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ANALYTICITY OF RELATIVE FUNDAMENTAL
SOLUTIONS AND PROJECTIONS
FOR LEFT INVARIANT
OPERATORS ON THE HEISENBERG GROUP

By Linpa Preiss ROTHSCHILD (%)
and Davip S. TARTAKOFF (?)

1. Introduction

We show that for certain classes of unsolvable, non-hypoelliptic differential operators
on the Heisenberg group there exist left (respectively right) inverses modulo the orthogonal
projection onto the L? nullspace of the operator (resp. the adjoint of the operator). We
also show that these relative inverses and the projections preserve analyticity locally.

Let G be the Heisenberg group and let X, X,, ..., X,,, T be a basis for the Lie algebra
$=%,+%, of G with X, X,, ..., X, a basis of ¢4;, 4, spanned by (T) and
[9,, 4,]=%,=the center of 4. A left invariant differential operator L on G is said to
be homogeneous of degree d if there is a homogeneous non-commutative polynomial p
such that L=p(X,, X,, ..., X,,). L is elliptic in the generating directions if
p(0/0xy, 803, ..., 0]0x2,) is elliptic on R".

Our main result is the following.

(1.1) THeorREM. — Let L be a homogeneous, left invariant differential operator on the
Heisenberg group G elliptic in the generating directions. Then there are distributions k, and
k, such that:

(1.2) Lfxk,=f-IIf

(1.3) L(f*k2)=f—I1.f

for fe C§ (G), where I1, and I1, are orthogonal projections onto the L? nullspaces of L and
L* respectively, and x denotes group convolution. Furthermore, the operators f — fx k; and
f-11,f, i=1, 2, all preserve analyticity locally.

(*) The first author was partially supported under NSF Grant No. MCS 78-07647
(?) The second author under MCS 79-03147.
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420 L. P. ROTHSCHILD AND D. S. TARTAKOFF

CoroLLARY. — Ifu, feC§ (G) and:
(1.4) Lu=f in U,

U open, then u, =(1—11,) u is analytic in every open subset of U where f is, and u, is again
a solution of (1. 4).

Proof. — If Kv=vxk,, then:
(I-M)u=K f+K((Lu—f).

By Theorem 1. 1, the right hand side is analytic in U.

Theorem 1.1 was proved by Greiner, Kohn and Stein [4] for the case where L =T,, the
boundary Laplace operator. The analyticity of the projections IT; and IT, was proved
by Geller [2], who also proved the existence of distributions ki, k3 satisfying (1.2) and
(1.3) and preserving local smoothness. The general result was conjectured by
Stein [2]. For the general case, Métivier, by the methods in[11], obtained a proof
(unpublished). However, our method is a direct reduction to the hypoelliptic case.

A differential operator D is called C* hypoelliptic (resp. analytic hypoelliptic) in U if
Du=fin U with f smooth (resp. analytic) in any open subset V < U implies u is smooth
in V (resp. u is analytic in V if u is smooth in V). Tartakoff [16], [17] and Tréves [18] have
shown that for homogeneous left invariant differential operators on the Heisenberg group,
analytic hypoellipticity is implied by C* hypoellipticity. For C® hypoellipticity, necessary
and sufficient conditions for operators of the above type on groups- with dilations have
been given by Rockland [14] and Helffer and Nourrigat [6].

2. The self adjoint case

One can easily reduce the proof of Theorem 1.1 to the case where L is self adjoint and
of large homogeneous degree d, with d/2 even. Indeed, suppose the result is known for
(L*L)"=L, and (LL*)"=L,. Then there exists k3 such that:

(2.1 Ly(f*k3)=f—11,
since ker L, =ker L*. Since for any left invariant vector field X we have X (f % k) = f x X k,
from (2. 1):
L(f*L*(LL*)" 'ky)=f~T1, f,
so that (1.3) follows with k,=L*(LL*)" 'k%. Furthermore, if convolution with k%

preserves local analyticity, so does convolution with k,. (1.2) is obtained similarly
from L;.

Theorem 1.1 is then a consequence of the following, which is partly based on an idea
of Beals and Greiner [1]. ‘
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RELATIVE FUNDAMENTAL SOLUTIONS 421

(2.2) THEOREM. — Let L be a self adjoint operator satisfying the hypotheses of Theorem 1. 1
and of sufficiently high degree divisible by 4. Then there is a closed contour T around 0 in
C such that L,=L—oa(—iT)¥* is hypoelliptic for all aeT. There exist distributions k,
satisfying Lok,=38, with o.— || DP(f *k,)||L,, bounded on T for all multi-indices and any
feC& (G). Hence define:

K,S: C¥F(G)-C*(G)

by:
f————fa“f*kadcx,
27i
r
1
—-—‘J(—iT)"”f*kadoc.
mi )
Then:
(2.3) LKf=K*Lf=f-Sf,  feC§(Q),

and S=T1, the orthogonal projéction onto the L? kernel of L. Furthermore, K and TI
preserve local analyticity.

The proof of Theorem 2.2 will proceed as follows. First, one must construct
the k,. For this we use the construction given by Métivier [11] for a single operator and
check that the k, vary well with a.  The first equality in (2. 3) is an immediate consequence
of the self adjointness of L and II, while the second is easily obtained by writing
L=L,+a(—iT)¥% The proof that S=II will be obtained by applying the irreducible
unitary representations of G to both operators and then using the Plancherel theorem
for G.

