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OALOULUS OF VARIATIONS FOR INTEGRALS
DEPENDING ON A CONVOLUTION PRODUOT

by DAvVID A. SANoHEZ (Chicago) (*)

1. Introduction.

This paper considers existence theorems in problems of the calculus
of variations for integrals in an infinite interval, whose integrands depend
on an unknown function of one real variable, its derivative, and a convo-
lution integral. The direct methods of the calculus of variations are applied
in connection with properties of lower semicontinuity of regular integrals.

Specifically consider F (z, y, d, p) a real valued continuous function de-
fined on E*.

DEFINITION : The class K is the collection of all functions y = y (x),
— oo < v < oo, satisfying
1. y (#) is absolutely continuous in every finite interval,
2. y’(x) is L-integrable on (— oo, co), or briefly y’ (x)€ L! (— oo, co),
3. Fux, y(x), y'(x), p (x)] is L-integrable on (— co, co), where p (x) is
one of the following convolution integrals :

a. p@) =y*ry = jy (®— 1)y’ (t) dt,

b. p<m>=|y'|*|y'|=fly'<w—t>||y'<t>|dt,

Pervenuto alla Redazione il 21 Gennaio 1964
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. p(w)=y’tg—_—fy'(m—t)g(t) dt, where g (%), — co < @ < oo, is

given and in L!(— oo, oo), or
d.p@=|y|+|g| =[|y'(w—t)| |9 ()| d¢ with g (x) given as above
—0

It will be assumed K is non-empty.
Known properties of seminormal functions are used to prove sufficient
conditions for '

I[.'/j =fF[wy y @),y (@), p (v)] da

to be lower semicontinuous in K with respect to wuniform convergence-on
(— o0, 0). An example is given showing that, under the hypotheses given,
I[y] need not be lower semicontinnous in K with respect to wuniform con-
vergence on every compact set in (— oo, co).

Let P be a given compact set contained in K2

DEFINITION : The class K is any non-empty subclass of K satisfying
1. The graph of every y(¢)€ K contains a point (,y(«))€ P, and
2. K is closed with respect to uniform convergence on every compact
get in (— oo, co).

A theorem on existence of a minimum of I[y] in K is given. The usual
condition of strong growth of F(x, y, d, p) with respect to the variable d
guarantees that a minimizing sequence of functions possesses a convergent
subsequence. However, the convergence is uniform on every compact set in
(— o0, co), and additional hypotheses are needed to guarantee uniform con-
vergence on (— oo, o). An example is given of a class K and a function
F (x, y, d, p) which satisfy the hypotheses of the theorem.

This problem will be discussed in the framework of the direct methods
of the calculus of variations. In particular our approach will be in the spirit
of Tonelli’s book and paper [8, 9] on the extrema of the ordinary form of
the integrals of the calculus of variations, and the subsequenct extensions
to infinite intervals by Cinquini [3] and Faedo [4, 5]. The recent extensions
of Tonelli’s work by Turner [10] will also be employed. However, since
these authors only required uniform convergence on compact sets, and the
functionals considered in this paper are not lower semicontinuous with
respect to this mode of convergence, a different analysis is needed.
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2. Preliminary Deflnitions and Lemmas.

The following lemma states some important properties of the convolu-
tion integral. The proofs may be found in [6] and [7].

LEMMA 2.1. If f(«) and g (#) are in L! (— oo, co) then the convolution
integral fxg = f fl@—1t)g(@)de ekists for almost all %, is in It (— oo, o),

and satisfies the following properties
o) frg=gsf
D (f+ g sh=fuh+geh and
o) (feg)sh=Ffx(geh)
where h(x) is in L! (— oo, oo).
b
Given a real valued function f(r), a <<®<b, we denote by V (/) the
G
total variation of f(x) on [a, b].

DEFINITION : The function f(x), — co < & < oo, is said to be of boun-

ded variation (denoted by V(f) < oo) if there exists a number M > 0

b
such thal V (f) << M for every finite interval [a, b].
a

If a function f(x), — co < # < co, is absolutely continuous on every
finite interval, and satisfies f’ () € L' (— oo, co), then we have the relation-

stip V (7) = [ 1£" @)} as

A sufficient condition to pass from uniform convergence on every com-
pact set in (— oo, o) to uniform convergence on (— oo, co) in the class of
functions of bounded variation is given in the next lemma. Examples may
be constructed to show it is not a necessary condition.

