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BOUNDED DOMAINS WHICH ARE ISOSPECTRAL
BUT NOT CONGRUENT

By HasiMme URAKAWA

1. Introduction

The purpose of this paper is to give examples of bounded domains of R" of dimension not
less than four which are isospectral but not congruent.

Let Q be a bounded domain in the n-dimensional Euclidean space R" with the
appropriately regular boundary 0Q. For the Laplacian A= —) 0%/0x? on R”", let us
consider the following problems:

Dirichlet Problem

Ao f=Af in Q,
f=0 on 0Q.
Neumann Problem
Ao f=Af in Q,
o

p =0 a.e. 0Q,i.e., where the exterior normal v of 0Q is defined.

It is well known that each problem has a discrete spectrum which consists of the eigenvalues
with finite multiplicites. We denote by Specy, (Q) (resp. Specy ()) the spectrum of the
Dirichlet problem (resp. the Neumann Problem) for the domain Q in R™.

One of the important problems of the spectra is to find how the spectra Spec, (Q) or
Specy (Q) reflect the shape of Q. In his paper [K], M. Kac gave the following interesting
expressioh‘ of this problem: thin‘kin’gbf Q as a drum and its eigényalues as its fundamental
tones, is it possible, just by listening with a perfect ear, to hear the shape of Q ? (See also
[M.S.]).

Many mathematicians, e. g., Weyl [W], Carleman [C], Kac [K], McKean-Singer [M.S.]
and others challenged it, so that one can hear the several geometric quantities of Q, that is, the
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442 H. URAKAWA

dimension of Q, the volume of Q, the area of the boundary 6Q, etc. Moreover let us consider
the following final problem:

ProBLEM (¢f. [K]).

For two bounded domains Q., Q, in R"(n=2), assume that Spec(Q,)=Specy(Q,) or
Specy (Q,)=Specy (Q,). Are the domains Q,, Q, congruent in R" ?  Here two domains Q,,
Q, are cohgruent in R" if there exists an isometry @ of R" such that ®(Q,)=Q,.

It is just the problem proposed by Kac (¢f. [K], see also [Yau], problem No. 67). A partial
answer is known: in case of Q, =a disc, due to the celebrated inequality of Faber-Krahn [F],
[Kr] (resp. that of Welnberger [Wr]) related to the first eigenvalue of the Dirichlet problem
(resp. the Neumann problem), Specy, (Q, ) = Specp, (2, ) (resp. Specy (,) = Specy (Q,)) implies
that Q, is the disc with the same radius as Q;.

In this paper, we give an eventual answer of the problem of Kac:

THEOREM 4.4. — There exist two domains Q,, Q, in R"(n=4) such that.

Specy (Q;)=Specp (Q,) and Specy (Q;)=Specy (Q,),
but Q, and Q, are not congruent in R".

In case of dimension two or three, the problem is still open. By the way note that one can
formulate an analogous problem for compact Riemannian manifolds without boundary and
the answer is negative by virtue of examples of Mxlnor [M] Ikeda [I] and Vignéras [V]

The proof of Theorem 4.4 is very simple. Our examples can be found among the
truncated cones D,(0<e<1) given by D,={rw; e<r<1, ®eC,} where C, are the
domains in the unit sphere S"~! in R". The outlihe of the proof is as follows:

First, for a fixed € (0 <& <1), we show by the separation of the variables, that Spec, (D,)
(resp. Specy (D,)) is completely determined by the number € and the spectrum Spec, (C,)
(resp. Specy (C,)) of the Dirichlet problem (resp. the Neumann problem) of the spherical
domain C, for the Laplacian of the standard unit sphere "~ (¢f. § 4). Then we have only
to answer the following problem:

(A) Find two domains C,, C, in S"' which satisfy Spec,(C,)=Specp (él) and
Specy (C,)=Specy (C,), but are not congruent in S"™ 1.

Recently, Bérard-Besson [B.B.] determined the spectra Spec,(C,), Specy(C,) of the
spherical domains C, which are the intersections of S"~! with the chambers of the Weyl
groups W (i.e., the finite reflection groups). They showed that the spectra Specy (C,),
Specy (C, ) are completely determined by the set of the exponents of W. Hence due to their
results, the problem (A) for these domains C, can be modified into the following:

(B) Find two finite reflection groups W, W acting on the same Euclidean space R™ which
satisfy the conditions: (i) the sets of the exponents of W, W coincide each other and (ii) the
intersections C,, C, of their chambers with S"~! are not congruent in S"~*.