Finally, to prove that K and S preserve analyticity, it suffices to obtain local estimates
for derivatives of f 4k, independent of a. For this we use the methods of the second
author [16], checking that the constants obtained in the L? estimates can be chosen
independent of a.

3. Unitary representations and the Plancherel formula for G

We summarize some facts about the irreducible unitary representations of G which will
be used in the construction of k, and in the proof that S=TI. Let X;, X{’, i=1,2, ..., n
T be a basis for % with [X}, X[]=3;; T, all other commutators zero. For every Ae R—{0},
let m, be the irreducible unitary representation of G on L2?(R") defined by:

(3‘ 1) nk(x/, x//, l)f’(u)=ei((sgn MM X" ut A e+ A xs x”/z)f(u_ IMI/Z x/).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



422 L. P. ROTHSCHILD AND D. S. TARTAKOFF

Here (x’, x”, t) are the coordinates given by:
(x, x”’, )exp (x. X +x". X"+t T),
where x’- X’= Y x{ X} and exp denotes the exponential map.
i=1
These induce the following on %:
m (T)=i},

0
m (X)) =|A]"2—,
éu,-

m (Xj)=isgnA || 2 u;.

If @eCg (G), let m, (@) be the bounded operator on L?(R") given by:

m. (@) =J<p (&)m (g~ du(g),

where du(g)=dx’dx" dt is a Haar measure on G. If LeU (%), the universal enveloping
algebra of ¢, then:

(3.2) T, (Lo)=m (L) m, (o),
where:
m.: % - End(L?(R")

is the corresponding representation of 4.

It will be useful to know the distribution kernel a,, 5 (4, v) of the operator m, (9). By
direct calculation, for fe L2 (R"):

ﬁx ((P) f(u)=J¢(x/, x//, t)e-i(y;'.u+x;- '”/2+1')f(u—xx)dx' dx’ dt

where x,=| A |Y2x” and y,=(sgnA) |A|Y2 x”. Since dx’dx”’=(sgn}) || " dx, dyy:

m () f () =I>~l'"f% (s Jh, D)™ HOMTRR2E £y ) dx, dy, dt
where:

(PL (xb )")., t) = (P (x,, x//9 t)'

4° SERIE — TOME 15 — 1982 — N°3



RELATIVE FUNDAMENTAL SOLUTIONS 423

Hence a simple change of variables shows that:

(3.3 a, ;(u, v)=|7»|'"(p))): <u—v,uT+v,7»>,

where 2 denotes the Euclidean Fourier transform of @, in the last two sets of
variables. The reader is referred to Métivier [11] for a more detailed account of the above
calculation for a more general class of groups.

We shall need two versions of the Plancherel theorem for G. The first is the following
equality for ¢ € C§ (G):

(3.4 ¢(0)= f tr(m.(9)) du (0),

R—{0}

where du(L)=c|A|"d\, ¢ constant, and tr denotes trace. The second version of the
Plancherel theorem states that m, extends to a Hilbert space isomorphism:

m: L2%(G) - L*(R—{0}, H-9),
where L2(R—{0}, H—S) is the space of all functions F from R—{0} to the space H—S
of all Hilbert-Schmidt operators on L?(R") satisfying:

f tr(F(\) F(A)*) d\ < oo.

R—{0}
The norm is:
I F () |I2= (R—(o».H—S)=J tr (F(A) F(2)*) dp’ (D),
R—{0}
where du’ (A\)=c’ | A|"dA, where ¢’ is a constant. In particular, for f, ge L?(G);

(3. (; 9= f tr (ms () (&) dut )

R—{0}

The reader is referred to Kirillov [8] or Pukanszky [13] for a complete account of the
Plancherel theorem for nilpotent groups.

4. Construction of the fundamental solutions k, of L,

(4.1) LEMMA. — Let L be as in Theorem 2.2, and let L,=L—oa(—iT)¥%. Thenife > 0is
sufficiently small, L, is hypoelliptic for all a, € < |a| £ 2.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



424 L. P. ROTHSCHILD AND D. S. TARTAKOFF
Proof. — By Rockland [14], L, is hypoelliptic if and only if n;(L,) and n_,(L,) are
injective on the Schwartz space & (R"). Now:
iy (Le)=m+y (L) o
By Grusin [5], the eigenvalues of w4 (L) are discrete, and so if:

p= min lol,
o eigenvalue of n ., (L)
c#0

then any € < /2 will satisfy the lemma.

A family o, of distributions on a manifold M will be called uniformly bounded if for every
compact set K = M there exist C and M independent of « such that:

lo.(@)|=C supMID"tp(x)I

1B =

for all peC§ (K). Our proof of analyticity requires that the k, be uniformly bounded.

(4.2) ProposITION. — Let € > 0 be chosen as in Lemma 4.1. If d is sufficiently large and
d/2 even, there is a uniformly bounded family of fundamental solutions ko, L, k,=9, all a.€C,
€ < |a| £ 2¢, such that S,: C* (G) » C*(G) defined by:

S, 0=(—iT)"* (¢ xk,),
extends to a bounded mapping of L2 (G) into itself satisfying the following:

(4.3) IS.oll.=Clloll.

