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C* APPROXIMATIONS OF CONVEX,
SUBHARMONIC,
AND PLURISUBHARMONIC FUNCTIONS ()

By R. E. GreenEe (?) anp H. Wu (3)

Introduction

Most methods for the study of the behavior of functions on Riemannian manifolds apply
directly only to functions which have some degree of differentiability. On the other hand,
many functions which arise naturally from the geometry of the manifolds are in general at
best continuous. Thus it is important to have in hand mechanisms of constructing smooth
approximations of continuous functions. The stardard mechanism, the use of partitions of
unity combined with smoothing by convolution in local coordinate systems, tends to
obliterate geometrically meaningful properties and is thus unsatisfactory for many geometric
problems. The purpose of the present paper is to present a mechanism of smooth
approximation which tends to preserve geometric properties and is thus broadly applicable
to geometric questions. Many of the results of this paper were announced by the authors in
[5] (c), and some specific applications of the general methods here presented were discussed in
(5] (b) and [5] (e).

The paper is organized as follows: paragraph 1 contains a discussion of the smoothing
method in terms of smooth approximations of sections of subsheaves of the sheaf of germs of
continuous functions on a Riemannian manifold; being able to carry out approximation of
continuous sections by C*® sections of the same subsheaf corresponds to being able to
preserve the geometric structure in the approximation procedure. Paragraph 2 discusses
the specific cases of Lipschitz continuous and convex functions, and paragraph 3 that of
subharmonic functions. Paragraph 4 discusses a method of establishing the hypotheses of
the theorems of paragraph 1 for certain specific subsheaves, in particular, the sheaf of germs
of strictly plurisubharmonic functions on a complex manifold and certain other related
sheaves. A synopsis of the results of this paper is given in a Table at the end of the paper.

The authors are indebted to B. Fuglede for the elegant abstract potential theoretic proof of
Lemma 3.1; to P. Malliavin for suggesting the role that the heat equation should play; to
J. Ralston, for his numerous helpful suggestions on matters pertaining to partial differential
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48 R. E. GREENE AND H. WU

equations; and to Y.-T. Siu for pointing out the relevance of Richberg’s work [11]. We
acknowledge the assistance of all of these with thanks. We also thank S.-T. Yau, who, while
making use of our announced results [5] (c) in his article [12], encouraged us to make
available in published form the proofs presented in this paper. Finally, we thank the referee
of this paper for several very helpful suggestions, which led to a considerable clarification of
the first part of paragraph 3 (on the various concepts of subharmonicity), among other
improvements.

1. Global approximation theorems

It is well known that a continuous real-valued function defined on a C® Riemannian
manifold can be approximated by C® functions in the strongest reasonable sense of the word
‘“approximation”: namely, given such a continuous function f and an everywhere positive
continuous function g, there exists a C* function F such that ] f—F ] <geverywhere. The
purpose of the present section of this paper is to state and prove similar approximation results
for certain subsets of the set of all continuous functions. These results will be applied later to
the specific subsets: the set of convex functions, the set of subharmonic functions, and the set
of plurisubharmonic functions (in case the manifold is a complex manifold). However, it is
convenient to unify the exposition of these approximation results by proving the theorems in
a general setting which incorporates the features common to all these specific cases.

Let & be a subsheaf of the sheaf 4 of germs of continuous real-valued functions on a (fixed)
C® Riemannian manifold M, i.e. & is to be an open subset of ¥ such that | S >Mis
surjective, where t : ¥ — M is the standard projection. Note that & is not required to be
closed under the algebraic operations of ¥. The elements of & (or of &) will be denoted by
[f1, where peM and f'is a continuous function defined in a neighborhood of p. The set
(nl &)~ (p) will be denoted by ., and the set of continuous functions f : U — R defined on
an open subset U of M with the property that [f],e &, for every pe U will be denoted by
I'(¢, U). This notation is consistent with the usual notation for sections of sheaves since
I'(&, U) as just defined is naturally identified with the set of all sections of & over U.

DEerFINITION 1.1, — % has the v -closure property (read maximum-closure property) if for
any two germs [f1],.[gl,€ &, peM, thegerm[f v g],isin ¥ ,, wheref v g ateach point is the
maximum of the values of f and of g at that point.

DErFINITION 1. 2. — & has the convex composition property if for any [f],€ &, peM, and
for any function g, : R — R which is convex and (strictly) increasing in a neighborhood off (p),
the germ [y of], is in &),

The next definitions and the proofs of the Theorems of this section will depend on some
standard function space topology concepts, which will now be summarized. For further
details, one can consult [10] or [8] for instance.

Let K be a compact subset of M; let C* (K) denote the set of function F : U —» R where U
is an open subset of M containing K and fis a C* function on U. Choose a fixed covering
of K by a finite number of (open) coordinate systems, say x™ : V, > R", n=dim M, LeA,
where A is a finite set. Choose then for each A€ A an open set V; having compact closure
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C* APPROXIMATIONS 49

contained in V, in such a way that K< () V;. These choices are possible by the
reA

compactness of K. Then for each positive integer i and each f e C* (K) the supremum

sup[ sup (maximum of the x™-coordinate system partial
reA | peVinK

derivatives of order i at p

is finite. This supremum will be denoted by || f | ;. Define || f||«., for f€C* (K) to be
sup|f(p)|. The function dy : C* (K) x C*(K) - R defined by

pekK

1

dy (f, g)=Hf_g”K'0+‘;1 5 min (L, ”f_g“K;)

is a (finite-valued) pseudometric on C* (K). The topology on C* (K) that it determines is
independent of the choices made in defining the pseudometric dy even though d itself is not
independent of these choices. In the following discussions, the notation dy will be used
without explicitly noting the assumption that appropriate choices of { A, V;, V; } have to be
made. In all cases, these choices may be made arbitrarily except for the conditions already
given.

DerFINITION 1. 3. — & has the C® stability property if: when U is an open subset of M, K is
a compact subset of U,and f: U — R is a function such that [f],€ &, for every pe U, then
there exists an € >0 such that every function g e C* (K) with dy (0, g) <& has the property that
[f +4gl,e &, for all peK. '

DeriNiTION 1.4, — & has the semilocal C* approximation property if the following
condition holds: Let U be an open subset of M and K be a compact subset of Uand fbea
function in I'(%, U) such that fis C® in a neighborhood of a (possibly empty) compact
subset K; of K; then there exists an open subset V of U with K < V such that for every ¢ >0
there exists a C* function FeI'(<, V) such that:

(@ sup|f()-F ()| <g;

pek
(b) di, (f, F)<e.
The following Theorems give circumstances under which the approximations in
neighborhoods of compact sets given by the semilocal approximation property can be
extended to all of M. For the statement of these Theorems recall that the C° fine topology

on the set I' (4, M) of continuous functions on M is by definition the topology generated by
the sets

{Fel'(&, M) | |f(p)—F ()| <g(p), peM},

where fel (%, M), geT'(%, M), and g is positive everywhere on M. The C° coarse
topology (or compact-open topology) on T (%, M) is the topology generated by the sets

{Fel'(¢. M) | | f(n-F(p)| <e, peK}

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



50 R. E. GREENE AND H. WU

where feI' (¢, M), ¢ is a positive real number and K is a compact subset of M. These
topologies on I' (¢, M) induce topologies on I' (%, M), which will again be called the C° fine
and C° coarse (or compact-open) topologies respectively.

The fine C® and coarse C° topologies are special cases of the fine C" and
coarse C"(0<r <o0) topologies in the terminology of differential topology (cf. [10]). The
terminology strong C” (instead of fine C") and weak C" (instead of coarse C') is also used
(cf. [8]). It would thusseem logical to replace entirely the phrase “compact-open topology”
and the often used equivalent phrase “compact convergence” by one of the phrases
“coarse C° topology” or “weak C° topology”. However, out of deference to strong
tradition, the coarse C* topology is hereafter in this paper usually called the compact-open
topology. Though consequently unreinforced by suggestive terminology, the contrast

between the fineness of the fine C° topology and the coarseness of the compact-open
topology is nonetheless of great importance throughout and should be carefully noted.

THEOREM 1.1. — If & has the C® stability property, the v -closure property and the
semilocal approximation property, then the set of C® functions in I'(¥, M) is dense in
I['(&, M) in the C° fine topology.

A function feT (¢, M) is an exhaustion function if for every real number ¢ the set
{peM | f(p)Sc}isacompactsubsetof M. Theset of exhaustion functionsinI"(%, M) will
be denoted by I' (%, M) and the set I'z(¢, M)nT'(&, M) by I'x(&, M).

THEOREM 1 .2. — If & has the v -closure property, the convex composition property, and the
semilocal approximation property, and if T' (&, M) is closed in I" (¢, M) in the compact-open
topology, then the set of C* functionsinT'g (&, M) is dense in 'y (&, M) in the compact-open
topology.

Before giving the proofs of Theorems 1.1 and 1.2, we now present three examples with
M =R, which, though perhaps too simple to be intrinsically interesting, nonetheless suffice to
illustrate the crucial aspects of the definitions and the proofs of the theorems which will be
given later:

Let %, =the sheaf over R which is defined by setting (%;),= {[ f ],,] fis convex in a
neighborhood of p}. Here a function’s being convex on an open subset U of R has the usual
meaning that for each x;, x, in U such that (x,, x,) is in U:

JAxi+(1=A)x2) SAf(x1)+1=A) f(x2),

for all A satisfying0 < A < 1. A functionfdefined on an open subset U of R is convex on U if
and only if it is convex in a neighborhood of each point of U, and a convex function on U is
necessarily continuous. Thus &, is a subsheaf of €, and I'(%, U)=the set of convex
functions on U for any open subset U of R.

Let &, be defined by (¥,),= {[f], | Je > 0> f—ee” is convex in a neighborhood of p }.
&, is a subsheaf of & and thus of ¥. &, may be considered to be the sheaf of germs of
functions which are strictly convex in the sense that they are locally “more convex” than ¢ e*
for sufficiently smalle > 0. Iffis C* in a neighborhood of pe R then [ f ], € ¥, if and only if
f"(p)>0.
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C>® APPROXIMATIONS 51

The following proberties of & and &, are easily verified: Both &, and %, have the v -
closure property, the convex composition property, and the semilocal approximation
property (That &, and &, have the semilocal approximation property follows easily from
the application of the standard convolution smoothing process). However, & fails to have
the C* stability property as consideration of the germs of the identity function shows. &,
on the other hand does have the C*® stability property, as is easily verified. I'(¥;, R)Iis
closed in I" (%, R) in the compact-open topology but I' (&,, R)isnot. Thus, &, satisfies the
hypotheses of Theorem 1.2 but not of Theorem 1.1 while ¥, satisfies the hypotheses of
Theorem 1.1 but not of Theorem 1.2.

As a final example, let ¥ be the sheaf determined by (#3),= {[f1,€(¥2), | fis Lipschitz
continuous with Lipschitz constant < 2 in a neighborhood of p}. Then % has the v -
closure property, the C® stability property, and the semilocal approximation property (again
by convolution smoothing); thus %5 satisfies the hypotheses of Theorem 1.1. %5 fails to
have the convex composition property; and I'(#3, R) is not closed in I'(¢, R) with the
compact-open topology.

We return now to the situation where M is an arbitrary C* Riemannian manifold. 1Inthe
following lemma and throughout the remainder of this section (§1), let {K; |l€ Z"}bea
sequence of compact subsets of M such that K; = K,+ (forallieZ* and U K;=M. The

ieZ*
lemma follows from the Weierstrass theorem that convergence uniformly on each compact

set of a sequence of C! functions and of their first derivatives implies that the limit function is
C! and that the first derivatives of the sequence converge to the corresponding first
derivatives of the limit.

Lemma 1.1. — If{ f; | ieZ™ } is a sequence of functions on M such that f;e C* (K,) for each
ieZ” and if for each i€Z” the sequence { f,l j=1} is a Cauchy sequence in the dy -
pseudometric, then the sequence f; converges on M to a function f: M — R and fis a C*®
function. Moreover, for each i, the sequence {f; | j= i} converges in the dy -pseudometric to f.

