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SOME FORMULAS IN A RIEMANNIAN SPACE

By MANINDRA CHANDRA CHAKI, M, A. (Calcutta)

In this paper a number of theorems and formulas involving two arbi-
trary affine connections in a Riemannian space V, have been established
by imposing certain conditions on the affine connections. In section I it has
been assumed that the covariant derivatives of the metric tensor of the V,
with respect to the affine connections are the same while in section 2 the
torsions of the affine connections have been taken to be the same.

1. Let I}';; and Lﬁ; be the coefficients of two arbitrary affine connections
in a Riemannian space V, with metric tensor ¢g; and let a comma and a
semicolon denote the covariant derivatives of the g;'s with respect to the
two connections. Then

9k — Gk = — Gis (Lt — Ljt) — gjs (Tix — Lix)
Putting T;;c = I};NLﬁc, it follows that
Gij, e = Yij;k
if and only if
@ 1) Gis Tox + gjs T =0
Hence we have the following theorem:

THEOREM 1. The covariant derivatives of the g;'s with respect to two
affine connections with coefficients I’fk and 1",,2 + Tfk are the same if and
only if the tensor Tﬁ'c satisfies (L. 1).

As an example it is easy to verify that the above result holds with
respect to the coefficients of affine connections

T and T % 9" (Gjke — Jis.g)
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This example is an application of Sen’s sequence (3) which is defined
as follows:

Put a= Iy, a* =TI+ 9" ging, o =Tj

Then it is known that for every affine connection a there exist uniquely
two others a* and o' which are respectively called the associate and the
conjugate of a having the property

a*=a"=a
In particular, a is self-associate if @ = a* and self-conjugate if a =a'.
Now if we construct the sequence

(I 2) G=a,0=a*,a3=0a",q,=a** a5 =0a**,. ....

then the sequence is a finite cyclic sequence of twelve terms and it is Sen’s
sequence. In the sequence if we put

% = 9" Gim; 5 xe = g™ Gym,i » ? = 9" Gym = Ve
B=0" guTmy— D)y fe=0" g (Lii — I')
and suppose that a is self-conjugate, then we have
O =a,,=a, My =0, =+ o, a3 =a,,=a - a,
gy=ag=a-ta—y, G=0=0+a—y, CG=0==0+a+a —y

It follows that

I 3) @, — a5 = ay — g = ¢* ((yic,s — Grs,y)

Further, if the covariant derivatives of the g¢;'s with respect to two
affine connections are the same and if one of them is self-associate then the
other is also self-associate, because the covariant derivatives of the g;’s
must vanish. Now when a, = a, is self-associate, then a, = ag is also self-
associate. Hence we have the following theorem :

THEOREM 2. If a, be coefficients of a self-conjugate affine connection,
then the g¢;/s have the same covariant derivatives with respect to the pairs
of affine connections (a,, a;) and (a,, ag) of Sen’s sequence. And if a, be
self-associate then the g;'s have the same covariant derivatives with respect
to the pair (a,, a). ’
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Further, let I'; and I'j + T be the coefficients of two affine connec-
tions. Then their associates are

ryt and I'5' — g™ gis Tmj
and their conjugates are
I and Iji+ Tj;
It follows immediately from Theorem 1 that

THEOREM 3. If the g;'s have the same covariant derivatives with respect
to two arbitrary affine connections, then the same is true with respect to
their associates and conjugates.

Now, let R; and Lﬁ, be the coefficients of two affine connections and

1
A5 =_2—(F:j+Li§')a Ty=TIi— Lj

Also, let R}k, Lf,'k and Afjk denote curvature tensors formed with I'i;,
L,ﬁ- and Aif respectively.
Then it is known that

1 1
(I 4) A — 5 (Dot + L) = - (T Ty — T o)

Now if the g;'s have the same covariant derivatives with respect
to I'j and L; then by (L 1)

T T = 9™ gsp Tag" 9ig Trii = 9™ 9ig Tt Tos
Therefore
Ine (Tt T — T Tit) = g 9" Gig (T Toj — Tnj T) = g (Tj T — Toie Ty)
Or

1 1 1 \
Arije — - (Faige 4+ Linigr) = - In (T Ty — Ty Tit) = 5 i (Ts; Tre — T Thi)

Hence

1 1
(L 5) Apijr — > (Tnige + Lingr) = — [dinje — > (Lingie + Linge))
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Thus we ‘have the following theorem:

THEOREM 4. If the g;'s have the same covariant derivatives with respect
1
to Iy and Ly and if A5 = - (I'j + L), then the curvature tensors formed

with them satisfy the relation (I. 5).

