S.LOJASIEWICZ
Triangulation of semi-analytic sets

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 3¢ série, tome 18,
n°4 (1964), p. 449-474

<http://www.numdam.org/item?id=ASNSP_1964_3 18 4_449 0>

© Scuola Normale Superiore, Pisa, 1964, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique 1’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1964_3_18_4_449_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

TRIANGULATION OF SEMI-ANALYTIC SETS

by S. LoJASIEWIOZ (Krakéw)

The triangulability question for algebraic sets was first considered by
van de Waerden [15] in 1929, and for analytic sets by Lefschetz |5], Koop-
man and Brown [4], and Lefschetz and Whitehead [6], in 1930-1933. In fact,
[5] and [6] deal with triangulation of «analytical complex » (which is a fi-
nite disjoint collection with compact union of subsets of IR" each being an
open and relatively compact subset of an analytic subset of an open set in
R™). A lack of a convenient technique at that time was probably the reason
for the proofs being rather sketched. Therefore, according to an opinion of
many mathematiciens, it is of some interest to give a new detailed proof.
This is just the purpose of the present paper, and actually we give a so-
mewhat more general result: simultaneous triangulation of any locally finite
collection of semi-analytic subsets of IR™ or, owing to the Grauert imbedding
theorem [3], of any countable real analytic manifold. Moreover, our formula-
tion of the result is somewhat more precise; it follows e.g. that in any
exemple of Milnor’s type [9] the homeomorphism between the polyhedra has to
have a singularity of non-algebraic type (it can not have the property (A)
(see § 3)). However the frame of idea of the construction we give is that of
Lefschetz ([5] and [6]).

The semi-analytic (resp. semi-algebraic) sets are those which can be lo-
cally given by analytic (resp. algebraic) inequalities (see [13], [14] and [8]).
We may observe that the body of an «analytic complex » is exactly the
same as a compact semi-analytic set. We will need certain basic properties
of semi-analytic sets; these are only stated in § 1, and will be contained
with proofs in papers to appear separately.

The method we use is that of normal decompositions of semi-analytic
sets ; it follows an old idea of Osgood [10] (see also [11]), and was applied
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by the author in [7](*). The normal decompositions are certain special local
stratifications in the sens of Thom [14]. For the semi algebraic case an ele-
gant Whitney’s stratification [17] can be also used.

The result was communicated on the Congress in Stockholm, 1962, and
the construction was presented in details on a seminar at the Istituto Ma-
tematico Leonida Tonelli of the University in Pisa, spring, 1963.

Afther having written the manuscript the autor observed that had just
appeared a thesiz of B. Giesecke [2] concerning also the triangulation of
semi-analytic sets; because of the differences which seem to exist in results
and methods used, our article may be however of independent interest.

One should also mention a paper of K. Sato [19] on local triangulation
of real analytic varieties.

§ 1. Preliminaries on semi-analytic sets.

In this § the results are only stated; the proofs will be contained in
articles to be published soon.

1. Definition of semsi analytic set. Let M be a real analytic manifold.

Let A, G c M and let f, ,..., f, be real functions (each one defined on
a subset of A ); we say that A is described in @ by f,,.., fr iff f,..,fr
are defined in G and A n G is a finite union of finite intersections of sets
of the form {#€ G: fj(®) > 0] or {x€G: fj(x) =0]; we say that A is des-
cribed at c€ M by f,, ..., fr iff it is described by these functions in a neig-
hborhood of c.

A subset A of M is said to be semi analytic iff it can be described at
any c€ M by a set (depending on ¢) of real analytic functions (at ¢). Equi-
valently, A is semi-analytic iff for each x € M the germ of A at x belongs to
the smallest class S of germs at x (of subsets of M) satisfying u,v€8=—>
wyv, w\ vERQS, and containing the germ at » of each set of the form {f > 0}
with f real analytic in a neighborhood of .

The union of any locally finite family and the intersection of any finite
family of semi-analytic sets is semi-analytic. The complement of any semi-
analytic set is semi-analytic. A subset of any closed submanifold (*) M, of M
is semi-analytic in M, if and only if it is semi analytic in M,. The image of
any semi-analytic set by an analytic isomorphisme is semi-analytic. A finite
product of semi-analytic sets is semi-analytic.

(1) See also [8], where another application of this method is given.

(®) A submanifold of M is a subset of M which is locally the inverse image by a
chart of a linear subvariety (of the same dimension for any point of this set), with the
induced manifold structure.
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II. Normal decompositions. A function H (2, ,..,2p;2) holomorphic at
(0,...,0; 0) is called a distingnished polynomial in 2z iff it is a polynomial
in 2z with coefficients vanishing at (0, ..., 0) except the leading one which
= 1; it is said to be real iff its values for real arguments are real.

Let M be a real analytic manifold of dimension n. Let ¢c€ M. A normal
system at ¢ is a couple of an analytic chart g: U— ¢ (U)c R" at ¢ (3) such
that g (¢) = 0, and a system {H{‘ losk<i=n , Where H (#4900 y 25 21) i a real
distinguished polynomial in 2; with diseriminant Df (2, yoory 200, (0<<k<I<m),
such that in some neighborhood of (0, ..., 0)

(a) Hkk_l (z‘ yoooy Rk—1 ) z,,) = sz (zi seeey %k y z;) =0=> sz-l (zi yooey Bk—19 z;) =0,
B D} () 50y 2) =0 =—> H? (Zyy ooy 2k13 %) = 0,

forl<lk<l<n.

A neighborhood @ = g—1(Q,) of ¢, where Q,={z: | %; | < é&)c ¢g(U),
is said to be normal (with respect to the above normal system) iff H} are
holomorphic on {(2,,..,2,)EQ": | 2;| << &}, satisfy («) and () in
{2, e y2a) EQ*: | 2:| < 6}, and

|z.-| <6i, ’l;=1,...,k, H;k(z,,...,zk;zl)=0=>|z,l < &

for each k, I with 0 <<k <<l<Cn. Thus @, is a normal neighborhood of 0
following the normal system (e, {H{})), ¢: IR® — IR* being the identity map.
Every neighborhood of ¢ contains a normal one.
The normal decomposition of ¢ (following the above normal system) is
the decomposition

ICs

Q=U Ur:

k=1

where I'f are the connected components of

vE=g7? ((r€Qy: Hy ' =...= Hk,il-l =0, H™'+ 0}), k=0,..,n
(we put for convenience H; ' =1). The sets I} are called members of the
decomposition. Thus I’,,k = g1 (I},'f‘), where Fo'f, are the members of the nor-
mal decomposition of @, following the normal system (e, {H;kj) at 0.

A normal decomposition at ¢ is the normal decomposition of a normal
neighborhood following a normal system at e.

(3) i. e. local analytic coordinates system at c.
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1. Any normal decomposition is finite.

2. Let Q= U I'* be a normal decomposition. Any ( F"\F")n Qis a
union of some 1"'1 with j < k;hence VEy ..y VO are closed in @, k=0,..

