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DIFFERENTIABLE DISTRIBUTION SEMI-GROUPS

by VIOREL BARBU

Introduction.

Distribution semi-groups of operators in a Banach space were introdu-
ced and studied by Lions [1] (¢f. also Foiag [2], Yoshinaga [10], [11], Peetre
[3]). J. L. Lions has obtained the characterization of the infinitesimal gene-
rator of an expouential distribution semi-group and recently his result has
been generalized by Chazarain [4], [6] (c¢f. also Foiag [2], Larsson [9]), for
regular distribution and hyper-distribution semi-groups. In their works, Da
Prato-Mosco [6], [7] and Fujiwara [8] have generalized the notion of holomor-
phic semi-group (cf. Yosida [14]) to that of holomorphic distribution semi-
groups and have given a characterization of the infinitesimal generator of
such a distribution semi-group.

In this paper we extend some of their results for differentiable distri-
bution semi-groups.

§. 1. Geeneral results on distribution semi-groups.

We use the notations and the terminologies of L. Schwartz [12], [13]
for infinitely differentiable functions and for distributions. We set R =
= {t; — oo < t < oo} and denote: ¢ the space of all infinitely differentiable
tunctions with compact suppport in R, £ the space of infinitely differentiable
function on R; Dt the space of all ¢ €D such that supp ¢ < [0, co) topolo-
gized as in Schwartz [12]; o the space of rapidly decreasing ¢ functions
and ¢’ the space of scalar distributions with compact support. We denote
also by D_ the strict inductive limit of the spaces €, = {p € ¢; supp p(— oo, al}.
Let X be a Banach space and L (X, X) the space of all continuous linear
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operator on X topologized with the operator norm. We denote also by
D' (L (X, X)), Dy (L(X,X) and &' (L (X, X)) the vector-valued distribution
spaces: L (D, L (X, X), L(D-,L(X,X)) and L(J, L (X, X)) respectively.
A vector-valued distribution 7€, (L (X, X)) is called a distribution
semi-group (D. S. G. in short) if it satisfies the following conditions :
i) T(¢*y)=T(p) T (y) for any ¢, y€Dt.
ii) The support of T is contained in [0, co).
iii) The linear subspace [T ((D+) X] generated by 7'(D*)X is dense in X.
iv) If € X and T (¢)2 =0 for any @€ Dt, then z=0.
Let Ry (t;¢> 0} and Ry (t;¢=>0). If u€¢’ (Ry) then we de define a
closable and densely defined operator 7 (u) on [T (Dt)X], by the formula

n n
(1.1) T(/u)w=‘27 T(pd p)as, for a=23 T (p:)wi; x:i€ X, g€ DF.
=] .

=1

Let us denote the closure of T (u) again by T (u). The linear operator

A =T(— D34y is called thc infinitesimal generator of T. Here &, is the

Dirac measure concentrated at C=1¢ and D is the derivation symbol.
For any ¢ () defined on K we denote by ¢4 (f) the function

@(t) for t=0,
P+O0=) "0  for t<o.

We say that a D.S8.G. T is regular if T (py)= T (p) for any p€D_. A
regular D. 8. G., T is called of exponential growth (E.D.S. G. in short) if
there exists a number o such that e—*¢ T e Y (L (X, X)).

THEOREM 1 (Lions). A closed linear operator A in X with domain D (4)
dense in X, generates an E.D. 8. G. if and only if there is a number a > 0
such that

i) for any 4 with Rel > a, I + A defines an isomorphism of D (4)
onto X.

ii) ||(AI — A1 || << pol(|1|) for Re A > a where pol (|1|) denote a
polynomial with non-negative coefficients.

For the proof see [1] and [10]. The following theorem is due to Chaza-
rain [4] (cf. also Foiag [2]).

THEOREM 2. Let A be a closed and dense operator on X. Then A4 is
the infinitesimal generator of a regular S. G. D. if and only if the following
conditions hold :



distribution semi-groups 415

i) There exist the constants «, 8,y7; «, y =0 such that (AI — A) 1€
€ L(X,X) fon any 4 in the domain

(1.2) A=1{A€C; ReA=>alog|Imi| + ; Red =y}
ii) || (AL — A)~™ ||nx, x) << pol (| 4]), for A€ A.
We shall give a sketch of the proof for this theorem.

