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FRACTIONAL POWERS OF ELLIPTIC
DIFFERENTIAL OPERATORS (*)

by TAMAR BURAK

1. Introduction and notations.

We investigate in this work fractional powers of elliptic differential ope-
rators on a compact C~n dimensional manifold X, without a boundary. Let
A be an elliptic differential operator of order m with coefficients in C~(X).
We define fractional powers of A under the assumptions that the range of
the symbol g,, (4) of A is disjoint to a ray in the complex plane and that
zero is a regular point or a pole of the first order of the resolvent of Z,
the closure of A in H,(X). We show that AS, restricted to €= (X), in an
elliptic pseudodifferential operator of order ms.

Our proofs are based on the possibility of expanding (g™ — A)~*, k=1,
2, ..., considered as a family of operators depending on a parameter ¢ in
the angle 0, <C arg ¢ <C 0, into an asymptotic sum of canonical families which
are defined in the same angle. This sort of expansion does not carry over
to the more general case of (¢" — A)—* with A an elliptic pseudodifferential
operator. In particular we obtain as a consequence of the validity of such
an expansion a pointwise asymptotic expansion in an angle for the diagonal
values of the kernels of (4 — A)-["m—1 with the aid of the powers
| 4 [~Inhmi=1+@=pim of |1].

Recently R. T. Seeley (11) has proved that also if A is an elliptic in-
vertible pseudodifferential operator with the range of o, (4) disjoint to a
ray A* is an elliptic pseudodifferential operator of order ms. Furthermore

Pervenuto alla Redazione il 2 Agosto 1967.

(*) The results presented here are part of a Ph. D. thesis written under the direction
of Professor S. Agmon at the Hebrew University of Jerusalem. I am gratefull to Professor
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he has investigated the kernels K (rys) of A* with s << — n/m and proved
that K (zxs) has an extension to a meromorphic function of s with simple
poles at (j— n)/m, j=0,1, 2,.. and j ==n.

In case A is restricted to be a differential operator it is convenient to
investigate properties of K (rys) using the above mentioned expansion of
[A — A]~[#m=1_ In particular we obtain that the poles of K (xxs) are situa-
ted at (j — n)/m, j =0, 1, 2,... and (j — n)/m different from a non negative
integer. The results thus obtained generalize results in Minakshisundaram
and Pleijel (9) where in order to obtain the distribution of the eigenvalues
of a Laplacian of a Riemannian manifold the series 3 A, @, (x) D, (y) is in-
vestigated. Here 1, and @, are the eigenvalues and the eigenfunctions of
the Laplacian. In this case the poles of 3 i; &, (x) _@',._(;) are situated at

1 1
-2—-n+j,j=0,1,2,...whennisoddandat - ™ %—n{-l,... 2,1 when u

is even.

We add that the above methods can be adjusted to investigate interior
properties of A® or of resolvents of realizations of A where A is an elliptic
differential operator in a bounded domain in R». The results on A4° thus
obtained generalize results in Kotaké-Narasimhan (8). It is shown there that
if A has a positive self adjoint realization A4* has a very regular kernel.

In an appendix we mention results concerning the existence of rays of
minimal growth of the resolvent of A, with A an elliptic pseudodifferential
operator on X and concerning the completeness of the generalized eigenfunc-
tions of A.

We refer to Kohn-Nirenberg (7) and to R. S. Palais (10) for the defini-
tions and basic properties of pseudodifferential operators on R” and on a
manifold respectively.

We mention also that the results in section 2 here are proved with
the aid of a technique similar to that of Kohn-Nirenberg (7) and R. S. Pa-
lais (10) and we do not repeat the proofs here. Main details of the proofs
are given in (4).

We introduce now the following notations :

Let R™ be the n dimensional Euclidean space. Let xy be the scalar
product in R*. For a multi index « = (o) ..., ) let |a|=0a, + ... + o,

a!=o0o!..a,! and & = EP ... & when £€Rr. We put Dj= —ib%’
i
D= (D,... D;) and D*= D ... D;». Similarly 8; = 5‘%—, 0 =(8, ... 0n) and
j

8" = 81" v Ou" .

As usual let S be the space of O~ complex functions defined in R»
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which together with all their derivatives die down faster than any power of
| x| at infinity. In 8 we denote ?f(é): (270)—n2 f e~y (x) d.

For u € § and real 8 we denote by | u ||, the s norm of » given by
11 Il = [ 1Ry (T pa.

Hs is then the completion of § in the s norm. For every real s and com-
plex ¢ we introduce in 8 an s,¢q norm which is equivalent to the s norm
and is given by

19 MML=]O+Mﬂ+Mﬁwﬁmwa

Let A(q) be a family of linear operators from S to S defined in a
truncated angle Ay = {q,0, << argq=<_0,, |¢| =M}, with 6, << 6, and
M > 0. Let ¢ be a real number. We say that A (q) is of order ¢ in 4y if
for every s there is a C such that if g€ 4y and €S

1.3 4@ ullsg < Cll%[lotag-

A family as above is of order — oo in 4y if it is of order o for every o.
It is clear that if A (¢) is of order — oo in 4y, for every real s || A(g)u|.
dies down as ¢ —> oo in 4y faster than any power of |g|. If M =0 we
put Ay = 4.