The next lemma gives an approximation construction, iteration of which will yleld the
proof of Theorem 1.1:

LemMa 1.2. — Suppose that the sheaf & satisfies the hypotheses of Theorem 1.1 and that
Qe (£, M). IfA,,A,,and Ay are compact subsets of MwithA, = A, c A;,ifpeC*(A,),
and if € is any positive real number, then there exists a function yeI' (&, M) such that:

(@) YeC~(Ay);

(b) V|(M=Ajz)=0|(M—Aj);
(0) dy (0—V) <s;

(@) sup|o(@)—V(p)| <e.

PeA;
Proofof Lemma1.2. — Let A, be a compact set such that A, c A, c A, c A; c A;. By
a standard construction, one obtains a C® function p : M — R such that p=+1 in a
neighborhood of A, and p=—10on M—A,. By virtue of the C® stability property of &,
there exists a positive constant n; such that, for all ne[0, n,), [p+npl, e ¥, for all
peA;. With this n; fixed, there exists a function 1€ C® (A3) such that:
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52 R..E. GREENE AND H. WU

(1) tis greater than ¢ in a neighborhood of A, but less than ¢ in a neighborhood of the
boundary dA; of A,

and

(@) [tl,e &), for all peAj;
namely, one need only choose T to be a sufficiently good approximation (in the sense of
uniform approximation of functional values) of ¢ +np on A; which also satisfies (2). This

choice of T is possible because & has the semilocal approximation property. Then the
function s defined by

Y=max (t, @) on Aj,
Y=¢p on M—-A;

isinI" (&, M): That [{], e &, for p €A, follows from the hypothesis that % has the v -closure
property. That [y],e %, for pe dA; follows from the fact that, in a neighborhood of dA3,
T < @ so that y=¢ in that neighborhood and hence [V],=[¢],€ ¥, for pedA;. That
[V],e &, for pe M —A; is clear from the openness of M —Aj. The function { is in C* (A,)
since T > ¢ in a neighborhood of A,. If ne(0, n) is chosen sufficiently small and if T is a

sufficiently good approximation of ¢ in the senses of sup|@—t| and d, (¢. 1) being
A

sufficiently small (which is possible in both senses by virtue of the semilocal approximation

property of %), then the corresponding s will satisfy the approximation requirement of the

lemma.

Proof of Theorem 1.1. — Let f be a function in I"(%, M) and g be a continuous function
on M which is everywere positive. Then to prove the theorem one needs to show that there
is a C* function FeI'(#, M) such that |/ (p)—F(p)| <g (p) for all pe M.

Define ¢;= inf g,i€Z*. Theng; >0forallieZ* ande; =€, =Z¢5... Moreover, if

sup|f—F|<sl and sup |f—F|=Z ¢, forall ieZ” then|f(p) F(p)|<g(p) for all
K+ —K;
peM Now define inductively sequences {F;:M — RIIEZ+ of functions and

n |zeZ+ } of real numbers as follows: let F, be any function in C* (K,) " IT' (<, M) with
sup|f F, | < ¢g,/2and F; = fon M—K,, and let n; be any positive number with n; < g,

and with the property that if GeC*(K,) and di, (F;, G) <2n;, then [G],e.#, for all
peK,. The existence of such a function F, follows from Lemma 1 .2; the existence of such
an n,; follows from the C® stability property of . Now, to complete the inductive
definitions, suppose that F,,. . ., F; andngy,. . ., n; are determined. Thenlet F;,, be any
element of C*(K;,{)n T (<, M) with

sup|Fivi—Fi| < Siv2

X, 21+1’
de (Fisy, F) <V forall j<i
K; i+1 2,+1 .]= »
Firi=f on M—K;,,.
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And let n; ;. ; be a positive number which is less than min (g; ;. ,, 11;) and which has the property
that if GeC* (K, ) and di,, (Fi11, G) = n;4 then [G],€ &, for all peK;,;. Again the
possibility of so choosing F; . ; follows from Lemma 1 . 2, together with the fact thatif§ > Ois
sufficiently small then dy (F;. 1, F;) < & implies that dy (F;, F)) <n;/2"" ! forallj < isince
K; = K;forj <i. The possibility of making the required choice of ;. ; follows from the C*
stability property of <.

Now Lemma 1.1 implies that the sequence { F;|ie Z* } converges to a C* function F.
Clearly sup |F — f | <, since
K,

+ o0

€
sup|F—f| ésup|F1—f| +.Z Suple+1—Fj|<—“+—+ ... =€
K, K, j=1 K,

Similarly, for ieZ*:

+ oo
sup [F=f| < sup [Fi=f|4 ¥ sup [Fi=Fi| <F+ 300 s

i i+1 =
Ki+; =K K1 —K; J i+1 2 2

because: (a) F;= fon K, ; —K,; for j€i—1so0 F;,; —F;=0and (b) for j=i—1,

Ei+2 - it
2i+1 = 5j+1:

sup |Fji;1—F; <sup|F;.—F; <

Ki+1—K; Kji2

Finally, [F],e & ,forallpe M. To derive this conclusion, note that pe K, for some i and

+

N: N:
dK,v(F’ Fl)é Z dK,(Fj"'l’ F])< QI_IT + i + o oe e éni'

+2
i=i 2

Then by the choice of n;, [F],€%,. Thus F is the C* function in I'(¥, M) and
approximating f which was required.

The next lemma will play a role in the proof of Theorem 1.2 similar to that played by
Lemma 1.2 in the proof of Theorem 1.1 [a construction related to that of the following
lemma but used for a somewhat different purpose is given in [5] (e)].

Lemma 1.3. — Suppose that & satisfies the hypotheses of Theorem 1.2 and that
el (¥, M)nC®(A,), where A is a compact subset of M. Suppose also that c is a real
number with the property that the set A,={peM l @ (p)<c} contains A;. Then, if € and A
are positive numbers €, there exists a function yeI'y(&, M) such that

(a) YeC*(Ay);

) [W—¢|<eon{peM|o(p) Sc+r};

(©) dy, (¥, 0) <

(d) if pe M has the property that @ (p) = c+A then s (p) = ¢ (p); also if p, g€ M have the
property that @ (p)=¢(q) Z ¢+, then Y (p)=\V (q).
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54 R. E. GREENE AND H. WU

Proof  of  Lemma 1.3. — For notational convenience, let
As={peM|o(p)<c+Lr}. ThenA,, A, and A;arecompact,and A, < A, cA;. For
any n > 0 (and € > 0), there is a function {, in C* (Aj3) such that:

.],e &, forall peAs,
sup|@—V | <m,
A

dAl(‘lfp o) <e.
The existence of such a function Vs, is a consequence of the semilocal approximation property
of &.
For any n > 0, there exists a convex (strictly) increasing function y : R — R such that:

x()=A—2n if t=Ze¢,
|x(t)—)»|<2n if c<AhA<c+i,
(@) =A+2n if t=c+A.

Then yopel' (¥, M) because & has the convex composition property. Also,
Y °® > @+ near the boundary of Aj since ¢ is near ¢+ A near the boundary of Aj; but
Xo® < @—n near A, since ¢ < c on A,. Thus the function defined by

V(p)=max{(xo¢) (p). ¥1(p)}, ~ peA,,
Y(p)=(x°9)(p), peM-—-A;

isin I'(&, M): for peM—A;, [Y],=[x 9], € F,; for peAs;, V], € &, by the v -closure
property of #; for pe dA;, y o @ > ; near pso [],=[y o], &,. Moreover, y=V, ina
neighborhood of A, since ye¢p <¢@—m <Vy; on (and hence in a neighborhood
of) A,. Finally, if peAs, then Yy (p) S ¥ (p) < @(p)+2n. Hence if 0 <n <e/2, the
function { has the properties required by the Lemma. []

If y > 0, then the function  : R —» R in the proof of Lemma 1.3 can be chosen to the
Lipschitz continuous with Lipschitz constant < 1+vy, provided that m > 0 is chosen
sufficiently small. This fact will be used later in deriving a variant (Theorem 1.2’) of
Theorem 1.2.

Proof of Theorem 1.2. — To establish the theorem, one needs to show that, for each
compact set K < M and each real number € > 0, there exists a C* function F in 'z (%, M)
suchthatsup|F—f| <e. Letc=supf. ThenK = {peM|f(p)=<c}. Define, foreach
ieZ"*, K;= {peM|f(p)§c+i— 1}. Because f is an exhaustion function, each K; is
compact. Also, for each ieZ*, K, < K,,,; and U K;=M. Thus these specific K;’s

ieZ*
satisfy the general requirements previously imposed. Now choose successively functions F;,
ieZ™, as follows: Let F; be a function in C* (K;) nT'(¢, M) as provided by Lemma 1.3

such that sup | F,—f | <g/2%. Then, to complete the inductive definition, the Fy, ..., F;
K,
being chosen, let F;,; be a function in C* (K;+;)nI'(¥, M) as provided by Lemma 1.3

with '
dg,(Fivy, F)) < /22,

4° SERIE — TOME 12 — 1979 — nN° 1



C*® APPROXIMATIONS 55

forallj <i. The possibility of so choosing the F;’s follows from Lemma 1.3: Lemma 1.3
applies immediately to choosing F;; and, for eachie Z™, there exist real numbers A, A, with
Ay <A, such that K; ;= {peM|Fi(p) £}, } and K;,,= {peM|F;(p) =X, }. Hence
Lemma 1.3 can be applied with ¢=F;, c=\A; and A=A, —A, to produce F,, ;.

The sequence { F; | ieZ™ } converges to a C* function F by Lemma 1.1, since for each
ieZ* {F,| j =i} is clearly a Cauchy sequence in the dy, metric. Moreover,

sup|F—f|<sup|F—f| <sup|F,—f|+ Y sup|F;+;—Fj
K K, K, . i=1 K,

+o
Ssup|Fi—f|+ Y suple+1—Fj|
K, =1 K

+ + o0

i € €
zldK,(FJ*'l’FJ) §2_2+zl 2—15<8.
ji=

j=

Ssup|F,—f| +
K,

That FeI' (&, M) follows from the hypothesish that I' (&, M) is closed in I' (4, M) in the
compact-open topology together with the facts that the sequence {Fi | ieZ” } converges to
I'(#., M) in that topology and F,eI' (¥, M) for each ieZ*. The fact that F>f—¢
outside K, implies that F is an exhaustion function. Thus FeI'z(¥, M). O

The methods used to establish Theorems 1.1 and 1.2 can be used to prove other similar
theorems. For instance, the full force of the hypothesis that I" (%, M) be closed in I' (%, M)
was not needed. And a slightly stronger theorem can be obtained (by essentially the same
proof) in which this hypothesis is replaced by the hypothesis that, for any sequence

{FieT' (¥, M)nC*(K)|ieZ"}

with the property that for eachie Z* { F;|j = i} is a Cauchy sequence in the dy metric, the
limit F of { F; | ieZ*}isinT (¥, M). Even more generally, these convergence hypotheses
may be expressed in a localized version (i.e., in terms of properties of the individual stalks
&,). We shall not undertake to list exhaustively all the possible variations on these
constructions. However, one variant of Theorem 1.2 plays a role in the applications that
we shall discuss later. To state this variant, an additional definition is needed.

DEFINITION. — & has the Lipschitz semilocal approximation property if it has the
semilocal approximation and when f'is Lipschitz continuous on U (in Definition 1 .4) with
Lipschitz constant < A then the set V can be so chosen that the approximating functions F
can be taken to Lipschitz continuous on V with Lipschitz constant < A+e.

THEOREM 1.2'. — Suppose that & has the v -closure property, the convex composition
property, and the Lipschitz semilocal approximation property. Then for any € >0, the
closure in 'y (&, M) with the compact open topology of the set of C* functions in I'z (<, M)
which are Lipschitz continuous with Lipschitz constant < A +¢€ contains the set of functions in
I's (&, M) which are Lipschitz continuous with Lipschitz constant A.

