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A SEMI-CLASSICAL PICTURE OF QUANTUM SCATTERING

By Francis NIER

ABSTRACT. — This article is devoted to some singularly perturbed semi-classical asymptotics. It corresponds to a
critical case where standard semi-classical techniques do not apply any more. We show how the limiting evolution
keeps trace of quantum effects and provides a picture of quantum scattering very close to physical intuition.

1. Introduction

This paper is concerned with the asymptotics as h — 0 for Schrodinger equations of
the form

2

(1.1) ihdul = [—%A + U(%) +V(:c)] ul,

in general dimension d. The case U = 0 is nothing but the well-known semi-classical
asymptotics. In a former article [26], we established the relationship between the case
V = 0 and quantum scattering. Indeed setting ¢’ = £ and 2’ = % makes the asymptotics
h — 0 equivalent to ' — oo and z’ — oo with |z/| ~ #/, which is the standard
situation of quantum scattering. The general case combines the semi-classical analysis
for the hamiltonian —'—‘;Am + V(z) and its geometrical background, with the spectral
properties of —2A, + U(z’). The matching between the two asymptotics h — 0 for
—%Aw + V(z), describing the evolution on a macroscopic scale, and |z'| — oo for
—%Axr + U(z'), associated with the quantum or microscopic scale, is performed after a
second microlocalization around the origin = 0. In the sequel we do not distinguish any
more the two scales by notations and z denotes the generic position variable in both cases.

Indeed we consider a more general equation than (1.1) with a potential of the form

(1.2) ZUj(x_hxj>+V(w),

JjEN

where 2o = 0 and z; # 0 for j # 0. Adding the potential Z U;(%5%) makes no difficulty
J#0
in the analysis and is motivated by applications. We assume that U;, j € N, and V satisfy
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150 F. NIER

Hyporhesis 1.1 ,
a) The potentials Uj(x) are uniformly bounded in S({z)™*, é%) with p > 1.

b) The points x;,j € N, are spread so that Z(xj)‘“ < 0.

FEN

c) The potential V (z) belongs to S(1,dz?) and (for convenience) V(0) = 0.

We followed Hormander’s notations in [20]-Chap XVIII. Let us remark that these
assumptions yield the boundedness of the total potential and the essential self adjointness
of the total hamiltonian for a fixed h > 0. The first assumption is nothing but the short-
range condition for the potentials U;(x). According to [10] [22], it ensures the existence
of the wave-operators

Win = lim eit(—%A-l-Uj(z))e—it(—%A),
t—Foo
and the asymptotic completeness Ran W, ; = Ran W_ ;. The wave operators Wy ;
are unitary from L%(RY) onto Ran W, ; and the scattering matrix is defined by
S; = Wi ,W_ ;. By conjugating with the Fourier transform we also define S'j =FS;F~1.

The crucial point in the study of the asymptotics of (1.1) or even with potential (1.2) is
the understanding of what happens close to x = 0. The asymptotics around the points z;,
j # 0, actually follows from the case 7 = 0 by translational invariance and by possibly
changing the energy origin. We often drop the index ( and write simply U, W,, W_, S
and S instead of Uy, Wi, W_o, So and §0 while we set

y
S(z,h) = ZU](:U— WJ)
J#0
The interesting initial data are the one which concentrate at + = 0 and for which the solution
of (1.1) eventually leaves x = 0. Thus we consider the following initial value problem
h? x T
how' = |——A+U| T )+ T,h )+V h
ihOwu [ 5 + (h)—i- (h’ )—I— (x)]u,
1 T
hit — ) —
w'(t=0) = Wu(](E)’

where we forget the bound states of —1A + U(z) by taking uo € Ran W, = Ran W_.
By inserting a Fourier transform we write

(1.3)

(1.4) ug = Wi F Y, = W_F~ly_, Yy € L*(R?),

which implies ¢, = FW:W_F~4_ = Sy_.

Next we state the main result which expresses the asymptotics as A — 0 for the
solution uh(t) of (1.3) in terms of semi-classical measures. The semi-classical measures
associated with a bounded sequence of trace-class operators (P")ne(o,1,) are defined as
the weak* limit-points of h=%p"(z, &) in My(T*R?) = Co(T*R?)*, where p"(z, €) is the
Wick-symbol P”. They are characterized by

Te[P*a" (z, hD)] "5 / ae,€)du(z,€),  Va € CF(T'RY),

T*R4
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A SEMI-CLASSICAL PICTURE OF QUANTUM SCATTERING 151

after extracting a subsequence (Ph') (see [3], [16], [17], [18], [23]). When the operators
P" are the orthogonal projections on uniformly bounded L?-functions ", this writes

(1.5) (", " (a, h'D)uh')h:O/ a(z,&)dp(z,€),  Ya € CF(T*RY).
T+Ré
According to [17], we call M(u”, h) or M(P" h) the set of all semi-classical measures

associated with a sequence (u") or P*. Here and in the sequel, @y (%) denotes the classical
flow in the phase space T*R? associated with the hamiltonian py (z,¢) = 1|¢]* + V().

THEOREM 1.1. — Assume that there exist Ty > 0 and T_ > 0 so that

(1.6) Vi k€ (0.Tx),  @v(ED[{0}supp ] N (Y T, RY) = §.

Then for any t € (=T_,0) U (0,T.), the sequence (u"(t)) admits a unique semi-classical
measure as h — 0

u(t) = {‘Dv(t)* [(2m)~%8umolr—(&)1?],  if t € (~T,0),
Dy (1), [(27) " 6omolvo4 (O)F],  if t € (0,T%).
(The expression §,—o|1_(€)|? shortly denotes the measure 6,—¢ ® |_(€)|*dE.)

(1.7)

Remark 1.1. — a) The condition (1.6) only involves the properties of the classical flow
Dy (t). If we set (z(t),&(t)) = Pv(t)(zo,&o) then the derivative of the scalar product

z(t).£(t) equals

(1.8) d

Z(@®)£®) = (€O - 2(1)-0.V ((#)),
d

and Zi—t(:c(t).f(t))|t:0 > 0 when 2o = 0 & # 0. As a consequence and since |z(t)| is
estimated by Ct|&| for small ¢, the assumption is satisfied for some 7y > 0 and 7 > 0
when ¢, or equivalently ¢ _ is compactly supported in R? \ {0}. If we forget the U; and
the corresponding positions x;, for j # 0, the validity of (1.6) for any v ,%_ € L?(R?),
essentially depends on the global shape of the potential V. As an example, it is valid
when V(z) < 0 for z # 0. In such a case, the result can be extended for general
Yy,_ € L*(R?) by a simple density argument.

b) There is a complete symmetry between ¢ > 0 and ¢ < 0 and we will focus on
the case t > O.

The outline of the article is as follows : In Section 2, we specify our notations and point
out some aspects of the problem. Semi-classical propagation far away from the quantum
potentials U; is treated in Section 3. Meanwhile, we separate the incoming and outgoing
flows close to £ = 0 by 2-microlocal cut-offs and make use of 2-microlocal measures
presented in the Appendix. The problem then amounts to some quantum propagation
estimate to which the next three sections are devoted. Some canonical transformations
which intertwins the classical hamiltonians py (z, ) = 1[¢|> + V(z) and po(z, &) = 3[¢]?
and the corresponding semi-classical Fourier integral operators are introduced in Section 4.
The action of these Fourier integral operators on the quantum scale is analyzed in Section 5.
In Section 6, the preceding results contribute to eliminate the potential V(hz) in the
quantum scale and the problem is reduced to standard propagation estimates of quantum
scattering theory. Applications are developed in Section 7.
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152 F. NIER

2. Preliminaries

Notations

Passing from the quantum scale to the macroscopic scale and reverse are performed by
applying or conjugating with the unitary dilation operators D), defined by

(Pu)(@) = (7 ):

and its inverse D,:l = Dj = Dyp. Throughout this article, the Schwartz kernel of a
continuous operator K : C°(R%) — D'(R?) is denoted by K (z,y). Note the identities

1 T N
DuEDew) = oK (5 4)  and (DIKDA) (o) = KK ()
We set for short Hy = —3A, Hy = —3A+U(z), Hy = —1A + V(hz), H =
—3A + U(z) + X(x,h) + V(ha), with the semi-classical equivalents H{ = A,

Hi = -EA+U@R), HE = ~BA 4+ V(z), H' = ~EA + U(2) + 2(2,h) + V(ha).
And the previous remark gives

h _ *
H yv = DrHouvDy.

We also write systematically (z), & and dz instead of (1 + |z|?)/2, 5 and (Qde)d‘ The
Fourier transform is normalized by taking

(Fu)(€) = / e *u(z)dz  and  (F~lu)(z) = / e Su(g)de.
R4 Re

Then (27)~%2F is unitary on L?(R%), F* = (2r)*F~!, while a simple change of
variables yields FD; = Dy F and F~'D; = D,F~'. For a quantity q(«a,3), we write
q(a, B) = O(B™) or q(a,B) = o(S™) when the ratio 28 s bounded or converges to
0 uniformly with respect to «, and g(a, 8) = O.(B") or g(a,B) = 04(8™) when the
estimates depend on the value of . We say that a subset G of a Fréchet space F' is
bounded when every element of a complete family of semi-norms on F' is bounded on G.
Bounded subsets of C5°(§2) are sets of functions supported in a fixed compact subset of
Q and satisfying uniform C* estimates. Finally, we say that symbols belong to or are
uniformly bounded in S(m~%,g) when it is true for any S(m*,g), k € R.

Along this article we always consider the exact pseudo-differential calculus as presented
in [20]-Chap XVIII or its semi-classical version, with symbols belonging to — or h-
dependent symbols uniformly bounded in — some symbol class S(m,g) (g o-temperate
and m o-g-temperate). The metrics involved in this problem, primarily go = dz? + d¢? and
g1 = (%“”725 + d€2, are all splitted so that the Weyl-, the (1,0)- and the (0, 1)-calculus
are equivalent with explicit correspondances. As a consequence we call OpS(m,g)
the space of pseudo-differential (h = 1) operators with symbols in S(m,g) without
specifying the calculus. When necessary the three quantizations will be distinguished
by writing them respectively a'(z,hD) = Opjy[al, a®"(z,hD) = Opf g [a] and
al®Y(z, hD) = Opf, ; lal, where the superscript * is obmitted when h = 1. Our analysis
relies on the two following remarks.
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A SEMI-CLASSICAL PICTURE OF QUANTUM SCATTERING 153

Phase-space properties of wave operators

Under Hypothesis 1.1 a), the wave operator W (resp. W_) is a pseudo-differential
operator in outgoing (resp. incoming) regions of the phase-space.