Let X be an » dimensional compact C~ manifold without a boundary.
We fix on .Y a finite complete set %;, j =1, 2,... K, of coordinates and
denote by 0O; the open set where %; is defined. Let @;,j=1..K, be a
partition of unity on X subordinate to {0} .

For @€ C*(X) we denote by Mg the transformation from C*(X) to
(> (X) given by Mg w= D.u. Let y be a set of coordinates defined in
C>=(0). We denote by x* the transformation from €=y (0) to 0~ (0) given
by (x*u)(®) = u (y (x)) and we denote by y, the transformation from C=(0)
to C=y (0) given by (x, u)(x) = u(y~1(x)).

As usual for every real s and u€ C°(X) we put

1.4 “ u Hg =2 ” Lix Dju ”2 s, B"

and denote by /I, = H,(X) the completion of C>(.\') in the s norm.
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For u€ H, and V€ H— s we put
1.5 (u, v) = Z (24 Dithy 2ig PiV)gn -

with this scalar product H, is a Hilbert space.
In C~(X) we introduce the s, ¢ norm by

1.6 l| Ilf,q‘—‘-,z | 4 Dire]fg pn-

Again we say that a family A (q), ¢ € 4y, of linear operators from
C=(X) to C(X) is of order ¢ in A, if for every s there is a C such that
1.3 holds.

We remind that a pseudodifferential operator of order s, on X, is el-
liptic if 6,(4)3=0 on T*(x). Here o,(A) is the symbol of A which is a
complex valued function defined on T*(x): the bundle obtained from the
cotangent bundle of X by deleting zero from each fiber.

We abbreviate in the following « pseudo differential operator » by P.D.O.

2. Expansible families of pseudodifferential operators.

We consider in this section one parametric families A (¢), g€ 4, of
P.D.O. on X that have an asymptotic expansion, in a sense made precise
in definition 3 below, into a sum of canonical families defined as follows:

DEFINITION 1. A family A (g), € 4, of linear operators from S to S
is a canonical family of real degree ¢ if

S — i
2.1 A () u (&) = (2a)—? f e—%¢ q (x&q) y (£q) u (x) dx)
12"1

where a (xfq) = (|&|®>+ | q )’ a,(vtq) and a,(xfq) is defined for x€R",
(€ R and q¢€ 4, that satisfy |£|*+ |¢|*=3=0, and has the following proper-
ties : For every x € R* a,(xfq) is positive homogeneous of degree zero in
(69), ay(xfq) is infinitely differentiable in x,&, ¢, = Re.-q and ¢, = In,q.
There existsxlim ay (w€q). Let ay(co & q) =Xlim a, (v£q) then

2.2 (1 4 |2 |?) De 38 aaqu a"qmi (a, (@Eq) — a, (0o £q) —> 0

as |¢ | — oo uniformly in (£, q) such that &>+ |q2P=1.
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The function y (£q) is defined for £€ R* and complex q, is infinitely
differentiable in &, ¢, and ¢, and satisfies: 0 <<y (£q) << 1, w(£q) = 0 when

) 1
1E|2—|—lq]2$? and w(&g) =1 when |2+ |q|* =1, a(x&q) is called the

symbol of A (q). N

Let A (q), q€ 4, be a canonical family of degree . “For every q€4 A(q)
is a P.D.O. of true order less than or equal to o. If {re*; r = 0} if a fixed
ray in A4 the symbol of the operator A (r¢®) is given by

rn ok .
,,-_n a (135 7'0'6)r=0 .

n!

DEFINITION 2. A family A’(g), ¢€ 4, of linear operators from § to §
is canonical of degree ¢ and of second kind if

2.3 A7) 1 (2) = (2m)=1i2 / e=i=1 a (anq) w (nq) % (n) dn

with a (rnq) and v (nq) as in definition 3.1.
We have

LEMMA 1. Let A (q), g€ 4, be a canonical family of degree o. A (q) is
of order ¢ in A in the sense of 1.3.
We define now

DEFINITION 3. A family 4 (q), q€ 4, of linear operators from § to § is
called expansible in 4, if there exists a sequence A4;(q), ¢€4, j=1,2,..
of canonical families af respective degrees »; with the following properties :
»; is monotonically decreasing to — oo and for every n the order of

A(q) — 2' A;(q) in A4 is less than »,.

Let a(xéq) be the symbol of Aj(g). The formal sum X a;(x&q) is called
a symbol of A (q). A(q) is called of degree r,, a, (xfq) is the top order
symbol of 4(q) and we put o, [A(9)] (x&q) = a, (r5q). Lemma 2 below as
well as lemma 1 above are proved in analogy to proofs in Kohn-Nirenberg
(7). Details of the proofs are given in (4).

