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STABLE REAL COHOMOLOGY OF ARITHMETIC GROUPS

By ArMAND BOREL

A Henri Cartan,
a Poccasion de son
70° anniversaire

Let T" be an arithmetic subgroup of a semi-simple group G defined over the field of
rational numbers Q. The real cohomology H* (I') of I' may be identified with the coho-
mology of the complex Qf of I'-invariant smooth differential forms on the symmetric
space X of maximal compact subgroups of the group G (R) of real points of G. Let I
be the space of differential forms on X which are invariant under the identity component
G (R)? of G (R). It is well-known to consist of closed (in fact harmonic) forms, whence
a natural homomorphism j* : I§ — H* (). Our main result (7.5) gives a range, compu-
table from the algebraic group structure of G, up to which j* is an isomorphism. For a
given group, it is rather small, about #/4 for SL, (Z) for instance; however, we may consider
sequence (G,, I',), where G, and I, are as G and I, for which our range tends to infinity,
and of injective morphisms f,, : (G,, I',) — (G,+1, I',+1). Since much is known about I,
this allows us to determine the ¢ stable real cohomology > H? ([',), n large, and H* (lim I",)

—_
for sequences of classical groups (§ 11). For example, H* (limSL,(Z)) [resp.
—_—

H* (lim Sp,, (Z))] is an exterior (resp. polynomial) algebra over infinitely many generators,
—_—

one for each dimension of the form 4i+1 (resp. 4i—2)(i = 1,2, ...). The result for
SL (Z) then implies that the dimension of K;(Z) ® Q is one if i = 1 mod 4 and zero
otherwise (i = 2).

The homomorphism j* is defined for any discrete subgroup I' of G (R). If G (R)/I"
is compact, then, as a simple consequence of Hodge theory, j* is injective in all dimensions.
The results of Matsushima [19], recalled in paragraph 3, show the existence of a constant
m (G (R)), determined by the Lie algebra of G (R), up to which j* is surjective. Our
theorem is thus the analogue for arithmetic subgroups of Matsushima’s result. H. Gar-
land had already shown in [9] that if G (R)/T" is only assumed to have finite invariant
volume, and if every cohomology class in a given dimension ¢ < m (G (R)) is represen-
table by a square integrable form, then Matsushima’s arguments carry over without change
and show that j* is surjective in dimension q. Moreover [10] gives, for I' arithmetic,
a range up to which this condition is fulfilled (a so-called * square integrability criterion ’).
Our main concern is therefore the injectivity of j* in the arithmetic case, but our discussion
will also include the surjectivity and the square integrability criterion.
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236 A. BOREL

As a first step, assuming only that G (R)/T has finite invariant volume, we shall see (3.6)
that, given an integer m’ (G), j* is bijective at least up to min (m (G (R)), m’ (G)) if there
exists a subcomplex C of Q such that, up to m’ (G) : (i) C — QF induces an isomorphism
in cohomology; (ii) I, = C; (iii) C* consists of square integrable forms. The surjectivity
(3.5) is essentially Garland’s argument, while injectivity follows from the fact that on a
complete Riemannian manifold, a non-zero square integrable harmonic form is not the
differential of a square integrable form (2.5).

There remains then to find such a C when I is arithmetic, and it suffices to do so when I”
is moreover torsion-free. Its definition (7.1), and the preliminaries in paragraphs 4 and 5,
involve only X/I" but are better understood if X/I" is viewed as the interior of the compact

manifold with corners X/I" of [4], (see also § 6). From that point of view, the main
use of paragraph 4 is to give a decomposition of the invariant Riemannian metric near a
boundary point y, with respect to a frame adapted to the corner structure around y, and
paragraph 5 gives a criterion for the square integrability of a differential form o near y,
in terms of a growth condition of the coefficients of ¢ with respect to that frame. C is
then defined by means of such growth conditions near the boundary points, i. e., on Siegel
sets, for forms and their differentials. It follows immediately from paragraph 5 that C
satisfies (ii) in all dimensions, and (iii) at least up to a constant ¢ (G) defined in terms