LEmMA 2.1. — Let x € C5°((0,00)) and p+(x,€) € S(1,91) be such that
(2.1) supp (ps) C {(z,€) € T'R%, 2.6 Z 04} with —1< oy <1.
We have
(22)  p¥ (z,D)x(Hu)Wx — p¥ (z,D)x(Hu) € OpS((€)~=(z)' ™", gu),
and
(2.3) Wax(Ho)pY (z, D) — x(Ho)p¥ (z,D) € OpS((€)(z)' ™", 91).

Proof. — We refer to the book of J. Derezinski and C. Gérard [10]-Section 4.13, where
they prove

pY (z, D)x(Hu)Ws — p (z, D)x(Hu)J+ € OpS((z)~>(6) ™, 1),

and
Wix(Ho)pY (x,D) — Jxx(Ho)p¥ (z, D) € OpS({z)~ (€)™, g1).

The operator Ji is a modifier with kernel

Tala) = [ 0= ay (o, ).

The symbol a, belongs to S(1,g;) and satisfies condition (2.1) for some o4 while &
solves the Hamilton-Jacobi equation py (z, 0, P+ (z,£)) = po(§) on supp as. The estimates

1020 (@ (2, €) — 2.8)| < Caplz) =71,
are derived in [30] from Hypothesis 1.1 a) and yield (2.2) (2.3). O

Matching between the two scales

The relationship between the metrics go and g;, respectively natural for semi-
classical analysis and quantum scattering, is well known in the framework of second
microlocalization around Tg‘Rd [4] [6]. Here it takes the following obvious form.

LemMMA 2.2. — a) The dilation Dy, correponds to the metaplectic mapping: (z,hf) —
(hz,€) and we have

(24)  D;Opiy(a(z,8)|Dy = Dya” (z,hD)Dy = a” (hx, D) = Opy[a(ha, €)].

b) The h-dependent symbol a(hz,&, h) is uniformly bounded in S({§)~°°, g1) as soon as
a(h) is uniformly bounded in C°(T*R?).
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154 F. NIER
3. Elimination of U(%) in the semi-classical scale

According to Remark 1.1, our aim is to determine the semi-classical measure set
M(ul(t), h) for uh(t) = e‘i%Hh(DhW+F‘11,b+), t € (0,T4) and v, € C(R?\ {0}). In
order to get rid of the potential U(%), we need the following variation of the intertwinning
relation e~ *HUW, = W, e Ho  of which the proof is deferred to Section 6.

ProposITION 3.1. — For any 11 € C°(R? \ {0}), there exists a positive constant e,
so that for ¢ € (0,ey,)

(3.1) e FHW, P~y — Wee  HHEVE1y, = Oy, (e) in LE(RY).

Proof of Theorem 1.1. — We establish (1.7) in four steps : a) construction of e-dependent
cut-offs in the phase-space, b) semi-classical propagation out of ‘leJN T;‘jIRd, ¢) quantum
J

scale analysis based on Proposition 3.1, d) sharp estimates for the elements of M (u”(t), h).
In a), b) and c) the real numbers € € (0,¢;), with 1 < €, small enough, and ¢ € (0,77)
are supposed to be fixed.

a) For s € (0,T4), we set Ky = ®y(s)[{0}supp ¥+] and we deduce from the defini-

tion (1.6) of T that (Use[cy K,) and (‘gNT:_Rd) do not intersect. Since ( ([J ]Ks) is
J 7 s€le,t

compact and ‘UN T* R? is closed by Hypothesis 1.1 b), there exists a positive constant
je !
C.: so that

dist( | ) K., T;RY) >2C..(z;), VieN.

s€[e,t]

Note that the factor (x;) is due to finite speed propagation corresponding to the boundedness
of supp %.. By (1.8) and the regularity of the flow @y, we can take ¢; small enough so that

2
Cy

1 C
K. C {(z,f) e T*R?, z.£ > 0 and < 5|§|2 < —'2”1} Ve’ € (0,e1),

+

where the positive constant Cy_ is taken large enough and only depends on supp . As
a consequence, we can find an open neighbourhood . ; of Ky, ). ; compact, so that

(3.2) dist( | ) ®v(s)0cr, Ty RY) > Co(z;),  Vi€EN,
s€le,t]
and
*rpd 1 1 2
(3.3) Dy (e)Qey C 4 (2,€) € T*R?, z.£ > 0 and o < §|§| < Cy, ¢
Py

In connection with (3.2), we introduce a cut-off function x.; € C°(R?) so that 0 < x.,

<1, xet=1lon EL[J tl@y(s)ﬂgyt and x.+ =0 on Y {z eRY |z — x4 < %—‘-(x])} For
s€le, J

4° SERIE — TOME 29 — 1996 — N° 2



A SEMI-CLASSICAL PICTURE OF QUANTUM SCATTERING 155

any a € C°(®v (t)S,¢), we define for s € [g,t] a(s) = D} (t — s)a = ao Py (t — s). Then
the symbols a(s), s € [, t], are uniformly bounded in C°(T*R?) and satisfy

(3.4) supp a(s) CC Py (s)Qet,
(35 0.als) = ~{ 316P + Via).a(o) |
and

(3.6) Xet(T)a(z,&;8) = a(z,&; 5).

b) For a given a € C3°(®y(t)Q+), we consider the function of s € [e,t],
f(s) = (u*(s),a" (z,hD; s)u”(s)), of which the derivative equals

NV Uik W o e v h
(f )(3) _(u (8), [H y @ (.’L‘,hD,S)] |€| +V(IL’),G,(8) (IE,hD) u (3))
h 2
. w
~(u(s) (%[He,a%,w;s)] ~{Gke 4 vt (x,hm) h(s))

+ o3 [0 (552 )0 @i | (o),

JEN

By semi-classical calculus in S({£)?,dz? + %), the first term of the right-hand side is

O,.c+(h), while (3.6) imply

(7)ol
1

- [Uj <"’_‘hﬂ> Xea(@)a" (2, hD; 8)xe.(x)

Zj

—xes(2)a" (z, hD; 8)xe 1 (2)U; (”” — )] + O es(h™),

in £(L%(R)) for all j € N. By the uniform boundedness of U; in S({(z)~*,g;) and the
support conditions on x.: we have

Xe,t(iU)Uj(x —h:c])

) —p
§<—dist (2;,supp Xe,t)>
cay” \h

Ce, (1}) e _
<(Cml) "< ooy

By referring again to Hypothesis 1.1 b), we conclude with
(37) () = £1(0) + Oae (1),

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



156 F. NIER

c) Next we estimate the value of f” (&) by studying the evolution on the quantum scale.
We conjugate with the dilations D), the expression of f*(¢) and refer to (2.4),

ie) = (e FEW, F~ Yo, a"V (ha, D;e)e "W, F~1y ).

By applying semi-classical Garding’s inequality, b" (z, hD) > O,(h) for b > 0 € S(1, go)
(see [18]), to ||a(e)||2« — a" (hx, D;e)*a" (hx, D;e) we get

la” (ha, Dye)llecy = lla® (2, hD;e)ll ey < lla(e)l|z= + Ougey(h),

where the right-hand side equals ||®v (¢ — €)*al|z~ + Oa)(R) = ||allze + Oac(h).
Hence we infer from Proposition 3.1

fh(‘s) = (e_i%Hv F—1¢+7 W_:G,W(h,’lj, D; €)W+e—i%HVF—1¢+) + ||aHL°° 0(8) +Oa,€,t(h’)>
where the complete hamiltonian has been replaced by Hy . The above identity also writes

(3.8) f™(e) = (e FHVF 'y, a" (hw, Dye)e  FHV F~1yy)
+ (e7 WV F Y, (Wia" (ha, D;e)Wy — o' (hz, Die))e  HHV F=1y,)
+ [lallz=O(e) + Oa e e(h).

By standard semi-classical arguments (see [16], [28]) the sequence (e~ 'FHv D, F~1y, ),
has a unique semi-classical measure

(3.9) M(e=FHY Dy F= Y h) = { @y (€).[(27) " %8aoltp (€)7]}

As a consequence, the first term of (3.8) equals, after conjugating with dilations D} and
recalling a(e) = @y (t — €)*a,

/T*Rd a(z, €)d(Pv (). [(27) "4 62m0|t04 (E)I7]) + 0a .t (h°).

h'—0

The above identification (3.9) combined with Proposition B.2 yields e % #v =14, 0
in L?>(R?). Thus the second term of (3.8) is an o, +(h°) correction term as soon as
Wia"(hz,D;e)W, — o' (hz, D;e) is uniformly compact.

We next prove that this difference may be decomposed as a finite sum of terms K A" or
AMK, where K is a fixed compact operator and A" is uniformly bounded with respect to
h € (0,hy) on L*(R%). According to Lemma 2.2 b), the symbol a(hz,&;¢) is uniformly
bounded in S({£)7°°, g;) while (3.3) (3.4) imply

supp a(hz,&,e) C {(x,{) e T*R%, £.£ > 0 and C’l

Py

1
< 5|§!2 < C¢+}.
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A SEMI-CLASSICAL PICTURE OF QUANTUM SCATTERING 157

Thus we can find xy, € C§°((0,00)) and py(z,§) = x+(2.£) € S(1,g1) satisfying
condition (2.1) so that xy, (3/¢|*) = 1 and p, = 1 on supp a(hz, ;€), for all h € (0, ho).
Pseudo-differential calculus in the metric g; and relation (A.15) now lead to
(3.10)  a"(hz, D;e) =xy, (Hu)*pY (2, D)*a(hz, D;e)pY (z, D)xy, (Hv)

+ R(a,e,h)K,.
where K, denotes the operator (z)SuP{-11-1}(D)=1 € OpS((z)Sup{-1i=k}(g)=1 g),
compact on L2(R%) and ||R(a,¢, h)|| uniformly bounded in £(L?). Note that the inverse

K;' = (D)(z)~Suwi=11=#} belongs to OpS((z) SuPi=11=#}(¢), g1). Identity (2.2) may
be written and

pf("ﬁa D)Xili.;. (HU)W+ = p_’VE/(x, D)X¢+ (HU) + RK;M
with R € L£(L?(R?)) and we obtain
Wia" (hz, D;e)W,
= -:X¢+(HU)*p3-V(x7D)*a(hva;g)pY(x7D)X¢+(HU)W+
+ WiR(a,e,h)K, W,

= [KuR" + xy, (Hy)"p (w, D)"]a(ha, Dse) [pY (2, D)xe, (Hy)
+RK,]+ WiR(a,e,h)K,W,.