LEMMA 2. a) Let A(q) q€.l, and B(g), q€ 4, be canonical families of
respective degree s and o. Let a(xfq) be the symbol of A (q) and let b (x&q)
be the symbol of B (g). The family 4 (¢) B (q), q€ 4, is expansible of degree



118 TAMAR BuraKk : Fractional powers

o+ 8. A symbol of A (q)-B(q) is given by

2.4 S 3 L= Dra(tg b @i

r=0|a|=r & !

b) Let A’(q), g€ 4, be the canonical family of second kind with
symbol a (x£q) A’ (q) is expansible in 4 and a symbol of A’ (q) is given by

® 1
2.5 S 3 (= 1y — Dot a(akg).

r=0 |a|=r

The following theorem ensures the uniqueness of the expansion of an
expansible family :

THEOREM 1. Let A (q), g€ 4, be a ca‘nonical family of degree ¢ with
symbol a (x&q). If the order of A (¢) in 4 is less than o a (rfq) = 0.

PROOF : We rely in the proof on the following theorem in S. Agmon (3):
Let T be a bounded linear operator in L, (L), 2 an open set in R" posses-
ging the cone property. Suppose that the range of 7' and the range of
its adjoint T* are contained in H,, (Q2) for some m > n. (m not necessarily

an integer if 2 = R"). Then T is an integral operator, 7 f = f K (xy) f (y) dy,
2
J€ L, (8), with a continuous and bounded kernel % (ry) satisfying

2.6 | K(xy) | <y (|| T |lm + ” * ”m)n/m | T ”}’-n/m

where y is a constant depending only on m, » and on the dimension of
the cone in the cone property of €.

It is easily seen that it is sufficient to prove the theorem for ¢ < — .
We suppose first that a(xfq) =0, Let ¢ — 3§ with § > 0 be the order
of A(q) in 4. Let A’ (q) be the canonical family of second kind with sym-
bol a (x&g). For every w,v€ S (A (q) u,v) = (u, A’ (g) v). As a result also 4’ (q)
is of order 6 — 6 in 4. It follows from 1.3 and 1.2 that there exists a con-
stant ¢ such that

27 [[A@ulo < Olg|=!1=2, [A@ulloi+s<C A (@) ufljo)4+e < C.
Let K (xyq) be the kernel of A (¢). From 2.6 it follows by 2.7 that

8 | K (2yq) [ < O [q ~loi=dtn,
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But from definition 1 of canonical families it follows that

%9 I (sag) = (2= [ q 11+ [a a8 7).
R"

Combining 2.8 with 2.9 we obtain that if (re?®; r =0} is a ray in 4 and

q = ré?® 2.9 holds only if f a (x£e®) df = 0 for every x € R". It follows then
R’n
from the assumption a (rfq) = 0 that a(xfq) = 0.

In the general case where we do not assume a(xfq)=0, let C(q),
q€4 be the canonical family of degree 20 and symbol |a(zq) |>. As |a(xfq)|*=0,
to prove that a (rfq)==0 it is sufficient to show that the order of C(q) in
A is less than 20. Let ¢ — é with § > 0 be the order of 4 (q) in 4. Let

A’(q), q€ 4, be the canonical family of second kind with symbol a (x&q).
Again A’ (q) is of order ¢ — 3 in 4 and A (¢q) A’ (q) is of order 2¢ — 24 in
4. By lemma 2, a and b, 4 (q) A’ (¢q) differs from O (¢) by a family of order
less than 20 in 4. Thus the order of C(q) in 4 is also less that 2e.

We mention the following properties of canonical families which we
need in the following sections :

THEOREM 2. a) Let A(q) g€ 4, and B(q) q€ 4, be expansible families
of respective degrees o and s A4 (q) B(q) is expansible of degree o -4 s in
A. The symbol of A (q) B(q) is given by

2.10 2 (— D) a;(xkq) 8% by (x€)
Jka

where 3 a;{xfq) is the symbol of A (q) and 3 b;j(xZq) is the symbol of B(q).

b) Let a;(x&q), g€ 4, j=1,2,... be a sequence of symbols of cano-
nical families of respective degrees r;. Suppose r; is monotonically decrea-
sing to — co. There exists a family A4 (q), expansible in 4, with symbol
2 a;(x&q).

¢) Let A (q) be expansible in 4, there exist families A*(q) and A’ (q)
expansible in 4 such that A (9) — 4’ (q) is of order — oo in 4 and such
that for every u,v€8 (4’ (q)u,v) = (u, A*(q) v). Let 3 a;(x&q) be the symbol
of A (q). The symbol of A*(q) is given by

(—nel
2.11 Z——a'—D 0 a]'(-’I«'E(D.

aj .

d) TLet A(q) be expansible in A. Let £;, i=1,2, be open sets in
R* with positive distance. For every real s there is a C such that i’ w, €N
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i=1,2 and has its support in £; then for every q¢ 4

2.12 N(A(@u ,u) || < Cllug | s 9] uy] s5q.

e) Let Q be an open set in R". Let y be a C> diffeomorphism from
Q into R* Let ®;(x)€ C;°(2) i=1,2,. Let A(q) be an expansible family
in 4 of degree s. Let a(xfq) be the top order symbol of A (q). Let I3 (q) be
the family defined in 4 by B(q) = Mg, x* A(q) 1, Ms,. B(q) is expansible
in 4 and of degree s. Let b(zfq) be the top order symbol of B (q)

2.13 blatg) = Py (2) a(x (@), T (2) &, q) By ()

d
where J () is the adjoint of di .