The modifications of the proof of Theorem 1.2 needed to prove Theorem 1.2’ are as
follows: One needs to show that given a compact set K and a positive number ¢, that there is a
C function F € I'g (¥, M) which is Lipschitz continuous with constant <A +¢ and which
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56 R. E. GREENE AND H. WU

satisfies sup | F—f|<e. SuchanF is obtained by a construction almost identical to that
K

used to produce the corresponding function F in the proof of Theorem 1.2. It suffices to
impose the additional condition that each F;, ie Z™, be Lipschitz continuous with Lipschitz
constant <A+¢ (1—1/2i). If the F; be so chosen, then the limit F of the F; is Lipschitz
continuous with Lipschitz constant < A+¢. That the F; can be so chosen is a consequence
of the following variant of Lemma 1.3:

LEmMMA 1.3". — Suppose that & satisfies the hypotheses of Theorem 1.2 and that
Qeely (¥, M)nC*(A,), where Ay is a compact subset of M. Suppose also that ¢ is
Lipschitz continuous with Lipschitz constant <X; and that c is a real number with the
property that the set A,={peM|@(p)<c} contains A;. Then, if ¢ and )\ are positive
real numbers, there exists a function eI (¥, M) such that:

(a) yeC~(Ay);

b) |[v—¢| <eon{peM|o(p) < c+r};

(©) dy, (¥, 0) <¢g;

(d) if peM has the property that ¢ (p) = c+A\, then Y (p) = o (p); also if p and ge M have
the property that ¢(p)=¢(q) Z c+X, then ¥ (p)=V(g);

(e) V is Lipschitz continuous with Lipschitz constant < X +e.

The proof of Lemma 1.3’ follows the pattern of the proof of Lemma 1.3 exactly except
that one makes use of the remark immediately following the proof of Lemma 1.3 (that for
vy > 0, %' can be made < 1+ 7) together with the following observations: (a) If § is a Lipschitz
continuous function (on any metric space) with Lipschitz constant <X and 3 : R—> R is
Lipschitz continuous with Lipschitz constant < 1+vy then yo& has Lipschitz constant
S (1+7)%; (b) If £, and &, are Lipschitz continuous functions (on any metric space) with
Lipschitz constants < £, then max (£, £,) is Lipschitz continuous with Lipschitz constant
=z 0O

2. Smooth approximation of Lipschitz continuous functions
and convex functions on Riemannian manifolds

The purpose of this section is to discuss a method of approximation of continuous
functions by C* ones on Riemannian manifolds which can be used to establish the semilocal
approximation property (defined in paragraph 1) for certain geometrically significant
sheaves. The usual method for constructing such approximations is as follows (see for
instance [10] for a more detailed discussion): If f : M — R is a continuous function, then by a

partition-of-unity procedure one may express f as a locally finite sum ) f;, where each f; has
AeA

compact support inside some coordinate open set: specifically, for this procedure, one
chooses a locally finite cover of M by coordinate open sets and takes a partition of unity
subordinate to this cover. Then each f, can be considered to be a function with compact
support on a euclidean space, and thus each f; can be approximated by a family ( f;),, € = 0",
of C* functions by the convolution smoothing process. Moreover, the approximating
functions ( f;). can be chosen to have support in the image of the Ath coordinate open set so
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that these functions can be considered (by extension by 0) to be defined (and C*®) on all of

M. The sum Y (f,), will again be a locally finite sum and thus this sum defines a C*
AeA

function on M. If the convolution smoothing parameters g, > 0 are correctly chosen, then
the sum ) (f), will be in any preassigned C° fine neighborhood of f. This method of

AeA
showing the density of the C® functions in the continuous functions on M in the C° fine

topology suffers from the disavantage that it ignores the Riemannian metric structure of the
manifold M, so that the geometric behavior of the approximating functions is not closely
related to the geometric behavior of the function being approximated. The approximation
process to be discussed in this section, called Riemannian convolution smoothing, behaves
better in terms of preserving geometric properties than does the coordinate system smoothing
process just outlined. A detailed discussion of the Riemannian convolution smoothing
process was given by the authors in [5] (a, b and e); only the definition of the process and a
summary of its properties which are relevant to the application of paragraph 1 will be given
here.

To define Riemannian convolution smoothing on a Riemannian manifold M of dimension
n, let » : R » R be a nonnegative C® function that has its support contained in [—1, 1], is

constant in a neighborhood of 0, and has the property that J w(||v|)=1. IfKisa

veR”

compact subset of M then there is a positive number g such that, forallpinK and allve TM,,
(=the tangent space of M at p) with || v|| < &g, exp, v is defined. Now given a continuous
function t : M — R define for each positive ¢ less than g, /3 the function t, by

o= [ o1 Yo,
veTM,

where the integral is taken relative to the Lebesgue measure on TM, determined by the
Riemannian metric at q. The notation 1, will be used in this sense throughout the
remainder of this section. Then there is a neighborhood U of K on which the functions t, are
all defined; if U is chosen, as it may always be, to have compact closure in M, then for all
sufficiently small positive ¢, the functions 1, will be C* on U. Also t, — T uniformly on U as
e —» 07, andiftis C* in a neighborhood of a subset K; of K then di (t,7,) > 0ase — 07 (the
notation dywas introduced in paragraph 1). These two properties of the Riemannian
convolution process are essentially standard facts about convolution smoothing with a
kernel [see [5] (a)]. It follows that the approximation estimates (a) and (b) in the definition
1.4 in paragraph 1 of the semilocal approximation property hold if the t, are used as
approximations. Whether or not t, will be, for all sufficiently small €, a section of a subsheaf
& of the sheaf of germs of continuous functions when 7 is a section of & depends of course on
which subsheaf & is. This property does hold for some geometrically interesting
subsheaves #; some of these will be discussed in the following paragraphs.

The first of these subsheaves to be considered is the sheaf of germs of functions which are
locally Lipschitz continuous with Lipschitz constant less than B. To make a precise
definition, let f be a function defined in a neighborhood of p; fis by definition Lipschitz
continuous at p with Lipschitz constant less than B if there are positive numbers r and B,,
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B, < B, such that f'is defined on the open ball about p of radius r and for every q,, g, in that
open ball | f@)—f (qz)l < B, disy(q;, g,). Here dis, is the Riemannian distance
function. Then the subsheaf & . to be considered is the sheaf of germs {[ f], : pe M and f
is Lipschitz continuous at p with Lipschitz constant less than B}. The relevance of this
subsheaf to standard ideas of Lipschitz continuity is explained in the following lemma [cf. [5]

(e)].

LemMmA 2.1. — A continuous function f: M — R is a section of ¥, if and only if
for each compact set K in M there is a number B <B such that, for all p, qek,

| f(P)— f ()| <Bg disy (p. 9).

Proof. — Suppose f'satisfies the latter condition. For each pe M there is an open ball
around p with compact closure K. Then for any g¢,, g, in this open ball
|f(q1)—f(q2)| < By disy(q;, g2). Hence [f],e %, . for each peM and fis a section of
&, .s- Conversely, suppose fis a section of & . and suppose that K is a compact subset of
M for which no constant By having the property required exists. Then there are sequences
{p:}and {¢;} of points in K and { B; } of real numbers such that lim inf B; = B and p; # g, for
any i and | f(p)—f (qi)l = B;disy(p;, q;). By passing to a subsequence if necessary assume
pi—pandgq; — q,p,qe K. Twocases mightarise:p=qorp+#q. Ifp=gq,thenchooser >0
and B, > 0 as in the definition of Lipschitz continuity with constant less than Bat p. Ifiis
then so large that

disy(p, g) <r and dis(p, p)<r, [f(p)—f(q)| =B, disy(p:. q)

contradicting the facts that lim inf B; > B and | f(p)—f (qi)| = B;dis(p;,¢;). Soitmust be
that p#£q. By continuity considerations | f (p)— f(q)| = B disy(p.g). LetC:[0,1]>M
be a rectifiable curve of length [ (C) less than & + disy, ( p, g) with C(0)= pand C(1)=gq:such a
curve exists for any positive number €. Choose r and B,(< B) as in the definition of
Lipschitz continuity at p with constant less than B. Assume as is always possible that
r < thelength of C. Now choose 8 €[0, 1] such that C([0, 8]) is contained in the open ball of
radius r around p and disy (p, C(3))=r/2. For instance ‘

d=inf{t€[0, 1] : disy (p, C(t))2r/2}

would do. Let C, : [3, 1]-> M be C|[6, 1]. Note that a standard Lebesgue number
argument shows that there is a partition d=t;<...<t,=1 of [§, 1] such that the
C,-image C, ({t;, t;+,]) is contained in an open ball on which fis Lipschitz continuous with
Lipschitz constant less than B so that

| F(C(t) = f(C(tir1))| £ B disy (C(t), C(ti+1)) < BIUC, | [ts, tis1]).
Adding these inequalities yields
| A(ICE)—f(C(1)| =BI(Cy).
Thus

[f )= f @] =|f )= f(CE)| +]|f(CE)— f(@)| 5B, +BI(Cy).

[N
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Clearly I[(C)= (r/2)+1(C,) so

g+ disy (p, q)gg +1(Cy)

and

r r r
_ <_ i - =
2Br+Bl(C1)=2Br+B<a+dlsM(p, q) 2>‘

But

lim [%B,+B<8+disM(p, q)—%>:| —B dis (p, q)—%(B—B,)<B disy (p, 9)

e—07"

) | fio—f (q)l <B disy(p, ). This contradiction of the previously obtained estimate
| f(p)— f(q)| 2B disy(p, q) completes the proof.

The sheaf &, . has the semilocal approximation property: it was shown in [5] (b) that
if 1 is a section of | g in a neighborhood of a compact set K then the 1, obtained from the
Riemannian convolution smoothing process are, for all sufficiently small (positive) €, also
sections of &, . in a neighborhood of K. That &, 5 has the maximum closure and C*
stability properties is clear from the definition. Thus one obtains from Theorem 1.1 the
following proposition directly by noting that the C*® sections of ., . are precisely those C*
functions f such that || grad /|| < B everywhere.

PRrOPOSITION 2. 1. — The C* functionf : M — R such that || grad f || < B everywhere on M
are dense in the C° fine topology in the set of all sections of #1 .y, i.e. the set of all continuous
functions on M which are locally Lipschitz continuous on M with local Lipschitz constants less
than B.

COROLLARY [4]. — There is a C* function fon a Riemannian manifold M with || grad f || < 1
everywhere on M and with f 1 ((— o0, «]) compact for all a.eR if and only if M is complete.

Proof of the Corollary. — If such a function f : M — R exists, then, for any pe M and any
r 20, the set { ge M |dis(p, q) < r} is a closed subset of the set { ge M || f(p)— f(q)| = r}
and hence of the compact set f '((—oo,|f(p)|+7r). Thus {geM|dis(p, q) <r} is
compact so M is complete by the Hopf-Rinow Theorem. Conversely, if M is any
Riemannian manifold and p is a point of M then the function g — (1/2)dis (p, g)is a section of
#1e1- Thereisa C* function fsuch that || grad f|| < 1 and | f (¢9)—(1/2) dis (p, g)| < 1 for
all geM, according to the Proposition. Then f~!((—oo, a]) is a closed subset of
{qu|(1/2) dis (p, q) < 1+a}. If M is complete, the latter set is compact and hence
f 1 (=0, a) is also compact. []

The second class of geometrically significant subsheaves % for which the semilocal
approximation property can be established using the Riemannian convolution smoothing
process is the class of sheaves of germs of functions satisfying a particular local lower bound
on their convexity. To describe these precisely, the following definitions are useful.
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DEerINITION. — Let f: M — R be a continuous function on a Riemannian manifold M; fis
convex if, for any geodesic C:[—A, A]>M, 2f(C (0) < f(C (=A)+f(CQ)).

Convexity is a local property: a function f : M — R is convex if and only if it is convex in a
neighborhood of each point of M. This fact follows immediately from the elementary
observation that a function on an interval in R is convex if and only if it is locally
convex. Thusif %, =the sheaf on M of germs of locally convex functions, then the sections
of &, are exactly the convex functions on M.

DerFiniTION. — Letf : M — R be a continuous function on a Riemannian manifold M and &
be areal number. The function fis E-convex at a point p € M if there is a positive constant &
such that the function g — f(q)—(1/2)(¢£ +8) dis?(p, q) is convex in a neighborhood of
p. (Here dis=Riemannian distance.) If n : M — R is a continuous function, then f is
n-convex on M fif, for each pe M, fis n (p) convex at p.

The property of being n-convex is a local property from its very definition. Thus if &, is
the sheaf of germs of locally n-convex functions, then the sections of &, on M are precisely
the n-convex functions on M.