C independent of a, and

71 (Le) ~ 1 ma (), A>0

“4.4) . (Se @) ={ n_, (La)_l i (9), A<O

for almost all L e R—{0}.

To prove Proposition 4.2 we shall follow a similar construction in Métivier [11] (where
one of the ideas is attributed to Lion [9]), keeping track of the dependence on a. We let
B.={aeC:e=<|a|<2¢}.

(4.5) LemMa. — For aeB,, let 1, ,(u, v) be the distribution kernel of the operator
m, (L)™'t L2(R") > L?(R"). Then if d is sufficiently large 1,_, is continuous and satisfies,
for n/2<k<d—n/2;

(4.6) 1L, 0 (v, )] < Cu(L 40274 (1 + u))2 7

for some constant C independent of o.€ B, where g, =(—1)*9"*,

4¢ SERIE — TOME 15 — 1982 — N°3



RELATIVE FUNDAMENTAL SOLUTIONS 425

Proof. — The estimate (4. 6) is given in [11] for a fixed in B,. Let
H*={feL*(R": u* D} feL?, all |Bl+|ylI<k}
withnorm || f1|2.= Y ||ufD}f ||il, and let H™* be the dual space. By Grusin [5], each
IBI+17vI<k

n.,(L,)" ! is bounded from L? to H i.e., there exists C’ such that:

(4.7 1 e = Clime s (La) Sl

with C’ dependent on . An easy perturbation argument (see [15], for details) shows that
one can choose C’ independent of a for a varying in B.. From (4.7) one obtains for
eachj

1 f1ly, < Collmss (L) ™" fll .,

for all jeZ, as in [11], Lemma 12.
Now the proof is exactly as given in [11].

Proof of Proposition 4.2. — We shall follow the construction given in [11] for a more
general class of groups. Put ¢(g)=¢(g™Y), 0eCg§(G). First

tr(m (L) "' m () =jlx, (0, u) oG, (u, v)dvdu,
for aeB,, where a; , (4, v) is the kernel of (@), which by (3. 3) is given by
(4.8) ag; W, 0)=|A""(®)" (0—u, —(u+v)/2, —1).

Putting.

J).,u(us v)'__Jve_iv'gI).,a <§ _&, _ g _§>dé

we obtain.

tl'(ﬂ:;_ (Lm)_l T, (6))=|)‘I_"J‘Jl,u (ua 0) (Pi(u’ v, _}")du d07

where @3 denotes the Fourier transform in the t variable. Finally, let uy=|A| "2y,
vu=(sgnd) |M| 20, w*=|A|Y2u, v*=(sgnA) |A|Y?v and put

Ky, o (, 02) =15, (4, v).
In view of (3.2) and (3.4) we want to estimate tr (m,(L,) ', (9)). By the above we
have

tr (m,, (La)_l nk((b))=JvKl,a(u)a ”x)({’(ux, vy, —A)du, dv,

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



426 L. P. ROTHSCHILD AND D. S. TARTAKOFF

by the definition of ;. It is easy to check that.
‘ Kx,u(u’ v)=l}"|_d/2 Ktl.u(uh Ul)

We shall need to show.

(4.9) |Ks,,a (W, M) C,

all aeB,, u, v. By definition

A

A
Kzl,a(ux» Ul)=Jt1,u(“x9 1_1})=Jve¢,‘u%gl%a<% _&, _2u— _&)dé

n/2 —d +k ul nj2 —k
) (‘*i‘?*)

for n/2 <k <d—n/2. Choose k to be the smallest integer larger than (3n/2)+1." Then
for d >3n+4, k is in the range n/2 < k <d—n/2. Now for any aeR -

(4.11) (1+]8)) = sup((1+]a—=E), (1+| —a—E])).

Then (4. 11), together with (4. 10), proves (4.9). ‘

Hence by (4. 6)

A
(4.10) |K, o (@t )] éCosup(1+|&l)"“<1+ “?—F,

Hence, if x(u, v, X)'ey (R?"*1) with y (u, v, \) vanishing in A to order at least d/2—n
at A=0, the integral '

J'Kl,u(“, v)| |x @, v, \)|dudvd\

exists and is bounded, independent of aeB..

To handle the singularity near A=0 we proceed as in[11]. Let yeCg§ (R) be chosen
with

1 for |A]|Z1/2,
‘W‘)‘{o for |A|=1.

Let Z: ¥ (R) - & (R) be defined by

A0\
TfW=fO-v®) X a(a—)) 1)

k <(d/2)—n

Then
ZfM=fQ) for |rA|=1,

4° SERIE — TOME 15 — 1982 — N°3



RELATIVE FUNDAMENTAL SOLUTIONS 427

and
Z f (M) vanishes to order d/2—n at A=0.

Now define k,, ; by:

ka,1(<p)=cJKx,a(u, 0, V@ (u, v, —A)|A|"dudvdA,

with ¢ as in (3.4). Then k,, ; is a uniformly bounded family of distributions for o€ B,.

