and satisfy
1 1
(p(z)=%§f(7——z)(p(t) dt, z € Q, and
30

|@(t)| < A a.e. on 4.
Then there is a subdomain £’ = Qn{|z| < K’} and a ¢’ > 0 such that
|@ (2)| < ¢’A for z € .

Proor. Let 2 =« 4 iy € y and choose ¢ >> 0 so small that z 4 ip € 2.
Then z — ig ¢ £; hence,

. 1 1 1
vetio= g (e~ e =) 70
0%
1
0R

4

Choose a branch of log (! — 2) so that ¢ — 2 = re®, t € y, as in
LeEMMA 3.1 (iii). Then

1
St eS|t =2+ et e

Hence

|— —eT 3 2¢>(t)dt'£—01f ——dr<A4c.
myEmaire T eg it
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It is easy to see that there is an R’, 0 < R’ << R, so that
'1 ° () dt | < ¢y 4, ¢
=) = Fe? 2 %
oR—y
independent of ¢, when |z + ip| << R. Set ¢’ = max (¢, ¢p).
LEMMA 3.3. Let ¢ (2) be analytic in £ and satisfy

1

1
on

o) | << A|t|Fa.e. on 62,k > 0 an integer.
Then there is a subdomain £’ such that
|p(2)| < ¢ A|z|* for z€ .

Proor : In view of the previous lemma, it suffices to show that

@ (?) 1 1L ()

F— _— .

F =5 | 1= WrEL
30

The domain £’ and constant ¢’ will then be those of the previous lem-
ma. Expanding in partial fractions and integrating,

1 (o)., @@ 1 k& . (.
% R

Note that all the integrals in the expression above are convergent. We
show that those on the right hand side vanish. For t =|t| ¢®€y,|sin 0| < %
by Lemma 3.1 (ii). Hence for 4 > 0,

[t idf =t —25in0¢]8 4 8= o |¢e

For t €9 — y and é sufficiently small, we also have |t 4 i6 |* = % |t]2

Hence for ¢ € y and § sufficiently small,

[t 4 i |~ < 20 |t],
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Therefore, the functions
(t+i0) @) —t=7 (1)
pointwise a. e. as é — 0, and
[(t+i0)yTp@t)| <274, ace, 1<j<k

Hence, since — id ¢ £,

LEMMA 3.4. For 2€y, |fji ()| < mep|2 |1, a.e., j=2,3.

PRrooF. With s as arc length of § on I' and o as arc length on y,

das\? 9
(a—z> = (1 +' "/’2 (wj)2 + ‘P‘; (xi)z) (%) y a.e. zE Y.

Since the isothermal relations hold a.e. on y (cf. (3) and Corollary 1),

d8 2 3 8.’14']' 2
(d_o) —f(a—x) a.e. on vy

] (’9-7/"2 a@.2
Hence. | £+ 2=(__J hd)
ence, |fj (2)] 5 + 5y a.e. on y
ds\?
<2 70 a.e. on y
<m?c%|z[Xm-D, a.e on j.

LeMMA 3.5. There is a subdomain Q' = (2€Q; |z| <R’} such that
|fi @) |<M|z|~*, 2€Q’, j=2,8, where M > 0 is a constant.

_Proor. We first show that fj(2) is (essentially) bounded on 8%2. For
2€Q, |2| =R,

F ) o

®) 17 @) = m g P

(C)(m—l)/'m’ {€oary A= R™,
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Since we have assumed that «; satisfies the conclusions of Corollary 2,
| /i ()| <mC2R™! < oo for |2| =R, € Q, j=2,3. In view of Lemma 3.4,
/i () is essentially bounded on §4.

The fj(2), j = 2, 3, are bounded analytic functions in £, continuous in
Q. Hence

= L [ . -
Ji (@) = E[(t_z)sz(t)dt’ 2€0Q, j=2,3.
da

Since f|f,’ ()| ] dt| < oo, j=2,3, by (8), the above expression may be in-
je
tegrated by parts to yield that

1

1 .
Jil(@)= 2nifmf3' () dt, z€Q, j=2,3.
o

The Lemma follows from Lemma 3.3.

§ 4. Boundary Singular Points.

Let S be a minimal surface with a rectifiable boundary 4S. In this
section, we show that when the arc I'c 4§ (cf. (4)) has a continuous tan-
gent, certain singular points, defined below, form a discrete subset of I
The assumption that I" be smooth is essential, as simple examples illustrate.
Suppose, then, that 08 contains the arc

I': 2y =1y, (x), x3=195(®), — Bz <B,
4
where the y;(x,)€ C!(— B, B]) and v;(0)=1v;(0) =0, j=2,3. Let f(¢)
denote the modulus of continuity of the y; in [— B, B].
To I' we associate a right handed moving trihedral ey (P) = (a1, ary y ax3),
k=1,2,3, where e, (P) is the unit tangent vector to I'at P and the

functions az; = ay; (P) are continuous. Note that lim ay (P) = &y, the
P—0

Kronecker delta. For any fixed P with the distance OP sufficiently small,
there is a subarc I'p< I" which contains the origin and C! functions ¢;(y,),
J=2,3, so that

Ip:ye, (P)+ @ (yy) 6(P)+ @3 () e(P)+ P, —I<y, <Ll
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The modulus of continuity of ¢j(y,) is w(t)= Kf(K¢t) for a constant K >>1,
independent of P for OP sufficiently small. Moreover, for OP sufficiently
small, the arcs I'p, P&, contain a common subare [, with 0€ [ .