Notice that the condition (ii) is equivalent to that the Coxeter graphs of W, W are not
isomorphic (¢f. § 3). Thus we have only to cons1der the following:

(C) Does the set of the exponents of the finite reflection group W acting on R" determine the
Coxeter graph of W uniquely ?
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BOUNDED DOMAINS WHICH ARE ISOSPECTRAL 443

In case of n=4, the answer of the problem (C) is NO, i.e., there exist examples of finite
reflection groups with the same set of the exponents and the different Coxeter graphs (cf.
§ 3). Thus we obtain Theorem 4.4 and the following:

THEOREM 3.8. — There exist tio domains C 1» C, in the unit sphere S"~ ! in R"(n=4) such
that

Specy, (C;)=Specp (C,)  and  Specy(C,)=Specy(C,),

but C,, C, are not congruent in S*™*.

Remark. — The boundaries of our examples are not smooth, but polygons. The
boundary value problems in non-smooth domains have been treated by Agmon [A], Grisvard
[Gd], Brownell [B], Kac [K], p. 19 and others. But the original version of the problem of
Kac was proposed for domains of smooth boundaries. In this sense, the problem of Kac s still
open for every dimension n=2.

We express our gratitude to Messrs. Shigetoshi Bando and Hideo Muto who gave us
helpful advice during the preparation of this paper.

2. Preliminaries

In this section, we will review reflection groups following Bourbaki [B.N.].

Let (E, ( , )) be a finite dimensional real vector space with an inner product ( , ). Put
n=dim(E). Let} be afinite set consisting of hyperplanes of E. In this paper, we deal only
finite reflection groups, so we always assume that each hyperplane belonging to b passes
through the origin o of E.  Let O (E) be the orthogonal group of E with respect to the inner
product (,). For Heb, let s, € O(E) be the reflection relative to H, i.e.,

2
x, a)a xeE,

SH(x)_—_x_ (a’ a) 5

where ais a vector orthogonal to the hyperplane H.  The subgroup W of O (E) generated by
{ su; Heb} is called a reflection group on E (¢f. [B.N], p. 72) if it satisfies the conditions (D1),
(D2):

(D1) If we W and Heb, then w(H)eb.

(D2) W is finite, so W acts properly discontinuously on E.

A connected component C of ENuU {H; Heb} is called a chamber of W in E and a
hyperplane H of b is called a wall of the chamber C if the intersection of the closure C of Cwith
H includes a non-empty open subset of H. Then it is known that (1) W acts simply
transitively on the set of all chambers, (2) the set of all hyperplanes H such that s;e W
coincides with ) and (3) for every chamber C, its closure Cis afundamental domain of W in E
(¢f. [B.N], p. 74, 75).

Let W;(0<i<s) be reflection groups on the Euclidean spaces (E;, ( , )), b, the sets of their
hyperplanes in E;(1<i<s) and Wo={id}. Let E=E,xE; x ... xE_ be their direct
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444 H. URAKAWA

product of which inner product ( , ) is given by (x, y)= ) x;y; for x=(x,, ..., X,),
i=0

y=g, ---» y)€E. The direct product W=W x...xW_  acts on E by

w(x)=(xq, wy(x,), ..., wy(xy))forw=(@d, wy, ..., w,)e W. Then W is a reflection group

on (E, (,)) generated by reflections relative to the hyperplanes all of which are of the form:
2.1) H=E,xE; x...xE;,_ xH;xE;,{ x... xE,

where H; belong to b, i=1, ..., s. Each chamber of (W, E) is of the form:

(2.2) C=E,xC;x...xC,

where C; are chambers of (W, E;), i=1, ...,s. Each reflection group W on the Euclidean
space (E, ( , )) is decomposed as the direct product of reflection groups W;, i=0, 1, ..., s,
Wo={id}, in such a way that the Euclidean space (E, ( , )) is decomposed as the direct
product of the Euclidean spaces (E;, ( , )), i=0, 1, ..., s and W, act irreducibly on E; as
subgroups of O (E;),i=1, ..., s(¢f.[B.N], p. 82). Thesubgroup W' =W, x... xW_ of W
is called the essential part of W. PutE'=E, x ... xE and /=dim(E’). For an arbitrary
fixed chamber C’ of W’ in E’, let m be the set of all walls of C'.  For Hem, let ey be the unit
vector in E’ which is orthogonal to H and belongs to the one of two connected components of
E"\(H containing C". Then {ey; Hem} is a basis of E' (¢/- [B.N.], p. 85). So we may put
m={H,}i_;. Let{o,}i-, be the dual basis of { e, }\_,, i.e., (0, ey )=5,; Then the
chamber C’ of W' in E’ is an open simplex cone in E’ with the vertex o given by

(2.3) C'={i x;0,€E; x;>0(i=1, ..., l)} (/. [B.N], p. 85).