We will now construct a uniformly bounded family k, , of distributions such that
ky, 1+k,, 2 is a fundamental solution for L,, i.e.,

La(ke, 1 +ka, 2) =3.
For this, let r, be the distribution defined by
—rq=Lgkq, 1 —0.
Clearly r, is a uniformly bounded family, and we must find k,, , satisfying
Loke, 2=Ts
As in [11] we note that since T*r,=0 for s = d/2—n we may write r, in the form:

re= Y. Ie (X, x")V
1il < dj2—n

where r, ;(x’, x”') is a uniformly bounded family of distributions on R?". Let L°
be the constant coefficient differential operator elliptic in R2", corresponding to the
principal symbol at 0 (in  the classical sense) of L, ie,
L°=p(d/dxy, ...,0/0x,,0/0xY, . ..,03/0x)). See the definition of *‘elliptic in the generating
directions” on the first page. Note that L° is independent of o, since the parameter
occurs as a coefficient of a term of lower degree.] Now we may seek to find k,, , in the
form

ku’ 2= Z Wa, j (x’, x”) tj.

j=di2-n

The W, ; may be found by downward recursion by writing:

o
L=L+ Y L.,— '
0<; o’
<jsd
and solving recursively for W, ; satisfying
j+k)!
(412) Lo Wa,j(x', x”) + Z La,k uw,,j”:ra, j

j!

k>j

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



428 L. P. ROTHSCHILD AND D. S. TARTAKOFF

with the convention that W, ;j.,=0 for j+k > d/2—n. We must still show that (4. 12)
can be solved with W, ; a uniformly bounded family. For this we use the following
modification of [7], Theorem 3.6.4.

(4.13) LemMA. — Suppose that { f,} is a uniformly bounded family of distributions on an
open set Q = RN which is strongly convex for the constant coefficient differential operator
P(D). Then there exists a uniformly bounded family u, on Q such that.

P(D) u,= f,.

The proof of Lemma 4.13 is an easy modification of [7], Theorem 3.6.4, where the
result is proved for fixed a.

Now we may complete the proof of Proposition 4.2 by verifying (4.3) and (4.4). For
this, note that since T is bi-invariant, (—i T)¥2 (@ * k) =((—i T)¥? ¢) * k,. One easily sees
by the definition of k, , that (—iT)¥* @)%k, ,=0. Hence

Sa(p=( —iT)d/Z ((P * ka, 1)'
Now
(S, @)=, (—iT)? oxk, ;)=m,(L,) ' m (=i T)"* m; ()
=92 || —4/2'% (L) * m(@)=m, (L,)~ ', (@), since d/2 is even,

which proves (4.4).
To prove (4.3) it suffices, by (4.4) and the Plancherel Theorem (3.5), to show that

e, (Lo) ™' 1 () [l -s < C Ml m (@) llu-s,

where H—S denotes the Hilbert Schmidt norm. This follows immediately since
n+y(L,) ! is bounded on L2 This completes the proof of Proposition 4.2.

5. Proof that S=TI.

(5.1) ProrosiTION. — Let k, be defined as in Proposition 4.2. Then the operator:

Sf=(2ni)'1f(—iT)d/Z(f*ka)d% feCg(G)
r

extends to a bounded operator on L? and S =TI, the orthogonal projection onto the nullspace
of L.
The proof of Proposition 5.1 requires some preliminaries.

(5.2) Lemma. — For almost all Ae R—{0}, for all fe C$(G),
. (ILf) =P, m.(f)
where P, _is the orthogonal projection onto the nullspace of m, (L).
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Proof. — This is very similar to Goodman [3]. First, it is clear that
Imm, (TTf) = kerm (L) =ker =, (L).

Furthermore, if heker L, then Imm (h) < ker m (L) and hence m, (h) = P, m (k). Hence it
suffices to show that if g | ker L, then Im;, (g) = (ker m, (L))*.

Now if g L ker L, then by the Plancherel formula (3.5),

(5.3) Jtr(m (N (@*)du(M)=0

forall feker L. Let { ¢;} be an orthonormal basis of L*(R") such that @,, @, ..., pyisa
basis of ker m . ; (L) (which is of finite dimension by Gru§in [5]),and @4 1, Pn 42, - - - isa basis
of (ker n,,(L)) . Then

(5.4) tr(m, (f ), (8)*)= »;1 (m () @i T (8) @)

for any feL?(G). Let the indices i and j be fixed with 1 <j<N and let
¢(A) eL'(R*—{0}, dpu(A)) be arbitrary with support in R*. Then by the second version
of the Plancherel formula define h;;e L?(G) by

c (M) ik @, 1<i=ZN,

Then

tr(nx(hij)nx(g*))=2(ﬁx(hij) P T (8) @) =c () (0} T, (8) 9,).

By (5.3), since h;;eker L

Jc M) (@5 ™ (8) ¢:) du(2)=0.

Since ¢ (1) is arbitrary with support in R*, (¢;, . (g) ;) =0 for almost all A > 0, alli. The
proof for A <0 is the same, obtained by using a basis adapted to the decomposition
kern_, (L) +(kern_,(L))*. Hence m,(g)¢; L kerm, (L) as claimed.

From now on, I" will denote a fixed simple contour in C lying in B,.