of the Q-roots of G. To prove (i) we introduce a presheaf & on )?/F . For y on the

boundary and U a neighborhood of y in i/l“ , & (U) is the space of forms on U n (X/T')
satisfying the growth condition which is part of the definition of C. For y e X/T', & (U)
is simply the space of differential forms defined in U. This presheaf'is a sheaf whose space

of sections on )?/F and X/T are C and QY respectively. Since the inclusion X/I" ¢ f/l“

is a homotopy equivalence, it suffices then to prove that & is a fine resolution of R on i/l".
The  fineness >’ is easy, so that the main point is to check a local Poincaré lemma near
a boundary point, i. e., on a Siegel set. This is done by showing that the usual homotopy
operator used to prove the Poincaré lemma on euclidean space does not alter our growth
condition.

Theorem 7.5 yields a square integrability criterion which is analogous to, although
somewhat weaker than, that of [10]. It can also be obtained more simply by proving

that the cohomology of —)Z/F can be computed by means of differential forms which,
locally around the boundary, are lifted from forms on the boundary. This is done in
paragraph 8, but is not used in the rest of the paper.

Paragraph 9 contains some remarks on m (G (R)) and ¢ (G). In particular, they are
both = (rkq (G)/4)—1, hence tend to infinity with rky G. Paragraph 10 reviews some
known facts about the stable cohomology of classical compact symmetric spaces, which
all occur in the Bott periodicity [7]. Modulo well-known isomorphisms, this gives

lim I when G runs through suitable sequences of classical groups, and allows us in para-
—_

graph 11 to describe explicitly H* (lim I',) for sequences of classical arithmetic groups
—_

which occur in K-theory or hermitian K-theory. This yields the ranks of the corres-
ponding K; or .L; groups (§12).

4e SERIE — TOME 7 — 1974 — N°o 2



STABLE REAL COHOMOLOGY OF ARITHMETIC GROUPS 237

The main results of this paper have been announced in [2]. In fact, [2] states them
more generally for S-arithmetic groups. Those will be considered in another paper.

The growth condition used in paragraph 7 is not the one underlying [2], and yields
somewhat sharper results. I thank G. Harder very much for having suggested it. 1
would also like to thank G. Prasad, who read the manuscript and pointed out a considerable
number of misprints and corrections.

0. Notation and conventions

0.1. For xeR, = {xeR | x>0}, we let [x] be the greatest integer strictly
smaller than x.

0.2. Let u, v be functions on a set X, with values in R,. We write u < v if there
exists a constant ¢ > O such that u (x) < cv(x) forall xeX, u >vifv <wuand u < v
if u<vandv<u

0.3. Manifolds are smooth, i. e., C* and oriented. Let M be a manifold. C* (M)
is the space of real valued smooth functions and Q,, the space of smooth exterior differential
forms on M. For xe M, T, (M) is the tangent space to M at x. If A is a tensor field
on M, then A, is the value of A at xe M. If M is a Riemannian manifold, (A,, B,) is
the scalar product defined by the metric of two tensors of the same type at x, and
| A, | = (A, AY'?; moreover (A, B)y denotes the integral of (A,, B,) over M, and L? (M)
or L? (M, dv) [resp. L' (M) or L' (M, dv)] is the space of square integrable (resp. inte-
grable) functions on M, with respect to the Riemannian volume element dv.

0.4. The connected component of the identity of an algebraic group (in the Zariski
topology), or of a topological group G, H is denoted G°, H®, ... The Lie algebra of an
algebraic group or of a real Lie group G, H, ... is denoted L (G), L(H), ...

0.5. Our algebraic groups are linear and may be identified with algebraic subgroups
of some GL, (C). If we wish to emphasize a field of definition k for a given algebraic
group H, we shall write H/k.