Expanding the right-hand side while referring again to (3.10) provides at once the expected
form for the difference W}a" (hz, D;e)W, — a" (hz, D;e).

d) We gather the results of b) and c) and we get for all a € C§°(Pv (£)2e4), t € (0,T4),
e € (0,£1), the estimate

(3:11) ()0 0, hD)M0) = [ ala @y (O-[2m) oemolia (O]
+ lallz~0(€) + 00,00 (1°):

Let t € (0,T,) be fixed and let u(t) belong to M(u"(t),t). By possibly extracting a
subsequence (u" (t))n/, we have

lim (0 (00" (@ KDY () = [ e, (o 6it), Vb€ CFTRY).

[ T*Rd

Next we take b € C(T*R?), b > 0. For any ¢ € (0,e1), we consider a cut-off
function x. € C§°(®y(¢)Qe:) with 0 < x. < 1 and x. = 1 on a neighbourhood of

K, = supp (®v().[(27) " 46,=0]14(£)|?]). Estimate (3.11) applies to a = x.b and taking
the limit as A’ — 0 yields

/md (X<b)(, §)dp(z, &; 1)
_ /T W O (2)[(2n) ol (OF]) + b= O(e).

ANNALES SCIENTIFIQUES DE L'’ECOLE NORMALE SUPERIEURE



158 F. NIER

The cut-off x. was chosen so that b > x.b and ||x.b||r~ < ||b||r~ and we obtain for
e € (0,e1)

/T* d ( ’ ) ( ,6; ) 2 / (XEb)(ﬂ?,é)dﬂ(.’E,&,t’;)
R T*Rd4
>/T*Rd ( ’ ) ( () [( [) 6m_0|¢+(é)| ]) f ||l:||L°°C(€).

The limiting inequality as ¢ — 0 holds for any b € C°(T*R¢%), b > 0, and we conclude

(3.12) u(t) > By (1), ](2m)6,colto+ ().

Finally, we recall that the total mass of y(t) is estimated by hl'i_mo luh||2: = 1 and the
sequence of inequalities

1> [ ez [ d@ven bl ©F) =1,

transforms (3.12) into an equality. O

4. Canonical transformations leaving 7;R¢ invariant

In view of proving Proposition 3.1, we construct in this section some canonical
transformations which intertwin the classical hamiltonians po(z,£) = 1/2|¢|? and
pv(z,€) = 3|¢|* + V(z) while being equal to identity on the fiber T;R? conormal to the
origin. Such transformations are parametrized at least locally by a phase y(z,n) — y.n
where ¢(z,n) solves an eikonal equation (see [1], [13], [14]). For any positive constant
E > 1, B,(E) and S,(F) will denote the open sets

1
ByE)={neRi |n|<E} and S,(E)= {'q € R, z < In| < E}

LemMMA 4.1. — For any E > 1 and « € (0,1), one can find an open ball B, g . C RS,
centered at x = 0, and a function o(x,n) € C°(By g« X RY) satisfying estimates (A.5)
so that

$0z0(z,m))? + V() = 3nl?,

(4‘1) 3w90(0777) =n, on Bw,E,a X S,,(E),
‘PIz.n:O = 07

and

(4.2) |02, 0(x,m) —Id| < o, V(z,n) € By pa x R

Moreover the ball B, g o can be taken small enough so that

Oye(,m) — 2] < o] .
4.3 , Y(z,n) € B, g o X R
w3 {lazso(x,n) ~nl<alys V@ EBg
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Proof. — For any fixed n € R? \ {0}, the eikonal equation

510204 ()2 + V(2) = 3Inl%,

(4.4) "4 9e0y(0) = m,

Wnl:c.n:O =0,
admits a unique solution in a neighbourhood of z = 0. If we set (z(¢),&(t)) =
Dy (t)(z0,&) with zo close to 0 such that zo.n = 0 and & = +/|n|*> — V(xo)l—:’]—',
then (zo,t) defines a coordinates system in a neighbourhood of z = 0. Existence : One
considers the dynamical system & = O¢pv(z,§), E=— eDv (2, €), 4 = £.0epy(z, ) with

initial data z(0) = zo, £(0) = &, u(0) = 0 and one checks that ¢, (z) = u(t, o, &o)
solves (4.4). Uniqueness : If ¢, is a solution, one considers the initial value problem
& = O¢pv(z,0zpy(x)) with z(0) = zo and one checks that the quantities z(t),
E(t) = 0p(z(t,z0)) and u(t) = p(z(t, o)) have to solve the above system. By the
regularity of the flow @y, the neighbourhood of z = 0 can be chosen independent of
n € V,,,, where V, is a small neighbourhood of 7y # 0, and ¢, (z) is a C*°-function of .
By taking a finite covering of the compact set S, (2F), we construct a global solution
¢1(z,n) of (4.1) on B, g x S,(2F), where B, g is a small ball around z = 0.

Let xg € C°((0,00)) be such that 0 < xg < 1, xg = 1 on [ﬁ,%‘?] and yg = 0
on (0, 355y U [Q‘;—Jﬁ,oo). We set

o) = xe (31 orten) + (1 xs (5102 )on

Then ¢ € C*°(B, g x R?) solves (4.1) on (B, g) X S,(E) and satisfies (A.5) with

92 00, =1d,  VnpeR?,

because 9,¢1(0,7) = n and 82,,901(0,77) = Id for n € S,(2F). Further we have for
any * € B, g

azso(x,n)—n=xE( lnlz)[azwl(x n) — Buior (0, )],
82 p(a,n) — 1d XE(-W)[ 2 o1(,m) — 2, 01(0,m)]

+0, (e (310) ) Buatan) - 01 0.

By the continuity of 92, ¢; and 93,,¢; on S S,(2E) x B, g and the compactness of S, (2E),
the ball B, g can be reduced to B, g . so that (4.2) and the second estimate of (4.3) hold.
Finally, the first estimate of (4.3) is a direct outcome of ¢(0,7) = 0 and (4.2) since

Onp(z,n) —x = Oyp(0,n) + / (82, e(tz,m) — Id]dt.
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Remark 4.2. — a) The phase function ¢ cannot be extended to the whole phase-space
while preserving estimate (4.2) because we do not control the size of the ball B, g for
general potentials V(x).

b) The above estimate (4.2) implies that the phase ¢ also satisfies condition (A.6).

For a € C3° (B, g,o X Sy(F)), the transport equation

LTy 8201h =
(15) {atb+amgo.azb+21‘r[aw<p]b 0,

b|t=0 = a,

admits a unique solution b(¢), ¢t € [0, q,q), uniformly bounded in C§°(B; g, X Sy(E))
provided that €g o, is small enough. The next proposition asserts that the h-Fourier
integral operators J"(b(t), ), defined as in (A.4), transform modulo an O(h) error term
the quantum evolution associated with the h-dependent hamiltonian H} into the one
associated with H{.

PROPOSITION 4.3. — Let b(t), t € [0,eg 4], be the symbols defined by (4.5). Then the
estimate

(4.6) eIV T (a, ) — TH(b(E), p)e T HFH = O g (h),

holds in L(L?*(R®)) uniformly with respect to t € [0,€E q.4)-

Proof. — The result is standard (see a.e. [28]) up to the fact that the phase function
¢ is not defined everywhere. We have to introduce cut-offs x; € C§°(By g0 X R?) and
x2 € CC(T*RY) so that

(47) Xl(x’azw(xan) =1 and XZ(aﬂLp(xvn)an) = 1v

on supp b(t), for all ¢ € [0,eg,q,q]- Proposition A.2 gives

(4.8) Th(b(t), ) — x (@, hD) T (b(2), ¢) = Opaa(h?),
and
(4.9) Th(b(8), ) — J(b(t), )x5"" (2, hD) = Op 4 a(h?),

in L£(L*(R?)) (Indeed the remainder is Opqa(h™)). By semi-classical calculus in
S((€)?,dz? + %) the operator Hlx\"%(z,hD) (resp. x{"*(z,hD)H}) is the sum
of p%,l"zo)(x,hD; h) [resp. p(()féo)(m,hD;h)] and an Og 4 o(h?) remainder in £(L%(R?)),
with py.»(h) (resp. po2(h)) uniformly bounded in C$°(B, g o X R?) (resp. C°(T*R?)).
Condition (4.7) on the cut-offs implies that py,(x, 9;¢(x,n); k) and po 2(d,¢(z,n),n; h)
both coincide with py(z,d.¢(z,n)) = po(dye(z,n),n) on supp b(t), t € [0,eE.4],
where the last equality is nothing but the eikonal equation (4.1). By referring again to
Proposition A.2, the left-hand side of (4.6) equals

b s 1 s
- / e iR HY {Jh <8tb + 0:0.0:b + §Tr[(9i<,o]b7 go)] e~ itHy s 4 Op.a.a(h),
0
and the first term vanishes by (4.5). O
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5. Action of J"(a, ) in the quantum scale

Let ¢ be the phase function defined in Lemma 4.1 for a given choice of (F, a). With
the parameter o we control how the canonical transformation associated with ¢ is close
to the identity. In this section we take advantage of this and give sharp estimates for
the dilated form

(5.1) G*(a,¢) = D} (a)Dy,

of the Fourier integral operators J"(a, ).