For a chamber C’ of W' and the set { H, };_, of all the walls of C’, an element c= sy . . . sy,
of W'is called a Coxeter transformation of W'.  Each Coxeter transformation of W’ has the
same order &=/ (W), which is called the Coxeter number of W’ and the same characteristic
polynomial P(T)=det(T id —c) which can be written of the form:

P(T)= ﬁ (T—exp(2m./—1m;/h)) (cf. [B.N.]. 116).
j=1

Here m;(j=1, ...,[) are integers which can be arranged by
0=m;<m,<...<m;<h. These/non-negative integers m; are called the exponents of W’
(¢f. [B.N.], p. 118).

Then the number of all the hyperplanes of W (or W’) is given by

1 s 1
(2.4) #bh=— Z lihi=Z m;,
2 i=1 i=1
where /;=dim (E;) and 4, is the Coxeter number of W,,i=1, ..., s. Infact, since a chamber

C'of Wis given by C; x ... x C where C,is a chamber of W, a Coxeter transformation c of
W’ relative to C’ is given as a product c=c,. . .c, of the ones of the irreducible reflection
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BOUNDED DOMAINS WHICH ARE ISOSPECTRAL 445

groups W, relative to C; Since the number of all the hyperplanes of W, is 27! /,4; which
coincides with the sum of all the exponents of W, (¢f. [B.N.], p. 119,118), we have (2.4).
Moreover the order of the group W (or W') coincides with (m, +1)...(m,;+ 1) (¢f. [B.N.],
p. 122).
For a chamber C’ of the essential part W’ of a reflection group W, let { H; }|_, be the set of

all the walls of C'. Let {ey }i_, be the unit vectors in E’ defined as above. Let m,, i,

j=1, ..., 1, be the order of the element of s sy in W’.  Then we have:
LemMma 2.1. — The positive integers m;; satisfy the following conditions:

1) (en,, en,)= —cos(m/m;)),

2) m;;22 if i#j,i.e., (eq,, €y, =0,

where m;;=2 implies (ey, ey )=0.

3) m; i,j=1, ...,1, and m;=1, i=1,...,1L

Proof. — See [B.N.], p. 77.

Due to this lemma, for a reflection group W, we give a graph I' consisting of / vertices
{ 1, ..., l} and the numbers m;;. Two vertices i,j of I' (i#) are joined by an edge if m;;=3
and the edge is labelled with the number m,; if m;;>3. Such a graph is called a Coxeter
graph(cf. [B.N.], p. 20). Two vertices a, b of the graph I" are connected if there exist vertices
{x;}%=00f T such that a=x,, b=x, and each x;is joined to x;, , by an edge. ~A maximal set
of connected vertices and edges of I" is called a connected component of I'.  For a reflection
group W, let W' =W, x ... x W_be the decomposition of the essential part W' of W. Then
the Coxeter graph I' corresponding to W’ consists of s connected components { I'; }5_ ; such
that each graph I'; is the Coxeter graph of the irreducible subgroup W, of W’ (¢f. [B.N.],
p- 22). Note that two reflection groups are isomorphic if and only if their Coxeter graphs
coincide. Furthermore the classification of irreducible reflection groups is as follows:

LeEMMA 2.2. — The irreducible reflection group is the one of which Coxeter graph is some of
the following table.

Here h, #band ““order” in the table are the Coxeter number, the number of all the hyperplanes
in Yy and the order of the corresponding reflection group, respectively.

Proof. — See [B.N.], p. 193, 200-221 and 231, exercices 11), 12).

A reflection group corresponding the graph A;~G, is called a crystallographic group
which is given as a Weyl group of a root system.

3. Case of spherical domains

3.1. Let (E,(, )) be the n-dimensional Euclidean space. Let (x,, ..., x,) be the
coordinate of E with respect to a fixed orthonormal basis { ¢;}7_, of E. We identify E with
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Coxeter graph Exponents h #b Order
Az1) 1,2,...,1 I1+1 {1+1)/2 +1)!
B,(i22) 1,3,5,...,21-3, 21 2 2t
21-1
D,(/=4) 1,3,5,...,21-3, 2[-2 I(I-1) 21711
-1
E¢ 1,4,5,7,8, 11 12 36 27.34.5
E, 1,5,7,9, 11, 13, 17 18 63 210.34.5.7
Eg 1,7,11, 13,17, 30 120 214.3%,52.7
19, 23, 29
F, 1,57, 11 12 24 27.32
G, 1,5 6 6 12
H, 1,5,9 10 15 120
H, 1, 11,19, 29 30 60 26.32.52
L (p)(p=5orpz7) 1,p—1 P p 2p

R* by the mapping Eax= ) x,e;~(xy, ...,x,)eR". For x=) x,e,cE, put
=1 i=1

i 1

n 1,2
I x|=(x, x)“2=(z x%) . Let S" '={xeE; |x|=1}, the unit sphere in E. For

1
xe E—(0), let (r, @) be the polar coordinate of x defined by
r=|x| and o=x/|x|eS" L
Then the Laplacian A, = — Y §*/0x? of the Euclidean space (E, ( , ))is expressed relative to

i=1
the polar coordinate (r, ®) as:

3.1 Ag= =5 ——— =+ 74,

where the operator A is the Laplacian of the standard unit sphere (S" ', g,) whose metric g,
is induced from the inner product ( , ) of E.