3. Let Q = kU I'* be a normal decomposition at 0 € R"* following a nor-
mal system (e, {H;kj). Then any I’ =TI} with 0 <k <n is of the form :

={g: u=(2,,.,2) €2 and zj=rmn;w) for j=k-41,..,n}

with € open (in 1R¥) and »; analytic in Q such that 0€ Q, Hj*(u,y;(u)) =
in 2 and lim #(u)=0,j=Fk+1,..,7n
u—0

4. Any member L of any normal decomposition at ¢ is a k-dimensional
analytic submanifold (I'," are open and I' = {0}) such that c€ I .

b. Let Q@ = U I'’¥ be a normal decomposition as in 3. Let 0 < m < n.

Denote by = the pl‘Q]ectIOIl R*3 (@, ooy 0) —> (@, ..., ,,,) € R™ and by e, the
identity map R™ — R™. The couple (e, , {H}] _, <ZSm) is a normal system
at 0 € R™ and @, == (@) is a normal neighborhood ; let @, = ] U I'J be its
normal decomposition. Then for any I'* with k<< m we have n([' =T},
(for some x’).

III. Existence theorems. A mnormal decomposition @ =ka I'¥ is said to

be compatible with a function f defined in @ iff f=0 or f = 0 on any mem-
ber I'*; it is said to be compatible with a subset A of M iff any member
is contained in A or in M\ A. If A is described at ¢ by f,,..,fr, then
any normal decomposition of a sufficiently small neighborhood at ¢ which
is compatible with f,,..., f, i8 also compatible with A.

1. Let ¢€ M. There is a normal decomposition at ¢ which is compatible
with given functions f,, ..., f, analytic at ¢, resp. with given semi-analytic
sets 4,,..., 4, C M ; the normal neighborhood can be chosen arbitrarily small.

Let M be an affine space, let f be an analytic function at ¢ € M. A line
A though c¢ is said to be singular for f at c, iff f vanish identically in a
neighborhood of ¢ in 4. Let A be a semi-analytic subset of M. A line 1
through ¢ is said to be non singular for A at ¢, iff A can be described at
¢ by a set of functions for which A is non-singular at c.

2. Let f,,..,fr, F be analytic functions at ¢ € M, such that f; = 0=—>
F =0 in a neighborhood of ¢ (j=1,...,7), let 4 be a non-singular line for
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fiseyfry F at ¢, and let y be a hyperplane such that 1 n y = {¢}. There is a
normal decomposition Q@ = U I'F following a normal system (g, {Hz }) at ¢
which is compatible w1th fi, .., f» and such that g is affine, g (1) is the
zy-axis (i.e. gj=0 on A for j=1,..,n—1), g(y) is the (x,, ..., #,—1)-hyper-
plane (i.e. g,=0 on ), and V1= (x€ Q: F(w):--O] (i.e. Hy '=0<=>F=0
in Q). The normal neighborhood @ can be chosen arbitrarily small.

3. Let A,,..., A, be semi-analytic subsets of M, let 1 be a non-singular
line for 4,,..,4, at ¢c€ M and let y be a hyperplane such that 1ny={c}.
There is a normal decomposition following a normal system (g, {Hz"}) at ¢
which is compatible with 4,,.., 4, and such that g is affine, g (1) is the
z,-axis and g () is the {#,,..,%n—)-hyperplane. The normal neighborhood
can be chosen arbitrarily small.

VI. Some properties. Let M be a real analytic manifold.
1. A subset A of M is semi-analytic if and only if for any ¢ € M there
is a normal decomposition at ¢ which is compatible with A.

2. Any connected component of a semi analytic set is semi-analytic.
3. Any member of a normal decomposition is semi-analytic.

4. The closure, the interior and the boundary of any semi-analytic set
are semi-analytic.

V. Projection theorem. Let M be a real analytic manifold, 4 an affine
space. A subset A of M >< A is said to be partially semi-algebraic (with
respect to A) iff any c€ M has a neighborhood U such that A can be des-
cribed in U >< A by a set of analytic functions fj(u, #) which are polyno-
mials in «; thus any partially semi-algebraic set is semi-analytic. The inter-
section of any finite family of partially semi-algebraic sets is partially semi-
algebraic. A union of a family of partially semi-algebraic sets is partially
semi-algebraic, provided that each point of M has a neighborhood U such
that U >< A meet only finitely many sets of this family.

1. Any connected. component of a partially semy-algebraic set is par-
tially semi-algebraic.

2. SEIDENBERG THEOREM (*). Let 4, be another affine space and denote
by n the projection M >< A >< A, 3 (u, z, y) — (u, 2) € M >< A. If a subset A

(*) Formulated in [13] for semi-algebraic sets.

5. Annali della Scuola Norm. Sup. - Pisa.
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of M >< A >< A, is partially semi-algebraic with respect to 4 >< 4,, then zn (4)
is partially semi-algebraic with respect to A.

VI. Semi-algebraic sets. A subset A of an affine space M is said to be
semi-algebraic iff it can be described in M by a set of polynomials; it is
said to be locally semi-algebraic iff it can be described at any c€ M by a
set (depending on ¢) of polynomials; each bounded locally semi-algebraic
set is semi-algebraic. Let £ be an open subset of M ; an analytic function
f: 2 — 1R is said to be analytic algebraic iff there is a polynomial P(t, 2)5£0
such that P(x, f(2))=0 in 2. A subset 4 of M is locally semi-algebraic
if and only if it can be described at any c€ M by a set (depending on c¢) of
analytic algebraic functions (at c¢).

All the facts stated in this § remain valid for M affine (and for affine
charts g) if we replace the notions of semi analytic set and analytic function
by those of locally semi-algebraic set and analytic-algebraic function.

Let P be the projective space derived from a finite dimensional vector
space V (identified with the set of all lines through 0 in V'); the canonical
map (of P) is the mapn: V\ {0}34— Rz € P. For any projective hyper-
plane P’ ¢ P (derived from a hyperplane V’ of V) the set P\ P’ with its
natural affine structure (such that for any v€ V '\ V’ the restriction
motv: V-4 V— P\ P’ is an affine isomorphism) is called an affine chart
of P. Any affine space can be considered as an affine chart of a projected
space.

Consider a multiprojective space i.e. a finite product of finite dimen-
sional projective vector spaces R = P, >< ... < P, . The canonical map
(of R) is the map = =z, >< ... > 7wz (V,\_{0}) >< oo >< (Vi\_{0}) — R, where
n; are the canonical maps of P;, and V; are the vector spaces from which
P; are derived ; an affine chart of R is a product 4, ><...>< A; where A;
is an affine chart of P;, i=1,..., k. A subset 4 of R is said to be semi-
algebraic iff n—1(A) is semi algebraic. A subset of an affine chart 4 of R
is semi algebraic in R iff it is semi-algebraic in 4. A subset of R is semi-
algebraic iff it can be described at any c€ R by a set (depending on c¢) of
polynomials in an affine chart of R. The nnion and the intersection of any
finite family of semi-algebraic sets and the complement of any semi-algebraic
set are semi-algebraic ; a finite product of semi-algebraic sets is semi-algebraic.

Let R,, R, be multiprojective spaces: a map of a subset of R, into R,
is said to be semi-algebraic iff its graph is semi-algebraic. The composition
of semi-algebraic maps is semi-algebraic. The image and the inverse image
of any semi-algebraic set by any semi-algebraic map is semi-algebraic.
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§ 2. Some lemmas.