The £-convexity of a C? function fat a point p means exactly that the second derivative of f
at p along every are length parameterized geodesic issuing from p is greater than &
at p. Similarly, n-convexity means that those second derivatives at p are greater than n ( p)
for each pin M. A function is strictly convex [cf. [5] (e)] if it is locally the sum of a convex
function and a C*® function which has positive second derivatives along geodesics. Itiseasy
to see that a (continuous) function fon M is strictly convex if and only if it is 0-convex on M in
the sense of the previous definition. The notation &, will be used for the sheaf of germs of
strictly convex functions; as noted, ¥, = %., where 0 : M — R is the zero function.

It was shown in [5] (a and e) that if 1 is a strictly convex function on M and K is a compact
subset of M then there is a neighborhood of K and a positive number &, such that, for all
€€(0, &), T, is (C* and) strictly convex on a fixed neighborhood of K where 7, is the
function obtained from 1 by Riemannian convolution, as defined at the beginning of this
section. The same proof applies to show that if 1) is a continuous function on M, if T is an
n-convex function on M, and if K is again a compact subset of M, then there is a
neighborhood of K and an g, such that for all €€(0, ), 1, is m-convex on the
ceighborhood. As an alternative to rephrasing the entire proof, one could deduce the n-
convexity statement from the strict convexity one as follows: An n-convex function is, for
each pe M, the sum in a neighborhood of p of a strictly convex function 1, and a C* function
T, namely

1 1 . 1 1 .
t(q)=<t(q)—§<n(p)+58>d182(p, q)>+§<n(p)+ §5>dls2(p, 9.
Here § is as in the definition of n(p)-convexity at p, and the function

1 1
q-1(g)— 5 (p)+53) dis*(p, q)
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is strictly convex near p because it is the sum of the convex function

1 .
4= 1t(@)—5M(p)+8) dis*(p, q)
and the C* function

q- (% 3)% dis* (p, q),
which has positive second derivatives along geodesics near p. For sufficiently small €, (t,),
is strictly convex in a fixed neighborhood of p. Since 1, is C* near p, the second derivatives
along geodesics of (t,), converge uniformly in a fixed neighborhood of p to those of 1, as
¢ —>0". The second derivatives of t, along (arc-length parameterized) geodesics are
Nn(p)+(1/2)d at p and so in some neighborhood of p they are greater than n(p)+(1/4)3.
Thus in some (slightly smaller) neighborhood of p, the second derivatives of (1), are
greater than n(p)+(1/4) 3 for all sufficiently small €. Since 1,=(t;), +(12),, one concludes
that there is a neighborhood of p such that for all sufficiently small ¢, 1, is [(1/4) 3 +n (p)]-
convex at every point of the neighborhood. But (1/4)3 +n(p) > n(g) for all q sufficiently
near p. Hence, on some neighborhood of p, 1, is n-convex for all sufficiently small €. The
required conclusion about 1, in a neighborhood of K now follows by covering K with finitely
many such neighborhoods of points p e K.

Since the approximation properties of the t, relative to T are, as observed earlier in this
section, automatic, it follows that each &#,. and in particular %, has the semilocal
approximation property. It is easy to check that %, . has the C* stability and maximum
closure properties so the hypotheses of Theorem 1.1 are satisfied and the following
Proposition follows. The second statement was established in [5] (¢), where numerous
geometric applications are also given.

ProPOSITION 2 .2. — For any continuous function n : M — R, the C* sections of &, . are
dense in the C° fine topology in the set of all sections. In particular, the C* strictly convex
functions on any Riemannian manifold M are dense in the C° fine topology in the set of
continuous strictly convex functions.

If ¥, and %, are two subsheaves of the sheaf of germs of continuous functions on a
manifold M each of which has the maximum closure property then &; N &, also has the
maximum closure property: this fact is an immediate consequence of the definition of the
property. Also, if ¥, and &, have the C* stability property, then &, n ¥, does; this is
also obtainable immediately from the definition. But if %; and %, has the semilocal
approximation property then a priori the C* approximations for %, sections might be
obtained by an entirely different process from that used for the %, sections so that no
conclusion could be drawn about whether or not &; n %, would also have the semilocal
approximation property. If, however, the semilocal approximations for both &, and &,
sections are obtainable by the Riemannian convolution smoothing process, then it is again
immediate that & N ¥, has the semilocal approximation property. Inparticular,if &, .
is defined to be % .,z ¥, (n : M — R a continuous function, B a positive number) then
& has the semilocal approximation property, as well as the maximum closure and C®
stability properties. From Theorem 1.1, one then obtains a proposition of a by-now
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familiar form. (In [5] (b), a special case of this proposition is established, and some
differential geometric applications are discussed.)

PRrOPOSITION 2. 3. — The C® sections of & .y " Ly are dense in the C° fine topology in the
set of all sections of & .z Lye.

3. Subharmonic Functions

A C® function f on a Riemannian manifold M is subharmonic by definition if Af is
nonnegative everywhereon M. IfVy,..., V,isanorthonormal frame in the tangent space

TM, of M ata point p, then Af],= Y. D}(V;, V;) where D}(V;, V;)=the second derivative of
i=1

f at p along the geodesic through p having tangent V;. Thus a C* convex function is
necessarily subharmonic. But of course the class of subharmonic functions is in general
much larger than that of convex functions.

Itis natural to try to extend the definition of subharmonicity to continuous, not necessarily
C® functions. Unfortunately, to do so in terms of the behavior of the function along
geodesics is difficult. What is needed is a characterizing property of C® subharmonic
functions that is easily extended to the case of continuous functions. One such property is
that of being a subsolution of Dirichlet problems in the sense of the following definition:

DEriniTION. — A continuous function f: M — R on a Riemannian manifold M is a
subsolution of the Dirichlet problem determined by its boundary values for an open set U in M
with compact closure, if f has the following property: if h is any function harmonic on U and
continuous on U with h(q) = f (q) for all qeﬁ—U then h(q) = f (q) for all ge U.

A C< function is subharmonic if and only if it is a subsolution of the Dirichlet problems

determined by its boundary values for all compact closure open sets U in M: this fact is well
known and follows in any case from results later in this section.

A second characterizing property of subharmonicity of C* functions, which also extends
immediately to continuous functions, is the satisfying of suitable local maximum principle.

DEerFINITION. — A continuous function f: M — R satisfies the local harmonic maximum
principle if for any point pe M and any (C*) function h defined and harmonic in a
neighborhood of p the function f—h has a local maximum at p only if f — h is constant in a
neighborhood of p.

A C* function is subharmonic if and only if it satisfies the local harmonic maximum
principle. This fact is again well known and also is a special case of results proved later.

That a continuous function f: M — R which satisfies the local harmonic maximum
principle is a subsolution of the Dirichlet problems determined by its boundary values for all
compact closure open sets U is well known and easily established by elementary
considerations (see e. g., [1], pp. 135-137) for a proof in case M =R?, which proof is easily
extended to the general case). The converse holds, but a stronger result than the direct
converse also holds: If a continuous function f: M — R is a subsolution of the Dirichlet
problems for all a collection of compact closure open sets U which together form a basis for
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the topology of M then f'satisfies the local harmonic maximum principle. (The proof of this
essentially standard fact is again a straightforward extension of the proof for M =R?
in [1].

l[-lzu)rmonic functions on a Riemannian manifold can be treated from the viewpoint of the
axiomatic potential theory of Brelot (see [3]; also [6]): the ““harmonic functions” of the theory
are just to be the harmonic functions in the usual sense of solutions of A=0, and the “regular
open sets” of the theory to be (sufficiently small) open balls B(x; €), 0 < & < g(x), xeM,
where € : M — R is an arbitrary positive function. It is immediate that the axioms are
satisfied. The theory then provides a definition of subharmonicity of a continuous function:
f:M >R is subharmonic if and only if, for all regular open sets U and points xe U,

fx) J‘fdp},’, where pY is the harmonic measure determined by U and x. (More generally,
anot necessarily continuous functionf : M — R U { — o0} is defined to be subharmonic if it is

upper semicontinuous, not = — oo on any component of M, and satisfies f (x) < | fdp? for

all regular open sets U and x e U, as before. | Since the function x — f fdpY is the solution of

the Dirichlet problem determined by the boundary values of (the continuous function) f; it is
clear that a continuous function fis subharmonic in the sense of this definition if and only if fis
a subsolution of the Dirichlet problems determined by its boundary values for all regular
open sets forms U. Since the set of regular open sets forms a basis, it follows that all three
concepts of subharmonicity —the subsolution property, the local harmonic maximum
principle property, and the axiomatic theory definition —are equivalent (for continuous
functions).

The following definition/lemma summarizes these considerations:

DEerFmNITION. — A continuous function f: M — R on a Riemannian manifold M is
subharmonic if it has any (and hence all) of the following three properties:

(i) It is a subsolution of the Dirichlet problems determined by its boundary values for all
compact closure open sets U = M.

(ii) It satisfies the local harmonic maximum principle.

(iif) It is subharmonic in the sense of axiomatic potential theory with ‘“harmonic

functions” being solutions of A=0 and “regular open sets” being sufficiently small balls
around each point.

Clearly subharmonicity in the sense of this definition is a local property: (ii), for instance, is
obviously a local condition, and (iii) is shown to be local in the development in [3]. Set
& = the sheaf of germs of continuous, locally subharmonic functions. Then a continuous
function f': M — R is subharmonic if and only if it is a section of F,.

If fis a C* function on M and g is a C*® function of compact support on M, then
j Af)yg= Jf (Ag). Thus one is led to define the Laplacian of a continuous function f on
M : B
M as a distribution by
(Af)g= f fAg,
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for g, C* compact support. One says that Afis nonnegative if (Af') g is nonnegative for all
nonnegative C* functions g of compact support on M; if fis a C* subharmonic function on

M then (Af) g=J g(Af ) so Af is nonnegative in the distribution sense. Moreover,

M
it follows from the definition that if fis any function (not necessarily C*) which is a limit

uniformly on compact sets of functions with nonnegative distribution Laplacian then fhas a
nonnegative distribution Laplacian. Thus in investigating the approximation properties of
& it is reasonable to consider first the distribution Laplacian of the section of Fg,.

LemMa 3.1. — A continuous functionf: M — R is subharmonic if and only if the distribution
Laplacian Af is nonnegative.

It is possible to prove this result by direct argument: the fact that nonnegativity of the
distribution Laplacian implies subharmonicity is proved directly in [9] and a direct proof of
the converse can also be given. However, if one takes for granted the machinery of
axiomatic potential theory, in particular the results of [7], then a very short proof of the
lemma becomes possible: For a discussion of this and other, related results (in the more
general context of not necessarily continuous functions) see, for instance, ([6] pp, 1-13); the
results there are for M =an open subset of R”, but the proofs are essentially in the context of
the axiomatic theory so that they apply in the present situation. For the convenience of the
reader, an outline of the proof is given here:

Outline of Proof of Lemma 3.1. — Since both properties —subharmonicity and non-
negativity of the distribution Laplacian —are local, it is sufficient to consider the question of
their equivalence locally. Let p be any point in M and B be an open ball about p of radius so

small that B is compact and that (B, E) is diffeomorphic to (open unit ball, closed unit ball) in
R". There exists a Green’s function g : B xB — (0, + oo], with the property that g (x, y) is
for each fixed y € B asymptotically equal to (1/a,,) (dis (x, y))> "as x — y where a, is Poisson’s
constant (for n #£2; for n=2, the asymptotic behavior is 27)~ ! log dis(x, y). Then gisa
fundamental solution of Laplace’s equation, i.e. :

Jg(x, VA dx=—o(y)

for any C? function ¢ with compact support in B, where de is integration relative to the

Riemannian volume measure for the point x. If u is a nonnegative Radon measure of
def

compact support on B with the property that Gu= fg( ., ¥)du(y) is not= + oo, then by

Fubini’s theorem
jGuA(pdx= — j(pdp,

for all C? functions of compact support in B.  With these notations in mind, suppose that
J: M —R is a continuous subharmonic function. Then the results of [7] applied to the
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“harmonic space” in the Brelot sense determined by taking as “harmonic functions” the
solutions of A=0 and as “‘regular open sets” sufficiently small balls, as before, yield that [ | B
may be written as — p+ h, where is harmonic and p = G p, for some nonnegative p (this is the
generalized Riesz decomposition theorem). Then Af=Ah—Ap= —Ap and

(Af)<P=(—AP)<P=j(PduéO,

for any C? compact-support-in-B function ¢ so that Af is a nonnegative distribution
(on B). Conversely, suppose that fis a continuous function with nonnegative distribution
Laplacian u=Af. Let D be any open set with compact closure in B and set
up=u x characteristic function of D. Then A(G up), in the distribution sense, is equal to
—up, since as noted earlier (with ¢ as then):

J(G up) (Ag) = — f(P Up.