‘LEMME 2.2 Let f,(z),n=1,2,.. be of bounded variation in — co <C
< & < co and suppose lim f,(x) =f(#) uniformly on every compact set

n — oo
in (— oo, 00), where V(f) < oco. If given arbitrary &> 0 there exists a
positive integer N and a constant k¥ > 0 such that V (f,)< e for n > N,
IEY

then lim f,(x)=f(*) uniformly on (— oo, co).
7 — 00
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(-]
PRrOOF: By hypothesis and since V (f) < oo, given &> 0 we may

choose ¥ > 0 such that V (f)<<eand V (f.) <<e for »n greater than
lw|=k le|=%k

some positive integer N,. Since the convergence is uniform on [— %, k]
there exists a positive integer N, such that n > N, and — k<o <k
implies |fn (x) — f(#)| < &. Thus for n > N =max (N,,N,) and k<<« <oo
we have |f,(x) — f (%) | < 3¢ and a similar result holds for — oo < << —F,
hence the convergence is uniform on (— oo, co).

We shall now give several definitions concerning semiregular functions,
then state without proof a result due to Turner [10] which characterizes
semiregular positive seminormal functions. This result extends an analogous
statement proved by Tonelli for functions of class 01,

Let f(z,y,d,p) be a real valued function on E 3"+l where z is real,
y,d and p are in E™.

DEFINITION : The function f(z,y,d,p) is said to be semiregular posi-
tive if f(x,y, d, p) is convex in d and p for every («,y).

DEFINITION : The funection f(«,y,d,p) is said to be semiregular posi-
tive seminormal if it is semiregular positive and for no points z,,y,, d,,

. < 1 .
dyyPo,py With (dy,p,) 5= (0,0) is it true that —'2“lf(wm?/o’do""ldnpo"‘?’l’i)'l"
+ 7 @Yoy do — Ady, po — y2)] =S (% Yo, 4o, Po) for all real 1 and y.

LemmA 2.3, The funetion f(, y, d, p) is semiregular positive seminormal
if and only if for every (#,,¥,, do,P,) € B®+! and ¢ > 0, there are constants
>0, »> 0 and a linear function z(d,p) =a -+ b-d -4 ¢ p such that for
all (z,y) with |2 — 2| <8, |y —y,| <8

a) f (2,9, d, p) =2 (d, p) + »|(d, p) — (dy , po) | for all & and p, and
b) f (2,9, d,p) < 2(d,p) + € when |d —d,| < & and |p —po| <.

3. Theorems on Lower Semicontinuity.

This section considers sufficient conditions for the functional I [y] =

= / Flz,y(®),y (@), p(x) de to be lower semicontinuous at an element of

—00

K, the class of functions defined in § 1, where F (x,y, d, p) is a real valued
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continuous function defined on E* and p (x) is one of the convolution inte-
grals previously mentioned. We first consider the case p (x) =y’ = ¥’.

THEOREM 3.1. Let y,(x), — oo < # < oo, be in K and suppose that:

a) Flz,y (), ¥ (x),p (®)] =0 for every — oo <& < oo, and every
Y (x) € K. :

b) For almost every x, at which d, (%)= yo(%,) and p,(xy) =
== (¥ *yo) (x,) exist the following holds: for every & > 0 there exists d > 0
and a linear function z(d,p)=1r -+ b .d -+ ¢ p such that for every (z, y) € B?
with |2 — x| < 6 and |y — y, () | < & we have

i) F(x,y,d,p)=2(d,p) for all d and p, and

ii) F(x,y, d,p) << 2(d, p) | ¢ for all d,p such that

Id—'do(“’o)l<6 and IP—Po(wo)|<6-

If yo(x)) n=1,2,..,— oo <2 < oo, is any sequence of elements of K
possessing uniformly bounded total variation and satisfying lim y, (xr) = y, (x)
n —+ oo

uniformly on (— oo, c0), then I [y,] << lim inf I [y,).
7 — 0o

PrOOF: Let y,(#), n=1,2,..., — oo < & < co, be such a sequence,
then under the hypotheses given, the sequence is equicontinuous. This
follows from the fact that the convergence is uniform on (— oo, co), all
the functions are of bounded variation, and that a sequence of continuous
functions, uniformly convergent on a closed interval, is equicontinuous.