Using the orthogonal matrix Ap = {ay; (P)) we determine a conformal
representation ¥ (£) = (y, ({), y, (£), y5 (£)) by

() =dp () —P)

Suppose that P =1t (£p). Let G;(&) = y;(0) + iyf (), j=1,2,3, where y;* ({)
is the harmonic conjugate to y;({) and G;(ép)= 0. Then

3
) G;(0) = k{} au (P) (Fi (§) — Fr (ép)), j=1,2,3.

The hypotheses of Theorem 1 are fulfilled for the conformal representation
V() at = Epe Hence, there is an open subset Up of G, bounded by a
segment [a,b] of the TmJ =0 axis containing &, and a Jordan arc in G
joining b to a, and an odd integer m, > 0 such that w =G, &)™P is a
conformal map of U, onto a domain £p in the w =u -} iv plane. We
refer to the parameter « defined in the domain Qp obtained in this way
as the local parameter for 8§ at I We call P a «singular point of S on
I'», or briefly, «a singular point », if m, > 1.

In the case where the tangent to I’ satisfies a Holder condition at a
singular point, the notion of singular point coincides with that of branch
point for a minimal surface ([8] p. 234). This, and related questions not
germane to the present study, will be developed elsewhere.

In our notation, we shall systematically suppress the dependence of
the a;(P) and other functions on P. We assume that sup o (t) < 39"

‘THEOREM 2. Let S be a minimal surface with rectifiable boundary 8.
Suppose that §S contains the (! arc

I': )y =y, (x,), 23=1vy3(x,), — B <z, <B.

Then the set of singular points of § on [' is discrete.
As an immediate

COROLLARY 3. Let § be a minimal surface with a C' boundary 48.
If § has N interior branch points and M singular points on 08, then
M+ N < co.
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PROOF o¥ THEOREM. We assume v;(0)=y;(0) =0, j=2,3. Let 2
be the local parameter at 0€ I’ and m = m, be the integer determined by
Theorem 1. Let Q= £, be the parameter domain of 2, y =y, the arc of
8{2 whose image is a subarc of y, and fj(2), j =1, 2, 3, the analytic funec-
tions whose real parts form a conformal representation of S at 0. We shall

show that for non-zero 2€yn{|z| < R}, R sufficiently small, v () =PeI’
is not a singular point.

Let w be the local parameter at P =t (z,)€ . With m, = n, there is

a subset U=£2n{|2z—2,| < g} which is mapped conformally onto a subset
V=YV PC Q P by

w=w (@)= (F™) " @)".
The mapping w == w0 (2) is a topological map of U onto V. According to (9),

W (A" == ayy (2™ — 2P) a5 (f3(2) — fo (2p)) + a3 (f3(2) — fs (2p))
(10) we 'V,
gj () == aji (2™ — &%) + ap ([ (2) — f (2p) + ajs (f3(2) — f3 (25))

for ] = 2, 3 y Q= a;j(P).

First we establish a limitation on gj (»0) w'=™ and g;(w)w~" which does
not depend on Pe€ I for OP sufficiently small. By Lemma 5.3, there is an
M >0 so that |fj ()21~ | << M forz € 2’ =Qn{|z| < R’). Since the ma-
trix Ap is orthogonal and ;im a4 (P)=d;;, we may choose p > 0 so small

—~0

that PO < p implies

P=r(z,) with z,€pn&

3
‘(11) Ay 2?

e —— (M 1
V2 l/l——aflci(47n—+2)<zy

where ¢, =1 is the constant from Lemma 3.1 which depends only on I
Therefore, for PO < p and z€ 2,

ay + a?nl—zfs' (#) 21—™ 4~ %fa’ (2) #1—m lZ
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aﬂ_(ia f2 (?) )2

12 mzm—l mzm—l

+| o
— =M 1
a,, — Vl —a}l V2 —”7>7 .
Therefore, by differentiating g;(w) and employing (10),

! m—1 ! ! _
(12) g; (w) _ may 271+ ap /o @)+ ap fy (2) forw=1w(@)eV, j=23

Nt mayy 21 ag, fo (2) 4 a3 fi(2)

gj (w)
newn—1

M m (M _
(13) SQ(‘“ill‘!’tajzlW+|“13|m)£(3+4%)’"‘5V-

The inequality above and (12) are valid except for a set of measure
zero in V. By Lemma 3.1 (iv),

M = .
|gj(w)|£2cl(1+27ﬁ)|w|",106 Vv, j=2328.