Thus A(f +Gup) is zero on D as a distribution. By the ellipticity of A, f + Gup, is equal
almost everywhere to a (C*) harmonic function on D. Since —Guyp, is subharmonic and
since the sum of a subharmonic and a harmonic function is by trivial considerations
subharmonic, it follows that f is equal a.e. to a subharmonic functions. But a continuous
function which is equal almost everywhere to a subharmonic function is itself
subharmonic. []

The sheaf &, has the maximum closure property: this follows easily from the (subsolution-
property) definition of subharmonicity. It will be shown shortly that &, also has the
semilocal and convex composition properties. But %, does not have the C* stability
property, e. g., 0 is a section of ¥, but obviously there are arbitrarily small (in the C® sense)
perturbations of O that are not subharmonic. Definitions of strict subharmonicity, and,
more generally, n-subharmonicity, analogous to the definitions of strict convexity and
n-convexity, lead to sheaves having the C* stability property in addition to the maximum
closure and semilocal approximation properties.

DerFiNITION. — If n: M —>R and f: M —> R are continuous functions, then f is
n-subharmonic if for each point p in M there is a positive number & such that the function

1 .
q- f(q)—<5+ ﬁn(p)> dis*(p, q)

is subharmonic in a neighborhood of p. A continuous function f: M — R is strictly
subharmonic if it is 0-subharmonic. ’

Strict subharmonicity and more generally mn-subharmonicity are obviously local
properties. Set &, =the sheaf of germs of (continuous) n-subharmonic functions and
I sh =S osn=1the sheaf of germs of (continuous) strictly subharmonic functions. Then of
course a continuous function f: M - R is a section of &, (%) if and only if f is
n-subharmonic (resp., strictly suharmonic).
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A C*® function f: M >R is m-subharmonic if and only if (Af)(p)>n(p) for all
peM. This fact is an immediate consequence of the elementary formula
A dis? (., p)| p=2n. Lemma 3.1 implies immediately that a continuous function
f:M >R is n-subharmonic if and only if (in the notation of the definition of
n-subharmonicity) Af —(8+mn(p)) is a nonnegative distribution in a neighborhood of
p. From this one concludes by a standard argument the following Lemma:

LemMMa 3.2. — A continuous function f : M — R is n-subharmonic on M if and only if there
is a C* functionn, : M = R such that everywhere A f=1, (in the sense that Af —(n;) is a
nonnegative distribution on M) and such that n, >n on M.

It is evident from Lemma 3.2 (or in fact directly from the definition) that &, and in
particular &, have the C” stability property. It is also easy to see that each &, has the
maximum closure property: if

1 1 .
f1—<81+ﬁn(p))disz('p) and fz—<82+§n(p,)>dlsz(,p)

are subharmonic in a neighborhood of p, then one checks easily using the maximum closure
property for subharmonic functions that

1
max(fl,fz)—<min(51, 82)+ En(p)) dis*( , p)

is subharmonic in a neighborhood of p. It remains to investigate the semilocal
approximation property for &, and F,.

THEOREM 3.1. — (i) For any continuous n : M — R, &, has the semilocal approximation
property. (ii) &g has the semilocal approximation property.

COROLLARY 1. — The C* sections of F ns, are dense in the sections of & g, in the C° fine
topology. The C*® sections of g, are dense in the section of ¥, in the compact-
open topology.

The first statement follows from the present theorem combined with Theorem 1.1 and the
observations of the paragraph preceding the present theorem. The second statement is
trivial if M is compact for then any section of & is constant by the maximum
principle. If M is noncompact, there exists a C* function g : M — R such that Ag=1
on M. The existence of such a function g is a consequence of the local solvability of elliptic
equations together with the Lax-Malgrange theorem on approximation of local solutions by
‘global ones in the case of second order elliptic equations (or more generally arbitrary order
with adjoint having the unique continuation property: see [5] (d) for details and the original
references). If f is a section of & and K a compact subset of M, then f +Ag with A a
sufficiently small positive number approximates f in the C°®sense near K. Now f+Agisa
section of ¥, so f +Ag can be approximated in the C° sense near K (in fact, globally) by
a C* strictly subharmonic function, which is necessarily a section of #g,.
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COROLLARY 2. — P, has the convex composition property, and the C® subharmonic
exhaustion functions are dense in the compact-open topology in the continuous subharmonic
exhaustion functions.

The second part follows from Theorem 1.2, the first part, and the maximum closure
property of #,. For the first part, note that if fis a section of %, in a neighborhood of
peM, then by the theorem there is a sequence { f; } of C* subharmonic functions defined in a
neighborhood of p with f; —»f uniformly. If x : R - R is an increasing convex function,
then there exists a sequence of C* functions { x; } defined and convex in a neighborhood of
f(p)and converging uniformly on a neighborhood of f (p)to . Direct computation shows
that A(y;o f}) is nonnegative in a neighborhood of p. Since ;o f; — ¥ of uniformly on a
neighborhood of p and since the uniform limit of subharmonic functions is subharmonic, y o f
is subharmonic in a neighborhood of p.

The corollary just established shows that &%, satisfies the hypotheses of
Theorem 1.2. The corollary holds also for %, in place of . But, in terms of
construction of approximations, this fact is not needed since ¥, has the C* stability
property and so Theorem 1.1 applies, whereas for &y one has only the weaker
approximation conclusion of Theorem 1.2.

Proof of Theorem 3.1. — Part (ii) follows from part (i) by an argument similar to the
deduction of the second statement of Corollary 1; namely, suppose that f is a continuous
subharmonic function defined on an open neighborhood U of a compactset Kin M. If U
is compact (i. e. if M is compact and U = M), then f is constant by the maximum principle and
there is nothing to prove. If U is noncompact, there exists a C* function g : U — R such
that Ag=1on U (the existence of g is obtained by applying the argument already given to the
noncompact manifold U). The functionf + X g, with a sufficiently small positive number A,
approximates f in the C° sense near K and in the C* sense on that part of K on which f
is C*, and f+Ag is strictly subharmonic. Assuming part (i) for the moment, one
concludes that f + g may be approximated by a C* strictly subharmonic function near K in
the required C° and C* senses and thus that there is a C* (strictly) subharmonic
approximation of f of the required sort.

Before undertaking the proof of part (i) of Theorem 3.1, note that the deduction of part (ii)
from part (i) depends in an essential way upon the existence of a strictly subharmonic
function defined in a whole neighborhood of K, not just in neighborhoods of different points
of K. Asnoted, such strictly subharmonic functions always exist (except in the trivial case
of U compact). But given a compact set K it may very well be the case that no strictly
convex function exists on any neighborhood of K. This is the case if, for instance, K
contains a closed geodesic. It is for this reason that the sheaf of germs of convex functions
cannot be shown by the pressent methods to have the semilocal approximation property even
though it was shown in paragraph 2 that the sheaf of germs of strictly convex functions
does. It is at present unknown to the authors whether or not the sheaf of germs of convex
functions has in general the semilocal approximation property.

Returning now to the proof of part (i) of Theorem 3 . 1, suppose that K is a compact subset,
that U is a neighborhood of K, and that f is a continuous m-subharmonic function
on U. Thecase K=U=M, which can occur if M is compact and 1 is negative somewhere
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on M, requires special consideration and will be dealt with later. Suppose now that K +M
so that, by choosing a smaller U if necessary, U may be taken to be noncompact. Choose

an open set V with C* boundary and with KcVeVcU. Set N be the double of V;

N=VUV1 where Vr\vl =the boundary of V. By standard extension theorems, there
exists a Riemannian metric on N with the property that in a neighborhood W of K,

with WCV, this metric equals the Riemannian metric of M restricted to W. Also there
exists a continuous function f : N — R such that f | W=f. Choose any such f Then f is
n-subharmonic on W, but not of course on all of N in general (indeed, n-subharmonicity is
not at the moment and need not ever be defined on N as a whole).

Now consider the function F(x, ¢) : N x { teR| t20} — R obtained by solving the heat
equation

OF
— =AF
ot

on N with the initial condition F(x, 0)=f(x), xeN. By standard theorems there is a
function F which is such a solution in the sense that: (1) F is continuous on
Nx {teR|t20} (2) F is C* on Nx {teR[t>0} and JF/0t=AF on that set and (3)
F(x, 0)=f(x). Moreover, F has the property that (4) if f is C® in a neighborhood of a
compact set K, =N then the derivatives of all orders of F( , ¢) : N — R converge uniformly
on K; as t—0% to the corresponding derivatives of f. Thus, the functions
F(,t):N->R,t—>0", form a family that when restricted to a neighborhood of K
approximate f in the sense of the definition of the semilocal approximation property. To
check that F( , ¢) is n-subharmonic in a neighborhood of K, some further properties of the
heat equation need to be used.

For notational convenience, write H, f :N->R for F(,7): N->R. It is again a
standard result that even if g is only a distribution, rather than a continuous function, H, g is
still defined in the sense that there is a unique C* function G : Nx {teR|t>0} >R
satisfying 0G/0t=AG and having the property that G( ,t)—>g as t—0", where
convergence of G( , t)is in the sense of distributions. In fact, it is known [2] that the heat
operator is given by convolution with a kernel, in the sense that there is a C* function
k:NxNx{teR|t>0} - R such that

(ch)(x)=J h(y) k(x, y, t)dy, >0,

for any continuous function # : N — R; more generally, if h is a distribution on N then
(H, h)(x)is h operating on k (x, y, t) with respect to the y variable. Also, k has the properties
that, as t > 0%, k(x, y, t) converges to 0 uniformly in the C® topology on any compact
subset of N x N— {(x, x)| xe N } and that there exists a neighborhood of {(x, x)| xeN} in
N x N such that, for all sufficiently small positive ¢, k(x, y, t) is positive for all (x, y) in the
neighborhood. Finally, it is known that H, commutes with Ay, i.e. for any distribution h:

A(H,h)=H, (Ah) for all t>0.
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From this fact, one can deduce that H, fis n-subharmonic on some neighborhood of K for all
sufficiently small ¢, in the following way.

First, choose > 0 so small that f is n-subharmonic on the set {xeN]|dis(x, K)<438}and
that for all x, ye N with dis (x, y) <239, k(x, y, t) is positive for all sufficiently small t. Bya
partition of unity on N x N, k may be expressed as k, + k, where k; and k, are C* functions
on NxNx {teR|t>0} with the properties that

support of k; = {(x, y)eNxN|dis(x, y)<28} x {teR|t>0}
and support of k= {(x, y)eNxN|dis(x, y)>8} x { teR|t>0}.

Then k,( , , t)converges to 0in the C® topology on N xNas ¢t — 0%, and k, =0 for small t.

Now let g=Af (the distribution Laplacian) and let n; be a C® function on the
neighborhood W of K such that g>mn; on W and n, >n on W, the existence of n; is
guaranteed by Lemma 3.2. As would in fact be the case for any distribution,
gk, (x, y, t) >0 as t > 0" uniformly on N, where g(y)k,(x, y, t) is the function of x
resulting from applying the distribution g to the y variable of k, (x, y, t)foreachfixed t. On
the other hand, if n, is a C* function on N agreeing withn; on { xe N|dis(x, K)<38}, then
for all xe N such that dis (x, K)<é:

gWki(x, y, )2 an(y)kl (x, y, t)dy,

since k, (x, y, t)=0 if dis(x, y)=26 and g(y)>mn; (y) for all y with dis(y, K)<36. Now
jnz(y)kl(x, y, t)dy = n, (x) uniformly on any compact subset of N as t— 0" since

an(y)k(x, y, t)dy=H,;n, - n, uniformly and jﬂz(Y)kz (x, y, t) >0 uniformly as

t—0%. In particular, for all sufficiently small ¢ :
1 1
n20)ks (x, . )dy> 300+ 34 ()
for all x such that dis(x, K)<8. So

1 1
gk (x, y, t)>§n(x)+§n1(x),

for those ¢t and x. Since
gWk(x, y, )=gki(x, y, )+g () ka(x, y, t),

and since g (y)k, (x, y, t) — 0 uniformly on N as t — 0", there is a positive number ¢, such
that for all t€(0, ¢,) and all x such that dis(x, K)<3$ :

3 1
gk(x, y, t)>zn(x)+zn1(x).
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Now the facts that g(y)k(x, y, t)=H,(Af)(x)=A(H, f)(x) and that n; (x)>n(x) for
the points x in question imply that, for te(0, t,), H,f is m-subharmonic on
{xeN|dis(x, K)<3}.