Choose any %k such that 0 << k¥ < co and define for y ()€ K

k
Lyl = f Flo,y @),y @),y * y']de.
it}
Let ¢ > 0 be chosen; then there exists v >> 0 such that
|fF(“”yoydoyPo)d¢ <e
z

for every measurable set F contained in [— %, k] such that m (B) <+,
where m denotes Lebesgue measure. Further, y,(x)€ L!(— oco,00) gives
P, (#) € L! (— oo, co) and by Lusin’s theorem there exists a non-empty closed
set B contained in [— k, k] such that d, (x) and p,(x) exists and are conti-
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nuous on B, and in addition, m (— k, k] — B) < v and for each € B hypo-
thesis b) is satisfied. Thus for every z € B there exists a 4 and a linear
function z(d,p)=r-+4 b -d 4 c.p satisfying properties b.i) and b.ii).

‘We assert that a finite set of non-overlapping closed intervals [a, y Bs],
8$=1,..., N, whose union is contained in [— %, k], can be constructed such

that

a) Their union forms a covering of B

b) With each interval [a,, 8,], s =1, ... , N, is associated a constant &,
and a linear function r, + b, - d 4 ¢, - p such that hypotheses b.i) and b.ii)

are satisfied for all z€[«,, B, with 2y, =, = % (ots + Bs) and 8 =24,, and

¥ €
c) m ( Ul[a. y Bs) — B) <0< 5 Where R=max{|a,, [bj, |cs|, 3=1,...,N ]
8 =
and o satisfies the following: for every measurable set H c[— %, k] with
m(H)<<o we have!lddw)ldm( %, and [|po(w)|dw< %.

H
The construction is an extension of a construction of Tonelli [9], where

he proves a similar theorem for the ordinary form of the integral of the
calculus of variations. See also Cesari [1] and Turner [10].
Letting B, = (¢, ;) — B, 8 =1, ..., N, we have

k
Ik[?/o]=fF(x1y07d0)po)defF(xyyoydovpo)dw+8
—k B

o= ]

N e
= 2 3f[rl""bl'do"i"c:‘l’o]dm—‘f[rs""bo'do+0.'po]d-li + (1 + 2k)e
ay E,

By
gg [re 4 bs- dg + € - Dyl dx 4 (4 + 2K) e.

8 =1
ag

By hypothesis y,(x)€ K, hence let [ | 9o ()| dr = L < oo, and by the
assumptions on the sequence [y,(x)] we know there exists a positive cons-

tant 8 such that V (y,.)=f|y£.(w)|dx <8 n=12,... Let: P>L 48
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and M = 0 be such that

|9n (@) —yo (@) | <8, —o0o<a< oo,
for n = M where
. (0, O e e
0<6<mm 3—,...,—2—, m, MP,B .
Then
k ¥ B
Ik[yﬂ]=fF(w’yn7dn,Pn)d‘”2 2‘1 F (@) yn y dn , Pn) Az
8
—k ag
Bs

N
221 [h+b.-dn+0c'1’n]d&‘
8 =

]
and therefore,

N fo
Ik[yﬂ]_Ik[yo] 2.§1§f['rt+ ba‘dn‘l‘ct‘pn]dw_

2
_..f[r‘+b,.do+c,.po]dw%—-(4-|—2k)a

N
=. E‘l b. [yn (ﬂa) - 3/0 (ﬂl) - 3/n (al) + yO (a‘)]

~ Bs b
+ = c.[fp,.d,—fpod,]—-@—l—zk)s

8=1
ag ]

8=l

8, by
N
=2 c.[fyé*yédm—fysayédw]—(5+2k)e for n=>= M.
ag Gy )

By commutativity of the convolution operation, the expression
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may be inserted in the bracketed expression above. In addition, the convo-
lution operation is distributive, and certain interchanges of limits of inte-
gration are justified since y; («) and y, (r) are in L!(— oo, c0), n =1, 2, ...,
hence we can write

L [ya) — I [yo) =

— (54 2k)e

=3 ’_@m + %01 ﬁy(x — 0yl — 0] da

N (-]
2z o g f (¥n(0) - y0(t)] [Yn(Bs—1) — Yol Bs—1) — Yn(ots—1)+yo(ts—1)] dt% —(5+2k)e

> — (64 2k)e

for n > M.
Since y,€ K, we have I[y,] < co. By hypothesis, F(x,y,, d,,p,) =0,
hence for arbitrary ¢ > 0 we may choose k large enough so that

e
Iyl — > < I [y,)-

Now let ¢ = and then for M sufficiently large

&
2(6 + 2k

Iy)) < I[ﬁ‘lk] + e
for n > M which is the desired conclusion.