Now let W be a finite reflection group of (E, ( , )) defined by a finite set b of hyperplanes of
E passing through the origin 0. Let C be a chamber of Win E. Then Cis given as E, x C’
where W= {id} x W', E=E, x E’, W' is the essential part of W and C’ is a chamber of E’,
which is an open simplex cone in E'.

DeriNiTION 3.1. — Let C, be the intersection of the chamber C with the unit sphere S"™ !,

which is an open simplex of S"~'. For 0<e<1, let D, be the domain ““truncated cone” in E
given by

(3.2) D,={re;e<r<1, @eC,}.
Then we have:
LeEmMA 3.2. — (1) The boundary 0C, of C, in S"~* is given by
0C,=0CnS" '=u{HNnS" ', Hem},
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BOUNDED DOMAINS WHICH ARE ISOSPECTRAL 447

where 0C is the boundary of C in E and mu is the set of all the walls of the chamber C of W in E.
(2) The boundary 0D, of D, in E is given by

dD,=C,ueC,u{rm;0edC,, e<r<l1},

where C, is the closure of Cy in S"™ 1.

(3) The closure El is the fundamental domain in S"~ ! relative to the isometry actions of W in
(8" ' g o)-

Proof. — (1) and (2) follow from the fact that C=E, x C’ and C’ is an open simplex cone in
E’. (3)follows from that C is the fundamental domain of W in E.

Let us consider the following boundary value problems for the domains C; and D..

Case 1. — The spherical domain C, of S"~*:

Af=\f inC,,
(SD.P.) {f=.0 on oC,.
Af=\f in C,,
d

v =0 a.e.dC,, where the exterior normal v of 0C, is defined.

(S.N.P.)

Case 2. — The Euclidean domain D,(0<g<1) of E:

(E.D.P.) { Aof=Af in D,
f=0 on dD,.

Ao f=\f in D,
of

3y =0 a.e.0D,, where the exterior normal v of ¢D_ is defined.

(E.N.P.)

In this section, we treat with Case 1. Case 2 will be dealt in section 4.

3.2. In this subsection, we review the works of Bérard-Besson [B.B.] who determined the
spectrum Specy, (C, ) (resp. Specy (C,)) of (S.D.P.)(resp. (S.N.P.)). Their results are valid in
case of the reflection groups (cf. [B2]).

First for the above domain C, of S"~! corresponding to the reflection group W, we define
the inner product ( , ) on C®(C,) by

(fl’fZ):L S1(x) f2(x)do(x), Sf1» ,€C*(Cy),

where do is the volume element of the standard unit sphere (S*~*, g5). Let L?(C,) be the
completion of C*(C,) with respect to the inner product ( , ).

Now consider a C* function f on S"~! satisfying the conditions
(3.3) Af=Af in S"!
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448 H. URAKAWA

and
(3.4) w-f=ew)f, weW,

where (w-f)(x)=f (w™ ! (x)) for we W and xeS"! and e(w)(we W) is given by

(3.5) g(w)=1 for every weW,
or
(3.6) e(w)=det(w) for every weW.

Then the restriction of f to C; satisfies (S.D.P.) (resp. (S.N.P.)) if € satisfies (3.6) resp.
(3.5)). Furthermore the set of all restrictions of C* eigenfunctions of A on S"~! with the
condition (3.4) is dense in L*(C,) (¢f. [B.B.], p. 239). Thus, to determine Spec,, (C,) and
Specy (C, ), we have only to consider the set of all C* eigenfunctions of A on §"~! satisfying
the condition (3.4). Of course, every solution fl of (S.D.P.) or (S.N.P.) can be extended to a
function f on S"~! by
fx)=filx), xeC

and

w.f (x)=ew) f; (x), xeS" Y weW.
Then it is well defined on S"~! due to Lemma 3.2, moreover, it can be proved by the same
manner as Lemma 8 in [B1] that f is C® on S"~ 1.

Now we set:

H, (E); =the set of all harmonic (i.e. A, P=0) polynomials P in E of degree &,
H{(E); ={PeH,(E); P(w™!(x))=det(w)P(x) for all we W and xeE},
Hi(E); = {PeH,(E): P(w(x))=P(x) for all we W and xeE},

1 (E); =dim(H{(E)) and h{(E); =dim (H}(E)).