Theorem 2 is proved in analogy to proofs in Kohn-Nirenberg (7) and
R. S. Palais (10). Details of the proofs are given in (4).

Let X be a compact » dimensional C* manifold without a boundary.
We introduce families A4 (q) q € 4 of linear operators from C>(X) to C*(.X)
which are expansible in 4 in the sense of the following definition :

DEFINITION 4. Let A (9) q € 4 be a family of linear operators from ('~ (.X')
to 0~ (X). A (q) is expansible in A if it satisfies:

1) Let &;i=1,2 be functions in C*(X) with disjoint supports. The
family Mg, A (q) Mg, is of order — co in 4.

2) Let O be an open set in X. Let y be a set of local coordinates
defined in 0. Let &, and @D, be in ¢~ (X) with supports in 0. The family
2o Mo, A () Mg, y* is expansible in 4 in the sense of definition 3.

If for every 0, @; and y as above g, Mg A (q) Mg, z* is of degree, s,
A (q) is called of degree s.

The validity of definition 4 follows from properties (d) and (e) in theo-
rem 2.

Let A (g), g€ 4, be an expansible family as in definition 4 of degree s.
It follows from property (e) in theorem 2 that there exists a function
0s[A (¢q)] defined in a subset of the cartesian product of the cotangent bundle
of X and 4 and such that

2.14 D, (x) D, (%) 05[A ()] (Z&; dy; (x), q) = 04y Ma, A (9) Mg, 7*| (% (@), & q)

for every X&;dy;(x) in the cotangent bundle of X and g€ A4 that satisfy
Z|&P+1qF 4 0. 0[A(g)] is called the symbol of A (g).
We define also
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DEFINITION 5. Let M > 0. A family 4 (q), q€ 4y, of linear operators
from C=(X) to C~(X) is expansible in A, if there exists a family 4’ (q)
expansible in 4 such that A (q) — A’ (¢q) is of order — oo in Ady.

3. Expansible families with non vanishing symbols.

The asymptotic expansion of the diagonal values of the kernels
(l —_ A)— [w/m]—1 |

THEOREM 1. Let 4 (q), ¢€ 4, be an expansible family of degree s. Let
s[4 (9)] (Z& dy;(x), q) = 0 when g€ and 3& -+ |q |2 %+ 0. There exists a
family B(q) expansible of degree — s in 4 such that A (q) B(q) — I and
B(q) A (q) — I are of order — oo in 4.

3.1 0;[4 (@) o [B(q)] = 1.

PROOF. Let A4 (q) be an expansible family of P.D.O. in R* of degree r.
Let a (xéq) = o, [A (¢)] (x&q) and let a (réq) 5= 0 when r€ 2, £€ R*, g€ 4 and
[éP4|q[>==0. Let 6 and & be in C;° (2) such that 6P = . There exist
families B, (¢) and B, (¢g), of P.D.O. in R*, expansible in 4 and of degree
— » such that Mg A (q) B, () Mg — Mg and My B, (q) A (q) Mg — Mg are of
order — oo in 4. In fact let we C;°(2) and let w8 = 0. y () a (xéq)™! is a
symbol of a canonical family W (q) of degree — r in 4. If follows from
theorem 2 (a) in 2 that 8, (¢)=—4 () W (q)+My and 8, (q)= — W () A (¢)+ My
are expansible and of negative order in A4.

Let S(q), ¢€ 4, be an expansible family of 1>.D.O. in R" of negative
order — g. There exists then an expansible family 7'(q), ¢ € 4, such that
(I — 8(q) T(g) — I and T'(q)(I — S(q)) — I are of order — oo in 4. In fact
T(q) is a family corresponding by theorem 2,(b), 2 to the symbol whose
terms of degrees bigger than — (n 4 1) ¢ coincide with the terms of degrees
bigger than — (n ++ 1) o in the expansion of 3‘ S (g).

=0
Let Ti(q)i=1,2 q€ 4 be expansible families such that (I—8, () T, (¢)—1I
and T, (q) (I — 8§, (¢q) — I are of order — oo in 4. Let B,(9) = W(g) T, ()
and B, (g) = T,(q) W (g). It is easily seen that B;(q) are families as required
and that o_, |B;(q)] (véq) = o, [4 (q)] (x&€q)~! for evey x such that 6(x)=1.
Let 4 (¢q) be as in the statement of this theorem. With the aid of a
suitable choice of partitions of unity on X and the above local result we
obtain families B, (q) and B,(q) of P.D.O. on X, expansible in 4 and of
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degree — s such that A (q) B, (q) — I and B, (q) A (¢) — I are of order — oo in
4, and o_,[Bi(q)] 0s[A (q)) =1,1=1,2. As A(q) B, (¢9) — I and B,(q)A(9)— 1
are of order — oo in 4 also B, (q) — B,(q) is of order — oo there. Thus
B (q) = B, (q) satisfies the theorem.