The remainder of the proof is a simple examination of the equation,
implied by (10),

m— g =a, v+ a, g, (w) + a,, g, (), w = 1w (z)€ V.

For |2 — 2, | small and 2z 3= 2z,, 2™ — 2™ == 0. Hence a single valued
branch of log (2™ — z,;") may be defined for 0 < |w | <7 we l7, with »

sufficiently small. Given & > 0, choose points w’ = w ('), w" = w (2") in y,
with 0 < |w’|,|w"”| < r so that

. | arg w0’ | <4n—na,|a,rg w' — n

7T
<& —
<o and
(m —1)|arg2’ —argz,| <en/4, (m— 1) |arg 2" — arg z,,| < en/4.

Let C be a path from w’ to w” in VN {0 < || < r}. Then the varia-
tion of the argument of 2™ — 2, on C,

4, arg (2™ — z") = A4, arg (a,, w" + a,, ¢, (w) + a, g, ()

= dg arg w™ 4 dg arg (a4 ayy g, (10) w4 ag, g5 (w) w="),
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When (Tp<p,we I;;

Re (a“ + a?i g2 (u’) w—" + 031 g3 (w) Qv—n) 2

—— M\_ 1
a“—-V2V1——a1fci(2+4—)>?,

m
1
and |Im (a;, + ay, g, (w) 0" 4 ag, g5 (w)w—") | < T Hence
1
| 4o arg (a,, + ay, g, (W) W= 4 ag, g3 (w)w~") | < 2 arc tan 3 < % .

\ 1 €
Therefore, 4¢arg (2™ — 2;*) > (n -5 ?) .
Since | b/ (x) | << % < tan %, by Lemma 3.1, the complement of 2

. 3
contains a sector with vertex at 2, and central angle ¢ > "

Therefore

m—1 [ » \k
4, arg (™ — 2,") = 4, arg (z — 2z,) + 4, arg %‘ (Z—P>

< %n—}— (m —1)|arg 2’ — arg zp| 4 (m — 1)| arg 2"— arg zp|

5 e
<Tn—|— —2-1!.
Hence n < %—l— & < 2. Therefore n = 1. Q. E. D.

¢  COROLLARY 4. Let S be a minimal surface whose boundary contains
the C! arc

F:'”z = y, (2)y ¥3 = yy (¥y)y — B, < B,y (0) =9j(0)=0,j = 2,3.

(i) There is a p > 0 such that if 0 << OP < p for P¢ I, then P is not
a singular point of § on I'.

(ii) Let fj(2) and g;j(w) be the conformal representations for S at 0
and P, 0P < p, respectively. Suppose that w = w(2) is a conformal map
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of UcQ; outo VeQp. Then for we V and almost all we gV,
, o M\ .
| gj ()| < 2 (1 + 2—');—0)’-7:"273; M = sup | fé (&) 2=, &k = 2, 3.
U

Proor. This follows from (11) and (13).

§ 5. Holder Continunity of the First Derivatives.

The Holder continuity is shown initially in the domain of the local
parameter with a diminished exponent. By applying Kellogg’s Theorem
(111}, p. 361), the diminished exponent is replaced by the original one.
Using . Kellogg’s Theorem once more, we prove Hilder continuity of the
original conformal representation. The main result is Theorem 4.

Throughout, we cousider a minimal surface S whose boundary 58
contains the arc

I':ixy =y, (1), 03 =1vy3(x), — B <z <B,

where j;(x,) € Ct*(— B, B]), 0 <a < 1; and w;(0) = yj(0) =0,j = 2, 3.
We assume that the Holder constant of the functions ¢j(y,),j = 2,3, the
derivatives of the functions defining the arc I'p (cf. § 4), is the same as
the Holder constant for the vj(x,), j = 2, 3.

As a shorthand, we refer to the analytic functions fj(z) (or g;(w)),j =
=1,2,3, whose real parts formm the conformal representation for S at
0€I' (or PeI') as «the conformal representation of S at 0 (or P)».

Let 2 denote the local parameter at 0€ I, Q2 the domain of 2, y the
preimage of the arc ot I"in §82, and f;(2),j =1, 2,3, the conformal re-
presentation of § near 0. Let m > 0 be the integer determined by Theorem 1.

LE.MMA 5.1. Let o denote the arc length of y. Then
{ Zl—m 23~ ) 7=\
de m + 2 ° vj () fj (z)(

F(;:

|z I m—1
3 5 , a.e. for z €y,
w2 2y @) £ )

PRrROOF. Tor z€yp, there is an absolutely continuous H (x,) such that
fi(&) =, (2) + iH (%, (2)) by Lemma 2.1. Hence y:z= (x, 4 iH (x,))/",
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bV <@, < b”, for suitable b/, b’/. Therefore

dz 1 .
o, —_=E(1 + iH' (@) 2!—™, a.e. zE€y.

By (3) and the Corollary to Theorem 1, the arc length s of S on I'

ds

2
satisfies (-%) == 0 a.e. on y. It follows that %’— == 0 a.e. on . From the

isothermal relations, we obtain that

3
o, fiOFZ i (@,) 7 (2) a
b0 14 yi(@,)? + vi(@)® do’

a. e. on y.