Then the inclusion i : S"~*! — E induces a linear mapping i* of C* (E) into C*(S"!) by

P— Poi. The mapping i* is injective and its image of the space i H, (E) is dense in
C®(S"™'). Furthermore the image of H, (E) by i* coincides with tfle (::igen,spa‘ce of A on
S"~! with the eigenvalue k(k+n—2), k=0,1,2, ...

Therefore the spectrum Specy, (C, ) (resp. Specy (C,)) of the Dirichlet problem (resp. the
Neumann problem) of the domain C, in "~ ! is determined as follows:

(1) The set of all the eigenvalues of the Dirichlet problem (S.D.P.) and the Neumann
problem (S.N.P.) is included in the set {k(k+n—2); k=0,1,2, ... }.

(2) If h{(E)#0 (resp. hi(E)#0), k(k+n—2) is really the eigenvalues of (S.D.P.) (resp.
(S.N.P.)) with multiplicity 4¢(E) (resp. A% (E)).

Thus to determine Spec,(C,) and Specy(C,), we have only to compute 4j(E) and
h(E)(k=0,1,2, ...). For this purpose, consider the Poincaré series:

3.7) Fo(T)= Z h(E) T,
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BOUNDED DOMAINS WHICH ARE ISOSPECTRAL 449

(3.8) Fi(D= Y. KE)T,

k=0
where T is an indeterminate.
Bérard-Besson [B.B.] computed the series (3.7), (3.8) making use of the Poincaré series of

the subring of the polynomial ring consisting of invariant polynomials under the action of the
reflection group W as follows:

ProposITION3 . 5 (the Neumann problem (S.N.P.)). — Let W be areflection group of (E,( , ))
(dim (E)=n) defined by a finite set by of hyperplanes of E passing through the origin o. Let
W={id} x W', E=E, x E' be the decomposition of (W, E) such that (W', E') is the essential
partof (W, B). Let C, be the intersection of a chamber C of (W, E) with the unit sphere S"~*
in(E,(, )). Then the series (3.7) which determines the spectrum Specy (C,) of the Neumann
problem (S.N.P.) is given as follows:

) 2
Fi(T)=
l—[ (1 _-ij+1)
j=1
where {m;|'_, is the set consisting of 0, ..., 0 (dim(E,)=1,) and the exponents of the
reflection group W'. lo

Proof. — See [B.B], p. 241, Propositions 2 and 6.

ProrosiTION 3.6 (the Dirichlet problem (S.D.P.)). — Under the same assumptions of
Proposition 3.5, the Poincaré series F*(T) which determines the spectrum Specy, (C, ) is given
by

F*(T)=T% Fi(T),

where d is the number # Yy of all the elements in V), which is given by (2.4).
Proof. — See [B.B], p. 242, Proposition 4.

3.3. Due to Propositions 3.5, 3.6, we have:

THEOREM 3.7. — Let W (resp. W) be afinite reflection group defined by afinite set  (resp. )
of hyperplanes of the Euclidean space (E,( ,)), dim(E)=n, passing through the
origino. Let W={id} xW’, E=E,xE’ (resp. W={id} xW’, E=E xE’) be the
decomposition of (W, E)(resp. (W, E)) such that (W', E')(resp. (W', E")) is the essential part
of (W, E) (resp. (W, E)). Let C=E,xC’ (resp. C=E,xT') be a chamber of (W, E)
(resp. (W, E)), where C' (resp. C') is a chamber of the essential part (W', E’)
(resp. (W', E')).  Put C;=CnS" ! (resp. C, =T~ S"" 1) where S"~! is the unit sphere of
the Euclidean space (E,( , )). Then we have:

(1) If the sets of the exponents of W' and W' coincide each other and dim (E,)= dim (E,),
then.

Specy, (C, )= Spec,, (C)) and Specy (C,)=Specy (C,).
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(2) Let dim(Ey)=dim(E,). Then the following conditions are equivalent:

(i) The domains C, and C, are congruent in the unit sphere (S"™ ', g,), i. e., there exist an
isometry ¥ of (S"~ 1, g,) such that ¥ (C,)=C,.

(ii) The chambers C and C are congruent in the Euclidean space (E,( , ).

(iii) The Coxeter graphs of W' and W’ coincide.

Proof. — Propositions 3.5, 3.6 and (2.4) imply the assertion (1). (2) The chamber C’

" (resp. C’) is an open simplex cone in E’ (resp. E). Combining this with the definitions

of C; and C,, we have the equivalence between (i) and (ii). The equivalence between (ii)
and (iii) follows from (2.3), Lemma 2.1 and the definition of the Coxeter graph.

QED.