PRrOPOSITION 5.1. — Let K be a compact subset of S,(E) and let a € C§°(Bg p,o X Sy(E))
be such that a = 1 on {0} x K. Then the estimate

(5.2) GMa,9)G"(a, )" (F~'9) = (F7'9) + 05,a,0,4(h),
holds for any 1 € L*(R?) supported in K.
Proof. — According to (A.7) (A.8), we have
J"(a,0)J"(a,¢)" = Opyy [|af*(z,n(2, €))|detd? o (z, n(z, E)])] + OB a.a(h),

in £(L?), where n(z,£) is the inverse mapping of n — &(z,n) = O.¢(z,n). After
conjugating with dilations D; we get by (2.4)

G"(a,9)G"(a, )" = Opyy [lal*(hz, n(hz, €))|detd? , ¢ (hz, n(hz, )] + Op,aq(h).

Like in the proof of Proposition B.2 we use

s — }ILH% Gh(“? ‘p)Gh(a7 @)= |0,|2(0, n(0, D)|det3§,7,90(0, n(0, D))l

and we conclude by noting that 1(0,£) = € and 92 ¢(0,€) = Id forall £ € S,(E). O

z,n

PROPOSITION 5.2. — By taking 0 < a < o, ag < 1 small enough, the following properties
hold for any bounded subset B of C§°(Bqg,g,a X Sy(E)).
a) For any N € R, we have

(5.3) {z)N G™(a, ©)(x) "Nl z(z2) = OF,a,8,n5(h), Va € B.

b) If p+,p- € S(1,91) satisfy condition (2.1) with o_ < o4 + 2log(1l — ) then we
have the estimate

(54) “(.’I)>Nﬁ‘iv($,D)Gh(a, (p)p_’VY(.’E,D)Hc(LZ) = OE’U_YO-_'_’QYB,N(hO), Ya € B.

In order to establish this Proposition, we need a technical lemma of which the proof
is adapted from [10] and [21]. For x € C°(B, ko) and a € S({z)V,g1) we define
the operator

jrethen) oo
(55) M0, xe)(eg) = [ HFE Iy haale, min
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For the sake of conciseness we introduce the following notion of support: For a symbol
c(h) € S({z)N,g1) and a set F* C T*R? possibly depending on h € (0, hg), we write

(5.6) g1 — supp c(h) c* F*,

if, for any N’ € R, we have c* = cy/(h)+rn-(h) with supp cy(h) C F* while the semi-
norms of cy:(h) (resp. rn:(h)) are estimated in S({z)¥,g;) (resp. S({(z)Y', g1)) by the
semi-norms of c(h) in S({z)", g1) uniformly with respect to h € (0, ho). As a consequence
of pseudo-differential calculus in the metric g;, the product ¢(z, D, h)c'(z, D, h), whatever
the quantization is, is uniformly bounded in OpS({z)~>°,g1) when c(h) and c'(h) are
uniformly bounded in some S({z)",g;) with

g1 —supp c(h) c* F*, g —supp ¢'(h) c* F'* and F'nF™=9.

LEMMA 5.3. — The following properties hold as soon as the parameter o satisfies
0 < a < ag for some fixed oy << 1.

a) The operator T"(a(h),x,o)T*(b(h),x,9)* is uniformly bounded in
OpS((x)N+N' g;) when a(h) and b(h) respectively describe bounded subsets
of S((z)N,g1) and S({z)N',91). Moreover if n(z,€) is the inverse mapping of
n — &(z,n) = pp(x,§), its (1,0)-symbol c(h) satisfies

g1 —supp c(h) " {(z,€) € T*R?, hz € B, g and (z,n(hx,€)) € A* n B},

when
g1 —supp a(h) c" A* and g, — supp b(h) c" B".
b) For a(h) and b(h), h € (0, ho) uniformly bounded in S({z)N,g,) and € S({(z)N', g1)
there exists c(h) € S((z)N*N", g1) uniformly bounded so that
I*(a,x, )b (2, D) = T"(c(h), X, ¥),

with

g1 —supp c(h) C" {(z,€) € A", hx € B, go and (R 10,p(hz,€),€) € B},

if
g1 —supp a(h) c* A and g, —supp b(h) C* B".

Proof. — a) The proof is basically the same as for Proposition A.2 a). We write
" (a(h), x, 9)T*(b(h), x, )"
cp(hz,n)—e(hy,n -
= / o x(hz)a(z,n; h)b(y, n; h)x(hy)dn
R

= / (i) Jy e (that (mthumdts (oo e 1YB(y, ms B x(hy)di
R

- / =08 (2, y, €5 B)E.
Rd
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1

We used the change of variable { — n(u,v, &) reverse to n — &(u,v,n) = / Oz p(tu +
0

(1 = t)v,n)dt and we set

c(@,y,& h) = x(ha)a(w,n(he, hy, €); Rb(y, n(ha, hy, €); h)x(hy).
This symbol ¢(h) is uniformly bounded in S({z)™ (y)"', % + & 4 d¢?) and the result

(y)?
comes at once from Lemma A.l1 b). !
b) The kernel of T*(a(h), X, )b (x, D; h) writes

[ e ale, e € h)dndade
R3d

e(hz,€£)

=/ e SR ey (ha)e(a, € h)dE,
Rd

with

. x,m)— z,8) 1 _
c(:l?,é;h):/ R
R2d

X (hz)a(z, n)b(’, €)dnda’,
and
X €CP(Bepa), X =1 onsupp x.
1 1
We set r(u,&,n) = / / [0,0:0(su, (1 — t)€ + tn) — Id]dsdt so that +[p(hz,n) —
o Jo
o(ha, )] = (x + r(hz, & n)x).(n — €) while estimate (A.5) yields |05 87 05r| < Cpys and
(4.3) gives |r| < a. We point out the identy

(5.7) Onl(z + r(hz,&,n)x).(n — &)] = Oyp(hz,n) = = + r(hz,n,n)z,

and introduce the notations r¢ = r(hz,&,n), r, = r(hz,n,n). Let xo € C5°(R?) obey
Xo = 1 for |u] < a and x, = 0 for |u| > 2a. The symbol ¢(z,&; h) is the sum

c_(z,&h) + e (z, & h) :/ eietrez=a)(1=-Og_(z ' €, n; h)dndz'

R2d

+ /de @) =Oq_ (z, 4, €,m; h)dnd’,

with
z+ryr—

d_(z,x',§,mh) = (1 - Xa)( (z) + (z')

)x’<hx>a<x,n>b<xcé>,

and

T+ ryx — 2 —rex
(x) + (@' + re)

A (2,2, €, m; h) = xa( >X’(hm)a(w, (@’ + e, ).

Owing to (5.7) we have

Z_(a:+'r,,m—a:’)

_ 9, giletre=a).(0=8) _ yi(etre=a).(—€)
|z +ryz — 227"
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Integrations by part with this vector field and some integrations by parts with respect to
z' in order to make the integral converge, ensure

18507 c_(z,& )| < Caypr(z) ™.
The second term writes

cy(@, & h) = eP=Prd (z,2 & mh)| ,_ .
n=¢£

Hence by referring to Lemma A.1, the proof is done as soon as

(5.8) 0207,6¢ ,d(x, 7', m,& B)| < Cpm ()N 18l ()N =,

x Y’

Indeed one easily checks

(5.9) 10707, 0¢ ydo (z, 2", €, m; h)|

< Csps  Sup ()N fpeg)N IR,
0<k<|l+]

On the support of x,, we know |z + 2 — 2’ — rex| < 2a((z) + (2’ + rez)). By taking
into account |r| < a we obtain

|z| — |z’ + rex| < |z — 2’ — rex| < 3a((z) + (2’ + rex)),

so that (1 — 3a)|z| < (1 4 3a)(z’ + rex) allows to replace the right-hand side of (5.9)
by Cp.s{x)N 1PNz’ 4 rex)N'~1. We now assume |z|, |2'| > 1, which is the only
interesting case and we use again |r| < q,

(1 = 20)[e| - [2']| < |2 + ryz — 2’ — e
< 4a(jz| + |2'| + ale]).

Thus, by taking o small enough and 0 < a < ap, we have C~1(z) < (z’) < C(z) on
the support of x, and (5.8) becomes a consequence of (5.9). O

Proof of Proposition 5.2. — We first notice that G*(a, ) = I'*(a(hz,n), x, ) when
a € C§°(By,g,0 X Sy(E)) and x € C°(Bz,E,a), X = 1 on supp a.

a) We remark that (z)™ = Op"*¥[(z)N] and the previous lemma implies the uniform
boundedness of (G"(a,¢){x)V)(G"(a,p){z)V)* in OpS({(z)?N,g1). As a consequence
the operators ((z) Y G (a, @) ()™ )({2)~N G*(a, p)()™)* and {a) NG (a, p){a) are
uniformly bounded on L?(R).

b) Owing to part a) we can replace p¥ (z, D) by psrl’o) (z, D). Indeed the equivalence of
Weyl- and (1, 0)- calculus gives p¥ (z, D) = p'(j"’) (z, D) with g; —supp p’, C" supp p4.
Lemma 5.5 b), gives G*(a, p)p}"” (2, D) = T*(c(h), x, ) where c(h) is bounded in
S(1,g1) with

g1 —supp c(h) C" {(z,€) € T*R%, hz € B, g h‘l&,forh:c,f).é >0y}
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For u # 0 we calculate 9,(4%).6u = (u)~!(6u — ‘&‘;Zu), from which we conclude that
the inequality |u — v| < «|u| implies

1 _ 1
(5.10) 1o —a| < '1’—“')|dt < / dt = —log(1 — a).
0

0o Jutt(v—u 1—at

Thus we deduce g; — supp c(h) C* {#.6 > o, + log(1 — @)} from estimate (4.3). By
Lemma 5.5 a), the operator

(G"(a,0)p” (@, D))(G*(a, @) (2, D))" = T"(e(h), x, )T (e(), x; )"
is uniformly bounded in ( OpS(1,91) and the g;—support of its (1,0)—symbol
is h—included in {Z.n(hz,&) > o4 + log(l — a)}. We refer again to (4.3),
In(hz, &) — €| < aln(hz,€)|, and we conclude from (5.10) that the (1,0)-symbol of
(G"(a, 0)p" (2, D))(G*(a, 9)p}* (w, D))* satisfies
g1 —supp d(h) C? {#.£ > oy + 2log(1 —a) > o_}.
As a consequence the operator

(0" (z, D)G*(a, 0)p'"* (z, D)) (" (z, D)G"(a, p)p " (z, D))*,

is uniformly bounded in OpS({z)~°, g1), which yields the result. a

6. Elimination of V(hz) in the quantum scale

Proposition 3.1 is a triviality when V = 0 (and ¥ = 0). Here we get rid of the semi-
classical potential V' with the help of the Fourier integral operators J"(a, ) studied in
the two previous sections. For a data 1, € C°(R? \ {0}), we take the constant E > 1 so
that supp ¢4 C S,(E). We fix o4, o_ and asothat -1 <o_ <o, <1, 0<a<a
and o_ < o4 + 2log(1 — a). Note that in Proposition 4.1, the ball B, g, can also be
chosen small enough so that

(61) dist (2Bw,E,a7$j) > 00<xj>a Vj € N, .7 # Oa

for some positive constant Cy. This condition will help in the treatment of .. For
a € C°(By,g,a X Sy(E)) such that a = 1 on {O}supp 1, we consider the solution b(s)
of (4.5) for s € [0,€E,4,0)- All this choices of E, «, a and g 4, essentially depend on
%4 and the constant €y, of Proposition 3.1 is nothing but eg o 4.