For any C!-manifold A denote by A, its tangent space at u€ A ; for
any C'map g: A — A’, where A’ is another C!-manifold, let dgy, : Ay—> Ay
be its differential at « ; put rank, g = dim dg, (4,) and rang g = sup {rank, g:
uw€ A}, If rank, g = dim A’, then g (u) is an interior point of g(A). Hence
if g(4) has no interior points, then rank g < dim 4’.

LeMMA 1 (Sard (°). Let A, A’ be real analytic countable (5) manifolds
and let g: 4 —> A’ be analytic. If rank g < dim A’, then g (A) is meager (7).

PROOF. The lemma being trivial when dim 4 = 0, assume it true if
dim 4 < n and let dim A =n>>0. Let u€ A ; for some neighborhood U of
u the set Z= {u€ U; rank, g < rank gy} is semi-analytic and nowhere dense

in U; let Q= kU IF be a normal decomposition at w which is compatible

with Z. It is sufficient to prove that each g(I’f) is meager. If &k < n, it is
true by the induction hypothesis. Consider any I,'. Since I,'nNZ= g,
rank, g = p in I',’' where p = rank gy < dim A’. Therefore any point of I',’
has a neighborhood whose image by g is contained in a p-dimensional sub-
manifold of 4’ and hence g (I’)') is meager.

LeuMA 2 (Lefschetz- Whitehead) (8). Let A be a O!-manifold. Let M be
an m-dimensional affine space, V its vector space, and S an m — 1-dimen-
gional C!-submanifold of V such that w€ S=>u¢ S, (°). Let g: 4 — M and
h: A— 8 be Ct-maps. If the map ¢: A ><R3 (%) —g () + Ah(u)€ M is
of rank << m — 1, then rank h << m — 2.

ProoF. Let u€ A. By assumptions
Apu, 12 Au><R3(0,8) —> dgy (v) + A dhy (v) +Eh (W) EV

is of rank << m — 1 for any A€1R. When A 3= 0, it follows the same for the
1
map (v, &) — - dgy (v) + dhy, (v) 4 & k (w), and hence (letting 1 —- oo) for the

(3) This is a special case of Sard theorem [12].

(6) i. e. with countable basis.

(") i. e. a counable union of nowhere dense sets.

(8) See [6], pp. 513-514.

(%) Any tangent space of a submanifold of M or 7 is identified with a vector sub-
space of V.
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map (v, &) — dhy (v) + & b (u), i. e. dim (dhy, (4) + R A (w)) << m — 1. But since
dh, (A, € 8hw), we have h(u)¢ dhy, (4,), whence dim dh, (4,) << m — 2.

REMARK. It is sufficient to assume that ¢ is of rank<<m — 1 in an
open set containing A >< {0}. For, » being fixed, the condition: rank de,, <<
< m —1 can be expressed by vanishing of some determinants which are
polynomials in A.

Let M be an affine space, V its vector space; denote by P the projec-
tive space derived from V (the set of directions in M).

Let £ be an open subset of M and let f: 2 — IR be analytic. A di-
rection ¢ € P is said to be non-singular for f iff for each c€ £2 the line ¢+ o
is non-zingular for f at c.

LeEMMA 3 (Koopman and Brown (1°). Let f be analytic and =£0 in an
open connected 2 < M. Then the set of all singular directions (for f) i
meager in P.

PROOF. Put m = dim M. The ellipsoid 8 = {u€ V: | y(u) | =1}, where
w: V—1R™ is a (linear) isomorphism, satisfies the assumption of the lem-
ma 2. Let

0= {u,v)eER><8: f(u+&v)=0 in a neighborhood of &= 0}

and let n: Q>< V3(u,v)— v€ V. Since the set in question is the image of
7 (0) by the local homeomorphism S3v— Rv€ P, it is sufficient to prove
that = (0) is meager in 8. We have

={u,0)EQ>V:|p®)[]—1=0, dg‘f(u+§v)5=o=0, i=1,2..,

which implies that 6 is an analytic subset of Q >< V (for the ring of germs
of real analytic functions at a point is noetherian). Let c€ £ >< V and let
Q= U A% be a normal decomposition at ¢ which is compatible with 0;

thus Qn 0 is a union of some A¥ and it is sufficient to prove that = (4)
is meager in § for any A = Akc 6. Consider two analytic maps ¢g: 43

3(uyv)—>u€M and h=ma,: A3(u,v)—v€V, and then the map ¢: 4 ><
<R3 (@A) —g@)+ Ah(r)e M. Since 4cCH, h(d)cn(d)cS. For any
x€d, (g(x), h(2)) =2 €6 and hence f(g(®) + Ak (x)) =0 in a neighborhood

(40) See [4], p. 242.
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of 1= 0. Therefore f(¢(x, 1)) = 0 in the set
A* = (@, ) eEA><R: go)+ P h(2)eQ for 0P <1}

which is open in 4 >< 1R and contains A ><{0}. This implies that ¢ (4*)
has no interior points (in M), whence the rank of ¢ in A* is <<m — 1.
By the lemma 2 and the remark, rank » << m — 2 and hence, by the lemma
1, n(A) = h(A) is meager in §, Q. E. D.

Let A be a semi-analytic subset of M. A direction o€ P is said to be
non-singular for A iff for each ¢ € M the line ¢ -} o is non-singular for A at c.

LEMMA 4. Set {B,} be a coutable collection of semi-analytic sets. The
set of all directions which are simultaneously non-singular for each B, is
dense in P.

In fact, consider any B, ; there is a countable covering of M by open
connected W; such that B, can be described in W; by a finite set of func-
tions {fj} analytic and =50 in W;; since every direction which is simulta-
neously non-singular for all f; is also non-singular for B,, it follows from
the lemma 3 that the set of all singular directions for B, is meager.

Consider now the affine space M >< 1R and put n = dim (M >< R), (i. e.
dim M =n — 1),

Using the Weierstrass preparation theorem we derive easily the follo-
wing lemma.

LEMMA 5. Any semi-analytic bounded subset of M >< 1R for which the
direction {0} >< IR (where 0 is the zero of V) is non-singular is partially
semi algebraic (with respect to 1R).

Denote by n the map M >< R 3(u,t)— € M. An analytic submanifold
wC M >< 1R is said to be topographic (1) iff n (y) is an analytic submanifold
of M and m,: v —> n(y) is an analytic isomorphism: then v is the graph
of an analytic function = (y)— IR which we identify with y. The following
lemma is trivial.

LEMMA 6. Let y be an analytic submanifold of M ><1R. Introduce a
euclidean norm in M and let 4 > 0. 1f

(uy t)y, WytYepy=—>|t—¢t |<A|u—u'}],

then v is topographic (and | y (W) —yw) | <A | v —u ]| in n(y) If

(1) This convenient terminology ‘was proposed by A. ANDREOTTI
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2€V and |2z | < 4, then the image of v by the map

M><MR3u,t)— (w4 te, ) € M < R

is also topographic.