Necessity, Since T €Dy (L (X, X)) is regular it follows (c¢f. Yoshinaga [10])
that T €Dl (L (X, D4)) and

d d
(1,3) (E—A)IT:.J()@IX; T‘(W_A)ztsO@IDA
where D, is the domain of A topologized by the norm | z| = ||=| 4 ||4dz||

and Ix (resp. Ip,) is the identical application on X (resp. Dy). Let o (¢) be
a (D-function such that o (t)=1 on {t; |t| <1} and o (t)=0 for |t|> 2.
We denote by E (resp. @) the distribution o7 (resp. ¢’ T') and set F (o) =
= E(¢"); & (1) = D (¢—*) for any complex A. From (1.3) we have
(L) WU—AFA=1Ix— D@); BA)@A — 4)=Ip, — D (3.
Since @ € &’ (L (X, X)) and supp @ =1, by a well known argument it follows
(1.5) || D) |lLxx,<C(L+|i)¥exp(— Red), for any A€ C.

From (1.4) this implies that (A1 — A)~'€ L(X,X) for Aed={1;Rel>
>alog|Imi|4 B; Red=y}, with @,y > 0 convenable chosen. Moreover
we get

(1.6) (AT — 4 [yx x, < ¢ || E@) ||ux x,, for A€ A.

But supp £ [0, 1] and by a Paley-Wiener theorem argument it follows
{ E(l) lnx, x,<<pol(|A|) for any A€ A.

This inequality together (1.6) proves (ii).

NSufficiency. Define T €D’ (L (X, X)) by the formula

17) T (p) = (2n i)—‘f(/lI—— Ayt g (— ) da,
r
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where I' is the frontier of A and
~ .
pd)= / e~ g (t)dt.

From (i), (ii) it follows that 7' is a regular D.S. G.

§. 2. Differentiable distribution semi-groups.

DEFINITION. A regular D.S.G.T. is called differentiable if for every
t>0, T(d)€ L(X, X) and the application ¢t— T(d;) from Rt in L (X, X)
is differentiable.

REMARKS. 1° If T is differentiable, then the distribution 7€’ (L(X, X))
is given on Rt by a differentiable L (X, X)-valued function. In fact for
any z€[T (Dt) X], we have

(2.1) T (p) a‘=jT(6t)w¢(t) dt M @D (RT).
0

Since the space [T (Dt) X| is dense in X, this implies that T= T(J,) on R+.
2° Let T be a differentiable D.S. G. and 4 = T (— &) its infinitesimal
generator. Then for every t > 0, T(6,) X ¢ D4 and

d
(2.2) T T@)x= AT (4)x, for any x€ X and ¢ > 0.

To prove this, we consider x an arbitrary element of X and set y(f)= T (6;)x
for t> 0. Let x, be a sequence of [T(D+)X] such that z,— x. It is
obvious that A7 (8, x, = d/dt T (6;) x, — d/dt T (8) x for m —> oco. Since A
is closed, this implies that y ()€ D (4) and y’ (t) = Ay (t) for any ¢t > 0,

The following theorem gives a characterization for the generator of a
differentiable D. S. G.

THEOREM 3. Let A be a closed operator on X with domain D4 dense
in X. A necessary and sufficient condition for A generate a differentiable
regular D. S. G. is: for every d > 0 there exist positive constants (s and
M; such that (AI — A)~1€ L (X, X) for any complex A in the domain

As=1{A; ReA>=—dlog|Imi|+ Cs)U{i; Rel>= 7]
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and for 1€ A,

(2.3) lA1— 4)- , < Mjpol (| 1]),

"lpx, x
where y is a non-negative constant independent of 4.

PROOF. Necessity. Let ¢(t) be a @-function so that supp ¢ C [t; ¢] <1}
and ¢ (t)=1 in |t|<<2 !. Denote by ¢, (t), ¢ >0, the function ¢(t/¢) and
by E., @, the vector-valued distribution @.T and ¢, T respectively. It is
obvious that @, is differentiable and supp . C {t; 2 1e<<t<¢]. Put

M, = sup || DY e.(t)T(t)].