Proof of Proposition 3.1. — The boundedness of W,, e %5 and e~ %Hv and
Proposition 5.1 imply

(6’_%HW+ - W+€—%HV)(F‘1¢+)

= (e HHW, - Wee Y )G (0, 9)G" (0, 0)" (F~194) + oy, (h0).
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By differentiating with respect to € and applying the intertwining property Hy W, = W, Hy
we get

(6_%HW+ - W+€_%HV)(F_1¢+) ,
= —i/ e T H RS (s )W,y + [V (ha), Wi))e™ R HY GP(a, @)
0
G (a, @) (4, )ds + oy, ().

Since ¥, € C(R?), (z)NoF~14, belongs to L*(RY) for Ny > 0. Owing to
Proposition 5.2 a) the operator (z)V°G"(a,¢){x)~™ is bounded and it suffices to find
an Ny > 0 so that

(6.2) WY (S (s WY)Wy + [V (ha), W])e™ #HY G (a, o) () ™,

is bounded on L?(R?) uniformly with respect to s € [0,6g.4.4] and h € (0, ho). Before
going further, we must note that estimates (4.8) (4.9) can be easily extended to any
X1, X2 € S(1,g0) which satisfy condition (4.7) (simply insert cut-offs with the proper
support conditions like we did for py and pg). Especially, if x, € C°(2B; o) With
Xe =1 on (14 a)By pq and xe € C5°((0,00)) with x¢ = 1 on [(IT_EO;i, ﬁ%ﬁ], then
we get after conjugating with dilations

G"(a,¢) = Xa(he)G"(a,0) + Oy, () = G"(a, )Xz (he) + Oy, (h%)

= Xe(Ho)G"(a, ) + Oy, (h?) = G"(a, )x¢(Ho) + Oy, (h?)
in £L(L%(R%)). Therefore we can always insert a cut-off x.(hz) or x¢(Ho) just before or
after a factor G"(a, ¢) without changing the final estimates. We replace G"(a, )(z) ¢ by

G"(a, ) xe(Ho){z)~™° and by conjugating (4.6) with dilations we transform the operator
(6.2) into

h=H(S(a; W)W, + [V (ha), WL)G" (b(s), @)™ F 0 xe (Ho){z) ™™ + Oy, (1).

Next we consider the cut-offs x;,x- € C§°([-1,1]) with x4 = 1 on [”*2“,1]
and x4y = 0 on [-1,04] while x- = 1 on [-1, %] and x- = 0 on [o_,1]
and we set pi(2,§) = x4+(2.£), p- = 1 - py, p-(2,8) = x-(¢.£) and p, =
1 — p_. Standard microlocal propagation estimate given in [10]-Section 4.12 imply
(z)NopW (2, D)e~ #Hoxe (Ho){(z) N = Oy, (1) and we are lead to check the boundedness
of
h™H(E(z; )W + [V (ha), WL])GM(b(s), o) () ™,

and

h™ (B(a; )Wy + [V (ha), Wi))GM(b(s), @)pY (z, D).

The symbols b(s), p+ and p_ satisfy the assumptions of Proposition 5.2 so that the operator
(z)No G (b(s),p){z)~No and the factor {...} of the decomposition

G"(b(s), )P (w, D) =xe(Ho)(B+ +5-)G"(b(s), 0)pY (z, D) + Oy, (h?)
=(a) ™" {{2)"™ xe(Ho){z) ™™ H(z) " p-G" (b(s), 0)pY (z, D)}
+ Xe(Ho)p+{G" (b(s), 9)pY (z, D)} + Oy, (h?),
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are uniformly bounded operators. Hence the problem amounts to the uniform boundedness
of

(6.3) h=Y(E(@; h)Wy + [V (ha), W) (2) ",
and
(6.4) h™Y (B (z; h)Wy + [V (ha), W ))xe(Ho)BY (, D)Xz (hz).
We have
(6.5) RV (ha)(z) | < '( /0 axV(thx)dt).%; <c,
while Peetre’s inequality gives
(6.6) B 18(z h) (@) < Ch S (- 2 —H(x)"“
| <ot S (s- )
<o SN < opr
>(#)

The smoothness of the wave operator, that (z)¥Wi(z)=V=% for § > 0 (see [10]-
Section 4.6), and the above estimates yield the uniform boundedness of (6.3) in £(L?(R?))
as soon as Ny > pu.

Next we prove the boundedness of (6.4). By (2.3), we know that W x¢(Ho)pY (z,D)
belongs to OpS(1,g;). We introduce a cut-off x, € C§°(2B; o) so that x,, = 1 on
suppx.. Pseudo-differential calculus in S(1, g;) yields the boundedness of

AXm(hx) - X;(hl‘)sz(hSL‘),
in OpS((z)=,g1) for A = xe(Ho)" (z,D) or A = Wi xe(Ho)s (z, D). Then by

referring again to (6.5) (6.6) the problem is reduced to estimating

VS (s )X (ha),

and
[h™'(X'V)(ha), W xe(Ho)pY (z, D)x(hz)]
= Wi B (V) (he), xe(Ho)PY (@, D)x(ha)].
For the first operator we have

1 ha:—:cj H ’ 1 C()(.’L‘j) e n—1
SCZZ< 7 > Xw(hx)SGEZ<—h—‘— < Ch,

J#0 j#0

e

where we used condition (6.1). By noting the uniform boundedness of h=*(x,V)(hz) in
S({(z), g1), the estimate of the second term comes again from pseudo-differential calculus.
This ensures that the £(L?(R?))-norm of (6.4) is also an Oy, (1) and the proof is
complete. O
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7. Applications

Our results are not realy satisfactory from one point of view: The asymptotic evolution
described in Theorem 1.1 is not well posed in terms of semi-classical measures, even
after a second microlocalisation if we refer to Proposition B.2 c). We recall that the

)

commutation relation SHy = H,S yields the natural decomposition § = / S(A)dA
(0,00)

where S()) belongs to £(L?(S%71)). Under the short range assumption Hypothesis 1.1 a),

S()) is continuous with respect to A. If we follow the normalization of [22], it writes

Id — 2mi(2)) = T(A) with T(\) compact. Thus the relation ¢, = St_ gives

we© =~ 2miei [ (Kl '
+ - Y- - 7T’I,|€| Sd—lT 2 W, w d}—(lglw )dw

As an example if we multiply 1_ by a phase and set ¢’ (¢) = e®9(©)yp_(¢) with g real-
valued, we do not change the modulus |¢” (§)| = |¢—(§)| and the incoming semi-classical
measures are the same. Meanwhile, for ¢/, = 84, we generally obtain [ ()] # |9+(8)]
even in dimension d = 1. Hence the outgoing semi-classical measure cannot be expressed as
a function of the incoming one. We shall see in the first paragraph that this problem is solved
by introducing another asymptotics in which the scattering cross sections proportional to
|T( g, w,w')|? arise as the only significant parameters. This provides a dynamical approach
to the scattering into cones problem already studied by several authors ([2], [12], [29]) via
stationary theory. In the second paragraph, we reformulate our results in dimension d =1
and give sketch of a link with linear Boltzmann equations.

In this section we consider semi-classical measures associated with bounded sequences
of trace-class operators which are mixed states constructed as projection-valued Bochner
integrals. If (M, o) is a measured space, we call L!(M, J;) the space of Bochner integrable
J1-valued functions. Since 7; is a separable Banach space, a function P(m) is Bochner
integrable if and only if it is weakly measurable and ||P(m)||7, € L*(M) (see [31]). For
M,y (T*R?), the situation is different because it is neither separable as a Banach space
nor a Banach space when endowed with its weak* topology. We say that an M,(T*R?)-
valued function p(m), m € M, is weak™ integrable if it is weak* measurable, that is

/ a(x,€)du(z, &;m) is measurable for any a € Co(T*R?), and ||u(m)||m, € L (M).
T+Re

Then we can define the weak* integral / p(m)do(m) in My(T*R?) by
M

[ atwoal [ wtmagen)| o) = [ [ atoauto,gm)daon)

Ya € Co(T*R?),
for the right-hand side is defined for any a € Co(T*R?) and estimated by

[/M ||N(m)||Mbdg(m)] lal| oo -
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Note that a function p(m) is weak* measurable if and only if / a(z,&)du(z, & m) is
T*Rd

measurable for any a € C$°(T*R?) because C$°(T*R?) is sequentially dense in Co(T*R?).
Moreover the integral of a weak™ integrable function is completely defined by its values
on CP(T*R9).

LEMMA 7.1. — Let (P(m;h))ne(o,ho) be a sequence in L*(M, J) so that, for o-almost

every m, < g(m) and M(P(m;h),h) = {u(m)}, with g € L*(M).
Then the sequence of trace-class operators / P(m;h)dm admits as unique
M he&(0,ho)

semi-classical measure / pu(m)dm,
M

M( /M P(m; h)dm,h) = { /M u(m)dm}.