We say that a subset Z of M >< 1R has property (P) iff the map
nz: Z— M is open. Any topographic submanifold (of M >< 1R) of dimension
n — 1 has property (P).

LEMMA 7. For any function f analytic at (¢, 0) € M >< 1R and such that
f(c,t)£0 there exist a neigborhood U and a function g such that f, g
are analytic in U, g(c,t)550 and the set {x€ U: f(x)g (x) = 0} has pro-
perty (P).

ProOOF. Let H (u,t) be a distinguished polynomial in ¢ at (¢, 0) (1?) such
that H=0<=—>f=0 in a neighborhood of (c,0), its discriminant D (u)=£0 (13).
Let A be a non-singular line for D at ¢; we can identify M with M, >< R
(where M, is an affine space of dimension m — 2) in such a way that
¢=(c,,0)and A = {¢,} < R for some ¢, € M, ; thus D (¢,, s)5£ 0. Let H, (v, s)
be a distinguished polynomial in s at ¢ such that H, =0<—>D =20 in
a neighborhood of ¢. Consider the analytic function F (v,¢) defined in a
neighborhood of (¢, , 0) by the formula

F(v,t)=H(@v,& ,t) ... H(v&,1)

where & are the roots of H, at v(!%); we have then F(c,,?)5£0 and
D (v,8) = H (v, 8,8) =0=> F (v,t) =0 in a neighborhood of (¢, ,0,0). As-
sume n = 2, or n > 2 and the lemma true for n — 1. There exist an open
neighborhood U, of (¢, ,0) and a function g such that F, g are analytic in
Uy,9(c,,t)5£0, F=0=>¢g=01in U,, and the set {(v,t)€ U, : g (v,t) = 0}
has property (P), (in M, >< ). In fact, if » = 2 we put ¢ = F'; in the second
case we take U, and G for F according to the lemma (assumed true for
n — 1) and we put g == FG. Now we choose an open neighborhood U of
(¢, 40,0) so that all the above relations hold and (v,t)€ U, , if (v,s,t)€ U.

(12) i. e. analytic at (¢, 0), polynomial in ¢ with coefficients vanishing at ¢ except
the leading one which =1.

(13) For the existence see e. g. [7], n® 11.

(1) See e. g. [7], n® 13; we put F=1 when H, is of degree 0.
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Then we have
{(v,8, )€U : f(v,8,8)g(v,t) =0} = {(v,8,t)€EU: H(v,81t) =0, D@3 30lu

Uf(v,8t)eT: g(vt) =0}

Since both sets on the right side has property (P) (the first one is locally
a topographic submanifold of dimension n — 1), so has the set on the left.
Therefore the lemma is proved by induction.

By lemma 7 and § 1, I1I, 2 we obtain

LEmMMA 8. Let B, ..., B, be semi-analytic subsets of M >< 1R for which
the line {¢} >< IR is non-singular at (¢,y)€ M >< 1R. There exists a normal
decomposition @ = ka r! following a normal system (g, {H;"]) at (¢, y) which
is compatible with B,,...,B, and such that g is affine, g ({c] > R) is the
@,-axis, g (M ><{y}) is the (z,,..,&,—;)-hyperplane and V" 1y..y Vo=
= kl<Jn1"xk has property (P). The normal neighborhood can be chosen arbi-
trarily small.

From § 1, II, 3, 5 and V, 1 we get:

LEMMA 9. Let @ = kU IF be a normal decomposition following a normal

system (g, (H;*)) at (¢,y) with g affine and such that g ([} >< R) is the z,-
axis and g (M >< {y}) is the (2,,...,on—;)-hyperplane. Then all I¥ are par-
tially semi-algebraic and those with % < n are topographic. There is a normal

decomposition @, == (Q)= U 1";:, such that for any I'Y with k<n we
¥

have n (I')) = I'¥,» for some x”.
We call @, =;U Tl the projected decomposition (of the previous one).

LemMMA 10. Let ¢, be defined and analytic in (open) neighborhoods
of c€EM, v=F1, F 2,..; assume that the sequence ¢, (¢) is strictly in-
creaging, lim ¢, (¢) = oo, lim ¢,(¢) = — oo, and that {p,} is locally finite

» -+ 00 ¥ — — 0O

(as a family of graphs). Let G be a subset of M whose interior contains
{¢} >< R. There exist restrictions @} of ¢, to open connected neighborhoods
of ¢ and an analytic isomorphism g: M >< IR — M >< R such that:

1% g(M <R\ HC M><(—1,1)

20, w, = g (p¥) are disjoint, bounded, semi-analytic, topographic.

3% Any bounded subset of M is contained in some N{2,:|v|= N},
where 2, = = (y,).
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40, lim vy, (¥)= o0, lim 4, (u) = — oo uniformly in any bounded
subset of M.

5% |y, (W) —wy,(w) | <A |w —u| if u,w’ €2, with an A inde-
pendent of », for a euclidean norm in V.

6% v, Cg(®), 9(®)\ ¥»C M > (—1,1), (which implies that y,n
N{(u,t): | t| = 1} are closed).

Proo¥. Introduce a euclidean norm in V and identify M with V so
that ¢ = 0. We may assume (without loss in generality) that ¢_; (0)<<—1
and @, (0) > 1. Choose a, >> 0 in such a way that ¢, is defined in U, where
U,=ueM: |u| <a,, and @, (U,) C 4,, where 4, are disjoint compact in-
tervals, contained in {t: | ¢ | > 1}). Put ¢; = (p,)y, . Take a function y on R
which is positive and constant on each 4, as well on each component interval
of R\ ud,, and such that y () < a, on 4, and {(u,t): |u|<y @)} cC
C G\ U (p,\_¢¥). By the Whitney approximation theorem (!*) we can find
a function kb positive and analytic on IR and such that:

h(t)>y—l(t—)l/t2_1 for |¢|=1, &(t)> 2k, and lh,(t)|<'¢17 in 4

where &, is a constant satisfying | ¢, (') — @, (w) | <k, | ' —u | for u,
w’ € U,. The inverse f: R— R of t— (¢! — e~%)/(e — ¢—*) is an increasing
analytic isomorphism satistying f(F 1)=F1 and | ()| << min (2, 1/¢)
in IR. We will prove that g =g, o g,, wWhere

g9, M><R3(u,t)—(h(t)u,t) e M >< 1R,

920 M><R3(ut)— (u, BN 1+ |u P) € M < R,

is an analytic isomorphism which satisfies, together with ¢¥ , the conditions
10-60.
First observe that {(u,?): |t| =1} = g(Z), where

1 A
Z=1ut):|t|=>1, |u|ngt2—1 Ciut): |u|<y@®))c6,

which yields 1°; since ¢* C ¢, and @,\ 0¥ C {(wyt): |u| >y (M<R)\ Z

(15) See [16].
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we get 6° Now, we have
Q, = {”(g(uv‘Pv(u))): | | <a'v} = {h(SDV(”’))u: | u | <av} >