(5.5) LEMMA. — nl<J~ S. fda)=f M. (Se f)da  for almost all Le R—{0}.

r r

Proof. — Suppose geL?(G). Then by the Plancherel Theorem (3.5)

( j S,/ do, g)= f tr(m ( f Safda>1tx(g)*)du(?~).

r R — {0} r

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



430 L. P. ROTHSCHILD AND D. S. TARTAKOFF

Now Iet {¢;} be an orthonormal basis for L?(R"). Then

(5.6) Jtr (J ;. (S, f) do m(g)*)du(k)=jz (J m, (S, f)da (m, (g))* Py, (Pi>du0")‘
r T \Jr

- Now since the infinite sum in the right hand side of (5.6) converges absolutely, by the
dominated convergence theorem:

(5.7) f tr( f 0 (S ) dam, (g)*)du(x)
r

- f f tr (s (S0 /) ()*) ddp ()
r

_ f j tr (m (S0 /) (8)%) dit () dea= J (S.f, £)da
rvr-{o; r

=<J S, fda, g>=Jtr (nl (Jsafda> nx(g)*>du(7»).

Since g is arbitrary, (3.5) implies

J 7, (S, f )da=nx<j SJdot)

for almost all A by the Plancherel Theorem. This proves Lemma 5.5.
We may now prove Proposition 5.1. By Lemma 5.2, it suffices to show that

(5.8) . ESN=P,m(f) for ¢eCF(G)

By Lemma 5.5 and (4.4)
(5.9) m, (S f)=J;1th(S,1 f)da=‘[rnsl(La)“lnl(f)doc.
Suppose A>0. Then from (5.9)
(S f)=2ri)"! J;nl (L) 'm (f)da=2mi)~" J‘r(n1 (L)—o)™ ', (f) dor.
Since zero is an isolated point of the spectrum of =, (L) by [5],
Qnri)~! L(nl(L)—a)“ do=P,.

A similar argument holds for A<0. Hence (5.8) is proved.
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RELATIVE FUNDAMENTAL SOLUTIONS 431

6. Analyticity

In this part we complete the proof of Theorem 1.1 by proving.
(6.1) THEOREM. — The operators K and S constructed above preserve local analyticity.

(6.2) LEMMA. — Let uy=K,f, feC®(G). Suppose that for any bounded open set Uy in
which f'is real analytic and any Vo with compact closure in U there exists a constant C such
that

(6.3) - sup | D7u,(x)| SCMHy |

x€eV,

for all multi-indices y and all |a|=¢. Then K and I preserve local analyticity.

Proof. — Suppose fis analytic in Uy. Then since L, K, f=L,(f * ko) =/,

sup | D"(K, f)(x)| =C"'*!|y| !

xeV,

and hence

SuplD’j o™ 'K, f do éj loe| ™" sup |DY(K, f)(x)|des<C' CI"I* ]y | !
r r

xeV, xeV,

Hence K fis analytic in Vo. The proof for II is the same.
We shall now prove (6.3). For this we shall need the maximal estimate

(6.4 1Xi, X, .. X, vllz = C(I Lavll .+l vll)

for all ve C§ (U,), some constant C, which may be chosen independent of a, |a.|=¢. For
each fixed a, | a| small but nonzero, the estimate (6.4) follows from the hypoellipticity [6]
of L, and is clearly preserved under sufficiently small changes in o on the circle
|a.|=€. Hence (6.4) follows by compactness for some C independent of a.

7. Proof of the uniform estimates on high derivatives

To demonstrate local bounds of the form:
|DPu,(x)| < CIPI*1 B! VB, xeVo
it is sufficient to obtain analogous L? bounds:

IDPu,ll. SCP* B! with VoecV,

L(v)=
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and, as Nelson has shown, we may use the vector fields X; and T instead of ordinary
partial derivatives. Thus we write X;=X; X;,... Xy, (or X!l abusively, for short) and
shall show the bounds

WX TP ugll . SCYFH(IT] +b) !

Z(Vl)_

for all I and b, uniformly in o for |a|=¢. Equivalently, we show:

(7.1 1 X, Tbu,|| S CIIFo+NITI+b

L2 (V)=

uniformly in o, |a|=¢, N, I and b subject to |I|+b < N, since Stirling’s formula yields
NN < C¥N!

What follows is an extension of [16], but we feel much easier to read, to d = 2 with
attention given to the dependence of all estimates on a.

Clearly [see the a priori estimate (6.4)], estimating T derivatives is harder than
estimating X derivatives, though one cannot, it appears, do one without the other. To
use (6.4) effectively, we should at each stage try to retain at least d X’s in our expressions,
and yet this is no limitation, since high, pure T derivatives can yield the required X’s by
use of the commutation relations between the X’s (d/2 times) and it is easy to see that if
one has the desired bounds for |I| = d, one also has them (with a different constant) for
all smaller L.

To localize high T derivatives is not simple, for [X;, ¢ T?] exhibits insufficient gain in
p (at most a gain of 1/2 power, while a whole derivative lands on the localizing
function). One could repeatedly replace X derivatives consumed in this fashion, but to
do so would eventually transfer the p T-derivatives into derivatives of order 2p on ¢, and
this will not yield analyticity.

To overcome this obstacle, we introduce a rather complicated (looking) localization of
TP, i. e., a differential operator of order p, equal to T? in any open set where ¢ =1 and zero
outside the support of @. First, however, we must pick a new basis for ;. An analytic
change of coordinates allows us to pick the basis:

X;=X;=0/0x; jEn,
Xj+,,=Xj-’=6/(3yj+x,~9/0t, j§n,
T=20/ot,
where the X still generate 4, and T generates %,.