Notice that the set of the exponents does not determine the reflection group
uniquely. There exist many examples of pairs of the reflection groups of which have the
same set of the exponents but the different Coxeter graphs as in the table below.

Moreover, for such a pair of reflection groups (W', E’), and (W', E) and an arbitrary
dimensional Euclidean space (E,,( , )), define the direct products W= { id} x W',
W= {1d} x W' and E=E, xE’. Then for these reflection groups (W, E) and (W, E), the
spectra of (S.D. P. ) and (S.N.P.)for the intersections C,, C, of their chambers with the unit
sphere coincide each other, but C; and C, are not congruent in the unit sphere by

Theorem 3.7. Therefore we have:

THEOREM 3.8. — There exist two domains C, and C, in the unit sphere (S"™ 1, g,) (n=4)
such that:

Specp (C;)=Specp (C;)  and  Specy(C;)=Specy (C,),
but C, is not congruent to C, in the unit sphere (S"™ 1, g,).

Remark 3.9. — There exist many examples other than the above table. For example,

Exponents #b Order
10) B, xI,(N(z4) 1,3,5,...,21=3, P+l 280141
2/-1, 1 -1
D, x1,(2)) 1,3,5,...,21-3, I(1-1)+21 217111421
' -1, 1 21 1
11) E¢ xA; XA, 1,4,5,7,8 11, 1.1 3642 27.34.5.22
Fyx1,(5)x1,(9) 1,5,7,11,1,4,1, 8 24+5+9 27.3%2.22.5.9

Examples 3.10. — The simplest cases in the above table are:
1) Ay xA, and 1,(3)x1,(4),

2) B; xA, and I,(4)x1,(6),

where 1,(3)=A,,I,(4)=B, and I,(6)=G,. The chambers of these reflection groups are
given as follows:
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Pairs of Coxeter graphs Exponents #b Order
1) AyxA x...xA (I=3) 1,2,...,0L1,...,1 1(14+1)/24(1=2) (+1)!1.2!72
N — S—
-2 -2
-1
LB)xI,d)x...xL,(I+1) 1,2,1,3,...,1,1 3444, +(+1) IT 26+2)
i=1
2) B, xA; x...xA;(I23) 1,3,5 ...,21-1,1, ..., 1 P+(-2) 2t 01272
S — S——
-2 -2
. 1
L,4)x1,(6)x...x1,(2]) 1,315, ...,1,21-1 446+...421 I:[2 2(2i)
3) D, xA; x...xA,(I24) 1,3,5 ...,21=3,/-1, I(=1)+(+2) 271,122
1 1
2 Y s
-2 —
L,4)xI,(6) x ... x1,(21-2) x1,()) 1,3,1,5,...,1,21-3, 446+...+(21-2)+1 IT 225 x21
1,1-1 i=2
4) E¢xA; x...xA, 1,4,5,7,8,11, 36+4 27.34.5.2¢
ABAS
4 1, ...,1
N ——
4
L,(5) x1,(6) x1,(8) xI,(9) xI,(12) 1,4,1,5,1,7,1,8,1, 11 546+8+9+12 25.5.6.8.9.12
5) E,xA; x...xA, 1,5,7,9,11,13, 17, 6345 210.34.5.7.25
1
5 s oees
5 .
1,(6) x1,(8) x1,(10) 1,51,7,1,9,1, 11, 6+84+104+12 +14+18 26.6-8.10-12
x1,(12) x1,(14) x I, (18) 1,13,1,17
6) E; xA; x...xA, 1,7,11,13,17,19, 23, 120+ 6 214.35.52.7.26
e 29,1,...,1
Ne——
6
I,(8)xI,(12) xI,(14) xI,(18) 1,7,1, 11,1, 13, 1, 17, 8+12+14418 27.8:12:14-18
x1,(20) x I, (24) x 1, (30) 1,19, 1, 23,1, 29 420424430 x 2024 -30
7) F,xA, xA, 1,5,7,11,1,1 24+2 27.32.22
L,(6) xI,(8) xI,(12) 1,5,1,7,1, 11 6+8+12 23:6-8:12
8) H, xA, 1,59,1 15+1 1202
G, x1,(10) 1,519 6410 22,610
9) H, xA, xA, 1,11,19,29,1, 1 60+2 26.32.52.22
1,(12) xI,(20) x I, (30) 1,11,1,19,1,29 12420+ 30 2%.12-20-30

4
(1) A chamber C;, of A; x A, is given by { Y x;05x,>0,i=1, ..., 4} as a cone in the
i=1
4-dimensional Euclidean space (R*, ( , )), where the vector ®, is orthogonal to each w,,
i=1, 2, 3 which are given such as in the Figure 1. Thatis, let e, e,, e; be the orthonormal
basis of the 3-dimensional subspace of (R*, ( , )) orthogonal to ®,. Then o,=e;,

0,=e;—e,+e; and wz=e;+e,+e;.