If k' is a finite separable extension of a field k, then Ry, is the functor of restriction
of scalars from k' to k ([23], Chap. I).

0.6. If a group G operates on a set A, then AS is the set of fixed points of G in A.

1. A Stokes formula for complete Riemanrian manifolds

In this section, M is a connected Riemannian manifold, g the metric tensor, d( , )
and dv the associated distance function and volume element.

Our main aim in paragraphs 1 and 2 is to prove 1.3, 1.4 and 2.3, which are essentially
known, although not exactly stated in the form we need them. The arguments are slight
variations of the known ones.
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238 A. BOREL

1.1. We recall first that if M is complete, there exists a proper smooth function
B : M — [0, c0) and a constant ¢ > 0 such that [ grad p (x) | < cforall x e M ([22], § 35).

Such a function can be obtained by regularization ([22], § 15) from the function
r : x — d (o, x), where o is some chosen point of M. (The latter function is proper and
satisfies our second condition wherever it is differentiable, i. e., almost everywhere.)

Although this is not needed in this paper, we remark that the converse is true : assume p
to exist. Let v : s+> x (s) be a geodesic segment parametrized by arc length, where s
varies over some bounded interval J of the real line. Assume the length of y to be finite.
Then, since | dy/ds | = 1 identically, the variation of oy on J is bounded and Im 7y is
contained in a bounded set (u being proper). But then Im y can be extended (at both
ends) to a longer geodesic segment. Hence M is complete.

1.2. LeEMMA. — Assume M to be complete. There exist compact sets C, < D, (r eR¥)
such that C, contains the interior of C,. if r > r', and M is the union of the C,, a family of
smooth functions o, (r > 0) and a constant d such that 0 < o, (x) =1 (xeM), 6, (x) =1
for xeC,, o,(x) = 0forx¢D,, and

|grad o, (x)| S dr™',  (r>0).

Let m : [0, c0) — [0, 1] be a smooth function equal to 1 on [0, 1] and 0 on [2, ).
Then put o, (x) = m (u(x)/r), where p is as in 1.1.

1.3. PROPOSITION. — Assume M to be complete. Let X be a continuous vector field
on M. Assume that ]Xxj is bounded on M and that Ly (dv) = 0. Let E be a finite
dimensional Hilbert space and f be a C' E-valued function on M such that f, X f are inte-
grable. Then

j Xfdv=0.
M

Since Ly (dv) = 0, we have X fdv = Ly (fdv) hence, by H. Cartan’s formula
(€))] Xfdv=d({iX)fdv)+i(X)d(fdv) = d(i(X)fdv).

Assume first that f has compact support. Then if B is a bounded open subset of M con-
taining the support of f'and having a sufficiently regular boundary B, we have, by Stokes’
formula

) f dev=jd(i(X)fdu)=f i(X)fdv=0.
M B oB
Assume now simply £, X f to be integrable and let 6, be as in 1.2. Then, by (2) :
3) 0=J'X(G,f)dv=J‘on,dv+ jc,dev.
Clearly
0)) lim J c,dev=J X fdv.
r-o JM M
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STABLE REAL COHOMOLOGY OF ARITHMETIC GROUPS 239

On the other hand
|Xo,(x)| =|(X,, grad o,(x))| < | X, |d[r, (xeM),

is bounded on M, hence

H fXo,dv

as r— oo; together with (3) and (4), this proves the proposition.

<(@dJr) Max[Xx]JM|f(x)|Edv-+0

1.4. COROLLARY. — Let u, v be E-valued functions on M of class C'. Assume that
h(x) = (x), v(x)e  and x> Xu(x), v(x))g, x> (u(x), Xv(x))e
are in L' (M, dv). Then (X u, v)y+(u, X )y = 0.
Since
Xh(x) = (Xu(x), v(x)e+u(x), Xv(x)g,
the function /4 satisfies the conditions imposed on f in 1.3, henceJX h(x) dv =0,

which proves 1.4.