(7.2) DerINITION. — Let the X j» T be defined as above. Then let:

/_l)lﬂl

—_ j— \ 4 ’ " ’ r -1 |

(TP)y=TE= |B§'| BTy (XX Q)XY X BT 1B+,
r=1B+yl=p L
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(7.3) LemMA. — With T} defined as above, then modulo CP terms of the form
eP*VUXP/Bly! where |B+v|=p;

(X5 Tel =0,
7, TB = (TP 1), X5

Proof. — From (7.2) and the obvious commutation relations [X}, X"*]=B; tefms, each
X"’B~4T, where e is the multi-index of length one whose only non-zero entry is a 1 in the
jth position,

7.4
( ) (— 1)| Bl

X5, o= Y B

r=|Btylsp

(X}X’BX"Y (p)va X''BTPIB+Y]

_ll”l
+ ¥ (Tsw)—'ﬁ,-(X'“X“vcp)X'YX"B-f'TP-““fJ“'.
r=|B+ylsp T

Note that in the second sum, r = 1, since for r=0, all B;=0. But each term in the first
sum, except those with r=p, is cancelled by a term in the second; a term in the first with
B=PBo, Y=70 is cancelled by a term in the second when B=fo+ej, Y=7o unless
|Bo+Yol=p. Only terms from the first sum with r=p remain, and there are fewer than
(2n)? of them.

For the second part of the Lemma, a similar cancellation takes place (with a shift of the
v index this time), the change of sign coming not from the power of —1, as it did with a
shift of B. but from the observation that [X}, XY X"?] consists of y; terms each
X’Y‘e:‘X”"[X;’, X and [X}, Xj]=-T. The more significant difference, however, is
that in the first term in (7.4) the extra X| sits beside the other X’ derivatives on ¢, with
X7 it will be on the extreme left, while the others will sit beside ¢. Thus what was
literal cancellation for the first part of the Lemma will be a commutator here. To be
precise:

" o
[B+yl=p T 17
(_1)IBI ) )
+ — (X! X’BX”Y(P)X'YX”BTP 1B+7]
r=|B+7|<p—1 Bly! ¥

(_1)IBI
— 'BZ|< YjW(X’BX”y(p)X'y_eJX”BTP—|B+y—eJ|

r=[B+yl=p LY.

The last term may be rewritten, replacing y —e; by v, noting that this term is missing when
r=0 (since then all y; are zero):

—1)IB!
- ¥ ————(B w) F(XPXT @) XX/ TP 1B
r=|Bp+ylsp-1 s
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so that we have:

—1)!8l
X7, Tgl= X -

B' ' (X;/ X/ﬂ X//y (P) X/y X//ﬁ
[B+yl=p e

—1)/ 81
+ Z (=n'? (X7, XX @) XY XBTPIB+YI

r=ip+yisp-1 B!Y!

The first term above is the same type of error term as was discussed in proving the first

part of the Lemma.  , The second term above may be written as:

(—1)|BI B—e; W' ’ 11B—ej - —e.|— "
= Y T BXOX T XX e X,
r=|ptyl=p—1

(__1)IBI

[3 Ty (X’BX“YT(p)X"Y X/'BTP—1-1B+v] oX}'
r=|p+ylsp-1 e

(replacing B—e; by B). But this last is nothing but (T? ™)y, o X7.
Let N be fixed for now. We nest [[log, N]] open sets:
\'2 =>W0 ccWycc...ccWe,n1=Uo
(where [[log, NJ] denotes the integral part of log, N), and choose functions V;, @;, and y;;

in C§(W;;1) with y;=1 near W;, @;=1 near supp {; and x;=1 near supp ¢; with
specified bounds on their derivatives up to order 2 N; where

Nj=N/2j‘
Namely, we choose the W; in such a way that if d=dist(V,, Uy™?), then
dj=dist(Wj, WSP)=d/2’*!. Then the y;, ¢; and x; may be chosen (cf. [16]) so that
| D" (W), @ 0ry) | < (Kdj HIYINI - if |y S2N;

with K independent of N (but depending on V; and Up). These families of cut-off
functions are just dilations of those introduced by Ehrenpreis and used by Hormander,
Andersson, and others.

Since Yo=1in V{ (=W,), for a+b less than N, but a > d, we estimate
1 X T uq by XWX T ug|l,

and use the a priori estimate (6.4) on this. On the right there will be fewer X’s:

"Lz(Vl)

(7.5) ProposiTION. — There exists a constant C depending on f but independent of a, |a|=¢

and N so that if a+b = No,
/NP < CNo(dy o (1+ supremum || X4 T u, || JNE+b).
d+b' <N,
asd
b —b<(a—d)/2

[ X T ua |

L2 (Wy) L? (supp o)
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Proof. — Using (6.4) we have
(7.6) 1I1X"WoX* " TP thy |l < C(ILaWoX* TPyl +11Wo X 4Tty )
< C(WoX* T Latta [l + 1o X* 4 T ue|

+ X (c+cilal) Xy YoX* T ugll, ).