. 4} asacone in the
i=1
4-dimensional Euclidean space (R*, ( , )), where both vectors o, and ©, are orthogonal to

both vectors ®; and @, and the angle between ®, and @, (resp. ®; and @,) is 1/3

4
A chamber C,;, of I, (3) x I, (4) is given by { Y yio;y:>0,i=1, ..

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



452 H. URAKAWA

(resp. /4).  On the other hand, since the angle between o, and o, is arc-tan(2'/2), it is
impossible that C;, and C(x) are congruent in the 4- d1mens1ona1 Euclidean space.

(2) A chamber C,, of ByxA, is given by {Z x;n;; x>0, i=1, ..., 4}, where
i=1

N =0;=e;3,N,=0,=e, —e,+e;3,N;=e,+e;and n,=w, in the example (1). A chamber
4
of C(z) of I,(4) xI,(6) is given by { Z y,.ﬁ,.; y:>0,i=1, ... } where both vectors ﬁl

i=

and n2 are orthogonal to both vectors n; and 1, and the angle between n; and 1,
(resp n; and 1) is ©/4 (resp. m/6).

2

€,

Chambers of A, and B,.
4. Case of Euclidean domains

In this section, we consider the boundary value problems (E.D.P.), (E.N.P. ) (Case 2) for
the domains D,(0<e<1) (3.2) of the Euclidean space (E,( , )) of dimension n as
in3.1. We preserve  the  situations in 3. 1. Recall that, for 0<s<1
D,={rw;e<r<1,0eC, }, where C,=C 8" !, C is a chamber of a finite reflection
group W in E.

Firstly, note that the volume element dx=dx, . . .dx, can be expressed on E-(0) by the
polar coordinate (r, ») as

dx=r""1drdo,
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where do is the volume element of the standard unit sphere (S"7*, g,). Let L*(D,, dx) be
the space of all square integrable functions on D, with respect to the measure dx, and
L?((e, 1) xC,, drdw) the space of all square integrable functions on the product space
(e,1)xC; of the open interval(e,1) and C; with respect to the product
measure drdo. Since0<e" !'<r" ! <1 on theinterval (¢, 1), L*(D,, dx) can be identified
with L2((g, 1) x C,, dr dw) by the mapping D,3ro(r, ®)e(e, 1) xC;.

Now let {k 1SAS. .. } be the set-of all the eigenvalues (counted repeatedly as many as
their multiplicities) of the Dirichlet problem (S.D.P.)(resp. the Neumann problem (S.N.P.))
of the Laplacian A of (S""!, g,) for the domain C, in S"~'. Let {¥,}2, be a complete
basis of L2(C,, dw) such that

“4.1) AY;=\¥Y; in C,,

and

4.2) ¥;=0 on 0C, <resp. % =0 a.e. dC,,i. e.,where the exterior

normal v of 9C, is deﬁnpd).

For each eigenvalue A of A, recalling (3. 1), define a differential operator L, on the open
interval (g, 1) by

4.3) L= ——— 5+4+>.

Let L2(g, 1), L% (g, 1) be the spaces of all square integrable functions on the interval (g, 1)
with respect to the measure dr, r"~ ! dr, respectively. Note that a C* function ® on (g, 1) is
an eigenfunction of L, with an eigenvalue p:

L,o=pd,
if and only if ® satisfies the following equation of Sturm-Liouville type on (g, 1):

4‘4 Rl % Sl —A n—3(|)+ n—1(|)=.0.
( ) r(r r> r ur

Lemma 4.1. — Let us consider the boundary value problem of (4.4) with the boundary
condition:

4.5) D(e)=0(1)=0 <resp. %@@):%@(1):0).

Let {p}) 7, be the set of all eigenvalues of the boundary value problem (4 .4) and (4.5), and let
®i(j=1,2, ...) be the eigenfunction with the eigenvalue p}. Then { ®*} %, is a complete
basis of L3 (g, 1).
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Proof. — See [P], p. 508 or [Y], p. 109, Theorem 1.

Now, for the eigenvalues A;(i=1, 2, ...) of the boundary value problem (S.D.P.)
(resp. (S.N.P.)) for the domain C,, consider C* functions @} (j=1,2,...) on the
interval (¢, 1). Fora C* function ®, (resp. W) on the interval (g, 1) (resp. C, ), we define a
C* function ®®Y on D, (or (g, 1) xC,) by: ‘

@@‘P(ra));(D(r)\P(co)_, roeD,Jor (g, 1) xC,].