For this formulation, refer to [5]. With f/(2) = mem—1,

1 , y
1 14 = 2y (@) 1] @)
1 +5H’(wi)= TF v @) y & € on y.

Hence

dz dz\) dz |71 (de (de\7'P o on

do de,/ | d, - du, \dx, y . e. y

dz 1 .

By Lemma 3.1, == —1| <5 a. e on y; 8o there is a branch of the

square root such that

1 - 3 —_ i
s m 4 zi—m 22,‘ vj (®,) fi' (2)

E-O—.—_-:

zl m=—1
(7) , 4. €, on y.

3
m 427" Zyj@)f @)

LEMMA 5.2. There are ¢>0 and i,> 0 such tbat when OP < & and
A< Ay,
(1) w (2) = a,y (2™ — 2,™) + @45 ([ (2) — fo(2p) + a,3(f5(2) — f3(2p)) i8 &

conformal map of
Uh=z:—d<arg 2 <A |z|<7nQ

onto a subset Vp of Qp, where » is independent of P.

(ii) For 2,2’€ Ul,|w(z)—w(z’)|g(m+—i—)rm—1|z—z’ .
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(ili) f/ (2) 21—™, j = 2, 3, are bounded in Qn{|z|< 7).

PrROOF. We remark that for »r >0 and 1 < j;—:;,

|om — 2™ | =max (2", |2 ["N) |2 —2"|,2,2" €U,

For z€ £,
w’ (2) = may 2™+ e f3(2) + a3 fy (2) =
=m (¢, + B (2)) 2™
Choose & r > 0 so small that

1 3
i Hm 1 B — —_—
me, 5 su}) | B(?)| < —and a,, >

Hence (iii) is satisfied. Now for 2,27 ¢ U,

(1Y (z) —_ 0 (z') =._f,m (a“ + B (t)) tm—1 ¢

7

z
|w(z)—w(z’)|2|fma“tm"ldt|—fm|B(t)||t|’""1|dt|,
2’ (4]

where C is the path from 2’ to 2z determined in Lemma 3.1 (iv).

y fm|B(t)||t§m—1|dt|gmc, bm=1max (|z |1, |2 |m1) |2 — 2’|
b
1
s-zmax(lz|m-‘,|z’ |m=1) |2 — 2’|
Hence,

w(R)—w @) | =a,l|em— 2™ ———}—max (|z|m1, |2 ™) |2 —2’
i1 4 b

1
> ([, |2 P 2 — 2|
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Therefore w (2) is univalent in U, . In addition,

1
[10(2) — w0 ()| < (ma“ +j4—> max (|z|",|2" ™) |z — 2’

= (m + %) rm=l| 2z — 2|
An analogous conclusion holds for a set
Ul={in—i<argz<a+ti, |2|<r|nl
Suppose that r = min (r,7’) and let Q' = Qn{|z| <}
The estimate below is a well known fact in potential theory. We pre-

sent a proof because conclusion occurs in an unusual form. For efficiency,
we introduce the notations

Dg,q)=1{C:0<argl<gq,|l| < p}, where Z <g<nand 0<po<1

A(f,g,é)={C:(5<al‘g(¢'——§)<n—5,|&'f<Q}CD(9,q), where n —q <
<6<~;i and 0 <o, {<1.

LEMMA 5.3. Let @ () = u () + i () be bounded and analytic in
D (g, ,¢). Suppose that for a fixed &,,0<<& <, < g4, and 0 << 1

lu@®)| < Clt—§& |, a. e teaD (e,
Then
@) — @) | <<ecC|t—C|F, 5L ed(E, 0,0 50<0,-

The constant ¢ depends on 8,9, ¢, 0, — ¢, -

PROOF. With 7 chosen 8o that 0 <tz < m(1 — f), sin (0 -+ 1) 2—;7 >0

for 0 << 0 << . Therefore the harmonic function w ({)=|{ — &, |f sin ﬁ((-) + ),
= arg {, is positive on 4D (o, , q) except at { = §,. By hypothesis,

—MCw(@t)<<u (@) MCw(t), a.e. t €3D (o, q).

13, Annali della Scuola Norm. Sup. - Pisa.
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Integrating this inequality with respect to the Poisson kernal of D (g, ,q),
we find that

—MCwQ)<ul)<MCw(),l€D(o,,Qq)
Hence,

|u@)|<MC|L—&f, L€D(o;,q)-

When (€ 4(&,,0,,0), D(0,9) contains the disc

[C—t|<r=[{—§&]|

co8

é+ ‘
2

Since by Green’s Theorem,

2 )
Jug (¢)| < — sup [ u (¢ + re®) |

we have that

6+qW

q2 MOt — & |P=1,0€4(& , 00, 0).