The special case K =U =M, consideration of which was postponed at the beginning of the
proof, can also be treated by the heat equation method just discussed. One omits the
passage to the double N of V and uses instead the family H, fobtained by operating on fby
the heat operator H, of the compact manifold M itself. The remainder of the proof is very
similar to that just given and is omitted for brevity.

In geometric applications, Lipschitz continuous subharmonic functions play a special role
[see [S] (b, €)]. So it is natural to inquire whether the semilocal approximation property
holds for ¥y, &5 In fact, it does, and this fact can be established by the same
constructions used to establish the semilocal approximation for &g, itself. A similar
situation occurs in the cases of ¥, N & gand &, " S 5. Incertain special applications
(see [12]) it is useful to have a more refined version of these facts which allows for variation of
the local Lipschitz constant. To formulate this refinement, an additional definition is
useful :

DerINITION. — If B : M — Ris a positive continuous function, then a function f: M — Ris
locally Lipschitz continuous with variable local Lipschitz constant B if for each xe M fis a
section of ¥ 4, in a neighborhood of x.

The sheaf of germs of such functions will be denoted by &1

THEOREM 3.2. — If B : M - R is a positive continuous function and n: M - R is a
continuous function on a Riemannian manifold M, then ¥ g, &5 and & g N F .5 have the
semilocal approximation property. In particular, LSy has the semilocal
approximation property.

COROLLARY 1. — The C* sections of & g N &L 1cp (in particular, of & g O S cp) are dense in
the C° fine topology in the sections of &y F1cp (respectively of F s O F1ep)-

CoroLLARY 2. — For any positive constants B and €, the C* subharmonic exhaustion
Sfunctions with gradient everywhere of length less than B+¢ are dense in the compact-open
topology in the subharmonic exhaustion functions with local Lipschitz constant less than B.

As in previous cases, Corollary 1 follows by combining the present theorem with
Theorem 1.1. Corollary 2 follows from the present theorem combined with Theorem 1.2’
and the convex combination property of ¥, (Corollary 2 of Theorem 3.1).

Proof of Theorem 3 .2. — Postpone consideration of the case K=U=M. Incase K+#M,
perform the construction used in the proof of Theorem 3.1 of the double N of the closure of
the neighborhood V of K. Choose the extensions f and G to N of f | W and the
Riemannian metric G of W so that f is a section of &4 for some positive continuous
function B : N — R such that B | W=8, W < V. These choices are possible for elementary
reasons. In either of the cases, K=U=M or K #M, it becomes sufficient to prove that if
B:N->R is a positive continuous function on a compact Riemannian manifold and
f: N - Risasection of &, 4then H, fis a section of & for all sufficiently small . (That
H, f will be a section of ¥, near K was established in the proof of Theorem 3. 1)
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Now let p be a point of N; there exists a finite set X;, . . ., X, of vector fields each with
length <1 everywhere on N and length =1 in a neighborhood of p such that, on some fixed
neighborhood of p, any C* function hwith | X; hl <B(p),i=1, ..., n,isasectionof ¥ zon
that neighborhood. Specifically, choose X;, . . ., X, to be an orthonormal basis at p and
in a neighborhood of p and (for later purposes) to have DX;=0at pforall i. Such a choice
is possible by standard constructions. For instance, the X; near p can be determined by
Gram-Schmidt orthonormalization of the coordinate vector fields of a Riemannian normal
- coordinate system centered at p. The conclusion that h is a section of ¥4 near p under
the circumstances indicated follows from estimating the derivative of h along any smooth arc
near p. A standard compactness argument now shows that to complete the proof it is
enough to establish the following: Suppose that X is a vector field of length<1 on N
satisfying DX (p)=0 for some pe N and that fis a section on N of 5. Then thereisa
positive number t, and a neighborhood U of p such that ifte(0, t,) then
| X (H, f)(x)| <B(p) for all xeU.

The estimate to be established is of course equivalent to
d
E(Htf)((ps(x))ls=0<ﬁ(p)x

where @, : N xR — N, seR, is the one parameter group of diffeomorphism of N determined
by the vector field X. In these terms, it is enough to show that there is a constant P, less
than B(p), such that, for all t€(0, t,) and xe U, I(H,f)((ps(x))—(H,f)(x)| <sPB; for all
sufficiently small s. For notational simplicity, write ;H, =the heat operator at “time” ¢ for
the metric o* G on N, i.e. the metric induced on N from G by the map ¢, : N—» N. Then
(H, ) (x)=(H, (0¥ f))(x) since the heat equation is invariant under isometry of N. Hence

(%) [(H, ) (95 (x) —(H, ) ()| £ [ ;H, (0¥ 1) ()~ H,(@F ) ()| + | H (0¥ £) () —H, f (x)].

Now there is a constant B, <B(p) such that f is a section of &, 4 in a neighborhood of p,
in particular on { xe N|dis(x, p)<3} for some positive number 3. Then, for x in the set
{xeN]|dis(x, p)<8/2} and for any (positive) s<8/2, |(¢¥ f)(x)— f(x)| <B,s. Thus
(1/9)|(@¥ /)(x)— f (x)| <B2. Now (1/s)|(@* f)(x)— f (x)| is for all s bounded on N by
supB; and, as observed, near p it is, for all sufficiently small s bounded by B,. A

N

straighthorward application of the argument used previously in which the heat kernel k is
written as k, +k, shows that for s<&/2 and for all ¢ sufficiently small .

1
H, <§[(<p§" NX-f (X)]>|<Bz for all x with dis(x, p)<&/4,
the smallness of ¢ requiréd being uniform in s as s—0%. To estimate

2|5, ) (0, (0) ~(H, /)9

it remains to estimate the first term | H,(@¥f)(x)—H,(o¥f)(x)| of the
right hand side of the inequality ().
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To obtain the required estimate it is necessary to use more detailed information about the
heat kernel k than has been used up to now. Specifically, the existence of an asymptotic
expansion for k(x, y, t) in the following form is needed [2] :

k(x,y, t)y=@mnt)""?[exp(—r*(x, y)/4 ) (uo (x, y)+ tuy (x, y, t)).

Here n =dimension N, r=the Riemannian distance function on N x N (previously denoted
by dis), u, is a C* function on N xN, and u, is a continuous function on
N xNx { teR|t>0} whichis bounded on N x N uniformlyin tast - 0*. Fornotational
convenience, write kg, 1y, slio, and 4u, for the functions corresponding to k, r, uy, and u; when
the Riemannian metric G of Nis replaced by oF G. Also, let v; : N — R be the positive C*
function which is the ratio of the n-dimensional measure determined by @F G on N to that
determined by G; then for any function (or distribution) h : N>R :

(:H: h)(x)=J ks(x, y, t)h(y)vs(y)dy,

N

where the integral is taken relative to the measure determined by G.
To estimate | H, (¥ f)(x)—H, (¢¥ f)(x)] is to estimate

J ks(x, y, t)(@?f)(y)vs(y)dyfj k(x, y, t)(tpsf)(y)dyl.

N

Now

UNks(x, ¥, t)(cp;"f)(y)vs(y)dy—J k(x, y, t)(wé‘f)(y)dy’

=(@dmnt)"?

J lexp (=73 (x, y)/4 )] (o (x, y)+t5us (x, y. D)(@F /) (¥)vs(y)dy
N
—J lexp (—=r*(x, y)/ 4 ) (uo (x, y)+ tuy (x, y, D)(0F /) () dy}

N

g@nﬂ”“{

J [exp (=77 (x, y)/4 O1(0F 1) () (stto (x, ¥)+ 1 u5 (x, ¥, 1) (w5 ()= 1)dy’

/

+

J [exp (=72 (x, y)/4 ) —exp(—r?(x, Y)/ 4 O (0F ) (V) (o (x, y)+ 151 (%, y, 1)) dyl
N

+

J [exp (=77 (x, y)/4 1(0¥ £)(1) (o (x. y) —uo(x, y))dy ‘

—+

J [exp(—r*(x, y)/4 (9F /) (V) 1 (ur (x.y, )—uy (X, y, t))dyl}-

This last (four term) sum will be referred to as (‘]’). It will now be shown that for suitable
choice of ¢y, and neighborhood of p each of the terms in the four term sum (T) is < (e/4)sif
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te(0, to), if x and y are in the neighborhood, and if s is sufficiently small. To do this for the
first term, let (x4, . . ., x,) be a local coordinate system around pe N. Then

d
‘<£0s>(p)

where @ = the volume form of N determined by G and D, ,, X =0 at p because DX =0 at p by
choice of X. (Since the calculation is local, it is valid even if N is nonorientable so that o is
not globally definable.) Hence there is a neighborhood, say { xeN | r(x,p)<8}, of pin
which | (d/ds)v,|,—o | < & where & is a (small) positive constant to be specified later. Let

C=2sup|(d/ds)vs|s=o|. Then the first term of the sum ({) is, for small enough s and for x
N

=0l =|ldGo)|

s =

=0'

n
Zl <lDa /MX(D) A dx;

i=

Z Da/ax,, (ixw) A dx;
i=1

with r(x, p) < 8/2, less than or equal to
a L M‘(“’”)'"” exp(—r3 (x, y)/4 1) (0¥ 1) ()
| X (o (X, y)+t gy (x, y, 1))|dy
+CS£W @m0 exp(=ri (e /4 0 (01 1) )

X (g (X, y)+ 1ty (x, y, 1)|dy.

Now | @¥ f| is bounded uniformly on N independently of s. Thus the second of the two
integrals here goes to O uniformly in s and x at t — 0™ in view of the properties of k(x, y, t), as
discussed earlier. Also, when & is chosen sufficiently small, the first integral is bounded
uniformly for all x and sufficiently small s as t - 0. That is because, if § is so small that
ks(x, y, t) 2 0 for all x, y with r(x, y) < & for all ¢ sufficiently small, then

j |ks(x,y,t)|dy=f ki(x, y, 0dy  =[HD](x)—> (1) (x)=1 as t-07,
yar(x, ) <d .

yar(x, y) <8

so that

JI (o)™ exp(—rd (x, )/t (uo (x, y)+t,uy (x, y, )| vs(y)dy > 1

as t - 0%; but v, < 2 everywhere on N if s is small enough so

lim jl (@mt)™"? exp(—ri(x, y)/1) (¥ f) (»)
t—>0*
X (o (X, y)+ tguy (x, y, 1)| vs(y)dy
< 2sup|(9¥ f)| < 2sup|f|.
N N
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It now follows by choosing n sufficiently small that for ¢, sufficiently small the first term of (T)
is < (¢/4)s for all te(0, ty) and all x sufficiently close to p.

The argument establishing the required estimate for the third and fourth terms of (T) is
quite similar to that just given and will be only briefly indicated. The estimation of the
second term requires a different procedure; consideration of that term is being deferred for the
moment. For the third term estimate, note [2] that (u, (x, x)=1 for all sand all x € N so that
(d/ds) suo (x, x)=0. The function u, (x, y) being C* in all three of variables, it follows that,
given a positive number & (to be specified later), there is a 8 > 0 such that for x and y with r
(x, y)<8 and for sufficiently small s, |(d/ds)uo(x, y)| <€. In particular, for x and y
near p and s small

| stdo (x, ) —uo (x, y)| < &s.
Also, |(d/ds) suo (x, y)| is bounded uniformly for s small over N x N so that for some C;:
|s“o(x: y)—ug (x, J/)| =Css

for all x, ye N and s sufficiently small. The required estimate on the third term of (1) is now
obtainable by the same procedure as before (splitting the integral into two parts, one over
yar(x, y) < &, one over yor(x, y) = §). For the estimation of the fourth term of (1), note
that there is a constant C, such that

Isul(x’ Y, t)_ul(x» Y, t)l é CzS,

for all x, yeN and s sufficiently small; this fact follows from the determination of u,
in [2]. Then the fourth term is less than or equal to

C,st JI @r )" exp(—r*(x, y)/1)(9¥ £) ()| dy.