1.5. COROLLARY. — Let u, v be E-valued functions on M of class C! such that u, v,
Xu, Xv are all square integrable on M. Then

Xu, )+, Xv)y=0.

All the scalar products mentioned in the assumptions of 1.4 are integrable, hence 1.5
is a special case of 1.4.

2. Square integrable forms

2.1. Let M be a connected oriented complete Riemannian manifold, » its dimension,
QF, the space of smooth real-valued exterior differential p-forms on M, Q* = Qf the direct
sum of the QP. As usual, we have the exterior differentiation d: Qf — Q&*!, the star
operator v : QF = Q7P the operator d = (—1)"®*V* ! Jedye: Q?— QP ! and the
Laplace-Beltrami operator A = d 0+0 d.

For a, B € Q”, the scalar product (o, B) = (o, B)y is defined by

(a, B)m = JM (o, Bo)dv

and we put || a | = (a, )"/2.  This scalar product is extended to Q3 by decreeing that Q”
and Q7 are orthogonal if p # q. We let Qf (,, = Qf,) be the space of square integrable
p-forms, and Qf,) = QY ,, the direct sum of the Qp,.

2.2. PROPOSITION. — Let 0. QF, BeQbtl. Assume that the functions

o x— (o), B and x> (o, (0B).)

x|, |.|B.
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240 A. BOREL

are integrable. Then

(o, 0B)m = (do, Bm-

If one of a, B has compact support, this is standard. Therefore, with o, as in 1.2,
we have

M (0,0, 3B) = (d (o, ), B).

We have d (o, oa) = do,ANa+0,do. The scalar products (o, o, dp) and (o, do, B) tend
respectively to (o, 0B) and (do, B) as r— oo. It suffices therefore to prove

2) lim (do,Aa, B) =0.

r—oo

By elementary algebra, there exists a constant ¢ > 0 independent of r, o, o such that
| (do, o), | < c¢|(do,),|.a,|. Taking 1.2 into account, we have then

|do,(x) Ao | < ¢|do,(x)].]| o | < c(d]r)| o]
whence,
(o, D) 5 el [ 15.]d
and (2) follows.

2.3. COROLLARY. — Assume that o, do, B, 0P are square integrable. Then
(da’ B)M = (aa a[:;)M'

By the Schwarz inequality, all the assumptions of 2.2 are fulfilled.

2.4. A form o is harmonic if Ao = 0. We let #7,, or #, ,, denote the space of
square integrable harmonic p-forms. Since M is complete, » € #7,, if and only if © € QF,,
and do = 0o = 0, by a theorem of Andreotti-Vesentini (see e. g. [22], § 35).

We recall that, by a result of Kodaira, if ® € Qf,, and do = 0, then there exists 6 € Q" 1
and H o € #7,, such that ® = H o +do (in [22], this follows from Theorems 14 and 24).

In fact, the result is also valid in the non-complete case, with * harmonic >’ being defined
by the conditions do = do = 0, loc cit.

Let us denote by HF,, (M) the space of real p-dimensional cohomology classes of M
which may be represented by a closed square integrable p-form. We have then natural
maps

m v
HE,) - HE, (M) - HP (M).

By the result of Kodaira quoted above, p is surjective. If M is compact then p and v
are bijective by Hodge theory. In general, p need not be injective, nor v surjective. There
is however a weaker form of injectivity which will be useful later :

2.5. PROPOSITION. — Let & € #%,, and assume that ® = do, for some 6 € Q7. Then
o =0.
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STABLE REAL COHOMOLOGY OF ARITHMETIC GROUPS 241

In fact, 0o = 0 by 2.4. Hence 0, do, 0, and do = o are all square integrable. By 2.3,
we have then

(do, do) = (0, do) = (do, 6) =0,
whence do = 0 and ® = 0.