cos

6-{2-‘

2(1+

|ug 0) | <

Ccos

+

The same estimate holds for u, () and therefore | ¢’ ({) | << e €| — & |fY,
CeA (& 0y,0). Although there is a general method for concluding that
pECHE(4 (o) 05, 9)), (cf.[6], pp. 51-53), since { is restricted to a sector a
direct integration is possible. For £, € 4 (&0 y 09, 0), let L_ t=¢4 8" — )
0 << s8<1, be the line segment between them. Since ¢ € 4, § < arg (t — &) =-
=0<mn—34. We define a branch of (¢t — £,)f, Holder continuous in
4, by (8 — &) =|t—&,|f e for a fixed ¢ Consequently,

%Oﬂlz:—mﬂz%l(c'—sow—@—soﬂl

— U (t — )61 dt ’

> ’ Im e-"“f(t —&)ftdt |, a=arg (' — )

L
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=/|t—50|ﬂ“ sin (1 — 3) 0 | dt |
L

2siu(1—ﬁ)6f|t—£o|ﬂ—1|dt|.

L

Here, Cyzis the Holder constant of (¢ — £;)%. The lemma follows.

LEMMA 5.4. Let 2=F({) map D={Im{ > 0,|(| <1} onto £ =
={|2|<7)nQ with F(0)=0 and yn&’ the image of [— 1,1]. Then F
and F-!are Holder continuous.

ProoOF. Ilere, r is the radius from Lewmma 5.2. This lemma is a con-
sequence of Warschawski [13] and [12], Lemma 1, once a certain chord-arc
length ratio for §¢2’ is established. We must show that there is a constant
K > 0 satisfyng

(14) Ao < K|z —2"| 22 €58,

where 4o denotes the length of the shorter arc of 9f2’ between z and 2’.

Since y:2 =& + ik (z), with |’ ()| < tan %—, for 2, 2" €,

T V)
lgsecglz—z'l, | =length of the arc 22’ of y.

For two points 2,2’ on the arc |2z|=r, the condition (14) is obvious. So,
let z€yn’, |2’ =r, and a be the end point of y nQ’ closest to 2’. Then

N\
the length L of zaz’ in 02" satisfies

—1
¢ Lgsec%—]z—a|—|—2(7‘siu%) |2/ —al.
Also,
3 \-1
|z——a|,|z’—a|£(sin§n) |z — 2|
Hence

do<L<K|z—2|

LEMMA 5.5. Let D, = {{ €D, | (| <o} and Q, = F (D,). Let » = » (o)
and » = » (o) denote the Holder exponents of F | D,, the restriction of
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F to D,, and F-1| Q,. Then for each ¢, < 1 there is a ¢ < ¢, such that
Ji (&) 21—™€ 0°v~(f29),j =2, 3, and y nﬁe is a Ch* arc
with » = a » (g,) ¥’ (0)).

ProOOF. We note first that the existence of a tangent to y at 2 =0
implies that F ({) is conformal at { = 0 by a theorem of Lindelof. Conse-
quently, the image of

Uy=(2: —a<argz <4, |z|<r2€eQ)
under { = F—!(2) contains a sector
W= {(eD:0<argl<pu| for some u> 0.
An analogous statement holds for the set U} = {2:7n — 1 <argz <=+ 4,
lz| < 2€ Q).

We derive an estimate for the local parameter representations of S.
With o as arc length on y,.

2 (2, y) = yj(®, (x,9), z2=a-4iyey, j=23,

ox, ox dx ox dx
(’—l— Ih )d ,(,)( ’+ )do’ a.e. on .

. dx ‘
Since &;=|= 0 a.e, on y,

8a:, W

aw’ + (*) = v} (2,) (ar, 4+ =1 8.701 L (x) ) a.e. on 7,

¢ 8.’5‘]’

Sl lwE A @ +I¥ @15 @], se o y

3
g?onlz|m—lw(|a',|)+mc}|z|’“—1w(|w1|), a.e. on y

by Lemmas 3.1 and 3.4. Therefore, with A as the Holder constant of the
tangent to I,
0%;

ox

3
s(?-l—c})m/llz|m-1|z|"‘“ a.e. on 7.
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Hence

Re 21-™f' (2) = %(z) | 2 |*=™ cos (m — 1) 0 + ‘;—? (2) | 2 |*—™ sin (m — 1)0,

(15) | Re 21—™ fj'(2) | << (% + Qc;) mA |z, a.e. on y j=23.

This estimate also holds if a« = 1.

Let w denote the local parameter at P = t'(2p), |zp| <7, and g;(w),
j=1,2,3, be the conformal representation of § at P. Since A, that is
w (t), does not depend on P, the conclusion of the computation above may
be applied to g;(w). Consequently,

(15%) ]Reg,’-(w)lg(%—l—%fv)AIwP, a.e on y,.