2—leci<e
It is easy to see that
[P (MDl<<2- "¢, |ImAi=" sap exp(— I Rel), 1eC.

2st<e
Hence || P, () ]| << 2= for any complex A in the domain
S, ={1;log|Imi|>=—¢eRel-+}logM.; Rei<<0}U
Ufl; log|ImA|= —¢/2Rel+ ¢/2log M,.; Red = 0}.
Remembering (1.4) this implies that

(2.4) a1 — <27 | B )l x

A)-1 l'L(x,X) < for A¢€2,.

)7

On the other hand, since supp F < [0, ¢] we have (see L. Schwartz 12, Th.)

[| B (2) IL(X 0= sup X | DI (e~ (1) ], 1€ C.
' tel0, g] j=0
Hence
(2.5) it ES(A)HL(X'X)gﬂ[,pol(l/l[){lml[, for 1€3,

where the degree of the polynomial pol(|1|) is equal to the order of the
distribution 7 in a neighbourhood of the origin. Therefore (1I — A)~'€ L(X, X)
and satisfies (2.3) for any 1€2,. From theorem 2 it follows then, that
there exists a non-negative constant y such that || (AT — A)~1||<<pol(|1])
for Re A=>y. If we choose N, so that log N,/M, >y, we deduce that the
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estimate (2.3) is verified for any A in the domain
fA; ReA=—e¢llog|ImAi|+4 e tlog N.JU{i; Rel =y}
Choosing d =¢—! this implies that (1I — A)~! satisfies (2.3) in any domain A;.

Sufficiency. It is obvious that T is an E. D. 8. G. Hence we may write

(2.6) T () = (27 i) f (AT — Ay @ (— A) da, P €D.
Re A=y

As (AI — A)~! is holomorphic in every A; and || (AL — A)~' g (— )| ra-
pidly tends to zero at infinity, we can change the path of integration and
obtain

T (p) = (2n i)“lf(lI — A1 :);(— A)di,
Ty

where I's is the boundary of the domain {i; Rel>= — dlog |Im |+ Cs;
Re 1 <<y. Let {9,,},;”__.(,:@“” be a sequence of regularization for Dirac di-

stribution, i.e. g, () =0, f@n (t)dt =1 and supp pn — 0. We have
(2.7) DY T (O % 0n) = (2m i)~! fe“ (AL — A)™1 }."Z)\,, (— Ay di
T's
for any non-negative integer k. We set [ =TI UTIy, where I is given

by {(Redl= —3dlog|Imi|+ Os; |ImA|= A4; = exp (8—! (05 — y)} and I¥
by {(Rel=y; |Im | <<exp (6~ (Cs — y))}. We write

Tj(k) (t) = (27 i)~! [e‘-‘ (AI — 4)1 ;jc?n (— A)ydi; i=12,..

r]
It is obvious that Tz(")(t) is defined for every ¢ =0 and

(2.8) I T5% ) |l 5 ¢, < M exp (v 1) for t >0,
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where M; is another non-negative constant. Let A = o 4 47 ; then since on
Iy, o= —dlog|n|+ Cs we have

7% @) ||z, x) = Ms exp (Cs t)[| 7 "= dy.

Hence

(2.9) | T || << Msexp (Cs 1),  for t>(m 4+ k-4 1)8-1.
Therefore we find a constant M, s such that
(2.10) | DY T (8% o) Il x, x) < Mx, 5 €xp (Cs 1)
for t > (m + k 4+ 1) 6—1. But for any z€|T (D+) X] we have
DiT (o) @ — Dy T(d)x, t>0, k=0,1,...

uniformly en every compact. Since the space [T (D") X] is dense in X this
implies that Df T@)e L(X,X) for t > (m -+ k- 1)6—1. Since J is arbitrary
this proves the differentiability of 7. Moreover we have proved that
DET(8)€ L(X,X) for any t> 0 and k=0, 1,.... Combining with the first
part of the proof it follows that if a regular D. S. G., T is differentiable
then the application ¢t — 7' (8;) from Rt in L (X, X) is infinitely differentiable.