Then, by (3.1), the C* functions <I>§-‘®‘Pi(i,j= 1,2, ...) on D, satisfy the equation

> n—1 4oy
dr? + ro o dr

(4.6) Ao @RF,)= —< )@lpiur S TAY,

=(L, ¥})®Y,=p; ®y®¥; in D,

and the boundary condition

@.7) ®4®¥,=0 on dD,,

(resp. 0/0v(Py®@Y;)=0 a.e. dD,, where the exterior normal of 0D, is defined), since @
satisfies (4.1) and (4.2) and ¥; satisfies (4.4) and (4.5). In fact, 0/0v(P}@Y,;)(rm)
coincides with —(d/dr)®(e)¥;(®), (d/dr)®;(1)¥;(), or @y (r)(0/dv)¥ ()
a.e. 0D,. Here (0/0v) ¥, is the derivation of ¥; with respect to the exterior normal of 0C,
(¢f. Lemma 3.2(2)).

Furthermore we have the following lemma.
Lemma 4.2. — { @@V, i, j=1, 2, ...} is a complete basis of L* (D,, dx).

Proof. — It can be proved by the similar manner as Theorem 2.1 in [E]. Consider the
following boundary value problem on the interval (g, 1):

—Wu=xu on (g, 1),

u(8)=u(1)=»0(resp. —;714(8)= g;u(l):())-

Let {u,}i2, be a complete basis of L} (e, 1) such that u, is the eigenfunction of the above
problem with the eigenvalue o, (/=1, 2, ...). Let|l. ll2p, axp Il - 21, dwps | - llizce, 1) be the
L?-norms of L?(D,, dx), L*(S"™!, do), L} (e, 1), respectively. Since { @}, for each
L(i=1,2, ...),is a complete basis of L3 (¢, 1), for each A;(i=1,2, ...)and /=1, 2, ...,
there exist a}, eR (k=1, 2, ...) such that

lim

p—=> ©

=0.

L3 1)

P

N '

U= Z a?lkq)k"
k=1
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On the other hand, we have

P
uY;— Z aﬁ‘ DY,
k=1

L?(D,, dx)

)4
<u,— S &, @Y,
k=1

Lz(Dt, dx)
L A A
=\t~ Z ay’ Oy i llz s, do)
k=1 Lg(e,l) .
Thus we obtain
L A

lim |u,®@¥Y;— ) a Py®Y,; =0.
p—o o k=1 L2(D,, dx)

On the other hand, {4,®%¥,}{°;~, is a complete basis of L?((¢, 1) x C,, dr dw), due to the
Stone-Weierstrass theorem (¢f. [B.G.M.], p. 144). As L?(D,, dx) can be identified with
L2 (e, 1) x Cy, drdo), {®¥®V¥; i, j=1, 2, ... } is a complete basis of L*(D,, dx).

QED.

Therefore the spectrum Specy, (D,) (resp. Specy (D,)) of the Dirichlet problem (E.D.P.)
(resp. the Neumann problem (E.N.P.)) for the domain D, in E is given by

{Wh i, j=1,2, ...},
where {A;}, is the spectrum Specy, (C,) (resp. Specy (C,)) for the domain C, in the unit
sphere S"~'.  Since p} depend on A; but not on ¥;, we obtain the following theorem.

THEOREM 4.3. — For two reflection groups W, W on the same Euclidean space (E,( , )), let
C, C be their chambers and C,=C S"~ 1, C;=CnS"" !, where S"~ ! is the unit sphere in
(E,(,)). For each 0<ge<l, define the domains D,={ro;e<r<l, 0eC,},
D,={ro;e<r<1,weC,} respectively. Let Specy(D,), Specp(D,) (resp. Specy(D,),
Specy (D,)) be the spectra of the Dirichlet problems (E.D.P.) (resp. the Neumann problems
(E.N.P.)) for the domains D,, D, in E. Let Specy(C,), Specy(C,) (resp. Specy(C,),
Specy (C,)) be the spectra of the Dirichlet problems (S.D.P.) (resp. the Neumann problems
(S.N.P.)) for the domains Cy, C, inS""'. Then we have:

If Specy (C,)=Specy (C,) (resp. Specy (Cy)=Speey(C,)), then Specy (D,)=Spec, (D)
(resp. Specy (D,)=Specy (D,)) for each 0<g<1.

We note that, if C, is not congruent to C, in the unit sphere S"~*, then D, is not congruent
to D, in the Euclidean space (E,( , ))for eachO<g<1. Therefore by Theorems 3.8,4.3,
we have:

THEOREM 4.4. — There exist domains D,, D, (0 <& < 1) in the n-dimensional Euclidean space
R"(n=4) such that

SpeCD (Da) = SpCCD (]je) an,d SpecN (Da) = spCCN (]58)5
but these domains D,, D, (0 <e <1) are not congruent each other in the Euclidean space R".
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