>

1T —
% |“|<7Vb3—11

1 .,
where b, = inf{|¢|: t€ 4,}, since, because of & (t) >;‘ng_ 1 in 4,, we

1 —
have |u | = %:> | ki, (w)u | > —2—]/b3— 1. This gives 3° (for b, —co

as | » | — c0), and, after showing that v, are topographic, the property
4% will be a consequence of lim y,(0) = 3 co and the fact that the col-

v - F oo
lection {p}} and hence the collection {y,} is locally finite in M >< IR. Since
@¥ are analytic submanifolds which are disjoint, bounded and semi-analytic,
so are y,. Thus, in view of the lemma 6, it remains to verify that

(uy )y, W, tYEpy,=>|t—t' | <A|w —u|

with an A independent of ». Now, putting x, =g, (¢}), we have (v,1),
W, tYeq,=>|t'—t| << |v—v]|; in fact, v="h(f)u and v =h()uw’
with u, %’ such that (u, t), (u’, t')€ ¢}, hence [/ —v | =|h(t)| |v —u|—
— | h(t)—h(t)| |u|22k,%| vV —t]| — . |t"—t|a,= |t —t|. Let

(v, 8), (v, 8") €y =gy (1,); then s =pF(¢}/T £ [o") and & = B NT I o' )
with ¢, ¢’ such that (v,¢), (v/,¢’)€y,, whence |t/ —¢| < |v —wv|; assu-
ming e.g. that | v | << | v’ | we have

| —s | < | BWNLH]V P =BT +]v" )|+
+1BENTF [P —BENT o)
<2t —t|+[1IN1F [P — 11 4 [oP V1 4+ | < 3|0 —v],

Q. E. D.
For any FC M and ¢, ¢’ : E—> R such that ¢ (u) << ¢’ (u) in E put

@y @'l = {(uy?): w€EE, @u)<t<<¢’ (u)};
thus in particular [p, p] = @ ; if moreover ¢ (u) < ¢’ (u) in E, we put
(@ 9) = {(w,8): weB, o) <t ¢ ()

The following lemma is trivial.
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LEMMA 11. If ¢ () < ¢’ (w) in & and the closures ¢, ¢’ are bounded

functions (on E), then (p, ¢’) = [p, @)
Let F be a subset of another affine space. N and let v, v": F— R
satisfy y (®)<<y’(v) in F. Assume that a map g: B -— F satisfies the

following condition

8) w€E, @ (u) =g (u)=>y (g )=y g @)

By the map h: [p, ?’]— [y, v’] associated with g we will mean the map
defined by the following formulas

(9 (u)y v (g () + (pf(' P _1orgw) — wig@)) if o) % o (),

u) — @(u)
(9 (w), w(g(w) if @ (u) = ¢’ (w);

h(u, t) =

if p<¢’ in F and py <<y’ in F, by the map hy: (p, ¢") — (v, v’) associa-
ted with g we will mean the map defined by the first formula. The following
two lemmas are obvious.

LEMMA 12. We have h;, hic h for the maps hy: ¢ — p, hi: ¢’ —
associated with g, and, if ¢ < ¢’ in E, y <<y’ in F, then hyC h for the
map hy: (p, ¢’) —> (v, v’) associated with g. If ACF and g(4)Cc BCF,
then we have A*cC h for the map h*: [p4, 4] — [vs, w5] associated with
ga: A— B.

LEmMMA 13. If E, F are analytic submanifolds, ¢, w analytic, and
9: E— F is an analytic isomorphism, then the associated map &, : p —y
is also an analytic isomorphism. If moreover ¢’, y’ are analytic, ¢ << ¢’
on B, y <y’ on F, then (¢, ¢’), (v, v’) are analytic submanifolds and the
associated map h,: (¢, ¢’) — (y, v’) is also an analytic isomorphism.

‘We say that a map f (of a subset of an affine space M’) into an affine
space N’ has property (A—1), iff its graph is partially semi-algebraic with
respect to N’.

LEMMA 14. Assume the condition (s) satisfied. If F is compact, ¢, ¢’, v, v’
continuous, and g continuous, then the associated map h: [p, ¢’] — [y, v’]
is also continuous. If g has property (A1), @, ¢’ are partially semi-algebraic
with respect to MR, and y, v’ semi-algebraic, then h has also property (4—!).

ProOF. In view of the condition (s), the graph of h is the set
h={(u,t,v,8): v=yg(u), (8§ —yp©)(¢ (u) — @)=
=0Ct—e)y ) —y©O) p)<t<9¢ (), py@O)<s<y’ ().
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Under the assumptions of the first part of the lemma this set is compact
and hence the conclusion follows. Under the assumptions of the second,
this set is the projection by the map (u,t,v,8,n, 9", ¢, ") — (u, t, v, 8) of the
intersection of the following eight subsets of the (u,t,9, s, 7, %', {,{’)-space :

n=0wW), (o =9 W), {=v@O), {'=1y" @)
fo = g(“)]? {(8 -0 —n)=0C—n) (e C)” {’7 Sts’?,}’ {Cgs SC,})

each partially semi-algebraic with respect to the (v, s, #, 5, {,(’)space; the-
refore, by § 1, V, b is partially semi-algebraic with respect to the (v, s)-space.

A locally finite simplicial complex (in M) is a locally finite collection
K of disjoint open simplexes (!6) such that each face of any simplex of K
belongs to K. We put | K | =y {o:0€ K}. A locally finite cellular complex
(in M) is a locally finite collection L of disjoint open cells (7) such that for
any o€ L, E is a finite union of cells of L. Using the regular (barycentric)
subdivision (18) we get

LEMMA 15. For any locally finite cellular complex L (in M) there is a
locally finite simplicial complex K (in M) such that every cell of L is a
(finite) union of simplexes of K.

§ 3. Triangulation theorem.

Let M be a real analytic manifold, F a subset of an affine space A.
We say that a map g: F — M has property (4) iff its graph (in 4 >< M)
is partially semi-algebraic with respect to A (1), then, by § 1, V, 2, the
image of any semi-algebraic set is semi-analytic.

The following theorem will be proved in § 4.

THEOREM 1. Let {B,} be a locally finite collection of semi-analytic sub-
sets of a finite dimensional affine space M. There exist a locally finite sim-
plicial complex K with | £ | = M and a homeomorphism 7z : M — M (onto M)
such that:

k k
() An open simplex in M is a subset of the form ¢ ... ok={,0§' tc;: ft‘.= 1,¢, > 0}

with ¢y, ..., ¢, independent; its faces are the simplexes 670 ch with Vo< oo < ¥y

(!7) An open cell is a convex open bounded subset of an affine subspace of M.

(48) See [18], p. 858, or [1], p. 131-182.

(19) Thus a bijection g: E -~ F: where E, F are subsets of affine ‘spaces, has property
(4) iff g~ has property (4%
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(a) * has property (4),
(b) for any o € K, z(0) is an analytic submanifold (of M) and
7,: 06 — 7 (0) i8 an analytic isomorphism,
(¢) for any o€ K and any B, we have z(s)C B, or t(s) C M \_B,.
By Grauert imbedding theorem [3] which ensures that every countable
real analytic manifold is isomorphic with a closed analytic submanifold of
a (real) affine space, it follows easily

THEOREM 2. Let {B,} be a locally finite collection of semi-analytic
subsets of a countable real analytic manifold M. There exist a locally finite
simplicial complex K (in an affine space A4) and a homeomorphism z: |[£ | —M
(onto M) such that the properties (a), (D), (¢) hold.