COROLLARY. Let A be a closed and densely defined operator on the
Banach space X. If the conditions of Theorem 3 are satisfied, then the
abstract Cauchy problem (4 C P),:

du (t)
dt

(2.11) — Au(t) =0, for t> 0,

u(0) =0,
has a solution u€ 0~ (R+, X) for every x€ X.

PrRoOOF. Let T be the D. S. G. generates by A. Then from remark 2
it follows that T (J;) « solves (ACP), for any v € X,

REMARKS 10 If T is a differentiable regular D. S. G., then
(2.1%) | DT (80 Il x, x) = O (exp (7o), for t— oo

and k= 0,1, ..., where y, is a non-negative constant.
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20 In particular if 7 is a strongly continuous semi-group of bounded
linear operators on X, then according to formula (2.5) it follows that T
is differentiable if and only if for 1€ 4,

(2.12) | AL — 4)~ “L(X,X) < Ms|Im2].

Thus we find a result proved by Pazzy [16].

§ 3. Analytic and non-quasianalytic D. 8. G.

Let Y be a Banach space and L = {L;);>, and increasing sequence of
non-negative numbers such that

(3'1) Lik <= I/::} L:i; 3 Lmk+n < q (m) -Lk ) k=0, 1y ser

where m and n are non-negative integres and » — q(r) is a positive and
monotone increasing function. If £ is an open set of B we denote by
CL(£,Y) the space of infinitely differentiable Y-valued functions u(¢) in
£, such that for any compact subset K there exists I > 0 such that

(3.2 . sup | Dwt)| < ML j=0,1,..

The space C¥ (£2,Y) is topologized as projective limit of all [CL (K, Y);
K c Q}, The function class C%(£,Y) is called non-quasi-analytic if it con-
tains a non-trivial regular function with compact support contained in £.
The Carleman-Denjoy criterion states that CZ is on-quasianalytic if and
only if

S L' < oo.

If Y=R we often omit B and write C*(Y). In particular, if L;= (j!)eJ,
COZ is the classical Gevrey class G which is non-quasianalytic for 1 < o< co.
For o=1 we obtain the class of real analytic functions. It L is a non-
quasianalytic sequence we denote by C(2,Y) the space C* (2, Y)nC7(2,Y).

DEFINITION. A D.S.G., Te€D4(L(X, X)) is said to be of class CL
if the mapping ¢t — T (6 is of class CL on R+,

In particular, fort L;=(jl)e the semi-group T is called p-hypoanalytic;
1< p < oco. As above we remark that if the semi-group 7 is of class C/
then the distribution T €’ (L (X, X)) is defined on R+ ={t;¢> 0} by a
L (X, X)-valued function of class CL,
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let L = {L,]}';, be a non-quasianalytic sequence and wy (t) be a scalar
function defined by

o (t) = S,‘otf/L;i; t = 0.
j=0

Then we have

THEOREM 4. Let 7T be a regular D.S.G. and A = T (— 4;) be its infi-
nitesimal generator. T is of class CZ if and only if for every 0 < e <1
there exist C, and M, > 0 such that

i) (I — A)~ '€ L(X, X) for any 4 in the domain

(3.3) 2., ={1; Rei=—logw(C, [ Ima])+ y}
and

i) ||(AI — A)™"||ux-x)<< M.pol(|A|)exp(¢|Rel|), for 1€3, where
y i8 a positive constant independent of e.

PROOF. Necessity. Assume that for every 0 < e <7 1.
k k41 rk
(3.4) ”DT(f)“L(x'x)SM, Lk, tE[£/2, 6], k=0,1,...

We choose ¢ € Cf such that supp ¢ © {t; |t|€1}, o(t)=1in |t|< 2, and
denote: &, =¢q, T; E, = ¢, T where ¢, (t) = ¢ (t/¢). From (3.4) we obtain

(3.5) | 20 || < MM e (2N) L), k=0,1,..

where M > 0 and N, = 2 max (Me™?, Me). Or,

&

Il fﬁs (D) || = M(Lg/2N, | Tm 1| )"[exp(-—- tRel)dt, k=0,1,..