2.6. REMARKS. — The proposition holds true if the assumption ¢ € Q{’z‘)‘ is replaced

by : the function x| o, |.| @] is integrable. The proof is the same, except for the
use of 2.2 instead of 2.3.

3. The map j? : 15 — H* ()

3.1. In this section, G is a real semi-simple Lie group, whose identity component
has finite index and finite center, K is a maximal compact subgroup of G and X = K\ G
the space of maximal compact subgroups of G. Endowed with a G-invariant Riemannian
metric, X is a complete symmetric Riemannian manifold with negative curvature, diffeo-
morphic to euclidean space. B

For a subgroup H of G, we let QY be the algebra of differential forms on X which are
invariant under H. If H = G°, we write I instead of QY. By well-known facts, which
go back to E. Cartan, I consists of harmonic forms, and we have

&) I = H*(L(G), L(K)),

where the second term denotes relative Lie algebra cohomology.

Let T be a discrete subgroup of G and m : X — X/I" the natural projection. I acts
properly on X, and

2 H*(I) = H*(Q}) = H*(X/T).
This is well-known if I is torsion free, because it then acts freely on X, X/I" is a K (T, 1),
and 7 induces an isomorphism : Q- 5 QY. In the general case, this follows since the

isotropy groups of I' on X are finite, and therefore have trivial real cohomology (for a
more general result, see e. g. [12])

Similarly, if I’ — GL (E) is a finite dimensional real or complex linear representation
of T', then

3 H*(I'; E) = H*(Qx ® E)").

Since the elements of I; are closed, the inclusion I ¢ QY induces a homomorphism
4 j*: Ig->H*(D)
whose restriction to I% will be denoted j%, or j# if necessary.

If G = G°, there is a canonical isomorphism

) H*(I') = H*(L(G), L(K); C*(I'\G)) ([20], §3).
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242 A. BOREL

In view of (5), we may then identify j* with the homomorphism of Lie algebra cohomology
induced by the inclusion R — C® (I'\\G) of R onto the space of constant functions.
If T\ G is compact, then ER has an invariant supplement, hence j* is injective. This is
then also true for G not connected by a standard argument (see proof of 3.4 below).

For other interpretations of j*, at any rate when G is linear, we refer to 10.2.

3.2. Paragraphs 3.4 and 3.5 are devoted to some known results of Y. Matsushima
and H. Garland. However, we shall state them in a slightly more general manner, and
shall have accordingly to make some remarks on the proofs. To this end we need some
notation and facts recalled here. The reader willing to take 3.4 and 3.5 for granted
may skip this, since 3.2 will not be referred to elsewhere in this paper.

Let L (G) = L(K)+p be the Cartan decomposition of L (G) and
0: (xtyPx—y) (xeL(K), yep)

the corresponding Cartan involution. On G we consider the right invariant metric equal
to go (X, Y) = —=B(X, 0(Y)). (X,YeL(G)) on L(G), where B is the Killing form,
whence also a metric on G/T".  Let (X;),<; <y be an orthonormal basis of p and (X,)n< o< gimg
one of L (K). Identify the (X;),<;<qimc tO right invariant vector fields on G, hence
to vector fields on G/I". Since the metric is right invariant, and G is unimodular, we
have

Q) |X..| =1, (1=2igdimG;xeG/D),
©) Ly (dv)=0, (1<i<dimG).

Let (®’) be the basis of Maurer-Cartan forms dual to (X;). For a strictly increasing
sequence I = {i;, ..., i, } of indices between 1 and dim G, let ©' = 0"A... Ao"
and 1/ = Card I. For simplicity, we shall assume I' torsion-free. Let

n: GJT —»X/T =K\G/T

be the canonical projection. Then ¢+ 64 = o o m defines an isomorphism of Qy . = (913
onto the complex Q, of forms on G/I" which are left invariant under K and annihilated
by the interior products i (X) (X e L (K)). Any such form can be written uniquely

(3) Go = Z lel’

|1]=4¢

with o; € C* (G/T'), and where 1 runs through the strictly increasing subsequences of
A= {1, 2, ..., N } There is a constant ¢ such that for o, 1€ Qy, :

() (o, Dxr=c¢ 2 L/r (o}, 1) dv.