COROLLARY : If all the hypotheses of Theorem 3.1 are satisfied with
the exception that for a) and b) are substituted
a’) F(2,y,d,p) =0, — o0 <a,y,d,p < oo, and
bv’) F(»,y, d,p) is semiregular positive seminormal, then

I [yo] < lim inf I [y.].

PROOF : This assertion follows from the fact that by Lemma 2.3, the
condition of semiregular positive seminormality is a condition stronger than

b) of Theorem 3.1.
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ExXAMPLE : The following example shows that one cannot substitute the
condition

Yn (x) converse uniformly to y,(x) on every compact

get in — oo <o << oo
for the condition
- 9n (@) converge uniformly to y,(2) in — oo < < oo

in the hypotheses of Theorem 3.1.
Consider

2
Sy, 4,0 = 2T,

and for — oo <<x < oo let y,(x) = 0, and for n=1, 2, ...,
l—|z—a| if |z—n|<1

Ya@={1—|z4+n| if |z24n|<1

0 otherwise.

Clearly, v, (¢), n =1, 2, ..., converge in the first sense given above, but not
the second, and f(x, y, d, p) and all the functions concerned satisfy the
remaining hypotheses of Theorem 3.1.

Computation of p, () = yneyn, n =20, 1, 2,... gives the following :

Pol@) =0 — oo < & < oo,

and the graph of p,(x) for n = 2 is as follows:

1~ Balx)
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The following estimate can be made :

2n+-2
[2n (@) + 4)2 72 arc tan o 72 200
Wn ¥ T2 g ~Zh—=
14 a?2? w<oc2 +l+a2+1+(2n—2)2a2'
—2n—2
Therefore,
o)+ 42 [[po(@) + 4P
Tl =Tl = | Troe @~ | Traes ®<4+h
where
72 arctan o 72 32
A‘=?[1— “ ]—|—1+a2——;arctan2a
200 32
4, = TTen—ofa & [arctan (2n 4 2) @ — arctan (2n — 2) a].
Evidently we have 4, — 0 as n — oo for every «, while lim a?A4, =— oo.

a— 4 oo
Hence for a sufficiently large value of « we have 4, <C0.
Corresponding to such a value of &, choose n sufficiently large so that

4, < —;‘|1—11|’ and this gives
1
I[yn]—I[y0]<A‘+A2<-2—A‘<0_

But this proves that I [y] is not lower semicontinuous with respect to the

weaker mode of convergence.

An important extension of the concept of lower semicontinuity occurs
when all the hypotheses of Theorem 3.1 are satisfied with the exception
that y, (®), — oo <& < oo, is not in K in the sense that

I[yo] =fF[w; Yo (@), Yo (%), Yo * '!/(I)] dx

does not exist. The following theorem considers this important case.

THEOREM 3.2. Suppose all the hypotheses of Theorem 3.1 are satisfied
with the exception that y,(x), — co << # < co satisfies
1) y, («) is absolutely continuous in every finite interval,
2) yp («) is in L!(— oo, o0), and
8) Ifygl =+ oo.
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Then given any sequence y,(z), n=1, 2,..., — co <& < oo, of elements
of K possessing uniformly bounded total variation and converging uniformly
on (— oo, co) to y,(x), and given any H >0 there exists an M > 0 such
that I'[y,) > H for n =M.

PROOF: Given H > 0, we can find a v > 0 small enough and % > 0
large enough so that
a) there exists a closed set B | —Fk, k| with m((—k, k] — B) < *
and d,(x) and p,(x) exist and are continuous on B. Furthermore, every
x € B satisfies the hypothesis b) of Theorem 3.1 with = #,, and
b) a covering of B consisting of non-overlapping closed intervals
[otsy By, 8=1,... N, can be constructed as in Theorem 3.1 for which we have

Bs
N
Z | F(x, 90, dy,p0) dz > H 1.

8=1
ag

Therefore,

Bs
N
Liwl = 2 [Pl v, 4y, 00 a5
®g

8 By
N N
2.51 F (, ?/nydnypn)d"”—‘zl F(z,9y, dy, po) dz
ag ag
Bs Bs
N N
221 (T.+ba'dn+ca'17n)d$—zl Fx,y,,dy,p, de.
8 w— 8 =
ag L]

But for any ¢ >0 by the previous theorem there exists an M >0 such
that for n > M

A b
N N
Ll = 2 [P, d0,0005= 2 [t g+ p)de—s
as &, :

Be
N
—351 F (2,90, dy Do) dov.

ag
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But
Bs

2 F(z,9,, oaPo)deZ f["a-l—ba-d + ¢ - py] dx -+ 2ke,

g8=1
ag

and since F (2, Yn, dn,ps) =0,
Iy =Ll = H + 1 — 1+ 2k) e
for n > M and arbitrary e > 0.