2/2

Thus for any A complex in the domain
A, = {A; Rei=¢"logwy (N, |Im1|) + M'; Rel<y,)

we have || @, (4)|| << 2~'. Here M,' and y, are another non-negative cons-
tants. Since the semi group 7' is regular we may assume that y, = co. As
in the proof of theorem 3, this implies that (1] — 4)~! € L(X, X), and

(3.6) |AI — At || < p.(|A|)exp(¢|Red]|), for A€ 4,.
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where p, is a polinomial with non-negative coefficients. Since the sequence
{I} satisfies (3.1), the function r —log wy (r) is sub-additive. Hence we
may find another constant C, > 0 such that (3.6) to be satisfied for any 1
in the domain

(A; Red = —2log wy (C, [TmA|) -+ M.

Without loss of the generality we may assume that ¢ — C. is bounded and
lim M! = co. Let a be a non-negative constant such that C,<<a for

e =0

0 < & < 1. Using the above argument it follows that there exist b > 0
such that

(3.8) |(AT — A)* || < pol (|4]) exp (N |Re )

for ReAi > — log wy, (@ |Im 4|) 4 b. For & enough small we may suppose
b < M. Hence

(3.9) I|AI — A)~' || < p,(|A|)exp (e |Red]|)

for ReAl> —log wr (C. |Im 1|)+b; and, |Im 1| > 07wz (exp (M — b)).
Using (3.8) we get that the estimate (3.3) satisfied in the whole domain X,
with y = b.

Sufficiency. From (3.3) it follows that ||(AT — A)~'| = 0 (pol(|4])) for
Re 2 > y. Hence, as in the proof of theorem 3, we get

(3.10) DET (8, * o) = (2ni)—! ] M (A — A)=1 A% g (— A) dA
T,

€

where {o,} is a sequence of regularization of (+ and I, is the frontier of
the domain

{(Rel>= —log wr, (C; |Im4]) + y; Red << y}.

It is easily verified that

(3.11) || DET (0 * o) [z, x) < M exp (y 1) f k7 (n) dy
By
where m is the degree of the polynomial pol(|2]).

Since, for any non-negative integer k, wy, (1) = nij—j , it follows that.
the right side of (3.11) is bounded by M mtkt exp (y t) L(’,"n'f,'_',‘[_','_zl),,.,.,
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where p is the largest integer smaller then (t —¢)~!. Because of the pro-
perties of the sequence {I;} we find another constant A, we such that

| Df T (3 on) oz x) < M Li (exp (y1)

for t > ¢ and k =0, 1,... According to an argument used in the proof of
theorem 3, this implies that

(3.13). || DT (8) |mx. x, < M + Liexp(pt), k=10,1,...; t > & > 0.
Since ¢ is arbitrary, the proof is complete.

JOROLLARY. Let T be a regular D.S.G. and A its infinitesimal gene-
rator. The semi-group 7 is g-hypoanalytic; 1 << p < oo, it and only if for
every ¢>0 there exist constants C, and M, such that (A — A)~'€¢ L (X, X)
and satisfies

(3.14) (AT — A)=" || <<M, pol(|A]|)exp(e| Rel])
for
(3.15) Rel > — C,|Im4 ‘l/e +

where y is a non-negative constant independent of &.

PRrRoOF. The non-quasianalytic case p > 1 is a consequence of theorem 4.
We assume that o = 1. 1t is easily proved that there exists a sequence
P €D, k=0,1,... such that

supp g C {t; [t <1}; e (t)=1 for |t]|< 27!
and
(3.16) | o) ()| < M1 kI, for j<<k.
Put
Pex(®) =i (t/e); Ex=q.xT; Por=@qerT.