We have, for o of degree =1 :
©) (Ac)y = — ). Coya,
1

where C is the Casimir operator for G.

4¢ SERIE — TOME 7 — 1974 — No 2



STABLE REAL COHOMOLOGY OF ARITHMETIC GROUPS 243

3.3. Assume G to be connected, simple non-compact. In [19], Y. Matsushima
has attached to G a constant, depending in fact only on L (G), to be denoted m (G).
We sketch its definition. Let m be the second symmetric power of p. On m let ( , )
be the scalar product defined by the Killing form and let P ( , ) be the quadratic form

PE n)= zRikljéklnip
where Ry,; denotes the curvature tensor. Then
m(G) = maxq|(A/q) (&, E)+P(E & >0  (Eem—{0}),

where A is a certain constant, defined in terms of the restriction of the Killing form to L (K).

DEFINITION. — For G as in 3.1, let m (G) = min m (G;), where G; runs through the
simple connected non-compact normal subgroups of G°.

3.4. TuEOREM (Matsushima [19]). — Let I be a discrete subgroup of G and assume G|’
to be compact. Then

(1) j is injective for all q’ s;

(ii) j? is surjective for q < m (G).

In fact, in [19], Theorem 1, G is connected, simple non-compact, and I is torsion-free.
We discuss briefly how to go from there to the general case. I is linear, finitely generated.

By a well-known result of A. Selberg, it has a torsion-free subgroup I’ of finite index,
which may then be assumed to be normal, and contained in G°. We have then

H*@)=H*T)"", IG=>0)"", Q=@

from which it is clear that the result for I'" implies the result for I.  Thus we may assume
that G is connected and I' torsion-free.

We already saw (3.1) that j* is injective. This also follows from Hodge theory, since I
consists of harmonic forms.

By examining Matsushima’s proof of (ii), it is not difficult to see that the argument
is valid for a non-simple group, provided the constant A is replaced by the minimum of
the corresponding constants assigned to the various non-compact factors. This, which
would suffice for our purposes, may yield a constant m (G) somewhat smaller than the
one defined above. That one can use m (G) as defined above was pointed out to me
by H. Garland. I sketch his argument. Let G, (1 < ¢t < s) be the simple non-compact
factors of G. Then X is the Riemannian product of the symmetric spaces X, corres-
ponding to the Gjs, and A is the sum of the corresponding Laplacian A,. A form 7
on X/T is harmonic if and only if (An, 1) = 0. We have (An, ) = Y (A, n, 1) and, since
the A, are positive,

(1) AN=0 < An=0 (I1<t<s).

The proof of 3.2 (5) also yields
(Am)o = Z—C,T]I(DI
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244 A. BOREL

hence

2) An=0 < —-Cm=0 (1<t<s Ic[1, N].

Let n be a harmonic g-form and ny, = ) n; @' the corresponding form on G/I’. Let
g < m(G). We have to prove it has constant coefficients. For this it is enough to
show

3 X;m=0 (I=j=N),

for all I's in A. We may assume that p, = L (G,) np, is spanned by some of the
Xis(1 £t =<s). LetthenJ, be the set of indices for which X; € p, and J; its complement.
We can write

4 No = Z TJ/\(DJ,

Jj<y,
where 1, is homogeneous of degree d(J) = g—|J | and of the form

©) 7= IZJ ‘11,1(01-

[1]=d)

1y is a d (J)-form on G/I" which is left-invariant under K, = K n G,, annihilated by the
interior products i (X) (X eL (K,)). Thus, if we put

(6) o(x)=(1/29) ) :2 , ([Xj’ Xk] My, 1)2

I,

and consider its integral over G/I', all the formal computations of Matsushima [19]
go through and yield (3) for jelJ, since d(J) = q—! J] < m(G) £ m(G).