In the case of a finite collection {B,} of bounded semi-algebraic sets
the proof of the theorem does not require the use of lemma 10. Therefore
we deal with only semi-algebraic sets (see § 1, VI), and we obtain.

THEOREM 3. Let B,,.., B, be bounded semi-algebraic subsets of an
affine space M. There exist a finite simplicial complex K in M and a se-

k_
mi-algebraic homeomorphism z: | K | — U B; such that the properties (), (c)
1

hold.
From this we deduce (see § 1, VI):

THEOREM 4. Let B,, ..., B, be semi-algebraic subsets of a multiprojec-
tive space M. There exist a finite simplicial complex K (in an affine space)
and a semi-algebraic homeomorphism 7: | K | — M (onto M) such that the
properties (b), (¢) hold.

In fact, it is sufficient to observe that the semi-algebraic map

P3Re — (w.- a:,-),-,,-=1, wan€ R~ ’

n
where & = (x5, ...,%;) and 3 2? =1, is an analytic imbedding of P in IR™
0

(i. e. yields an analytic isomorphism of P with an analytic submanifold of 1R™*).

§ 4. Proof.

In this § we will prove the theorem 1. The affine space (of the theorem)
will be denoted by .I,, its dimension by n. The proof will proceed by in-
duction with respect to n, the theorem being trivial for » = 1. Thus we
consider the case n > 1 and we assume that the theorem is true for the
affine spaces of dimension n — 1.



semi-analytic sets 465

We will say that a set B is compatible with a collection of sets {4,
iff, for each », FC A, or E~ A,= . (Thus the condition (a) will mean
that all 7(o) should be compatible with {B,}.

I. A system of topographic manifolds. There exists an analytic isomor-
phism f: M, — M >< 1R where M is an affine space of dimension » — 1, and
a collection C of analytic submanifolds of M > 1R such that the following
properties hold :

(1) each I'€ @ is topographic, bounded and partially semi-algebraic (with

respect to R);
(2) @ is locally finite ;

(8) the sets I'm{(u,t): |t | = 2}, where I'€¢ G, are compact and mutually
digjoint ; they are empty when dim I"<n;

(4) the set S =y {I": '€ C} is closed and has property (P);

(b) for each a€ M the sets S~ ({a} ><(0,00)) and §n ({a} ><(— oo, 0)) are
unbounded ;

(6) any connected subset of M >< R which is compatible with @ is also
compatible with {B,}, where B, = f(B,).

PrOOF. By lemma 4, there is a direction in M, which is simultaneo-
usly non-singular for all B,. Therefore we can identify M, with M >< R,
where M is an affine space of dimension n — 1, in such a way that every
line {a} >< 1R is non-singular at each of its points for all B,. Using lemma
8 we can find a countable family & of normal decompositions @ =< 4 =
Vru..v V° which are compatible with all B, , such that the @ >< 4 ’s form
a locally finite covering of M >< IR; consider the projected decompositions
Q= Vr1lu..uv ¥V (lemma 9); since the union of all @\ V! is meager,
its complement (with respect to M) contains a point ¢. Now, we can choose,
from the family % a sequence of normal decompositions @, >< 4, = V,’ ...
v V), y=0,41,4+2,.., such that ¢ €Q,,{c] < Rcu(Q,><4,), and
such that the sequence of left ends of 4, and that of right ones are stric-
tly increasing. Then we can find a strictly increasing sequence y,,v =0,
+1,+2,.. such that p,,p,41€4d, (whence lim p,= 4-oco) and (c, ),

y—>—+-00
(¢, yo41) € V,'; since, by the choice of ¢, we have (lemma 9) (Ve g V),
where 7 is the map M >< IR 3 (u, t) — u € M, there is a neighborhood U, of ¢
such that (see § 1, IL, 2, 3):

Uv > [77 ) 7V+1) C (Qv > Av) \ ( V:—Z W e U Vvo)’
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(Uy><(py, 7o) 0 Vi =@ v v ¢w, Where @,, are analytic and
Pyl (u) < eoe < (pvk, (u) in Uv )

U, <{nlcV,.

©o
Put @=U U, < [y,, y»41) and @, =1y, in U,; it follows that any connec-

ted subset of @ which is compatible with {¢,.} is also compatible with {B,}.
In, fact, let B be such a subset; if B C ¢,, with 0 > 0, then Bc V,'™"; if

EC ¢,,then EcC V,'; finally if EC @\ U @,,, then B C U (T, >< (3, y,+1)),
whence E C U, >< (y, , 7,+1) for some », which implies B c(Q,>< 4,)\ V.’ -1
N\(Vo2u..uV))=7V,; therefore B is always contained in a component
of some V) ' or V.

By lemma 10, applied to @ and ¢,, which can be ordered in a sequence
@y, v =+1,+ 2,.. so that ¢, (¢) is strictly increasing, there exist restric-
tions ¢¥ of ¢, and an analytic isomorphism g : M >< IR — M >< R such that
the properties 10 — 6° (of the lemma 10) hold ; furthermore (by property 1°)
any connected subset of {(u,?): |t | =1} which is compatible with {y,} is
also compatibie with {B,'}, where B, = g (B,), since, by property 6°, it must
be compatible with {g (,)}.

Introduce a euclidean norm in the vector space V of M so that the
property 5° holds. By lemma 4 we can find a 2€ V such that |2 | < 4
and the direction 1R (— 2, 1) is nonsingular for all B, and v,. Consider
the map I: (u,t)— (u -} t2,t) and put f= log. Then the direction {0} >< IR
is non singular for all B, =1 (B,)=f(B,) and vy, = [l (y,); hence vy, are
(by lemma 5) partially semi-algebraic and (by lemma 6) topographic. Further-
more (y,} is locally finite (by property 4°), v, are bounded, disjoint (pro-
perty 2°), the sets vy, n{(u,t): | t| =1} are closed (by property 6°), and any
connected subset of {(u,?): | ¢ | =1} which is compatible with ()} is also
compatible with {B,]. Finally, for any a €M the sets ({a} >< (0, c0)) n U vy,
and ({a} > (— o0, 0)) n U y, are unbounded ; in fact, it follows from the pro-
perty 6° that, if vy, (e —2)>1, y, meets the halfline {(a — t2,¢):¢> 0};
hence, by properties 3° and 49 infinitely many of w, meet this half-line ;
similarly for any half-line {(@ — t2,%):¢<C 0}; thus the sets in question are
infinite and the conclusion follows from the fact that {y,} is locally finite.

Thus -we see that the collection ©, consisting of all submanifolds
yya{(u,t): | ¢ | > 1} and the hyperplanes M >< {1} and M >< {— 1}, satisfies
the conditions (1) - (5) and the condition (6) for any connected subset of
{(w,t): | t | = 1}. Therefore it is sufficient to find a collection G, of analytic
submanifolds of M >< (— 2, 2) satisfying the conditions (1), (2), (4) and the
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condition (6) for any connected subset of M >< (— 1, 1), since then C=C, v C,
will satisfy (1) - (6).