If T()€ G (R+, L(X, X)), then as in the proof of theorem 4 we find a
constant M, > 0 such that

&

(3.17) ” 6,, x(4) ||L'X, X)) M,(k/Mel Im A I)*fexp(— t Re 1) dt

£[2 4
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for any non-negative integer k. Take k equal to the largest integer smaller
than M,|Im A|e~!. Thus from (3.17) we obtain

I &;g,k(l) llox, x) << M. exp (— M,e=! | Im 1 | )[exp(— Re 4t) dt.
z/2
As above this implies that, (1 — A)~! € L (X, X) and satisfies

| (AT — 4)-1|| < pol (|4])exp(e|Rei]|)
for &

Re = 2¢—"log (2M,) — M.(ee)~! |Im A|; and |Tmi|< M ek 4 1).
Since k is arbitrary, this implies that (1 — A)~! satisfies the estimate
(3.14) in a domain of the form

Rel=—0C,|Imi|+ D,; Red=y

Sufficiency of (3.14) follows just in the proof of theorem 4.

§ 4. Distribution semi-groups of class Ae.

If a D.S.G. T is differentiable, then for any integer k=0, || D{ T'(d,) ||z x, x)
is of exponential growth for ¢ — co. In this section we also impose a res-
triction of the origin for D} T (3.

DEFINITION. Let 1<C g < co. A regular D.S.G., T is said to be of
clagss Ae, if for t > 0,
(4.1) I DY T (6¢) ||lix, x) << p (£70) (M t)—e* (ke exp (yt); k=0, 1,...
where M,y are non-negative constants and p(r) is a polynomial with non
negative coefficients.

The semi-groups of class *A¢ can be characterized in the following
way (see theorem 4).

THEOREM 5. Let A be a closed operator on X with the domain D4
dense in X. Then A is the infinitesimal generator for a D.S.G. of class Ae¢
if and only if there exist positive constants o« and # such that

@)  (AI — A)-1€ L(X, X) for
(4.2) AeA={1|Red> — a|Imi|e 4 B].
(ii) || (AT — A)~'{ << pol (| 4] for any A€ 4.
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PROOF. Necessity. From (4.1) it is obvious that ¢ "7 € & (L (X, X))
where y is a non-negative constant. Therefore the semigroup 7 is of expo-
nential growth and from Lions’s theorem it follows that (11 — A)~! exists
and satisfies the estimate (ii) for Re 1> y. Moreover by a well known re-
sult (cf. Schwartz [12], Yoshinaga [11]) there exists a function f€ & (L (X, X))
and an integer m = 0 such that

(4.3) | £ |lnx, x) = 0((1 4 & for t— oo
and e "t 7T may be expressed as
(4.4) e“yt T= D’nf,

The function f (t) is regular on K+ and from (4.1) we have

(4.5) | DK £ (6| x, x << Mp (=€) (M=) (k lje k= m, t>0
and
(4.6) [ D¥ £ () |lx, x) << My p (e tmF for 0 <<k<m

Let j and k be two non-negative integers such that ¢ (k+4p) <j<<o(k+p)+ 1,
where p is the degree of p (r). Since supp f [0, co), for j and k taken as.
above we have

¥ DI () = / e=t DE (¢ £ (1)) dt, Reld > e

]

where & is an arbitrary positive number. Then (4.5) and (4.6) imply that
127 7 [l x) < M0 G2

for Re A >¢ and o(k + p)<j<<o(k+ p)+ 1. Hence

(4.7) | DI T | x, x) << MIHj1[ 2[00~ 4 for Re 4> ¢ > 0.

Then the analyticity of j/'\(}.) in the domain {4 : Re 1 > 0] and the estimate (4.7)

P

imply that f (1) can be extended holomorphically in a domain of the form

S =1{l€C;| Re 4 —¢| < M~1|Im A|Ve}



426 VioreL Barpu : Differentiable
and ||_;\(1)||sz,x)gM|A]P+9—l for 1€ 3. We observe that
Te ) =T =1 —7"F(d—7), for Re 7> 7.
Hence we have proved that ,T\(}.) exists and satisfies the estimate
(4.8) 1T @ fux, x) < pol (|4 ]

for |[Re 4'—y—e|< M—'|Imi[Ue. Because T (1)= (il — A)"1¢€L X, X)
for Re 4 > y, the analyticity of (A1 — A)~! implies that it satisfies the esti-
mate (ii) for

Reil> — M~ |Im4|e + y.