It follows from the proof of this theorem and from the proof of theo-
rem 2 (b)2 that B(q) can be chosen so that for every u€ C=2(X) B(q)u is a
continuous function from 4 to H,(X).

Let A be an elliptic differential operator of order m with coefficients
in 0*(X). Let the range of o,, (A) be digjoint to "= {A;1 = g™ q€ 4}. The
family A — ¢™, g€ 4, satisfies the assumptions of theorem 1 here. It is
well known, and it follows also from theorem 1 here, that there exist con-
stants M and C such that {1;1=¢™ q€dylc Q(Z), with Q(A_) the resolvent
set of 4, and in Ay | (g™ — 471 || < C g |=™ Comparing (gm—A), g € Ay,
with the family B (q) given by theorem 1 we obtain easily

THEOREM 2. Let A be an elliptic differential operator of order m with
coefficients in C* (X). Let the range of o, (4) be disjoint to I'={1;4=
=qmqeA). Let M > 0 be such that {i;4=¢™ q€ dy)c g (A). (g™ — 4)',
restricted to C><(X), is an expansible family in 4y of degree — m.

It follows from theorem 2 that for every natural k, (g™ — A)—* restricted
to C~(X), is an expansible family of degree — mk in 4y . In particular for
every real o there is C such that if ue C=(JX)

3.2 (g™ — A)-Ku| mk 40, C| Ul o, q
We mention also the following lemma which we need in section 4.

LeMMmA 1. Let A satisfy the assumptions of theorem 2. Let zero be a
regular point or a pole of first order of the resolvent of A. Let ).Eg(zf )
if Al=¢q™, 130 and q€ 4. Let B(q), q€ 4, be the family corresponding to
A(q) =4q™ — A by theorem 1 here. Let M >.0. For every real s and ¢
there is a C such that if g€ 4, |q| << M, ¢ 0 and u€ C>(X)

3.3 | (g™ — A — B(g) Au||s<<C | Ujlo

with the aid of theorem 2 here and theorem 3.1 in S. Agmon (3) which
we already mentioned in the proof of theorem 1.2 we obtain the following
result:

THEOREM 3. Let A be an elliptic differential operator of order m with
coefficieats in €*°(X). Let the range of o, (4) be disjoint to I'=(1;1 =



of elliptic differential operators 123

=qm,q€4]. Let M > 1 be such that ll;l=q’”q€Au}cg(X). Let y be
a set of local coordinates detined in 2c X. Let Oc Oc 2. Let 6 € C~(X)
with support in 2 such that 6 =1 in 0. Let 2’ = y(x). Let R (z'y’ 1),
A =gq™ q€dy be the kernel of y, My(A — A)~I"m1=1 M, y* Let a;(z’ &q) be
the symbol of the canonical family of degree — m ((n/m]+4 1) —j in the
expansion of y, Mg (g™ — A)—[®ml—1 M, o®. For every k there is a Ci such

that if €0 and 1 = ¢™ with ¢=q|¢*.

k
3.4 } R 2’ 2) — (2x)" 3| 4|~ bimi—1+ (n—ﬁ/m/aj (x” Ee'9) dfl <
j=0

K®

< Cp | A |~ WmI =1+ (r—k—1)/m
aj(x’ £e') is determined recursively by the coefficients of A.

Proor: To justify the statement of the theorem we notice that for
every A€p(A4), (A— A)—I»m—1and (A— A)~[m—1* are bounded operators
from H,(X)to H, ([»/m]+ 1)(X) and as a result (1 — A)—[*m—1 hag a con-
tinuous kernel. Let A4;(q) be the canonical family with symbol a;(x’ £g). For
every w €8 and ¢€ 4 such that |g| > 1 we have

T—
3.5 dj(g) u (&) = (2a)—"2 f e=% q;(x’ Eq) u (x’)dx’.

As a result the diagonal values a;(x” 4’ q) of the kernel, a;(x’,y" q), of A;(q)
satisfy

3.6 @ (2’ @’ g) = (2a)" | g |~ (imi+1 men—g f 0 (2" &%) dé .

R™

It follows from definition 3.2 of an expansible family of P.D.O. in R*, and
from the above mentioned theorem in S. Agmon (3) that for every % there
is a C; and an N (k) such that for €0 we have

N
3.7 (R @ a’ d)— 2 oj(@ @ Am)| < 0y | 4|~ Eolml +1+ a—k—1)im
=0

Combining 3.6 with 3.7 we obtain 3.4.

1t follows from theorem 2 (a).2 and from the relation (¢™ — A)—[njm) =1,
(g™ — A)mmi+t = T that a;(x’ £e®), with x €0, are determined recursively
by the coefficients of A.
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We mention also the following result of theorem 2.

THEOREM 4. Let the assumptions of theorem 3 be satisfied. Let R (xyd)
be the kernel of [ — A]""™~', Let « == y. For every «, 8 65 65 K (xyl) tends
rapidly to zero as A —» oo in I, uniformly in (xy) € 2, >< £, where £, and
Q, are digjoint sets in X with positive distance.