REMARK: The conclusion of the above theorem holds when the con-
dition of semiregular positive seminormality is satisfied and F (», y, d, p) = 0,
—oo <y, d,p < oo.

The extension of the results of the previous two theorems to the case
p()=1y"»g, where g(x)), — oo < & < oo, is given and satisfies °g ()

€ L! (— oo, o0) and f | 9 ()| d= = 0, follows easily. No essential changes in

the proof are required.

The previous two results also apply in the case p (x) =|y’|* |y’ |. Pro-
ceeding as in Theorem 3.1 one arrives at the following inequality for » large
enough and ¢ > 0, co >k > 0 arbitrary :

By —1t
Ik[yn]_Ik[i'/olz 2 0:%_/”3/1»!']“'3/0”[ “'a Y_t(?/o)] dts—(5—|—2k)s.

Since the total variation is lower semicontinuous in the class of fun-
ctions of bounded variation on (— oo, oo), and the y, () converge uniformly
to g, (#) on (— oo, o0), it can be shown that given any & > 0, there exists
an M > 0 such that

Bg—t Bg—t
V_,(y”)— V_t W) =—¢

for n > M and any value of «,,f, and t. The proof of the theorem uow
proceeds as before and leads to the desired lower semicontinuity. The case
where I[y,] does not exist may be treated in a similar fashion and analo-
gous results hold for the case p (x)= |y’ |+|g| where g (x), — c0 < # < o,

is given and satisfies g (%) € L (— oo, c0) andf|g(x)|dw %+ 0.
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The case of vector valued functions may be considered as follows: let
F(x,y,d,p) be a real valued continuous function defined in E%*+, where z
is real and y,d,p are in E" Let K be the class of functions y =y (x) =
= [y, (®)y eoe y Yn (®)], — 00 << # < 00, satisfying

1) y; () is absolutely continuous in every finite interval, ¢ =1, ..., n,

2) yi (%) is in L' (— oo, 00), i =1, ..., m, and

3) Flx,y(x),y’ («),p(x)] is L-integrable on (— oo, oo), where p () is
one of the following convolution integrals :

@) P (@) = (Y1% Y1y ey Yn * Yn),

by p@)=(yi|* |9y, |yn|®]|¥al)

€) P (@)= (Y1%9y .., Yn* gn) Where g () =[g, (@), ... , gn (#)], — 00 <& < 00,
is given with g;(»)€ L! (— oo, c0), ¢ =1,...,n, Or

d) p@)=(yi|*]|g.]yey|yn|*|9a|) with g(x) given as above.

Assuming K is non-empty, theorems of lower semicontinuity in K with
respect to uniform convergence on (— oo, co) may be stated and proved.
The statements and the proofs are similar to those of Theorems 3.1 and
3.2 and will not be given.

4. Theorems on Existence of a Minimum.

In this section is given a theorem on existence of a minimum of

oo

Ifyl= f Fz,y @),y (x),p (@*)]de in the class K defined in § 1, where p ()
is one of the convolution integrals mentioned in § 1. We will consider the
case p (r) =y’ »y’, then mention extensions to the other values of p (x) as
well as for vector valued functions.

THEOREM 4.1. Consider I [y] = f F [z, y (x), y’ (), p (x)] dz, where p(x)=

=y’ »y’, and suppose that for all (z,y)€ E?:

a) F(z,y,d,p) = v (x) where y (x) is continuous and in IL!(— oo, co).
The inequality is assumed to hold for all values of d and p.

b) F(x,y, d, p) is semiregular positive (see § 2).

¢) There exists a function £ (s), defined in 0 << ¢ < oo, such that for
all s, Q(8) =% k = 0 and constant, lim £ (8) = co, and furthermore,

8 — 00
F(x,y,d,p) —w(@®)=|d|2(|d|). The inequality is assumed to hold for
any value of p.

6. Annali della Souola Norm., Sup. - Pisa.
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d) For any value of d, there exists a constant L >> 0 such that

F(.v,y,d,p)—-F(w,y,d,zT)ngp——17|.