At this point, the analysis is transformed to D. Set Y;({) = 2™ f;' (2),
2= F(),2€Q, j= 2,3, and

1 1
ajy + iy Y3 (§) + - ajs Y3 (¢)
hj (C) = hj (C, P) = 1 1 ,
4 +;n—“12 Yz(C)"l‘Wata Y, ()

ajr = aj (P), Jj=2,3.
By (15),

|Re ¥;(8)| < O, |&|f, ae —o,<E<p,, with f=a» and C,

a positive constant, j = 2, 3. This estimate is easily extended to the semi-
circle [{| = ¢, , Im { > 0 since Y;({) is bounded. Namely, for a C, > C,,

| Re Xj(t) | < Oy | t|#, a.e. t€9Dg,, j=23.

So by Lemma 5.3, Y;({) € C%#(4(0, gy, = — @), j = 2, 3, for some g, ,
0 < g, <oy, and any g, % < g< n We choose ¢ and & satisfying

n—g<d< puandg, o< gy < o. Let &p = F~!(2p) where t (2p) = P.
In view of (12), h; (§) = gj (w) a.e. for 0 << & << 1. Using (15’) and Lemma
5.2 (ii), we obtain that for 0 << ép << o,

[Rehj(8)| < O3|&E—Eplf, a6, 0<¢(<<p,, Jj=2,3,
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with C, independent of P. Since Y;({)€ 0°r3(3(0,-‘92,q‘a),
|Rely)| < Oyt —Enlf, t=|t]en, 0<[t|<op,,
with C, independent of P. Consequently, for some C; > 0, independent of P,
|Rehj(t)| < Cy |t —Ep|f, a.e. tEAD (0,, 9)
Applying Lemma 5.3 again, hj(C)EO-O‘ﬂ(Z(fP,Q, 0)), with Holder constant

independent of P.
In the sector W, the valid relations

.l Y;(t) = a5 + Aaj hy & P)+ asj h’3 &, P)
m 7 ayy + agy by (G, P) + agy hy (, 1) '

ay = ai; (P),  j=2,3,

imply that Y;(£)€ C%#(4 (£p,0,8)n W), j=2,3, for each £p, 0 <<ép<op,
but with Holder constant independent of P. Smce n—g<lo<upu, it is
already known that Y;()€ C%8(4(0, o, p)), j = 2,3, and hence Y;({)€
€ 0% 8 (4 (p, 0, 8)), With Holder constant independent of P. It follows in an
elementary way that ¥;(£)€ C% ﬂ(_(g, Q) j=2,3. Using the same argum-
ent, Y;( C)EC"-"’(D'(e,q)), Dg=[eD:qg<argl{<m, |{|<pg), for g,
0<q<—— Hence Y,(()€ C%&(D, ) j=2,3.

Therefore, fj' (2) 2'—™€ C%*(9 Q,), Q, = F(D,), » =y’ =ary’. By Lemma
5.1, ynQ, is a O.* curve.

In the proofs of the next two theorems, we shall employ a well-known,
and easily demonstrated, local variant of Kellogg’s Theorem: Let G be a
gimply connected domain whose boundary contains an open C!* arc L
and let F map D, conformally onto G so that (— g, 9) corresponds to L.
Then for each & — o < & < g, there is a subdomain V = {{ € Dp;| ¢ —&| < ¢
such, that Fe€ C1*(V) and F—1€ C1*(F(V)). Here, as usual, D, = {|{| < o,
Im ¢ > 0}.

THEOREM 3: Let § be a minimal surface whose boundary contains
the arc

I': zy = y, (v, ry = yg (#), — B <wx, < B,

where w;(x,)€ Cl-2([— B, B)), 0 < a < 1; j(0)=vy;(0)=0, j =2,3. Let 2
be the local parameter of S at 0 € I', 2 the domain of 2, and f;(2), j = 1,2,3,
the conformal representation for S at 0. Let m be the integer determined
by Theorem 1 and y the arc of 422 whose image is in I
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Then there is a subdomain L7 < such that fj'(z)2!-"™¢ o (Q7),
j=12,3, and 2" ny is a Oh* arc.

PROOF. Let z = F ({) map D onto £’ = (z€ 2,| 2| < r}, as in Lemma 5.5.
According to this lemma, there is a o, <C1 such that y nf,, is a C!* are.
Hence, by the local invariant of Kellogg’s Theorem, there is a g, << o, such
that F€ O”v"(f)e,) and F-1€ C"*(Q,). In particular, ¥ and F~! are Lip-
schitz in these domains, so that- » (9,) =" (g,) = 1. Applying Lemma 5.5
once more, there exists a ¢ <C g, such that fj' (2) 21=—™€ C%*(2,). By Lemma
5.1, ynQ, is a CL¢ arc. The theorem is proved with Q' = Q,.

THEOREM 4. Let 8 a minimal surface whose boundary contains arc

I':zy = y, (%), % = y3 (), — B < o, < B,
where

v (@) €0b ((— B, B]), 0 < a < 15 y;(0) = yj(0)=0, Jj=2,3.

Let Fj(() be a conformal representation of § for Im { > 0 with F; (0) =0,
j=1,z2,3. :

Then there is a subdomain N = (| { | << R,Im{ = 0} such that
FJ(C)E 0""(N)’j =1, 27 3.