PrOOF : To justify the statement of the theorem we notice that for
every A€o (A), (A — A)~"m=1 ig a P.D.O. on X and as a result the kernel
of (1 — A)~lMml—-1 ig infinitely differentiable in the complement of the diago-
nal of X.rX. The statement of the theorem follows easily from theorem
2 here, from property 1 in the definition 4.2 of an expansible family, from
theorem 13.9 in S. Agmon (2) and from Sobolev’s theorems.

4. Fractional powers of elliptic differential operators.

Let A be an elliptic differential operator of order m with coefficients
in C>(X). We define fractional powers of A under the assumption that the
range of o,,(4) is disjoint to a fixed ray in the complex plane, It follows
then that a whole angle, {1;1=0, 6, <<argl < 6,} is disjoint to the range
of o, (A). We assume also that zero is a regular point or a pole of first
order of the resolvent of 1. It follows from the discreteness of the spec-
trum of A and from the known behavior of (1 — A)~! at infinity that a su-
bangle, I', of the above angle belongs to o (4) and that there is a C such
that if 1€ [ ||2A(A — A)~!|| < C. For simplicity we have assumed that I’
contains the negative real axis. We have the following theorem :

THEOREM 1: Let A be as above. Let 0 < a <1. Let A, be the
operator defined in C~(X) by

4.1 Agu =207

~ j Aa=1 (1 4 A)~! Auda.
0

A, is an elliptic P.D,O of order ma. o, (4d,) = 0 (4)2.

ProoF : It follows form the assumption on .l that, in an angle 4 that,
contains the positive axis, 4 -} ¢™ satisfies the assumptions of theorem 1.3
Let B(q), g€ 4, be a family expansible in 4 such that (A4 4 ¢™) 3 (q) —
— I and B(q)(A + ¢™) — I are of order — co in .l, chosen so that for
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every u€C>(X)B(q)u is a continuous function from A4 to H,(X). It fol-
lows form theorem 2.3 and lemma 1.3 that the operator § defined in
0= (X) by

[==)

4.2 Su = m Jq’” ta=1) gm=1((4 + ¢qm)~! — B(q)) Audq
0

is of order — oo in 4. Thus it is sufficient to show that the operator B, de-
fined in C~(X) by

m /qm (a—1) qm-l B (q) udq’

0

4.3 Bau = Sin na

is an elliptic P.D.O. of order m (a — 1) with 0., (a—1) (Ba):om (A2 =1. It
follows easily from the definition of an expansible family of P.D.O on X
that to prove this result it is sufficient to check that if A (¢) is a cano-
nical family of P.D.O. in R", defined in 4, of degree ¢ << — m and with
symbol « (z%q) the operator P defined in S by

4.4 Pu=m jq“”""“ A (q) udq

0

differs by an operatar of order — oo from the canonical operator with

symbol m f q1tme g (x&q) dg. Let A’(q),q€ 4, be the family of linear opera-

tors from S to § given by

4.5 Amu(f) = 2n—2/"fe“’~'5(§)a(x§q) dx

where as in the definition of a canonical P.D.O. in R, { (§)€ 0~ (R") 0 <<

< (<1, =0 when |5|g—;— and { (§) =1 when |&|>=1. Let P’ be
defined in S by -

4.6 PPu=m fq—l'“"“ A’ (q)udq.

]

It follows from definition 1.2 of canonical families, from 4.4, 4.5 and 4.6
P — P’ is of order — oco. Let w,v€ 8 then

4.7 (P’ u,v) = m f g~ Hme (A7 (q) u, v) dq.

0
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It follows from Parseval’s equality that

©0

S~— ~ \ ~
4.8 (P uy ) = m[q"l'*'"‘“ (A’ (q)u, v) dg.

v

It follows from Fubini’s theorem with the aid of 4.5 that

4.9 (ﬂ,%: J (271)"”/2( f e~ (&) (m fq"‘ﬂ“’”“a(wéq) dq) % (x) dw) (&) dé
0

rm

and as a result I’/ coincides with the canonical I’.D.O. determined by the
oo

symbol qu—'+""‘a(w£q) dq.

0
Let A, be the closure of A, in H (X). It follows from the ellipticity of
A, that the domain of definition of A, is H,u (X).
As A is a closed operator, densely defined in H,(X), such that 9(1—4)
contains a whole angle 6, << arg 1 < 0, , except possibly the origin, and an
estimate |;4(1 — A)~1|| < C bholds in this angle, a definition for the power

A is given by Kato (6). A, coincides with A . In fact the closed opera-
tor A is deflned in Kato (6) indirectly by

- 8in 7 o0 pe -
4.10 A)yl= —1du.
(A4 4) n f12+21p2008na+,u2“ (o A4) = dp

0

which holds for 4 > 0 (and for A =0 if 0¢€g (4)).
In our case where zero is at most a pole of the resolvent of A if fol-

lows easily from 4.10 that D (4d)c D () and in D (A)

(=]

f As=1 (A + A)~1 Au da.