[1]=4d

Here we have written (non-uniquely)

(1.7) L= Y (ciXi+ei aXy)
111=d

with constants ¢} and c¢i’. Next
[Xd’ \I’O Xa‘d] = [Xd’ \IlO] X4 -4 + \I,O [Xd’ X _d]

consists of terms of the form X'y, X? ™! (i < d, one for each i) arising from the first term
on the right above and at most d times a—d terms Yo X~ 2 T from the second. To avoid
constantly commuting X’s to the left, we note that for i < d:
d—1
X o X Touall , S IX Vo X Touall ,+ 2 IXIW0 X7 TP ]| .

j=0

Thus we may generalize (7.6) to:

(7.8) X NXWoX ' TPuall, £ CUI W X* T f1I,

isd

+ Z lei\l’g)xa—i—lTbua“LZ_i_C(a_d) Z ”XL'\I’Oxa—i~2Tb+lua“L2)

i<d i<d

with a new constant C (depending on d, but uniform in |a|=¢), and now X° may denbte
any X; with |I| Ze.

We iterate this process (with a replaced by a—1, Y, by V5, or with a by a—2 and b by
b+1) on each term which still has at least d+ 1 X’s, [except the first term, of course, since
once a term contains f (x), there is no need to iterate further]. One type of term, after
a iterations, will be (bounded by) "

Ca(a _d)k Z ” X.i \Ilg) Xa—r—Zk—in+k Uy mL2|
isd
for some k, r with a—r—2k < d, and there will be at most (2d+'1)* such terms.
The other terms will all contain f. These, again at most (2d)* of them, will be of the
form
Ce (a_d)k ” \Ilg)xa—r—Zk—dTb+kwa2!'
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In view of the bounds on derivatives of o, and the real analyticity of fin Uy, then,
(7.8) yields:
DX WX T u, |l
isd
(7.9) <C* supremum a*(Kdy ') Ny || X T *u,||

0sa-2k-r=d'=d

+C* supremum a* (K dg 'y NG K4 7+ 747" L (g—r—k—d+b) !
2k+r<a-d

L2 (supp Vo)

(The value of C. it should be clear by now, will change from estimate to estimate, but
remain uniform in o, |a|=¢ and independent of a, b and N as well as f.) This leads
- quickly to (7.5) since in the first term on the right in (7.9) we may observe that
a*NpNg @D < Nptk=a=b < Ng ¥ "0~ if d’=a—r—2%_ and for the second term on the
right in (7.9) we use a*Np(a—r—k—d+b)! Ng® ® I Nftrra-r-d+b-a=b < | The
strings of constants that build up, C°K" for the first term in (7.9) and
C*K"K§ "7 4*2*1 for the second, are both bounded by C'™° for a suitable new constant
uniform in a, |a|=¢, a, b, and N.

For d’ < d, further iterations of this type will be useless in proving analyticity, since
effective use of (6.4) requires essentially the presence of at least d X’s. Using (7.2),
however, we may continue profitably. For we have:

(7.10) [ X T u, | I X (T, ull .

: =
L? (supp Vo)

since @o=1 near supp Yo, so (T), °=T”’ in supp Vo.

(7.11) ProposiTioN. — There exists a constant C depending on f but not on a, |o|=¢€ or N
so that if a+b < Ny:

supremum || X? T u, || /NG
dsd
b+dsN,
0<b'—b<S(a—d)/2

L% (supp )

SCNo(dg No(14 supremum || X< u, ||
a'Sb+d+(a-d)2

INY)

L? (supp @)
Proof. — Since X§ = —X,, integration by parts allows us to improve (6.4) by including
terms with fewer X derivations on the left:
(6.4) Y IXlLSCUILoll L+ llvll),  veCF(Uy).
d'sd
If we apply this to v=(T"), u,, we obtain, uniformly in a,

(7.12) 3 IXAT g,y [l S C UL (T g, g Nl A (T g, w2

d'sd
SCUNT g £ Ml a+ MLy (Tt Il A+ 1Ty, 11, L)-
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The commutator may be expanded using Lemma (7.3) and (7.7):

Lo (TVe]= Y (ci+ci’ @) [Xy, (T, ]
11]=d

and an application of Lemma (7.3) gives:

[Xp, (T?)g ] =[Xi, Xs, - - - Xipp (T")o,]

d—1
(7.13) =Y Xip Xy Xi, o (T X, X,
j=0 -
-1 d-1
=—A Y Xi o X (T Ny, X, Xy, +C* terms .ZO XJ U+ Xd=i=14b pr |
j=0 7=

where A may be O or 1, depending on whether X; | is an X" or an X”.  We shall assume
that A =1 below; when it is zero, that term just doesn’t appear. Now to continue to use
(6.4) or (6.4)’ on the right hand side above we would have to commute all X’s to the left
of (T* “!)re,- This would introduce more terms of the same type, with X’s on both
sides. So we choose to estimate generally all divisions of the X’s; i.e., we choose to
estimate ). || X'(T"),, X¥ "'y |l.>.  In doing so, we first attempt to bring all X’s to
i<d =sd

the left [and then use (7. 12)]—the above expansion of the bracket will yield an error which
can be estimated by such a sum (over i < d’) but with smaller b’, together with terms free
of T altogether and then of course the right hand side of (7.12) followed by another use
of (7.13). This gives:

(714 3 IX(T)eo X el SCC L IXH(T 1o XY kel
d

isd isd'sd

A

T Y 1l T,y +C¥ Y (X0 @+ D XTI 148 || /b

jgd

We want to iterate this to reduce b’ still further. But first we must handle the third
term on the right. By the definition;

(T)g, =(T" ~1),, T+C” terms (@& * VX" /b'))
=2 terms (T? ~!), X?+C” terms (o * X*/b'1).