Using lemmas 8 and 9 we can find a collection of truncated cones
T,={ut);| w—e, | <7, (1—1/2), | t]| <1} and normal decompositions
Q.=UT¥ (v, 6) each compatible with all B,,, such that rk (v,0) with k < n

k, x

are partially semi-algebraic and topographic, 0,, = U rf (», 0) have property
k<n

(P)y {@v) and {T,} are locally finite, T,C U Q, and M >< (— 1,1)=UT,.

In fact, it is sufficient to take, for any c€ M, a finite set of normal decom-
positions Q; = y I'¥ (i) according to lemma 8, such that {¢}>< [— 1,1]C
cu@ciut)y:|u—el,|t] <2}, and to choose {(u,8): |u —ec| <r(l —
—1/2), |t | <1}cu @ with » > 0. Now, let C, consists of all I'¥ (v, 0) » T»
with k<%, 3, = {(u,t): | u—e¢, | =7,(1—1%/2), | t | <1} and nyp =M< {1},
a_=M>{—1}. Then the conditions (1) and (2) are obviously satisfied. To
prove (4) observe that Sy =y ({:I'eCy} =06, U(Cysn T,) where O=my ¢
un_uUZ,; since #y ,m_, 2, and C,, n T, have property (P), so has the
set S, ; since 6 and T,n (9 C,.,) are closed and ?l-’,.\ T, c 9, the set 8, is
closed. Finally, let ¥ be a connected subset of M ><(— 1,1), compatible
with G;; then B~ T, 3 ¥ for some », which follows F C T, (since other-
wise FC 2,); if B crk (», 0) for some o, x and k < n, then F is compati-
ble with {B,}; in the oposite case we have Ec UI}' (»,0), which follows
that Ec int B, yint (M >< W)\ B,) (since I (v, v) are open), and this
implies that B is compatible with {B,}. Q. E.D.

REMARK. In the case of the theorem 3 we do not need to use the
lemma 10 (we can assume B,C M ><(—1,1) and take for C, the set of
hyperplanes M >< {k}, k= +1,=+2,...,f being the identity; besides, we
do not need then to triangulate the whole M).

To prove the theorem 1 it is now sufficient to satisfy its conditions for
{By} (in M >< 1) instead of {B,} (in M,).

II. Triangulation of the projected system. Let m be the map M >< R 3 (u,
t) — u € M. There exist a locally finite simplicial complex K, with | K, | = M
and a homeomorphism z: M — M such that

1) 7 has property (4),

(2) any member of K, = v (K,) is compatible with {n(I'n I'’): I, I’ € G},
and for any g€ K,,t(9) is an analytic submanifold and t,:9—>7(p) is an
analytic isomorphism.

In fact, by I(1), (2) and § 1, V, the sets # (I"'n I n (M >< (— 2, 2))) with
I, I'” € @ are semi-analytic and form a locally finite family. For this family
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take a simplicial complex K, and a homeomorphism z: M — M according
to our induction hypothesis; then we need only verify the property (2). Let
BeXK, and I, I'" € C; we will show that e a(I'nI")or fC M\ @ (I'n I'");
if 'd=TI" or dim I'"<n, then, by I (3), 'aI''C M ><(— 2,2), hence the
alternative follows; in the opposite case we have I'=I" and dim I'= n;
since B is contained in the set = (I'n (M ><(— 2, 2))) or in its complement
which is the union of two disjoint sets M\ = (I"), (u€n (I"): | I'(u) | =2},
each compact because of I (1), (3), it implies that fC a (") oxr C M\ = (I').

Now, let K be a locally finite simplicial complex with | K| = M such that

(8) each simplex of K is contained, together with one of its vertices, in a

simplex of K, .
One can take for K e.g. the regular (barycentric) subdivision of K, (%9).
Then we have:

(4) any member of X = = (K) is compatible with {n (I, n Ip): I';, I, €C};

(5) for any @€,z (o) is an analytic submanifold, and v,:90 — 7 (g) is an
analytic isomorphism.

II1. A prismatic stratification. Let L2 denotes the collection of all non-
empty sets of the form (8 < R)n " with f€A and I'€ C. Then clearly
Uly:yeL)=8=u(I": I'€C}. For any B €K, denote by s (B) the image by
7 of the set of vertices of =1 (8); clearly, s (8) C f. The following properties
hold :

(1) each y€ .2 is a topographic analytic submanifold of M >< 1R with z(y) € K,
bounded and partially semi-algebraic ;

(2) 2 is a locally finite collection of disjoint sets ;

(8) X == (L) and for any y€.2 there are y’, 9’/ € L2 such that = (y’) =
=a(y’)=az(y) and y’ <y <yp"” on a(y);

(4) S=u{y: ye L2} is closed and has property (P);

(5) any connected subset of M >< IR which is compatible with .2 is also
compatible with {B)};

(6) for any y € .0, ; is a continuous function on = (y) and a union of mem-
bers of £2: we have yz € .2 for any S€ ) contained in z(y);
(7) if p,, o €L and n(y,) = 7 (y,) = f, then

7y <7yg 00 f=>7y, <7, and y, F y, on s (f).

(20) See [17], p. 358, or [1]. pp. 181-132.
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ProoOF. For any y=(B><WR)n €L, by II (4), we have BCa([")
which, together with I(1) and II(1), (5), implies all the properties of (1).
As to (2), the local finiteness of .2 is a consequence of that of <X and @
(see 1(2)); if yi=(Bi><WM)nIieLand y,ny,F &, then By afynn(l nly)E &,
hence, by II (4), 8y = f, Cn (I'; n I}), which gives y,=1y,. The property (3)
follows from I (5), since the members of .2 are continuous functions on
connected sets; (4) coincide with I (4), and (5) is a consequence of I (6) in
view of the fact that any I'€ @ is a nunion of some members of .2

To prove (6), consider any y € 2 and put §=w=(p). Since y is bounded,
we have # (y) = B, and, by (4), y © 8. For any u€ B \_B, the set ({u}><MR)ny
consists of one point, as a connected (*!) subset of the set ({u}><MR)n S
which is isolated (by I (1), (2)). Therefore 7_ is a continuous function on B_
Let 8, €K, B, C B ; then g, is a continuous function on B,, and is contained
in the set (3, >< 1R) ~ §; this set is a locally finite union of (disjoint) mem-
bers of .2 each being a continuous function on B, (and B, is connected),
hence ;p, must be one of them. This establish the second part of (6).

To prove (7), assume that y, , y, € 2 and n (y,) =7 (yy) = f. Let y, <y,
on f; then clearly _y-ig;z on s(f); we have y;C I with I3€ @ and 8 =

=z(0)cf =1}, oco With g€ K and g€ K, (see II(3)); now y,C y;=
= (3'>< R)n I3, and, using II (2), by the same argument as for (1) and (2),
we conclude that 72 are continuous functions and ';7, <;2 on 3'; since, by
II (3, 3contains a vertex of ¢, we have s(ﬂ)rﬂ‘f:{: & ; but ;7.'= ;7; on

Bn E, which implies ;71 <7y, on s(f)n ﬁ Q. E. D.