The integral is uniformly bounded as t — 0* so that for ¢ and s sufficiently small the fourth
term is less than or equal to (C, ¢) s, where C, is independent of s, t,and x.  Since, for small ¢,
C,t < €/4, the required estimate follows.

It remains to estimate the second term. For this purpose, a preliminary estimate is
needed on the behavior of ;(x, y) for x and y near p. Namely, given a positive number & (to
be specified later), there is a neighborhood of p such that for all sufficiently small s:

|rs(x, y)=r(x, Y| < Esr(x, y),

for all x and y in the neighborhood. To verify that this is so, let x and y be points near p and
let ¢ : [0, r(x, y)] = N be an arc length parameter minimizing geodesic from x to y. Every
point of cif near pis x and y are sufficiently near p. Now let ¢, be the variation of ¢ defined by
cs(W)=05(c), uel0, r(x, y)l. The first-variation-of-arc-length formula gives (letting
I(cs)=length of c(s)):

d . . .
‘gl(cs) =0=|GXQ), c(r(x, Y)—-G(X(x), c0))].
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Now
d . .
EG(X (@), c()=GD;, X, (1)),
so the right hand side of the first variation formula is

< r(x, y) sup G(D;, X, ¢(1) S r(x, y) sup|| Dy X||-
t t

Since DX =0 at p, for x and y and hence ¢ near enough to p, sup || D;(, X || can be made
t

arbitrarily small, in particular < &/2. Then |(d/ds) l(cs)] < (/2)r(x, y). It follows that,
for small s, |I(c;)—1(c)| < (£/2)sr(x, y). ButI(c,) = ry(x, y) and I(c)=r(x, y) so that

(6 1) S r(x ) b osr (s, ).
A symmetric argument using the flow of —X shows that

r(x, y) S r(x, y)+%srs(x, y)

and hence

g & ,
rx, y) Sr(x, P+ Zsrx, )+ 5-sr7(x, y).

If € is chosen small enough that £r(x, y) < 1 for all x, y then
r(x ) Srlx, y)+Esr(x,y)  and  r(x, ) —r(x p)| <Esr(x, ).
Itis easy to check by similar reasoning that there exists a constant C; such that for all x, ye N:
|ro(x, y)=r(x, y)| < Css,

for all s sufficiently small. Now, since | e*— 1| < 2|z| for real numbers z near 0, it follows
that, for s small

2
le—rf(x, W g=rtx, y)/t| < eI _t(rsz (x, y)_r2 (x, y)) )

Since
|2 (x, y)—r*(x, )| = |rs(x, Y)+rx Y] rx p)—rx, p)],

for all x, y:

2 2 . 2
eI (2 (0, 1) =P (x, )| S €77 S Cysr(x, ) 37 (x, )
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here the estimate |r(x, y)—r(x, y)| < Cj s has been combined with its consequence that, for
sufficiently small s, ry(x, y) < 2r(x, y) so that

rs(x, y)+r(x, y) <3r(x, y).
Moreover for x and y sufficiently near p:

2 2 2
IS0 (x, )= (x, )| S €T 2881 (x, ). Br ().

The required estimate of the second term can now be established: Using the fact that ¢}, fis
uniformly bounded on N and that juq (x, y)+ t ;4 (x, y, t) is uniformly bounded on N x N and
s near 0 as t - 07, it now suffices to show that for any positive constant {:

ﬁ (Am )" {exp(—ri(x, y)/t)—exp(=r*(x, y)/D) }|dy s,

for all r and s sufficiently small. To estimate this last integral, it is convenient to express it in
terms of integration in geodesic coordinates as follows: Consider the exponential map
Exp, : TN, —» N. Exp, maps a starshaped (relative to 0) bounded region U of TN,
diffeomorphically onto a region of N the complement of which has measure zero. Thus one
can express integration over N by integration over the bounded region U of
TN,. Specifically

Jh(y)dy=j h(Exp,v) p(v) dv,
N veU

where p (v) is a nonnegative function on U and dv denotes the measure induced on TN, by the
inner product on TN, determined by the Riemannian metric of N.  Using polar coordinates
on TN,, r=distance from 0, 6eS"~! = TN,, gives

J h(y)dy= J h(expy(r, ) v(r, 0)r"~ drdo,
N

(r.0)eU

where d0 = the standard measure on S~ ! and v (r, 0) is again a nonnegative function. Then
v(r, 0) is a bounded function on U. To see this, note that v(r, 8) is the (n — 1)-dimensional
volume multiplication factor of (Exp,), at (r, ) TN, on the orthogonal complement of the
radial direction. Thusv(r, 8)is bounded by 1/r"~ ! x the (n — 1) st power of the supremum at
distance r of the length of Jacobi fields J along geodesics emanating from x and having
J(x)=0, ||J(x)||=1, and J(x) perpendicular to the geodesic. The quantity 1/7"~" x this
supremum is uniformly bounded for r €0, ry] for any r,, and since N has bounded diameter,
the boundedness of v(r, 6) on U follows. Explicitly, a bound on v(r, 6) can be obtained by
comparison of N with a constant negative curvature manifold of curvature — max (( sectional
curvature of N|).  This comparison shows that v (r, 0) is in fact bounded on U by a bound
which may be chosen to be independent of the choice of x. Now let s be sufficiently
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small. It follows from all these observations that there is a constant C, independent of x
such that

jl (@m o)™ {exp(—r2(x, y)/t—exp(—r*(x, y)/1) } |dy

" ldr

§C4j(41|:t)'"/2e"2/’ sup %{rf(x, »=r’(x, y}

r(x,y)=r

® 2 7'2
§6&C4SJ @me)yM2e" /‘Tr"—l dr
0

+

2
-n —nl” a-
+6SC3C4J (4me)y"?e /Tr tar, (1D

3

where & is chosen such that r (x, y) < 8 implies | r,(x, y) —r(x,y)| < s&r(x,y). Nowitcanbe
shown directly that

5 2
J @me)—"? e"z/‘Tr"_1 dt
0

is bounded uniformly as t — 0*: namely, make the change of variable oc=r/\/;. Then

) r2 NG teo
J @me)~"2er /‘Tr"‘ldr=j e~ * ada <f e " a? < 4.

0o 0 0

oo

-1 .

Thus, if & is chosen §[6C4J e“‘zoczdoc] £/8, the first term of (‘]’T) is less
. 0

than (g/8)s.

The same change of variable shows that

+ ) r2 + oo )
J @mne)™2e " “—r"“dr=J e~ a2 da.
i t 3/t

+ o :

Now J . e a? do— 0 faster than any power of t as t > 0%. Thus the second term
3/t

of (T T)is less than (¢/8) s for all ¢ sufficiently small. The required estimate on the fourth term

of (1) is thus established, and the proof of Theorem 3.2 is complete. ' []

For certain purposes (cf. [12]), it is useful to be able to carry out approximation of
subharmonic functions which are Lipschitz continuous in a neighborhood of a closed
set —but not, perhaps, elsewhere —by C* such functions. To formulate a refinement of
Theorem 3. 2 appropriate for this purpose, define, for any closed set L in M and any subsheaf
& of germs of continuous functions on a neighborhood of L, the sheaf & | L to be the sheaf on
M the stalk of which is, for each p e L, the corresponding stalk of & and is, foreachpe M —L,
the set of all germs of continuous functions at p. The desired refinement of Theorem 3.2 is
the following:
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THEOREM 3.2'. — Let L be a closed subset of M and B a positive continuous function on a
neighborhood of L. Then:

@ Lo (LLep | L) has the semilocal approximation property;

(b) Lysu (chﬁ|L) has, for any continuous function m : M — R, the semilocal
approximation property.

S s r\(yuﬂi L) clearly has the maximum closure and C* stability properties. Thus
from the present theorem combined with Theorem 1.1 follows the usual corollary that the
C*® sections of &, shm(chﬁ“-‘) are dense in the C° fine topology in the continuous
sections. Also the same reasoning that led to Corollary 1 of Theorem 3.1 from that
theorem yields in the present case that the C* sections of ¥y, N (| L) are dense in the
compact-open topology in the continuous sections.

Proof of Theorem3.2'. — Asin Theorems 3. 1 and 3.2, it suffices to establish the semilocal
approximation property for &, g N (&L .5 | L). Letfbeasection there of in a neighborhood
of a compact set K which section is C* in a neighborhood of a (perhaps empty) compact set
K;. SetK,=K;uU(LnK). Clearlythereis a positive continuous function 3, defined in a
neighborhood of K, and having the properties that =, in a neighborhood of K n L and
thatfisasectionof & ., inaneighborhood of K,. By Theorem 3.2, thereisa C* section f;
of Lo O (S L, | K,) in a neighborhood of K, which approximates fin the C°sense near K,
and in the C® sense near K;. An application of the technique used in the proof of Lemma
1.1 combines f; and f'to yield a section f, of &, ¢ on a neighborhood of K such that f; is an
approximation of fon K, f, is C* near K ,, and f, is an approximation in the C* sense of f; on
K,. The two approximation requirements are consistent because f; is a C° approximation
of f near K,.

An application of Theorem 3 . 1 yields a C* section f; of &, g on a neighborhood of K such
that f; is an approximation in the C°sense of f, in a neighborhood of K and an approximation
in the C* sense of f, in a neighborhood of K,. Since f, is a C* section of &, 3 N (L1 | L)
near KL, f3 is by C® stability a section of &, 4N (¥ 4|L) near KL if the C*
approximation of f, by f; near K, is sufficiently good. Thusif all approximations are chosen
to be sufficiently good, f3 will approximate fin the C°sense on K and in the C® sense on K,
and f3 will be a section of (¥ ] L)in a neighborhood of L n K and a section of K. Hence f3
will be a section of &, 5N (L1 cp | L) in a neighborhood of K approximating fin the senses
required in the definition of the semilocal approximation property.

4. Obtaining Semi-local Approximations from Local Ones

To apply Theorem 1.1 it is necessary to have a method of constructing smooth
approximations of sections of the sheaf % in neighborhoods of arbitrary compact subsets of
the manifold. Since it is not generally possible to engulf an arbitrary compact subset in a
single coordinate system, one is thus, at least at first sight, restrained from using smoothing
processes which are defined in such a way as to depend upon coordinate choice. In some
cases, the only obvious candidate for a smoothing process does depend upon a coordinate
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system choice; for instance, the approximation of (continuous) strictly plurisubharmonic
functions on a complex manifold by smooth strictly plurisubharmonic functions is
obtainable easily only within a given complex coordinate system, in which the usual
convolution process may be used. Thus it would be advantageous to obtain a version of
Theorem 1.1 in which one needed smooth approximation only in neighborhoods of given
points, not of given compact sets. Such a result for the specific case of global smooth
approximation of strictly plurisubharmonic functions was obtained by Richberg [11]. The
purpose of this section is to formulate and prove a theorem closely related to that of [11] but
general in character dealing with the passage from local to global approximations. To state
the theorem, one needs first to make precise the type of local approximations needed.

DermniTION. — Let & be a subsheaf of the sheaf of germs of continuous functions on a
manifold M. & has the local approximation property if for each point p of M there is an
open neighrohood U, of p with the property that & l U, considered as a subsheaf of the sheaf
of germs of continuous functions on U, (U, being considered as a manifold) has the semilocal
approximation property.

Note that the local approximation property just described is obtained when a suitable
convolution smoothing process is available in coordinate systems. For instance, the sheaf
of germs of continuous plurisubharmonic functions on a complex manifold has the local
approximation property: the neighborhood U, can be taken to be the domain of a complex
coordinate system containing p and the required approximations in a neighborhood of a
given compact subset of U, are obtained by convolution smoothing in the coordinate system
using kernels of small support as usual.

On a Hermitian manifold M with Hermitian metric given in local coordinate form by
{gaﬂla, B=1, ..., dim¢ M},one can define a concept of n-plurisubharmonicity analogous
to the n-convexity introduced in paragraph 2, n being as before a continuous function
on M. Namely, a continuous function ¢ is said to be n-plurisubhurmonic if for each pin M
there exists a C® function t defined in a neighborhood of p such that ¢—rt is
plurisubharmonic in that neighborhood and such that the eigenvalues of the form

" 0%t -
Y g dz,dz
wp=1 0z,0zp
are greater than n (p) at p, where (z,, . . ., z,) is a complex coordinate system defined in a

neighborhood of p. A continuous function is strictly plurisubharmonic if it is O-pluri-
subharmonic. It is easy to check that the strict plurisubharmonicity property is actually
independent of the choice of Hermitian metric g; in particular, a function is strictly
plurisubharmonic if and only if it is strictly plurisubhafmonic in each local coordinate
system. By contrast, n-plurisubharmonicity, n#0 depends on g.