Furthermore, suppose that given a class of curves K the following is
satisfied : 4

e) Given any y =y (), — co < # < oo, in K_, there exist constants
M>0 and a>0, with M not depending on y, and a function D, ,(z),
which is L-integrable on |z | = a, such that

P2,y @), v@),7 @) — F 2,y @), v'(@), 92)] = M (| (@) | — |v'@) |) — By.0 @)
holds for |#|=a and any other Y=y @), —co<ax< oo, in K.

f) There exists at least one curve y =y (z), — co < &< oo, in K

and a constant N such that I[y] — f w(x) dv << N, where N satisfies

NI < IEM. -
Then I[y] possesses an absolute minimum in K.

ProoF: If we define F,(z,y,d,p)=F (x,y,d,p)— w(x) and I,[y] =
= ] F, [x.y (x),y’ (x), p (x)] dz, then by hypotheses a), b) and c¢) we have

i) i, = inEI‘ B =0,

ye K
ii) F, (@, y,d,p) =0 for — co < z,y,d,p < oo, and
iii) F, (x,y, d, p) is semiregular positive seminormal.
Let [yu ()], n=1,2,.., — oo < # < co, be a minimizing sequence of

- . 1
elements of K satisfying ¢, << I[y,]<<1; + o By the assumptions given

for the class K, there exists a positive constant @ such that for each
n=1,2,.., there exists an z, such that

|on | < @, I?/n(wn)ISQ’ and [“"ny?/n(a’n)]EP'

Since y, (¢) € L! (— oo, 00) we may write for all # and n=1, 2,...

Iyn(w)l - leyn(w)l""|yn(xn)|gl?/n(w)_yn(“"n)|=| f!/".(t)dtl

- 1 1. 1 1 .
S./-“/;a(x)ld“’gﬁl'a[ynléﬁ[’1+7]<ﬁ(h+1).

Hence the [y, (x)], n =1, 2,..., — oo < # < oo, are equibounded.
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In view of hypothesis ¢), the usual argument of the direct methods
(see for instance, Tonelli [9]) enables us to assert that the y, (x), n=1,2,...,
are equiabsolutely continuous in (— oo, co). Therefore, the hypotheses of
the .Ascoli-Arzela theorem are satisfied, and there exists a subsequence
which converges uniformly on every compact set in (— oo, co) to an abso-
lutely continuous function y,(x), — co << # < oo. To avoid added indices,
denote the subsequence by y,(z), n =1,2,..., — o0 <« < o0.

Since the set P is compact and the convergence is uniform on P, there
exists a point [z,, y, (z,)] € P. By lower ‘semicontinuity of the total variation
we have for any ¢ > 0

- 00 == 7n — 00

t oo
v oo . ) 1 .
f| Yo (2) | dw = l/t (yo) < li:ln inf Vt (¥,) << lim mff[ Y (2) | doe << = (¢ + 1.
—t )

The last expression is independent of the choice of ¢, and hence we may
assert that y;(x) is in L! (— oo, co). The following analysis shows that I[y,]
exists.
Given & > 0 there exists A4 > 0 such that' IZAI (y,) << e. Define
] 2

¥ (2) = { Yo (@) + [y (4) — ¥o (4)] it =>4,
Yo@) +[yn(— A) —y(—4) if +J—4, nr=12..,

hence -
- ‘y,’,(a;) if |z|<d4d,
Yn (@) = .
zy(,(w) if |x|> A.
Furthermore 37,,(.'»), n=1,2,.., —oo < x < oo, are absolutely con-

tinuous in every finite interval, Yh (&) € Lt (— oo, 00), and lim y, (x) = Yo (®)

" »00

uniformly in (— oo, o). Suppose I,[y,] does not exist, then by Theorem
3.2 given any H > 0 there exists a positive integer M such that n = M
implies I, [y, > H.