Proof. — For a € C(T*R?), we have
/ a(z,&)du(z,&m) = hm Tr[P(m r)a" (z, hD)],

for p-almost every m while |[u(m)||m, < ﬁ [|1P(m;h)||7, < g(m). Thus u(m) is weak*

integrable. Moreover for h > 0, the operator a"V (x, hD) belongs to L(L?(R%)) = J,*
and we have

Tr[( / P(m;h)dm) aW(x,hD)} = / Tr[P(m;h)a" (z, hD)]dm
M M
We conclude by Lebesgue’s Theorem.

7.1. Scattering into cones

In this paragraph we forget the positions z; and the potentials U; for j # 0 and
we consider the d-dimensional case, d > 1. Further we need a stronger version of
Hypothesis 1.1 a)

HypoTHesis 8.1. — u > d,
which ensures according to [22] the continuity of the kernel T'(\,w,w’) with respect to
N\ w,w), X # 0.

We follow the idea of Thirring in [29] who considers instead of a pure state a properly
chosen mixed state which describes a beam of particles with a momentum distribution
concentrated around a fixed £y # 0 and widely spread orthogonally to &, in the quantum
scale. We focus the momentum around & by introducing another small parameter &
while replacing i_ by a function of the form \I!(Em) with U € C°(R?\ {0}),
|¥||z2 = (27)%2. The mixed state is constructed by superposing projections on broadly
translated copies of this wave function. We take

P(e) = \/{fo}J' x(m)P(m;e)dm
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where P(m;e) is the orthogonal projection on W_F~1[e=i"* Lz U(5552)] and where
x € C({é}1), x = 1 in a neighbourhood of m = 0. In order to keep a state from the
C*-algebras point of view (see [7], [11]), we may assume x > 0 and x(m)dm = 1.

{€o}+
By conjugating with dilations, we define ’

P(e,h) = DyP(e)D}, = / x(m)DyP(m;e)D;dm,
{60}

where Dy P(m;e)Dj is the orthogonal projection on

1| —ime 1 §€—&o
DhW_.F [6 € m@(w)]

Since ¥ is compactly supported in R%\ {0}, the assumptions of Theorem 1.1 are satisfied for
all the concerned pure states, for some 7', and 7_ which essentially depend on the trajectory
passing through (0,&y). By Lemma 7.1, we can calculate for ¢t € (—=7-,0) U (0,7 ) and
for any fixed € > 0 the semi-classical measure of

P(t;e, h) = e_i%HhP E,h ei%Hh = x(m e_i%HhDhP m;e D*ei%thm_
h

{&o}+
£-&\[’

I

)= [ X0 [0 bemolt (6,

It is equal to the weak* integral

(7.1) u(t,e) = /{5 , x(m)®y(t). |:(27r)—d5wzogdl/3

()

_ 1
= Oy (). [(27T) d5x=0m

when ¢t € (—T_,0) and to

m.&

when t € (0,T), with ¢ (m,e) = S[e™"* Lz U(552)]. Since the transformation ®v is
smooth with jacobian 1, its action on bounded measures commutes with weak* integration
and we get

(7.2) u(t,e) = vy (t). [/{6 . x(m) [(27) 46 p=0|tp4(€;m, €)|*] dm |, t € (0,Ty).

The next proposition details the asymptotic behaviour of u(t,e) in the weak* topology
as ¢ — 0.

ProPOSITION 7.2. — For any t € (—=T-,0) U (0,T), the semi-classical measure u(t,€)
satisfies

(7'3) w* — 21__13(1) N(t,e) = ¢V(t)*[6ac=06§=fo] = 6‘1>v(0,€o;t)'

4° SERIE — TOME 29 — 1996 — N° 2



A SEMI-CLASSICAL PICTURE OF QUANTUM SCATTERING 171

More precisely, if I¢, denotes the compact phase-space trajectory U By,(0,&0; 1)

te[-T-,T4]
and if a € Co(T*R?) with supp a N Tz, = O then

(7.4) / adp(t,e) = 04,:(e>), Vte (-T-,0),
T*Re
and

(7.5) /T*Rd adu(t, €)

_ _d-1 (27")d+1
=€ /T*Rd ad |:<Dv(t)* l§z=0 |£0|

+0a,t(€d_l)’ vt € (07 T+)

& € & )
T( 2 Tl Teol

(5]

Remark 7.3. — a) The limit (7.3) corresponds to the fact well-known by physicists
that scattering cannot be observed along the trajectory of the incident beam. Scattering
phenomena are marginal effects only detectable in the other directions, which is the
meaning of (7.4) (7.5). Detailed description of scattering experiments may be found in
[8] [24]. In the stationary approach, this aspect is contained in the compactness of the
T-matrix [10] [22] or in the decay at infinity of the spherical waves in the Sommerfeld’s
decomposition of scattered plane waves (see [27]).

b) As this was done in [26], equality (7.5) allows to derive the expression of scattering
cross section from their exact physical definition. The £9~! factor cancels with the
incident current density = O(e?~!). The exact value of the scattering cross section is
then (27r)‘“‘1]fl‘i“‘ilT(Jg—'z,w,w’)]2 in agreement with [24].

Proof. — The results for ¢ < 0 are straightforward consequences of the compact support

of W. For ¢ > 0, it actually suffices to study the weak* limit of u(0",¢) — (07, ¢) or
as an equivalent of its projection on R,
£-&\[’

(7.6) /{E " x(m) ll¢+(€; m,e)|? — &Tl/g

The function ¥ (m,e) is given by

me 1 _
Y+(Em,e) =e™ e v (——il/fo)

. |€|2 f fl _i"‘_j.'. 1 61_50 |€/|2 |£|2 /
‘2”’LdT(7’ra’m)e M‘”( i >5<T‘T>d5 ’

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE




172 F. NIER
and its modulus satisfies

(7.7) |94(&;m, €)” — ‘Il(il/go)

:2"“6[“2”2'/.;& (%)

e UL )
+4”2/RedT(|£lz e )T(% &)

o R
(- S

Next we calculate the action of the measure (7.6) on a test function f € Co(R?), which
may be supposed compactly supported. The validity of the next calculations relies on
Fubini’s Theorem for compactly supported distributions. The first term of (7.7) provides
the real part of

o G\ (IEE € &N 1 (€ —E\(E—¢
T N ()& ) (59)
5('5 | |§|>f(£)d£df,

where 7r{50 }+ is the orthogonal projection on {&}+. After the change of variables u = 5’6—5 ,
v = n (H—‘E — &), we get
— 47ri/ X(W{go}Lu)T<|§0 + 51/2;, — au/2|2, o + 51/21, —eu/2 ’ o+ e/ + eu/2 )
" |60 + €1/2v — eu/2|" |6 + €1/2v + eu/2)
\I!(v + 51/2u/2)ﬁ(fu _ 61/2u/2)€d6(5u.(51/2v + 60))
F(&o + €% — eu/2)dudv.

Since the T-matrix is continuous by Hypothesis 8.1 and since / x(u)du = (27)*!

{0}
the first term of (7.6) equals

_12(2m)* &l® & -
78) et 22y, T( G0 €0 i) 4oy (ct ).
( R o g
The second term is derived from the second term of (7.7) and equals after the change of

variables u© = E,—f”’ v = },AM — &),

€7 € Got+ePuten/2\= 6 € & +e?v—eu/2
47['2 /Rs (W{EO}J-U)T( |€| |€0+51/2U+€’U;/2|>T<—2-—7|z|_’ |£O+€1/21}_8u/2|)
(v + e ?u/2)T(v — e¥/2u/2)e8(cu.(eV %0 + &))

5(|€o +61/212f —eu/2’ |€|2>f(§)dud‘ dt.
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We refer again to the continuity of the T-matrix and get

gd—1 (27")d+1 |§0|2 f o |f|2 |50|2 0(e9-1
IS T< T |§0|) 5( )f“)d“ s

By adding (7.8) and (7.9), we check that

w” — lim p(0F, €) — p(07,¢) =0,

which yields (7.3) for ¢ > 0. If we take a test function f(§) such that £ & supp f, then
the contribution of (0™, ¢) and of (7.8) vanishes while (7.9) leads to (7.5). O

7.2. Towards a linear Boltzmann equation

In dimension d = 1, the T-matrix written as (7'(¢,€),T(€,—£)) is continuous with
respect to £ € R\ {0} under Hypothesis 1.1 a). The relation 1, = Sy _ reads

¥4 () =9-(6) - [ (&, )Y-(§) + T (&, =)y (=£)]

I€I

2 27
_ (1 -2 §>)¢_<s) - (e -9 (-9)

13
By taking into account the unitarity relation —27i(T — T*) + 4x2TT* = 0 and by

introducing like in [9] [26] the reflection coefficient R(£) = 2|g|' T(—¢,€), we obtain

[+ (O =(1 - IR(§)|2)|¢ (é)l2 + IR(— P -9

+2Re[(1 T, £)2x T —E-©9-(-¢)].

The outgoing semi-classical measure cannot generally be expressed in terms of the incoming
one. Nevertheless if 1_ is supported in £ > 0 or in £ < 0, we get the physically relevant
expression

[+(&)17 = (1= [RE)P) Y- (&) + |R(=E)P|¢-(=)*.

Now we consider the case with at most countable positions x; and quantum potentials
U;, j € Z, which satisty Hypothesis 1.1 a). We may assume z; < z;41 and the finite
case is described by taking z; = oo and U; = 0 for j = £N,, for some Ny € N.
With every Uj, j € Z, we associate the T-matrix T} and the reflection coefficients R;(§).
For every position z;, j € Z, we introduce the “ﬂow” ®!,, derived from @y by changing
the sign of the velocity each time that the trajectory crosses T R. We also define the
functions 7; and &; on T*R? by

73(2,€) = Sup{t € (~00,0], By (,&¢) € T2 R},

and
(xjaéj(xaé-)) = QV(x’é;Tj(xvé))’

with the conventions 7;(z,€&) = —oo and &;(z,£) = 0 when {t € (—0c0,0], Dy (z,&;t) €
T;jR} is empty. The next Proposition shows that for some h-dependent mixed states P",
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the semi-classical measure of the sequence (e =% H" PheitH")
which looks like a linear Boltzmann equation.