Sufficiency. From (i) and (ii) it follows that the operator A generates
en E. D.S.G. and

T (p) = (2n i)‘lf(lf — A1 g(— Adi, €D
Re=g+¢

where ¢ is an arbitrary positive number. As in the proof of theorem 5
we have

(4.9) DET (8% o) = (2n4)" f AT — Ay 2 g (— Ay di
ry

where I, is the curve given by
I={=o0+tin;o=—alqgie+f+e; —oo<o=p+e

Then our estimates of (AI — 4)~! and :;n (— 4) imply that

| Df T (3% en) || zix, x) < € exp (B + &)t f n*t* exp (— t an'’®) dy

]
for any ¢t > 0 and k= 0,1,.... Hence
4.10) || Di T (8 » ) |lx. x) << POl (¢7°) (€674 T (ok) exp (B + o) t.

Here I'(r) is Euler’s function and C is a positive constant independent
of &. Consequently the semi- group 7' is of class Ae and the proof is complete.
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For g =1 and y = 0 we denote by A5 the class of regular D.S. G.,
T such that for any ¢ > 0

(4.11) | DF T (80 ||nex, x) << pol (¢7°) (M)~ (k 1)¢ exp (y + ) t.

As a consequence of theorem 5 and its proof we obtain (see also Da
Prato-Mosco [7)).

COROLLARY. A closed and densely defined operator A on X generates
a D.S.G. of class A} if and only if there exists a > 0 such that
(A — Aj'e L (X, .X) and satisfies

[|(AT — A)y~1| < pol (|4

for Re 1 > — a |ImA|'¢ 4 y 4+ ¢ where ¢ is an arbitrary non-negative
number.

Let T € Q4 (L (X, X)) be aregular D. S. G. 7 is said holomorphic (cf.
Fujiwara [8], Da Prato-Mosco [6]) in the sector I = u;|arg pu| << a;
0 < a < a2} if t— T (d,) can be extended at an holomorphic function T,
in this sector. It is obvious that a D. 8. G. of class A4¢ with ¢ = 1 is ho-
lomorphic in a sector of the complex plane. Conversely from Cauchy’s for-
mula it follows that any holomorphic D.S. G. in a sector X is of class A%,
We can now formulate the following result (cf [8]).

THEOREM 6. A closed and dense linear operator A generates a D. S. G.
which is holomorphic in the sector X = {u; |arg u| < « < #/2} if and only
if there exists a real y such that for any ¢ > 0 and any 1 in the sector

={2|'arg(l—y)|<n/2+a-—»£]

«

we have (1] — A)~'¢€ L (X, X) with the estimate
(4.12) || (AT — A)~'||z x, x) << pol (| 4 ).

ProoF. The sufficiency of condition (4.12) is a consequence of theorem
5. Also the necessity can be obtained by an adaptation of the proof of
theorem 5, but we shall give a direct proof. Il the semi-group 7 is holo-
morphic in the sector 3 = {u; |arg u| < a < #/2}, then according to theo-

rem 3, there exists a real y such that e "* 7 = D™ f where f(t) is a &°
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(L (X, X))-function satistying (4.3). Put

7y = f e f(t)dt, for Re 2>> 0.

0

Because f (¢) is analytic in X and ||e~™ f ()| rapidly tends to zero at
infinity, we may write

(4.13) - 7y = f e f (u)du, for Re 1> 0.
T

where I'={u;u=te¢=4;¢> 0} for Im 1 =0

and = {p;p=te*=2;¢t> 0} for Im < 0.

-~

Thié implies that f (1) can be extended at an holomorphic function
f () in the domain

{A; Red > — (« —¢) | Im |}

Again following the proof of theorem 5 we obtain that (A7 — A)"'e(L (X, X
and satisfies (4.12) for

Rel> —(a— ¢ |Imi| 4 y.

»

Thus theorem 6 is proved.

Faculty of Mathematics
University of Jussy, Romania
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