Let y,, y,€.L; we call y, y, a consecutive couple of L2 iff n(y,) =
=7 (py), ¥, <<7p (0n 7 (y,)) and (y,, yy) does not contain any member of 2.
Then the following property holds:

(8) If y, y’ is consecutive, then for each B €K contained in n(y) we have
y8= 74 Or yz, ys is consecutive.

In fact, 74, 3 € £ (by (6)), hence y5 =} or yp < 75 (on f). Assume that
71C(;,9,;;g) for some y,€.; then, by (1), n(y,) = f. Take a point z€y,.

- o
(®!) This can be seen from ({u]><R)"y= N (U, < R) Ny, where U, =1z (K,) and
r=1

K,={v:|v— 77 (w) | < 1/v}, since {(U, > R)ny] is a decreasing sequence of compact

connected sets (they are connected, as U, 0 f=1z(K N ! (8)) are).

6. Annali della Scuola Norm. Sup. - Pisa.
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Since £ is locally finite, we have (by (4)

B~TcU(y”: 9y’ €L, wey”)

for some neighborhood U of x. Since =z (2) €=z (y), it follows, in view of (4),
that z (y) a 7 (y”’) &= & for some y’/ € 2 such that v € y”’. Therefore n (y’') =
=un(y) and (in view of (6) and (2)) y, c{:ﬁ. But this implies y”’ C (y, y’)
(since otherwise y’/ <<y or y’ <<y’/, whence y, S}Tp or ;[g < 7,), which is
a contradiction. Thus our alternative holds.

Denote by .2# the collection of all sets (y,, y,) where y,, 7, is a con-
secutive couple of .2, and put .2* = £, L¥#. Then we have:

(9) L* is a locally finite collection of disjoint analytic submanifolds of
M><1R, and Ufy: ye L =M><R.

In fact, the first part of (9) follows from (1) and (2); to see the second,
observe that M = U {: B €}, and that for each f€ K the set

Uiy, »’]: 7, ¥ cons. couple of £ with n(y) = g} =

”

= U{(y,7”"): 7,7’ and y’, "’ cons. couples of .2 with = (y) = B},

the equality following from (3), is a non-void (by (3)) closed-open (22) subset
of f>< 1R, and therefore coincides with the latter.
It follows, by (5):

(10) all the members of .2* are compatible with {B,)}.
Finally we have:

(11) for any y € 2* y is a union of members of £*; if y = (y, , y,) € .L¥,
any member of .2* contained in y is of the form (?-'_«)ﬂ or (7_.‘,),; or
(s (r2)) With €U, fca(y)

In fact, for any consecutive couple y,, y, of .2 we bave, by lemma 11,

(erd) =[5 7l = U (s (rdel: BEX, Bea(y,)

and [(p))g, (ro)) is equal to () or (r)pu (s, (7e)s) u (2)s, henmce (11)
follows in view of (6), (8) and (2).

(*2) This follows from the fact that [y, y'] or (y, ') are closed resp. open in § < R,
and that the first union is locally finite,
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1V. Corresponding rectilinear stratification and stratified map. For any
n: r— R, r being the set of vertices of any open simplex g (in M), denote
by (y) the open simplex (in M >< 1R) whose set of vertices is #; thus
(m): e —1R. We have obviously: #, <<%, and 5, FE 9, on r=>(1,) < (1,)

on g, and 7, C 5y =—> (nt)c(n_g).
Let g =11, For any y € L put

6(1)=(ra(po7) where f=a(y)
Therefore, since g (s (f)) is the set of vertices of g (8), o (y) is a function on
9(B):
(1) no@)=g@@) (for yeL)
By III (7),

(2) <y on B==a()=>0c(y)<o(y) on g(f

(for y, ¥’ €L such that = (y) == ("))
Clearly,
®3) r=ea(<a) on f=a()=>c(y)=a(<a) on g(p)
(for y€L and actTMR).

Finally we have
(4) Y Cy=>0(y)Coly) (for »,yeR)
since p'c §==>s(B")c s (f) (for p’, p€K).

Let LI* ={o(y): y€L}u{lo(»), 6(y): 7, ¥ cons. couple of L}. Then,
by (1), (2) and (3) with III (2)

(5) L* is a locally finite collection of disjoint open cells.
Furthermore,
(6) Ufo: s Y =M><R;

to see this, we observe (as before for III (9)) that for any ¢ € K the set
U{[o(p), a(y)]: y, ' cons. couple of £ with = (y)=r1(o)} =
=Uf{(a(y) o(’): 7, " and p’, y’’ cons. couples of £ with 7 (y) = = (o)}

coincide with the set ¢ >< IR (as a non-void closed-open subset of the latter).
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Consider any y € .£* and put g =n (y). If y € LH, we have y = (y,, 75);
if y€ 2 we put y, =y, = p. In the first case the map

By =(yy, 72)—> (0 (¥,)y 0 (7))
and in the second the map
ks y—>a(y)

associated with gg: f—> g (B), is an analytic isomorphism, by the lemma 13,
in view of II(5) and III(1).

Since, by II(1), the map v,p has property (4), its inverse g, has pro-
perty (4-1); by (1), (4) and III(6) we obtain

9@y 0y cm(@(ry) o o ()

i. e. the condition (s) of § 2, hence, by lemma 14, in view of 1JI(6) and
III (1), the map

By = [ry, 7] = [0(rs)y 0 (7))

associated with 95" E—>g([7) is continuous and has property (A—!).
‘We have

(7) YCy=>sh'ch (for o', y € L%

In fact, let B’ c B, B €X; y,, 7, being as before, we have by (4),
o ((:)p) € o (5), whence (see (1)) o ((y:)p) = (0 (yi))g(s 5 it follows, by lemma 12,
that the map

[(7)e » @) — [0 ()p)s 0 (72)p)]

associated with gg is contained in %7; therefore, in view of III(11), by the
lemma 12, the conclusion follows.

We put now k= U {h”: y € £*]. Then, by the definition of L*, (5), (6)
and III(9), h: M>< IR — M >< 1R is bijective and h(L* = L* In view
of (7) and II1(11) we have (3) h = U {k*: y € £*), which follows easily that
h is a homeomorphism, since, by (5) and III(9), {hv: y€.£*} is a locally
finite family of compact sets. By III(11), this yields:

(8) for any o€ L*, ¢ is a union of some members of L*.

(%3) since any A’ (with y€L*) is the union of k" with y'cy (and ' €.L*).
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Finally, since (by local finiteness of .2*) for any bounded U C M >< 1R the
set U >< (M >< IR) meets only finitely many 7:7, it follows (see § 1, V) that A
has property (4-1).

Thus * =h"1: M ><R-—M>< R is a homeomorphism satisfying the
following conditions :

' 7* has property (4)
9) ™ (LY) = L%
for any o€ L* t%: ¢ — 1*(0) is an analytic isomorphism.

V. Triangulation. By (5) and (8), L* is a locally finite cellular complex,
hence, by lemma 15, there exists a locally finite simplicial complex K* such
that every cell of L* is a finite union of simplexes of K*; furthermore, by
(6), | £* | = M >< R. Therefore, in view of (9), III(9) and III(10), z* with
K* satisfy the conditions of the theorem for {B,).

This completes the proof of the theorem.
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