0

411 A =207

So that A is closed extension of A, with {A; 2> 0jlco (A ). But it follows
from the ellipticity of A,, from ¢,,,(4,) =0, (4)® and from the Te-
marks in the appendix 5 that if A > 0 is sufficiently large also 1€ (4,)

— —a
~ 80 that A, = 4. s n_a
As usual we put for s = n 4 o with » naturaland 0 <o <14 =4 A.
Again it follows from the ellipticity of A and A, that the domain of defi-
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- 8
nition of A is Hy,(X)and A is the closure in H,(x) of an elliptic P.D.O.
of order ms. Algo if 0€o(A) and as usual A4~ with 8 >0 is defined by.
A7"=@Y7 in ¢ (X), 4" is an elliptic P.D.O, of order — ms.
We investigate now properties of the kernels 1_18, with &8 < — n/m,
or more generally properties of the kernels of the operators K,, 8 < — n/m,
given by

__8inazns m. ——1 K, 1 . -1 E,
4.12 K“__—n f/.' ((1+ 4) — T) di + Imi f i ((A—A) 7 di,
1 A1=1

where E, is the spectral projection on the null space of A.

—_ -8
In case 0€p(A) K, = A . K, satisfies the following lemma :

LeMMA 1. Let s < — n/m and let K, be given by 4.12 K, has a con-
tinuous kernel K (rys).

PROOF : In case m << n we consider the following expression for K,:

_8inzs [n/m]! m‘ ) T\ {nfm]—1 sinz s E,

413 K= a (s+1) ...(s—}-[n/m])f;~ @4+4) a1 + a8
1
1 [n/”ll ! 8+ [n/m] 4\—[nim]—1 LJO_
R @+ 1) ... (s + [njm)) x @ —4) — o )
1 {]=1

From 3.2 it follows
414 (A Ay |1 < 05 ([ Ayt < €] mi

4.15 ” (1 + Z)-["/m]—“ “ [nfm] 41 < C.

4.15 is obtained by an application of 3.2 to (1 + A)—Inm—1* which coincides
with (1 4 A*)—"m—1 where A* is the formal adjoint of A in C>(X). It
follows from 4.14, 4.15 and 2.6 that the continuous kernel 8 (xy i) of
(A 4 A)—[/mi=1 gatisfies

4,16 | S (xy 4)| < €| 4 |~tnml—t4n/m

Also S(xy 1) is a continuons function of (xy 1) for (xy)€ XoX and A >1.
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As a result if 8 < — n/m K, has a continous kernel given by

gin n 8 [n/m]! T ot [rjm] sin n 8 E (xy)
417 n (s+1).. (s—f—[n/m])fl 8 (ay ) dd + E 8 +
1
1 [n/m] ! s4[n/m | ( Eo (xy)
2 i (8 4 1) .. (8 + [n/m)]) fl R (xy 1) — Alnjmi+1 ai.
|Al=1

Here R (xy A) is the kernel of (1 — A)—lnmi—1 and E, (xy) is the C* kernel of K,
[n/m] !

(8 + 1) (8 4 [n/m])

If m >n we Treplace in 4.17 by 1.

THEOREM 2. Let 8 << — n/m. Let x 3=y. K (rys) has an extension to an
entire analytic function of 8 which vanishes at the positive integers and
also at zero if 0 EQ(A—). The extension K (xys) thus obtained belongs to C*
in the complement of the diagonal of XzX.

PROOF. Let 0 and y be functions in ¢ (X) with disjoint supports. Let
S (zyZ) be the infinitely differentiable kernel of M, (1 47 M, . Tt follows
from theorem 4.3 that for every afd; 858(1:3/,1) tends rapidly to zero as
A — oo, uniformly in-(zxy). Also 52 af 8 (xy 4) is a continuous function of (xy 2).
As a result the operator

oo

az sfp Mo (i 4+ Ay A, A

4.18
1

with s <n/m has the infinitely differentiable kernel given by

(o]

Snzs f 28 N (@yd) dA

4.19 L (xys) =

and for every (xy) L (xys) has an extension to an entire analytic function of s
which vanishes at the integers. The extension L (rys) thus obtained is in
(0~ (XxX). Similarly the operator

' 1 — E
s 1 -1 __ o
4.20 27”_/1 Jue((z A) A)M.,dl
[ 41=1
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with 8 << — n/m has the infinitely differentiable kernel given by

4.21 M (xys) = %@,—f}.‘ (R (zy 4) — 6 () E, (xy) v (y)) dA.
|Al=1

Here R (xy 1) is the kernel of My(A — A)~' M,, and E,(xy)is the kernel of E, .
For every (xy)M (xys) has an extension to an entire analytic function of 8 which
vanishes at the non negative integers as a result of the regularity of
(=) B, (xy) v (y)
A
thus obtained is in C*® (XzJX).
To complete the proof we notice that if EF,==0 and s << — n/m

R (xyl) — o in the closed unit circle. The extension M (xys)

M, / »1 By dy M,

1

sinx 8

has the infinitely differentiable kernel

sin s
8

4.23

0 (x) E, (xy) v (y).