If we (abusively) now write @g for T @, X @, Or @ itself, this expansion of (T” ), allows the
third term in (7.14) to be absorbed by the first and fourth terms (with a new constant):

(7.15) 3 IXUT ), X |l , SCC X IXHT g, Xty
d

isds isd =d

T )g, Sl +C T NXT @ T XTI, || b 1)

jsd
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Now we may iterate (7. 15) by subjecting the first term on the right to (7.15) again, with
b’ reduced by one and @, replaced by @o. After at most b’ iterations, we obtain C*'
terms, each either

(7.16) CH(TF)gnf 1 or CECP Y || X7 g+ XAI=1+0 ||, /(b —k) !

Jjsd

for some k < b’.
For the first type [in (7.16)] we have [see Definition (7.2) where we have
IB+vy|=r < p=b"—kI

(T¥ ~*)gf = C¥~* terms, each @ * " X TV~ f/p !
for some multi-index p with |p|=r, r < b’—k. Since X derivatives of f have the same

type of bounds as ordinary partial .derivations,

IXi T f1 S KPP (o +T])!
in a compact set (despite the coefficients in the X’s) we have:

CHI(T® Mg f 11, SCY sup (Kdy ')A NET Ky (b —k) !/r | S(CKK,dg ') *' Ny

k+rsb’

[recall that r+k<b’ so that (b'—k) !/r | SC”" Ny ™" for b’ <N].
Thus we obtain, from (7.16) and the above.

(7.17) 3 11X (T)g, u, |l . S(CKK ;dg ') Ng

d sd

+C%sup Y IIX7 @I XIT T || L /(b7 —k) !

kb j=d

To bring this last term into a clearer form we commute @ * ¥ to the left and bring it

out of the norm. Since [X/, ¢§ *Y]=C’ terms, each ¢§ *'*IXi77 i’ <j we have:

Cb,”Xj(pf)b'+1)xd_j_l+b"kua||L2/(b/—k)!
S O sup (K d5 ) 1T NG+ (| X7 40 K s g/ (b —K)!
J =)

écl“‘o (Kdo l)No N%’+d” ). G Rl TR ||L2[supp¢0‘)/N‘(i)—j’_ 1+b —k

since IN§ * 1+ NG~ =15 ~k/NE+4(b' — k)1 < €™ if b'+d < N,
Together with (7.10) and (7.17), this proves FProposition (7.11), since
b'—b < (a—d’)/2 implies d+b" (—j'—1—k) £ d+b+(a—d))2. o
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- Next, we once more reduce X derivatives. Actually, this could all have been done at
once, as in [16], but breaking it down into three stages should render the proof more
readable; this third stage is needed to reduce the total order by half. An application of
(7.5) to the right hand side of (7.11) gives:

(7.18) ProposiTION. — There exists a constant C depending on f but not on a, |a|=¢ or N
so that if a+b < Ng:

supremum || X4 T u, ||, 0o . /NG
d'sd
b +d<N,
b'=bsla—d)2 SCN(dg '™ /14 supremum || XY T u, 1l 2 upp 1 )/Nli””'
dsd ’
b =(b+d+(a—3d)/2)/2

Combining (7.18) with (7.5) gives, for a,+b,<2N,
INGT <CNo(dy 'y (14  supremum || X% To u, || /NG *P)
a,+b,Sd+(ag+by)/2
Actually, one calculates a, +b, <(2b,+a,+3d)/4, but d+(a,+b,)/2 will suffice.
(7.20) ProposiTioN. — There exists a constant C, depending on f but not on o, |o| =€ or N
such that for j<[[log, N]] and for a;+b;<2N;:

[ X% T, |

(7.19) || X% Tbu,||

L*(W,)

/ N‘;/+b1

L3(W))

/ iy t+by,, )

N = 1)3N; a;.; Tbj
<CN(@d;'YN(1+ supremum || X% T u“”mw,”, o

aj¢1+bj+l§d+(aj+bl)/2
Proof. — Exactly the same proof as the proof of (7.19) applies, everything starting with
a;, b, Wj, N;, dj, etc. instead of ao, by, Wo, No, do, etc.
If we now start with ao+bo < N and apply (7.20) repeatedly, we obtain:
supremum || X% T? u, 2wy /NG00 S TNo(dg 1PN (14 TNy 1PN (14 CN (5 P (14
a,+by <N,

+ (1 + C?* (d s, g5 Msupremum || X* T u, [ 2v,) - - -)

a+b<2d+1
<QCy™NII(d; 'Y (1+supremum || X* T u, |12, »
a+b=2d+1
la|=¢

since (... ((((ao+bo)/2+d)/2+d)/2+d)...)/2+d < 2d+1 after [[log, No]] iterations.

Only in this last line does a supremum over o, |o|=¢ enter. Now TN i< 2N and we
also have the bound:

I (dj— 1)3Nj § CN

since I1(2/)Y/¥ < C.  The supremum over |a|=ganda+b < 2d of || X T Uql|L2 (u,) 18 easily
seen to be finite in view of the uniform boundedness of the k, (see the definition following
Lemma 4.1), and this finishes the proof of (7.1).
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