For |t|<< A/2 and |« |<< A/2 we have | —t|< A, and

mw—ﬁm=fmw—nmm—ﬂw—nWMM
£ =42
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Therefore
A2 ] =)
flpn(w)”in(w)ld“'g dwfiyv'»(‘”—t)H%'a(t)ldt-l-
— A2 — 00 —00
A2 —t
+f|y6<t>|[j1§:.(u>|du]dt
1t12 42 —Ap—t
<G 1Pt (";";1+e)-
By hypothesis d) we have
Al2 .
0 SfFi (@, Yn (%) (@), Pn (@)] de < L [—’% (6, + 1% 4« ("’ ;ot 1 + s)l
—"AJ2
A
+ [ F 15,50 ), 74 @), pn o)) 20
Al

<Lt + 1 +o (S 44+ G+ 0

But the right han_d expression is independent of # and the choice of A,
therefore the I, [y.], n =1, 2, ..., are uniformly bounded which is a con-

tradiction.
Since K was assumed to be closed with respect to uniform convergence

on every compact set in (— co, c0), we may assert that y, (x)€ 1_(, and hence
I, [yo)) =1, . We may now employ hypothesis e), and choose A sufficienthy

large so that in addition 4/2 = a, and f | Yo, (@) |de < e.
|| = A2
Neglecting the term of order ¢, a modification of the above estimate

leads to the following inequality

Al2
flpn(w>—§n<w)ldws7};(i,+ ) 1@ a4 641

—4f2 |2 1'= /2

n=1,2,...
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By hypothesis d) it follows that

Al2
f (B, [, ¥n (@), yn (@), Pn (@)] — P, [, Yn (@), yn (@), pn ()]} dov
—Ap2
Al2
= f {F, [, ya (@), ¥s (@), Pn (@)] — Fy [2, Yn (@), yn (2), Pa (2)]) de
— A2 )
s L » 1 L
<z [1n@—ne o =<g(+5) [Ine]a+ 50+
— A2 lz| =42

n=1,2 ...

By hypothesis e) we have

{Fy [, yn (), Yn (*), pu @)] — F, [2, Yo &), %0 (®), 2o (@)]) dw
|lz| =42

=M f [|y;,(w)|—-|y3(w)|]dw——f‘Pg.,,(w)dx
lz|= 42 laj = Af2

=M | |vh@)]|do— s (M + 1),
|z| = Af2

Since the .;/_,, (), n=0,1,2,..., are absolutely continnous in — co <<# < oo,

¥., (@) € I (— o0, c0), and lim g, (x) = Y, (*) uniformly on — oo <<z < oo,
7n — 0o

by the proof of Theorem 3.1 we can assert that for » large enough,

Af2 Al2
f F, [, yu (@), Y (%), P (@) dw — f F, (@, o (@), yo (x), Po (2)] d > — &.
—Al3 — A2

Therefore, we arrive at the following estimate :

1 1 o 2
P i+ w i, = | F, [®, Yn (@), Y (@), P (®)] d2 — | F, [2, yo(2), yo(2), Po(®)] dzv

e o
A2

>N Iyé(w>ldw—e<M+1)+fF.lm,i.(w),ii:.(w),pn(w)]dm
lz| 42 — 42
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A2
F, |=, yo (%), yo (®), po (%)] da
—Al2
Al2
=>M | |yp@)|de —eM+1)+ [F [®, ¥a (), ¥, (), pu (¥)] d
lz| = A2 —Af2
Al2
, , L{ 1 , L.
— | Fil® 90(@), yo @)y pol@) dw — 75 {4+ —- |9a(@) | do — 25 (i, + De
— A2 |z| = Af2

>(M—L@‘) f | ya (2 |d.1,—s[M—|—2+k2 ti-—i—l] k4(i‘+1).

|| = A4/2
By hypothesis f) there exists a y = y («) in K such that

(-]

Lm=1m—[megN<”M

and it follows that
L

L
M — kz‘i—M—ﬁmfI[?/]>0
Hence we have
M+2+Wzﬁ-ﬂ [ +1]
| yn (@) | doe < T
|z1= A2 M—ﬁz‘

and since ¢ > 0 was arbitrary, for n large enough the right-hand expression
can be made as small as desired. Since the choice of A did not depend on
the yn(x), » =1,2,... we can assert by Lemma 2.2 that the [y, ()] converge
uniformly on (— oo, co) to ¥, (x).

Since F, (»,y,d,p) is semiregular positive seminormal the hypotheses
of the corollary of Theorem 3.1 are satisfied, and

. . ) 1 )
Ii[y0]—<—— h_m I:[.'/n]Sh_m [@l —I—Wl=@‘.

n — oo n — oo
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But y,(x)€ K implies I, [y,]=4, and therefore I,[y,)=14,. Thus y, (@),
— oo < & < oo, gives I, [y], and hence gives I [y], an absolute minimum in K.

REMARK : It should be noted that conditions of the type NL << k*N in
hypothesis f) are found in a different setting in [1, 2]. The following is an
example of a class K and an integral I[y] satisfying the hypotheses of
Theorem 4.1.