For x =y we have the following result :

THEOREM 3: Let K (rys) be the kernel of K, with s << -— n «.
every £ € X K (rxs) has an extension to a meromorphic function ot s w
simple poles at the points (j — n)/m, j =0,1,2,..., that differ from t;
naturals and from zero.

Let y be a set of local coordinates defined in 2 ¢ X. Let 2’ = y (x).
Let 0 be an open set such that 0 €0 c Q. Let 6 be in C = (X) with support
in £ and let 6 () =1 in 0. Let K’ (z’2’s) be the kernel of x. My K, Mg 2*.
Let a;(x’£q) be the symbol of the canonical family of degree —m(jn/m]+41)—j
in the expansion of y, My (¢™ + A)—sm—1 Mg o* Let i be a natural number

_ (27)~" [n/m] !
(T4 1) ... (¢ + [n/m))

If B,= 0 5.24 holds also for i = 0.
It E,=£0, let E,(x’y’) be the kernel of y, Mg Ej My y*, then

4.24 K’ (a'2%i) = f Omipn (07E1) dE.

4,95 K’ (2/2'0) = — (2a)~" / @, (@' E1) dE + Bj(227).
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The residues of (K’ (x’x’s) are as follows :
Let ¢ be a negative integer with i = — n/m. The residue of K’ (z’x’s)
at s =1 is given by

[n/m]!
A (G F D)
JHE—I R

4.26 — (2n)" Amign (@ E1) AE.

Let (j — n)/m, j =0,1,2,..., be different from an integer. The residues of
K’ (x’x’s) at 8 = (j — m)/m are given by

sin (z (j — n)/m) |n/m]!

421 — (@my» 2L () (2 + )

faj (x’&1) dé.

PrROOF: We consider the expression 4.13 for K,. Let s < —n/m. It

. . 1 [n/m]! s-+[njm] ( — A)-[nml—1 __
is easily seen that o (8+1)...(8+[’”/m]|)“j;11 (A — A4)

—}__[;‘_/}"L"%FY) dl has a continuous kernel M (xys) and for every (xy) M(xys) has
an extension to an entire analytic function of 8 which vanishes at the bigger
from — n/m integers. Thus to prove the theorem it is sufficient to show

that if N (xys) wilh s << — n/m is the kernel of

__sinus [n/m] !
4.28 Ny= 7 (8 F 1).(s F [/m

3 f Jstiniml () 4 A)—Iniml—1 g3
1

N (xxs) bas an extension to a meromorphic function of x with simple poles
at (j —n)/m, j =0,1,2,..., with (j — n)/m different from the non negative
integers, and to determine N (xx¢) and the residues of N (xxs).

An application of theorem 3.3 to (1 A)~™m—!, with 1>1, yields
the asymptotic expansion

4.29 (27)=" 3 A—Wiml-1+n—jm / a; (@’&1) d&
j=0
Rr?

for the diagonal values of the kernel of y, My(q™ + A)—tnm=1 M, 4* where
a;(x’£1) are as in the statement of the theorem.
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Let N’ («’x’s) be the kernel of y, Mg N, My z*. The location of the poles
of N’ (x’x’s) follows from 4.28, 4.29 and from
4.30 [ As+njm] j—ln/ml=1+a—i)m §] = — ; .
j—mn
) § ——
m

The values of K’ (x’2’t) and the residues of K’ (z’x’s) are given by 4.24-
4.27 as a result of 4.28, 4.29, 4.30 and the relation of N’/ (z’2z’s) to K’(x'x’s).

5. Appendix.

We add here some remarks concerning the existence of rays of minimal
growth of the resolvent of an elliptic P.D.O. on X and concerning the
completeness of the generalized eigenfunctions of 4.

We prove in (4) the following theorems which we do not prove here:

THEOREM 1: Let A be an elliptic P. D. O of positive order s. Let the
range of o, (A) be disjoint to the angle I'= {1; 6, << arg 1 < 6,) with 6, <6,.
Let A be the closure of A in H,(X). There exist constants M and C such
that if |2'> M and 2 A€g(A) and |1(2 — A || < C.

We have also the following :

THEOREM 2: Let A be an elliptic P.D.O. of positive order s. Let
1, €0 (A). For every e >0 (i, — A)~! € Cpsp -

The proof of this theorem is based on (4, — Z)—l , restricted to C > (X),
being an elliptic P.D.O. of order —m and on the following lemma in
S. Agmon (1):

Let T be a compact operator in Hoﬁ which carries H(,ﬁt into 15[01¢ with
6 > 0. Let {4;] be the sequence of eigenvalues of T each repeated according
to the multiplicity. For every ¢ > 0 | 1;|"ot+s < co.

From theorems 2 and 3 it follows with the aid of (XI.9.31) in Dun-
ford-Schwartz (5) :

TaeorREM 3. Let 4 be an elliptic P. . O. of positive order s. Let the
range of o,(4) be contained in an angle I': {1; 0, <argl < 6,] with
0, — 0, less thun =ns/n. The generalized eigenfunctions of A are complete
in Hy(X).
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