PROPOSITION 7.4. — Let g € L*(T*R), g > 0, be such that
By (t —s)[®v(s)supp g N Ty R] N (U T;R)=0

Jjez
VieZ, Visel0,T], t>s.

solves an evolution equation

(7.10)

Then there exists a bounded sequence of trace-class operators (P") he(0,ho) SO that
M(emHE" PR B) = (f(1)}),  VEe[0,T),
F#) =By (g + D Li—to)(75) [|Rj(—€j)|2‘i’{f(t)*g - |Rj(€j)|2‘1’v(t)*g]-

JjEL

(7.11)

Moreover if g is continuous on T*R, the function f(t) is piecewise continuous and solves
in D'(T*R) the equation

(Oif + £.0.f — 0. V.0 f

= 6.,(0) [ [on(6.€)17 (€0

(7.12) 4 jet o ,
- oj<£',£>f;(£,t>16(‘§ C_ K )de ,

\ ft—_-O =9,
where f7(6) = lim _ f(e.m) and o,(.) = 4T, (€ €O

(W zj )n<0

Proof. — We split the initial data g into several parts. For j € Z, we set g; = glz,_, <o<a,
and we define

Tjp =suppg;N( |J @v(-s)T5R),

s€(0,T)
Dy =swpp g; N( |J @v(-9)T7_,R),
s€(0,T)
and
9i+ = gilr, 1 9j,— = 9ilr; _; 950 =95 — 9j,+ — 9j,—

With g; ¢ we associate the h-dependent trace-class operator 'yj}fo defined for A > 0 as the

z0.£, 18 the orthogonal projection

Bochner integral v7 = / gjo(z, &)t edzdE, where mh

on some h-dependent Wa€e function with semi-classical measure 0y—z, ¢=¢,. For almost

every (z,£) € supp g0 the trajectory U ®y (z,&;t) remains at a finite distance of
te[0,T]

U T; R while the semi-classical measure of w;‘,g equals 6(,¢). By the same argument

Jj€z
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as in thhe proof of Theorem 1.1 part b), one checks that the semi-classical measure of
e~ irH w;‘,fei%Hh, t € [0,T) is Dy (t)+6(s,¢) for almost every (z,£) € supp g;0. We refer
to Lemma 7.1 and get
M(e=FH A G EHY p) = By (1).g;0},  VEE[0,T).
On supp g;+ C T*R we take the coordinates (s,n) € (0,7") x (0,+00) given by
(z,&) = ®v(s)(z;,n). The jacobian of the transformation (s,n) — (z,&) equals
0520,& — 050y x = Ocpy On€ + Oxpy Opx = Oppy = 1.

If we set g; +(z,€) = g +(s,n) then g; + € L*((0,T) x (0,+0c),ndsdn) with the same
L'-norm as gj 4. By noting L*((0, T) x (0, +00), ndsdn) = L*((0, T), L*((0, +00), ndn)),
we define for almost every s € (0,T) and k € Z the L?-functions

Vit~ (158, k) = 1par 20411 (§) 4/ 270G, 4 (5, m),

_ _ r—T;
(i 1) = IOV (252,

If 7%, (s,k) denotes the projection on ei%Hhu;{_l_(s,k), then 7}, € L'((0,T) x Z, J1)
where the measure on (0,7") x Z is the product of Lebesgue measure ds with the discrete
measure 0k. Indeed 7r;{ 4 is weakly measurable while we have

and

75+ (5, Bl < MLz 2001 (M)05.4-(5, M L2 (0, 400))-

Thus the Bochner integral v}, = / 7T;l, +(8,k)dsok defines a bounded sequence of
(0,T)xZ
trace-class operators. For almost every (s, k), Theorem 1.1 applies by taking 7_ = s and

T, =T — s and we have

M(e“thﬂ;er(s, k)ei%Hh,h) = {u?  (t;5,k)}, vVt € [0,T),
with

Dy (t — 5)s [Brma, 1j2r 2641 (M)0G5,4 (5, 7)), if t<s,
Wi (tis k) = ¢ @yt — 8)u[boms, Lk orrny (mn(L = | R ()[*) g5+ (5, 1)
HR;(=n)Pgj+(s, =),  if t>s.

Note that u;’&(o;s,k) writes §g1=s1[2x 2¢+11(1)dj,+(8,m) in the coordinates (s’,7). Thus
by Lemma 7.1, g; 1 (,€) = g;,+(s’,n) is the semi-classical measure of ~/, . For a general
t €[0,T), the sequence (e~i#H" yh et H ") admits as unique semi-classical measure

Dy (t)sgj+ + Lce0) (TR (&) 2% (£) g+ — IR (&) PR (£)ugj+]-

The treatment of g; _ is completely symmetric and we finally take P" = Z ﬁ ot 7;7, ++
j€z
fy;’, _. The expression (7.11) comes at once by linearity and L'-estimates. For (7.12), we first
notice that the function f(z,€&;t) defined by (7.11) solves the classical Liouville equation
out of U T ,R. The right-hand side is directly related to the discontinuity on ;R O
Jj€z
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A. Pseudo-differential calculus

Pseudo-differential operators often appear with a kernel-symbol depending both on
z and y. Estimates on the (z,&)-symbol can be generally derived for some class of
splitted o-temperate metrics. This is the object of the next lemma which has, as usual,
a semi-classical counterpart.

LEMMA A.1. — a) Let the o-temperate metric g be splitted, g ¢(tz, —te) = gue(te,te),
and let the weight ms be g-o-temperate. Then the symbol

@y ey, = ¥ PPl o e 4 RuG)@ ),

n=¢ k<N

belongs to S(mimy, g) and the remainder Ry (b) € S(™2, g) is a continuous function
of b € S(m; ® ma,g @ g).

b) Assume further that the metric g writes gy ¢(te,te) = 0z (tz) + Bog(te) and take the
weights my(z) and ma(z,£) so that mo and mymy are g-o-temperate. Then the operator
with kernel

Awy) = [ 0,00,

belongs to OpS(mimz,g) when b € S(mi(z)ma(y,§),g'), with g, , (tz ty,te) =
ay(ts) + ay(ty) + By.e(te). Moreover the (1,0)-symbol a(z, &) of A admits the expansion

(4.2) a(z,€) = e Peb(z,y,)ly=o
iD,.D¢)*
=3 DIy 06y + R ()26,

k<N

where Ry(b) € S(™%2, g) is a continuous function of b € S(m1(x)ms(y,§),9').

Proof. — a) The symbol (A.1) equals c(z,z, £, &) with c(z,y,&,n) = etPvPib(z,y,€,n).
Iftle,... t5, € TpeT"R? with g, ¢(ti ) < 1fori=1...k and if b} denotes the k-th
derivative of b with respect to (z, £), then the symbol m4(z, é)_lbgfg(x, D€y )th etk .
is bounded in S(m3, g) uniformly with respect to (z, &), ti’g, . ’tﬁ,ﬁ' Then, the splitting
of the metric g ensures the uniform boundedness of m;(z, )_1032 (z,.,¢,.)- tly5 tk ¢ In
S(ma, g). Hence c(z,y,£,m) € S(m1®@m2, g®g) which yields ¢(z, z,&,€) € S(mlmg,g)
We conclude by referring to the usual expansion and estimates for e*?v-P¢ valid when

the metric g is splitted.
b) The (1,0)-symbol a(z,£) of A can be calculated as

a(z,€) = / e %S Az, x — s)ds = / e~ "b(z,x + 8, & + n)dsdn,
Rd R2d

and equals c(z,z,¢&,€) with c(z,y,&,m) = e'Pv-Prb(z,y,n). The assumptions on b and
the metric imply b(z,y,n) € S(m; ® ma, g ® g) and part a) applies. a
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Throughout this paper we use semi-classical Fourier integral operators
A4 Jh — [ ette@m-vn) dn
(A.4) (a,0)(z,y) = " a(z,n)55-

with (z,7n) only defined on C, x C, C T*R¢, C, and C, open convex subsets of R?,
and a(z,n) € S(1, go), supp a C C, x C,. We further assume ¢ € C*(C, x C,) and

(A.5) 10208 p(z,m)| < Carp,  V(z,m) € Co x Cy, o] +18] > 2,

(A.6) |detM| > Co >0, VM € ch{dZ,¢(z,n),(z,n) € Co x Cy}

where ch denotes the convex hull.

PROPOSITION A.2. — a) For any pair of symbols, a;(h), i = 1,2, h € (0, ho), uniformly
bounded in S(1, go) with supp a;(h) C C, x C,, the product J"(a1(h), p)J"(az(h),p)*
is an h-pseudo-differential operator. It equals

(A7) TMar(h), ) (az(h), 0)" = o (&, hD;h) + hr(z, hD; b),
where

(A8) a()(.T, g; h) = 0,1(-'1?, 77(51'3 &)’ h)a2(a,‘, 77(‘7"7 &)’ h)|det8£,n<p(x7 77(% €))|_17

& — n(z, &) is the inverse mapping of 1 — &(x,n) = O,p(x,n) and r(x,&; h) is uniformly
bounded in S(1,go). As a consequence, J"(a;(h),y), i = 1,2, are uniformly bounded
operators on L*(R?).

b) Assume that the symbols a(h) and b(h) are uniformly bounded in S(1,go) with
supp a(h) C C, x C, and supp b(h) C C, x R%. Then the equality

(4.9) b9 (2, hD; h)J"(a(h), @) = J"(c(h), o),

holds for some c(h) uniformly bounded in S(1, go) with supp c(h) C Cy x C,. Moreover
c(h) equals co(h) + hey(h) + h2r(h) where

(4.10) co(z, m; k) =b(z, 0xp(x, m); h)a(x,n; h),
(A1) ealw,n;h) = 96b(w, dusp(z,m); W)Daalz, 75 h)