PROOF. We are assuming, of course, that the image of an interval

a < & << b containing { = 0 is monotonely mapped onto a subset of I" con-

taining the origin by the conformal representation v ({) = Re (¥, , F,, Fy).

By Theorem 3, y n Q" is a CL°arc. Hence by the local variant of Kel-

logg’s Theorem, there is a neighborhood N = {|{ | << R, Im { = 0} such that

the conformal map z = F, ({)/" from N to F, (N)!/™ is of clags O in N.
Here m is the integer determined by Theorem 1. So

= _1 g T B Qe e )

a m 1 1 ’

It follows that Fy () € C%@ (N) since F, ({)'/™ is Lipschitz. Now, for j = 2, 3,

d 1
F)(©) =F () gz = 75 /{ ()2~ B () € 0% (W) by

Theorem 2. Q. E. D.
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We say that the piecewise Ol:¢ curve I” has a cusp at O if I' is the
union of two curves

IV : 2y = y, (1), 23 = 5 (2y), 0< 2 < B,
and

I'": 2y = @y (@), 73 = @3 (,), 0o B,
where

vi, @€ 012 ([0,B]), 0 < a <13 wf(05=wf'(0)= @j(0) = @j (0) =0, j = 2,3.

THEOREM 4’: Let 8§ be a minimal surface whose boundary contains the
piecewigse Cl'@ arc I'= I'’vI"” which has a cusp at 0. Let F;({), be a con-
formal representation of § for Im { > 0 with ¥;(0) =0, j = 1, 2, 3, such
that I and I'” are the topological images of (— 1, 0] and [0, 1) respectively,
Suppose that the integer m « determined by Theorem 1 » is positive.

Then there is a subdomain N = {|{| << R, Im { = 0} such that F;(()¢€
eEChe(N),j=1,2,3.

For such a minimal surface, there is a theorem analogous to Theorem 1,
except that the integer m is even or zero. This latter case occurs, for exam-
ple, in the conformal mapping of Im { > 0 into a domain bounded by a
curve with a cusp having exterior angle 2n. For such a conformal mapping,
the conclusion of Theorem 4’ also fails.

§ 6. Higher Derivatives.

Higher derivatives are obtained using the representations (9). A brief
description of this procedure is given here. The proof is valid also for con-
formal maps of plane domains. No attempt to reprove Lewy’s result [5] is
made here.

THEOREM 5. Let S be a minimal surface whose boundary contains the arc

I': 2y =y, (), 2 =y (), — B < 2, < B,
where
yj (@) € Ome((— B, B]),0 < a<<1<<mn;y;(0)=1vy;(0)=0;

(=2,3. Let F; ({) be a conformal representation of 8 for Im { > 0,
F; (0)=0,j=1,2,3. Then there is a subset N = {|{| < R, Im { = 0]
such that F;({) e C~* (N), j =1, 2, 3.

We proceed by Lemmas.
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LEMMA 6.1. Let ¢ ({) = u () 4 v ({) be analytic in D,, and continuous
in D,,, 0, < 1. Suppose that for a fixed &, | & | << 0, < @o,and @, 0 < a < 1,

[u(t)] << Ot — & |'te for t € 9D),,.
Then for any sector
Ao <arg(C =&)< a—206,|f|<e,

")) < 0, LE 4,
where ¢ depends on 6 (> 0), a, 94, 0 -

Proor: Since u (£) is bounded and harmonic in 0D, , we may write

Qo

W () =+ / |T—17_c"|3‘5 u (t) & + Re L (¢), where

JT
—&€o

h (¢) is analytic for || < o,. Hence

o () = j _~-——u(t dt 4 k" (£), L € Dy, .

—Qo

t —
| o < (sin 8) 77, we see that

Qo

1 \l+e
. v <2 (gag) [ 10— S+ sup 1 @)
T o 1{l=a

REMARK 1. For a function w € O #(I), I an interval, let

D* w (t) — D* w (¢') | d
D¥ o l = —.
10 |5, p == = mAx sup| u[—i—tsg& T , D T
Let g ()€ O ([— o, o)) f(@) € C"The(— B, B0 <a<st<1<mn,

with g (¢,) = f (0) =/’ (0)= 0 forato, [t,| < o, and | g (f) | << B. Then there
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are a, b, ¢ whose moduli depend on | g

Ny Ty |,f |'Il+1,a such that foru(t)::f(g (t))?
| DPu(t) +a4b(t—t)| <c|t—t|t,|t| <o
If t=1, then | D" u(t)+b|<(1+a)c|t—t|*a e |t|<eo.

REMARK 2. Letg (¢)€ C™ * ([— g,0]), h (t)€ C*— *([ — g,0]), v (x) € O™ *([— B, B]),
0<a<t<1<n with v (0)= gt,) =0 for a t,,|t;| < o. Then there
are a,b, ¢ whose moduli depend on |¢|u )|k |n—1,:5|?|n 4 Such that for
u(t)=v(g(©)h(@

| D-tu(t)y+a+bEt—t)|<c|t—t[|F|t|<e
If t=1, then |D"u(t) 4+ b|<< (L +a)c|t—1t]*,a e |[t|<p.