EXAMPLE : We wish to minimize

I[yl= f[ly @ |(|y w)|+1)+|Z_I_” | de.

In the class K of all curves y = ¥y (@), — oo < & < oo, satisfying the
hypotheses given in § 1 and satisfying
i) |¥' (®)| << D, where D is a given constant with 1 < D < oo, and
the inequality holds for all # where derivatives (one sided or two sided)
are defined,
ii) ¥ (0) = 0, and
iii) y(2) = 1.
We will show hypotheses a) through f) of Theorem 4.1 are satisfied,
hence I [y] possesses an absolute minimum in K, as follows:
a) F(x,y,d,p)=|d|(|d]|+ 1)+ '41:'220, hence let vy (x) = 0.
b) F(x, y,d, p) is semiregular positive seminormal. ‘
o) F(z,y,d,p)=|d|(|d|+ 1), hence let 2(s)=|s|-+ 1 and let
B=1.

lp| — lpl

d) F (@9, d,p) — F (2, 9, d,p) = 15 s = 4

1
Ta
¢) Every y(z)in K _ passes through P = [(0, 0)].
f) Fz,y @),y @),p @) — F(@y @),y @,p @) =y @|—]|y@]|

(7 @ +1v @+ 0+ ZEL=12@] 5 564y ) — 201

|p —p|, hence let

L=

4 4 a® 4 4 x*
Furthermore | p (x)| = | / y(x—t)y () dt‘ gD[| y' ()| dt < oo since
Dﬁ y' (t)| dt
y(x)€ K. Thus let M =1 and let &, ,(x) = ;OZ—W_ with @ > 0 and

arbitrary.
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0 if x << 0,
g) Consider y(x)={2 if 0<<2x<1,
1 otherwise,

and vy (x) € K. Furthermore
1 d 22
xdx — X
0 1
Hence we may let N =3, and NL=3/4 <k M =1,

COROLLARY. Suppose all the hypotheses of Theorem 4.1 are satisfied
with the exception that for e) is substituted
¢') There exist constants M > 0 and a > 0 such that for || = a and
all y,,v9,,4,,d,,p,, and p, the following holds :

F @y, ,d,0)—F@9s,dp,0) =M (|d; | — | dy|) — P (),
where & (x) is L-integrable on |z | = a. _
Then I [y] possesses an absolute minimum in K.
The extension of Theorem 4.1 and the corollary to the case p (x) =

==|y |=|y'| follows immediately. The statements and proofs are the same
and will not be given. For the case p () = ¥’ » ¢ a modification is required.

=)
THEOREM 4.2. Consider I [y] = f Fla,y(x),y (),p (®)]de with p (®)=1y'=g
— 00
where g =g (), — oo < 2 < oo, is given, ¢ (x) € L' (— oo, oco) and
(o]
f | g (x) | dz &= 0. Suppose that hypotheses a) through e) of Theorem 4.1 are
—0o0
satisfied and
oc
f) The constants M and L satisfy M — L f | g (x) | dz > 0. Then I [y]
—o0

possesses an absolute minimum in K.

PROOF: No changes are made in the construction of a minimizing sub-
sequence ¥, (x) € f(_', n=1,2,..,— oo <& < oo, which converges uniformly
on every compact set in — co < # < oo to y, (¥), — co < # < oo, Similarly,
it can be shown that y, ()€ K.
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Given &> 0, we choose the constant A, and define the functions
Yn (@), n=20,1,2, ..., — 0o < & < o0, a8 in the proof of Theorem 4.1. Then
for |#|< A/2, a similar computation gives

flpu(w) pn(w)ldwsfl |y,'.(t)||g(w—t)|dt]dx

gy =42 Yt = AR

Sflg(wndmum,,(z)ux]

»= A2

The proof now follows that of Theorem 4.1, and leads to the following
inequality :

—2[M L/|g(x)|da:]f|y,,(w)|dm—a[M+2— [lg(x)ldx]

o= Al

By hypothesis f) the expression in the first bracket is positive, and
the proof proceeds as in Theorem 4.1. Hence we may assert that y, (x) gives
I[y] an absolute minimum in K.

The extension to the case p (x) = |y’ |+ |g| follows from the above, and
the statement and the proof of the corresponding theorem is the same.
The statements of the above existence theorems and their proofs for the
cases of vector valued functions (as defined in § 3) are analogous and will
not be given.
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