This result is easily verified in the case when I]jt and therefore Lé,
A are self-associate. For in this case the curvature tensors are skew in the
first two indices (4). !

As before, suppose that the covariant derivatives of the g;s with respect
to I’u‘ and Li; are the same. Forming the second covariant derivatives it is
seen that

. Gii . — Gijia = — [9six Tid + Gis Tit + 955 Tl
I. 6) (95 Tit + Gise Tit + 9iis T,

where
Fz;'— i}t'= Tit'= —gmgir T
Therefore

by (L. 6) 97 (gsim0 — giiw) = 9™ sik Thi+ 0™ gisp Tos — 9° 9ijs Tir =
=g" (956 Tit + gsii Tjt + ije Tit — 2 946 Tl = — ¢° (95.0— 9ijsw) — 29" gijs Ty
Therefore
i 4 s
9° Giu— pm) = — 9 Gijs Tl

Interchanging &k and ! and subtracting

97 (9,0 — 95.0) — G — )] = 97 gije (T — TH)

Finally using Ricei’s identity

¢

(L 7 ¢%[(ge T+ g5 T) — (Gie Lot + g Taia)] = 97 g0 [(Te—Tn)—(T— L)

Let us further suppose that I'; and L; are both self-associate or both
self-conjugate. Then the right hand side of (I. 7) vanishes. We have therefore

99 (L + L)) — (Liju + Lyiaa)] = 0
whence
(L 8) 9% (Djig — Liju) = 0
As said before, this result is obvious when both the affine connections are
self-associate,
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Hence we have the following theorem :

THEOREM 5. If the ¢;'s have the same covariant derivatives with respect
to two self-conjugate affine connections with coefficients FJ , Ly and if Ty,
Ly be the corresponding covariant curvature tensors, then (I. 8) holds.

2. The torsion of an affine connection with coefficients I is defined to
1 .
be the tensor 5 Iy — I“Ji) (2). It follows that two arbitrary affine connections

with coefficients E; and I ‘é -+ Ti; have the same torsion if and only if Tij is
symmetric in ¢ and j. It is now easy to see that if two affine connections
have the same torsion the same is true of their conjugates. E. g., in Sen’s
sequence each of the pairs (a,,as), (@y,ay, (a,,a,,) and therefore their
conjugates (a,,, a;), (a3, ag), (a;, a,,) have the same torsion.

Again, let a = Iy, b= L; be the cocfficients of two affine connections
and ¢ — b= T@j Their associates a* and b* will have the same torsion if
the tensor

T+ 9™ Gimj — Gimg) = — 9™ gia Ty
is symmetric in ¢,j i. e., if
2. 1) Gis Tmj = s Tons
Putting ¢ T,Z, = Tin; We have the following theorem:

THEOREM 6. Let a and b have the same torsion; then their associates
will also have the same torsion if the tensor Ty is symmetric in all the
indices. .

Let ¢g=(a ,b) =5 @+ 0+ (@—b),6=0,0=75(@+b+@®—a

o=l o) =5 @+ D+ 2@—b), =2 (@t b)+20—0

Similarly for e,, ;2 etc.

Then
1 — 1
o=5@+)+2@—0b,6=—5@a+b)+20—aq
Therefore
2 2) er — 6, = 2" (& — b)

It follgws that if ¢ and b have the same torsion then the same is true
of e, and e, .
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Further, we have the following theorem:

THEOREM 7. If the associates of ¢ and b have the same torsion, the
same is true of the associates of e, and e_r. ‘

Let FJ and L,-;- have the same torsion. Then applying the condition
that Ty is symmetric in i, j, we obtain from (I. 4) the cyclical property,
namely

2. 3) A — % (i L)+ Ayei— %— (T + Lijta) + Ay — % (I 4 Lig) = 0
This result is obvious if R; and therefore Li;, Ai; are self-conjugate.

In conclusion, I acknowledge my grateful thanks to Prof. R. N. Sen for
his helpful guidance in the preparation of this paper.

Department of Pure Mathematics

Calcutta University.
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