The, convolution smoothing process already discussed can be used to show that the
definitions just given coincide with the obvious definitions in terms of Oka’s modulus of
plurisubharmonicity, namely, that the modulus be greater than n or greater than some
positive continuous function, respectively [cf. [S] (f)]. More to the present purpose, the
application of the convolution smoothing process yields immediately that for each
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continuous function n : M — R the sheaf of germs of n-plurisubharmonic functions has the
local approximation property. In particular, the sheaf of germs of strictly plurisubharmo-
nic functions has the local approximation property. These observations illustrate the
relevance of the following theorem to the construction of smooth approximations of
plurisubharmonic functions.

THEOREM 4.1. — If % is a subsheaf of the sheaf of germs of continuous functions on a
manifold M and if & has the local approximation, the C* stability, and the maximum closure
properties, then & has the semi-local approximation property also.

CoROLLARY 1. — If & has the local approximation, C* stability, and maximum closure
properties then the global sections of & which are C*® are dense in the global sections of & in
the C° fine topology.

COROLLARY 2. — IfM is a complex manifold then the C* strictly plurisubharmonic functions
are dense in the continuous strictly plurisubharmonic functions in the C° fine topology. If M
is an Hermitian manifold then for any continuous function m:M —>R the C~¥
n-plurisubharmonic functions are dense in the (continuous) n-plurisubharmonic functions in the
C?° fine topology.

Corollary 1 follows directly from combining Theorems 1.1and 4.1. Corollary 2 follows
from Corollary 1 and the remarks preceding the statement of Theorem 4.1. The first half of
Corollary 2 is given in [11]. :

The following lemma will be used to establish Theorem 4. 1:

LeMMA 4.1. — Let % be a subsheaf of the sheaf of germs of continuous functions on a
manifold M, and suppose that & has the maximum closure, C® stability and local
approximation properties. Suppose also that L, and L, are compact subsets of M, that fisa
section of & on some neighborhood W of L, U L,, that f is C* in a neighborhood W, of L,
and that there is a neighborhood W, of L, such that & | W, has the semilocal approximation
property. Then there exists a section. f; of & | W such that f approximates f; everywhere
on W in the C°-fine sense, such that f; approximates f in a neighborhood of L, in the C* sense,
and such that f, is C* in a neighborhood of L, U L,.

Proof. — Choose open sets W3 and W, having compact closures and having
L, CW_«, cW,, L, CW4CW2. Let p, be a C® function which is identically 1 on W3 and
which has its support contained in W,. Let g be a continuous function on W which: (a)is a
C= section of & in a neighborhood of W; (b) approximates f in the C° sense on W.; (¢)

approximates fin the C* sense on a neighborhood of the intersection of W4 and the support
of p;. The existence of g follows from the semilocal approximation property of & on W,
and standard extension properties of continuous functions. Set h=(1—p,;)g+p; f. This

function his C* in a neighborhood of W, U W, and approximates f there. Alsoif g wasa
sufficiently good approximation of f'in the C* sense on the neighborhood of the intersection

of W,  the support of p;, then by the C* stability property, h will be a section of & on a
neighborhood of W3 UW4. Finally h= f on W3.
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Now choose a C® function p, which is identically O in a neighborhood of L; U L, and
which is identically 1 in a neighborhood -of M —(W;uU W,). Let £ be a (small) positive
number, and let f; be defined as follows: f; = fon W — (W3 U W,); fi =max(f, h+£§—2&p,)
on(W3;UW,)—(L;ulL,)and fj=honL; UL,. Bythe maximum closure property, f; isa
(continuous) section of % on W provided that h is a sufficiently good approximation of f on
W3 v W4. By choosing & sufficiently small and & such a sufficiently good approximation,
one obtains that f; has the properties required.

Proof of Theorem 4.1. — Let K be a compact subset of M and f a section of & in a
neighborhood U of K. To construct a C® section of % defined in a neighborhood of K
and approximating f on K in the senses of the definition of the semilocal approximation

1
property, chose open subsets U;, ..., U, of U such that K < U U; and & | Uj; has the
j=1
semilocal approximation property foreachj=1, ..., I. Thischoiceis possible since & has
the local approximation property. Let V,, ..., V, be open subsets of M each with

compact closures Vchj and with K = O V;. The existence of such V; is a standard
fact. Now repeatedly apply Lemma 4. 1]: f11rst with L; =the compact subset K; =K in a
neighborhood of which fis C® (see the definition of the semilocal approximation property in
paragraph 1: K; may be empty), with W=U and with L, =V1; then with L, =K; U Vl and
L2=V2, and W=U still; then with L;=K, uvl u—\72 and L2=V3 and still
W=U. Continuing in this fashion, one obtains after [ steps, a C® section of & in a
neighborhood u -\7, and so in a neighborhood of K, which will approximate f near K in the
sense of the semilocal approximation property provided that at each of the I steps the
approximation of the immediately previous step was chosen to be sufficiently good. [

Being defined independently of the choice of a metric on the manifold, the coordinate
system smoothing process used to construct C* strictly plurisubharmonic local
approximations to continuous strictly plurisubharmonic functions (or C* n-pluri-
subharmonic approximations to continuous n-plurisubharmonic functions) naturally does
not bear any relationship to the metric properties of the manifold when a metric is
chosen. However, it is sometimes important to know that the approximations so obtained
do in fact preserve certain metric-related properties of the functions being
approximated. The case of Lipschitz continuity is disposed of by the following lemma:

LEMMA. — Let (z1, . . ., za) be a complex coordinate system defined on an open subset U of
an Hermitian manifold M, K be a compact subset of U and f : U — R be a continuous function
on U which is locally Lipschitz on U with local Lipschitz constants less than B, i.e. f is a
section on U of ¥ cp | U (in the notation of paragraph 2). Let f,, c€(0, g;), be the family of
functions, defined and C* in a fixed neighborhood V of K, obtained by coordinate convolution
smoothing with kernel n relative to the (zy, ..., z,) coordinate system. Then, for all
sufficiently small ¢, ||(grad f,)(p)|| <B for all peK.

Proof. — Choose a neighborhood W of K such that Wisa compact subset of V. W is
covered by a finite number of open subsets U; of U such that there are constants B; < B with
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lf(ql)—f(qz)l <B; dis (q;, ¢,) for all gy, q,e€B;. It follows that there
is a number By, such that By <B and f|W is locally Lipschitz continuous with local
Lipschitz constant less than By, i.e. f|W is a section of &Ls,, 00 W.  Choose now a

neighborhood W, of K with WI cW. By paragraph 2, with t there being taken to be
f | W, there exists a family t; : W; — R of C* functions such that t; converges uniformly to f
on W; as > 0" and such that, for all sufficiently small §, 75 is a section of & Ly
on W;. Of course, the t; are necessarily closely related to thef; obtained from coordinate
convolution smoothing.

Now let p be any point of K and V be a vector in TM,, with | V|| =1. There exists a
unique C® vector field V on U such that V has constant coefficients in the real coordinate
system associated to the complex coordinate system (zj, ..., z,) and such that
V(p)=V. As usual

1
VL(p)= S—nVL | % (—”Z—”)f(pﬂ)

where addition of vectors means addition relative to the (real) coordinate
structure. Since 15 — f uniformly on compact sets as § —» 0*:

1 J [ (HUH) } 1 j <||U||>
=V % fp+v) |=1lim 5V w (1L )t (p+0)
& lloll e € 50 € [[o]l e e )°
1 ~
_ lim i,,f V[%(”—vl>ra(l7+v):|=h'm —,.J u<M>(Vra)(p+v),
50" € o] <e € 520" € [lo]| <& €

where the V and V differentiate the p variable. Now

LJ %<M>(V 1) (p+v) < sup|(\~/‘ca)(p+v)|.
ol =e

n
e € ol se

Ase - 0", sup ” V(ip+v) || — 1. Moreover, this convergence is uniform in variation of the
[[o]l e

direction (at p) of the unit vector Ve TM,,. Since By, <B, it follows that for ¢ sufficiently
small, the smallness required being uniform in p and Ve TM,, with || V|| =1, that

|(V £)(p)| <B.

If (grad £,)(p) #0, take V=(grad f,)/ || grad £, || to obtain || grad £, || <B. Ifgrad f,=0, then
|| grad f, || <B trivially, and the proof is complete.

Tabular Summary of Results
NOTATION:

sheaf of germs of:

convex funcCtions. . . . . . . . i e &,
strictly convex functions.. . . . ... . ... Fse
m-convex functions. .. .......... ... S e
subharmonic functions.. . . .. .. ... i e L s
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strictly subharmonic functions. .. ... ... ... .. .. L & ssh
plurisubharmonic functions. . ... ........ . ... ... . ... . . S psh
strictly plurisubharmonic functions. . . . .. ..... .. ... ... .. .. .. . ... S spsh
n-plurisubharmonic functions.. . . . ... ... ... .. S npsh

Lipschitz continuous functions with local Lipschitz constant <B (B constant). . &,
Lipschitz continuous functions with local Lipschitz constant<p (B possibly
variable). . . ... e L e

Preliminary remarks on the table:

(1) In the cases where the entries involving ;. would be the same whether B is constant
or variable the two cases have not been listed separately. In the one case where they differ
(L Frp vs. L0 F ) they have been given separate listing.

(2) The entries for the sheaves F,., & o, and &, and for their intersections with & g
would be the same as the corresponding entries for, respectively, &, ¥, and F, and
their intersections with % 5. These duplicated sets of entries are omitted for brevity.

(3) Certain results (e. g. Theorem 3.2’ and its corollaries) which did not fit conveniently in
the table are omitted.

(4) Blank spaces represent cases which are to the authors’ knowledge unsettled.

Properties
2] © = g S
g2 & £z5 5 iz 2 . %
sE JEgfgS% € 35 E: 2 £ £z
: 25 29 £588 ¢ SE 8E £ Z ER
S W8 98858 5 EBEE NE o s &g
& &°&%s E Qg E& 5 3 &
R § i z ° 3
Sheaf of functions germs % O © & = ] S S
B-Lipschitz (Ficp).. - oo vovvvnvn e Yes  Yes Yes Yes Yes Yes No Yes Yes
Convex (Fo)e. oo Yes Yes No Yes
Strictly convex (Fg). - oo oo vev i Yes  Yes Yes Yes Yes Yes Yes Yes Yes
Convex, B-Lipschitz (#.n ). . . . . Yes No No  Yes
Strictly convex, B-Lipschitz
(LepNLrcp) oo Yes Yes Yes Yes Yes Yes No Yes Yes
Subharmonic (Fg). . . oo oo i ... Yes Yes Yes Yes Yes Yes No  Yes
Subharmonic, B-Lipschitz, B constant
(Fan S I Yes . Yes Yes Yes No No Yes
Subharmonic, B-Lipschitz (g N & p). Yes Yes Yes No No  Yes
Strictly subharmonic (Fgg)- . . . . . . . . Yes  Yes Yes Yes Yes Yes Yes Yes Yes
Strictly  subharmonic, B-Lipschitz
(Lssh O FLrep)e oo Yes  Yes Yes Yes Yes Yes Yes Yes Yes
Plurisubharmonic (& ). . .. .. ... .. Yes Yes No  Yes
Plurisubharmonic, B-Lipschitz
(Losh VL rep)e oo Yes No No  Yes
Strictly plurisubharmonic (¥,g). . . . . Yes  Yes Yes Yes Yes Yes Yes Yes Yes
Strictly plurisubharmonic, B-Lipschitz
(Lspsh O Liep)ee oo Yes  Yes Yes Yes Yes Yes Yes Yes Yes
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Added in proof: R. L. Bishop has informed us in a letter that considerations akin to the
convex composition property were taken up in his joint paper with S. ALEXANDER, Convex-
Supporting Domains on Spheres (Ill. J. Math., 18, 1974, pp. 31-47).
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