1
+ 2—Z.Tr[3§b(w, Buo(z,m); h)02(x,m)la(z, n; h),
and r(h) is uniformly bounded in S(1, go).
c) Assume that the symbols a(h) and b(h) are uniformly bounded in S(1,go) with
supp a(h) C C, x C, and supp b(h) C R¢ x C,. Then the equality

(4.12) J*(a(h), )bV (z, hD; h) = J*(d(h), ¢),
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holds for some d(h) uniformly bounded in S(1, go) with supp d(h) C C, x C,. Moreover
d(h) equals do(h) + hdi(h) + h2r(h) where

(Al'?’) do(%??; h) :a('r’n; h)b(amp(ﬂ?»??),??a h)v
1
(A.14) dy(z,m; h) =;3na(:v, n; h)0b(0n(z,n),m; h)

1
+ 5zalz,m; h)Te[02b(Bye(z,m), m; h)D2(z,m)],

and r(h) is uniformly bounded in S(1, go).
Proof. — a) The kernel of J"(ay(h),p)J"(az(h),p)* equals

(@) = (y.n) di
K(z,y,h) = /Rd e 7 ay(z,m;h)as(y, m; h)h—Z
= [ ey e,
Rd
with
b((L‘, Y, é’ h) = al(xv ’I’](ZI/', Y, 5)7 h)a2(y7 77(% Y, 6)7 h)|det3£77($, Y, 6)'

1
By (A.6) the mapping: n € C, — &(z,y,n) = / Opp(te + (1 — t)y,n)dt, z,y € C,,

0
is a diffeomorphism and 7(z,y,£) actually denotes its inverse. We conclude by applying
the semi-classical version of Lemma A.l.

b) The kernel of b0 (z, hD; h)J"(a(h), ),

+(z—a' L(p(z'n)— dédz'd
K(ilf, Y; h) = /de 6"( )'Eb(;p,g; h)eh(V’( e’ ) y-"])a(xl’ m: h) €h2d 77’
is the same as the one of J"(c(h), ) with c(h) given by

1
) — (2’ —2).(6- / Opp(te + (1 —t)a',n)dt) aE
c(@,m; h)=/w b(x, & h)a(a’,m; h)e 0 T

1
= eihDZ'D4b<a:, ¢+ / Op0(x + (1 — t)z,m)dt; h) a(z +z,mh)| _, .
0 ¢=0

The first right-hand side shows that the support of c(h) is contained in C, x C,,. Meanwhile
the estimates in S(1, go) and expansions are derived from the last line by referring again
to Lemma A.l.

c¢) Conjugating with Dy F' and taking the adjoint interchanges the z and & variables and
this part is reduced to the former one.

Finally we need some functional calculus.

LEMMA A.3. - If the potential U belongs to S({(z) =", {;”TZ), N >0, and x € C5°((0,00)),
then x(Hy) belongs to OpS({£)~°, g1) and we have

(4.15) X(Hy) = x(Ho) € OpS({§) > (z) ™", g1).

4° SERIE — TOME 29 — 1996 — N° 2



A SEMI-CLASSICAL PICTURE OF QUANTUM SCATTERING 179

Proof. — Let us first prove that x(Hy) — x(Ho) € OpS((€)~4(z)~N, g,). By Helffer-
Sjostrand functional calculus formula [ ][ ][ ] we have

X(Hy) ~ X(Ho) = 5~ /c /0 0:%(2) AL (2)(D)~2U Ay (2)~1(D)~2dz A dz,

where A;i7(z) is the operator (D)~2(z — Hy — tU) and ¥ is a compactly supported almost
analytic extension of x. We know A,y(z) € OpS(1,g;) with uniform estimates when
z € supp X and we want to check that the k** semi-norm in S(1,g;) of Auy(2)~" is
an O (|Imz|~N®) for some N(k). We shall use Beals criterion [5] and estimate the
multi-commutators

(z)Pad®ad? Ay (2)t = ()P > Cos g A (2) LadS  ad? Ay (2)
(a1.81)+ - +(ep.B))=(x,B)
[(ex1,81)1#0
(A.16) Aw(2)™ ... ad®ad? Ay (2) A (2) 72

By taking 8 = 0 one readily gets ||ad2 A (2) 7| z(z2) = Oa(|Imz|N(®)) from standard

resolvent estimates. We notice the identity 2". = Z CP(adP.)z™ P and we obtain
=0

(@)™ Aewr (2) " (2) " lle(zey < Callme] ¥,
which inserted in (A.16) provides the general estimate
lladgadp Aw (2)Hlee) < Collmz| ™.
Finally we improve the power of (£) by writing
X(Hy) = x(Ho) = [x(Hv) = x(Ho)]x'(Hu) + x(Ho)[x'(Hv) — x'(Ho)],

for some x’ € C§°((0,00)), X’ = 1 on supp x. O

B. 2-microlocal measures

Throughout this paragraph, we identify the manifold X = (T*R*\T;R*)USr.p:(T*R?),
endowed with its natural blow-up topology, with [0, +00) x S%~! x R? by (z = 76,&) «
(r,0,8).

LemmA B.1. — Out of any bounded sequence (u") in L?(R?), one can extract a

’ ’ . ' h'—0
subsequence (u"") such that D}, u" converges weakly in L*(R?), D}, u" "="v, and find
a non-negative measure j € My(X) so that

limp _o(u® — Dpv,a" (z, k' D)(u? — Dypv)) = / a(r,6,&)du(r,0,¢),
Va € C3°(X).

(B.1)
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Notation

The set of all 2-microlocal measures, u(r, 8, £), associated with the sequence (u”) will
be denoted by Ms(u”, h).

These 2-microlocal measures have also been introduced in another framework by
C. Fermanian-Kammerer in [15] to which we refer the reader for additional information.

Proof. — We only consider real-valued symbols, the result for complex-valued symbols
being deduced by linearity. Let ¢ € C3°(R?) be a cut-off so that ¢ = 1 in a neighbourhood
of z = 0. We write for any a € C°(X)

a" (z,hD) = DyOpy [p(z)a(hz,§)|D;, + DrOpw (1 — ¢(z))a(hz, €)D;,

where the first term is a Hilbert-Schmidt operator and the L?(T*R¢)-convergence of the
symbol gives

(B-2) lim Opyy [p(z)a(hz, )] = Opw [p(2)a(0,)] in T,

while the second term is uniformly bounded OpS({£)~>°,g;). If the symbol o(h) is
2

uniformly bounded in S(1, % + %—2) with o(z,&; k) — a(hz, &) > 0, pseudo-differential

calculus and Garding inequality lead to

(B.3) Opw [0 (e, € h) — (1 — p(@))a(ha, )] = A" + KB,

where A" is a bounded non-negative operator, B"* is uniformly bounded on L?(R¢) and
K = (z)"YD)~! is compact.

Since, || D;u"| > < C, we can consider a subsequence (u"') so that D}, u? "=y, By
taking o(z,&;h) = ||al]|lL= in (B.3) we obtain

(@ = Dy, [llallz= — a" (&, K D))(w"’ — Dyv))
> (Dju" — v, Opylp(@)a(ha, &)(Dju" — v)) + (Dju — v, KB*(Dju" - v)).

Hence the compactness of K and of the limit (B.2) give

(B.4) ’};Tfo(uh' — Dpv,a% (z, ' D)(u" — Dypv)) < C?|lal|z.
Now let D be a countable set of elements of C§°(X) dense in Co(X). For any fixed o € D
we can find a subsequence (u”'«) so that (u*'« — Dy_v,a" (2, W oD)(u"~ — Dyi_v))
has a limit u, € C. By a diagonal extraction process, we can make the subsequence ut
independent of o € D so that the mapping o — p,, defines a linear form pp on the vector
space Span D. Owing to estimate (B.4), this linear form is continuous for the topology
induced on Span D by the Cy(X)-topology. By the density of D or Span D, this linear
form extends uniquely as a bounded measure ;. The convergence for any a € C§°(X) is
again a consequence of (B.4). The positivity of the measure p is easily checked by taking
a €CP(X),a>0,and o(z,& h) = 2a(hz, ) in (B.3). O
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PROPOSITION B.2. — a) If p € My(uP, h) where the sequence (u") satisfies ||u”||2 = 1
and Diut"=v in L2(RY), then

(B.5) 1 [lof2 > /X du(r,0,£).

b) If p € My(u™, h) and Diu® "200 then the measure ' defined on T*R? by

/j,, = W*[M] + 6@:0 ® |(F’U)(§)|2df,

with 7t(r,0,€) = (r6, ), belongs to the semi-classical measures set M(u” h).
c) If the semi-classical measures set M(u" h) is reduced to one element y such that

supp u N TyR? = @ and / du(z,€) = 1 while we assume ||u*||L2 = 1, then
T+R?

My(ul h) = {u} and D} uh "200.

Proof. — These three properties essentially rely on s — }llin%) o (z,D;h) = a" (z,D) on

L?(R?), for any sequence a(h) uniformly bounded in S(1, go) converging to a € S(1, go)
in the C*™ topology (see [20]-Theorem 18.6.2).

a) Let x € Cg°(X) be such that 0 < x < 1 and x = 1 on a neighbourhood of r = 0.
Then x € C(T*RY) and we have

(B.6) (u? — Dpo, XV (z, hD)(u" — Dypv)) = (u*, X" (z, hD)u")
— 2Re(D;u”, x" (hz, D)v) + (v, X" (hz, D)v).

The first term of the right-hand side is bounded by 1 while the rest converges to —||v]|3..

b) is obtained by identifying C5°(T*R?) as a subspace of C°(X).

c) Assume M (u”, h) = {u}. We consider a subsequence (u*') such that D}uh "=y
in L2(R%) and My(u? ') = {i'}. We take x € C(T*R? \ TyR?) and we have
s — hl,igo x"V(Wz,D) = 0 on L?>(R%). Therefore, the characterization of semi-classical
measures (1.5) and (B.6) lead to

/ xdy' = lim (u* = Dy, X" (z, D) (u* = Dpiv)) = / xdp.
X h’—0 T*Rd

From this and supp u N TgR? = @, we conclude x' > pu. But part a) gives
1— || > / dy’ > dp = 1, which yields v = 0 and p/ = p. By uniqueness, it
b's

T*Re
is true for the whole sequence. O
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