LEMMA 6.2: Suppose that I'e Cntl.e and F;({)€ C™* (D,,) for each

17,0 <t <1< n Then Ff’”’” (¢) are bounded analytic functions in D, for
each o < go,7=1,2,3.

ProOF: We shall show that G}’H’” (¢) has bounded modulus, indepen-
pent of P, in each sector 4(fp, g, ) for a suitable 4. Given p, choose
0y, 0<0,<g, and 6 > 0. For each &{p€[— g, ], there are functions
®;(Yy) € gntle -1 l])r @;(0) = ‘P}' (0)=0, j=2,3, so that a subare Ivo el
is given by

Fo: y2=(]72(3/1)’ y3=¢3(y1), —l<y1 <UL

Hence by the first remark, there are aj, bj, ¢, with moduli bounded inde-
pendently of &p such that

| Dry; () + a; -+ b (¢ — &p) | < ¢o| ¢ — £p 'ty — e <<t<< @y, Jj=2,3.
Hence there is a constant C = ¢, and independent of P such that
| D™y (t) + aj+ bi(t — £p) | << C|t — &p['*e, t€8D,, j=2,3.

By Lemma 6.1, | G (&) 4 bj| < ¢C in 4(¢p, 0, 9), j =2, 3.
According to (3),

a1‘/1

d
A= 2 ol ) % 0, —e=<t=g-
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The second remark applies to this case. Again by Lemma 6.1, we find that
|6 @) < cC’ in A(Ep, @ 8), j=2,3. By (9), F;"*"(¢) are bounded in
modulus in each 4(fp,p,d), j=1,2,3, with bound independent of P for
|ér | <o

PROOF OF THEOREM 5: For a proof by induction, we assume that
I'e Crt1« and  Fje C""(Ijen) for each 7, 0 << 7 < 1<Cn. Choose Ont1 < On s

1 .
let 9=—2—(gn+gn+1), and fix §, 0 <«)<i2'—. For each &p, |&p| << @utr
there are b; such that

| Dy (0) + 0| <1+ a)C|t —ép [, a6 tedD,,, j=2,3,

in view of the preceding Lemma and Remark 1. Hence by Lemma 5.3
M e o™ (4(p, 0,8) with Holder constant independent of P for
IEP|£Qn+I;j=2)3°

By using the second remark, we see that G{"t" (f)€ C**(A(&p, o, 0)).
Hence F{"*V e ¢"* (4 (tp, 0, 0)) for each £p, [ £p | << guy1. By an elementary,
argument it follows that F/"*"€ 0" (D, ). (*

(*) This research was partially supposed by contract AF-ASOFR 883-67.



T44

[1] L.
[2] 8.
[3] 8.
[4] D
[5] H.

(6] N.
(7] J.

[8] J.
[9] M.
[10] M.

[11] M.
[12] S.

[13] 8.

Davip KINDERLEHRER : The boundary

BIBLIOGRAPHY

BeRs, Isolated Singularities of Minimal Surfaces, Annals of Math., (63.2) 1951 pp
364-386.

HILDEBRANDT, Uber das Randverhalten von Minimalflichen, Math. Ann. 165, 1-18
(1966).

HILDEBRANDT, The Boundary Behavior of Minimal Surfaces, Archive for Rat. Mech.
and Analysis, (35, I), (1969), p. 47.

KINDERLEHRER, Minimal Surfaces whose Boundaries Contain Spikes, to appear in
Journal of Math. and Mech.

LEWY, On the Boundary Behavior of Minimal Surfaces, Proc. of the N. A. 8., (37.2),
1951, pp. 103-110.

L. MUSKHELISHVILL, Singular Integral Equations, (Groningen, Holland), 1953.

C. C. NITScHE, Uber eine mit der Minimalfiichengleichung zusammenhdngende analytische
Funktion und der Bernsteinsohen Salz, Arch. Math., (7), 1956, pp. 417-419.

C. C. N1TSCHE, On New Results in the Theory of Minimal Surfaces, Bull. of the
A. M. 8., (11) 1965, pp. 195-270.

SHIFFMAN, On Surfaces of Stationary Area bounded by two Circles, or Convex Cur-
ves, in Parallel Planes, Ann. of Math. (63), 1956, pp. 77-90.

TsuJ1, On a Theorem of F. and M. Riesz, Proc. Imp. Acad., Tokyo (18), 1942, pp.
172-175.

TsuJg1, Potential Theory in Modern Function Theory, (Maruzen, Tokyo), 1959.

WARSCHAWSKI, On the Differentiability at the Boundary in Conformal Mapping, Proc.
of the A.M. 8. (12), 1961, pp. 614-620.

WARSCHAWSKI, On Holder Continuity at the Boundary in Conformal Maps, Journal
of Math. and Mech., (18 5) 1968, pp. 423-428.

University of Minnesota,
Minneapolis, Minnesota.