3.5. TueoreM (Garland [9]). — Let T be a discrete torsion-free subgroup of G.
Let q £ m(G). Assume that every class of H1 () is representable by a square integrable
form. Then j% is surjective.

In fact, Theorem 3.5 of [9] is a special case of our 3.5, but the argument is general.
We sketch a slight variation of it. Let ¢ £ m (G). We have to prove that #7(,) < %7,
or, equivalently

(D (%?2))0 < g l-)o-

Fix a Haar measure dy on G. As usual, the convolution product u ¥ v of two functions
on G is defined by

@ udv(x) = Lu(xy_l)v(y)dy, (x€G).

If u e C? (G) and v € L? (G/T), then u % v e C* (G/I') n L? (G/I), and for any element X
in the universal enveloping algebra U (L (G)) of L (G), we have

3) X(u¥v) =(Xu) % veC”(G/T) nL*(G/T).
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STABLE REAL COHOMOLOGY OF ARITHMETIC GROUPS 245

Let aeC?(G) be K-invariant [i.e. a(kxk™') = a(x)(keK; x€ G)]. Then a%
commutes with the Casimir operator and K acting on G/I" in the natural way. Therefore,
if n =) mno"isin Q [resp. (#7,),], then so is

New = ;(06'* npo'.

Let now m e (#Y,))o. Matsushima’s proof of (1) in the case where G/T" is compact
starts with the function

“ o(x) = Zb:l([Xa, X, )%,

(1 £ a, b = N), studies its integral over G/I', and uses repeatedly Stokes’ formula (1.5),
which makes no difficulty when G/I" is compact. Replace now n by n,. Then for any
Y e U(L(G)), Y (¢ % m;) is square integrable; therefore by 3.2 (1), (2) we can apply
l1.5toX=X;(I1=2isdmG)andu=Y (a%n),v =Y (a% 1) (Y, Y eU(L/(G)).
Then all the steps in Matsushima’s argument go through. This shows that 0, € (I§ "),
for any K-invariant o € C® (G). But we may choose a sequence «, of such functions
forming a Dirac sequence ([14], § 2), and then n, is the L-limit of the o, % m,. Therefore n
belongs to the L2-closure of the space of square integrable elements in (IZ7),. Since 14T
is finite-dimensional, the latter space is closed, whence (1).

Remark. — If n e (I&"),, then its coefficients n, are constant on G/I" (and conversely).
Thus, if the volume of G/I is infinite, no non-zero element of I&" is square integrable,
and the theorem asserts simply that no element of H?(I') is representable by a square
integrable form for g < m (G).

3.6. PROPOSITION. — Let I" be a discrete subgroup of G and I a torsion-free normal
subgroup of finite index of I'. Assume that X/T" has finite volume.

(i) Let C' be a subcomplex of QY and m' a positive constant such that

(@) the inclusion C' — QY induces an isomorphism in cohomology up to dimension m’;

(b) C'? consists of square integrable forms for q < m’;

(© I1&V<= C for g < m'.

Then j®: 14T — HI(T") is injective for ¢ < m’' (G) and bijective for g < min (m (G), m’).
(ii) Assume C’ to be stable under the natural action of T/T” on QY and let C = (C')U'T",

Then (i) is valid with C' and 1" replaced by C and T'.

(i) Let ¢ < m' (G) and w € I£T. Assume that j?(0) = 0. Let ce Q%4 > be such
that ® = do. In view of (¢) and (a), we may (and do) assume o € C*~!. But then &
is square integrable by (b), and ® = 0 by 2.5. Thus j? is injective. For g < min (m’,
m (G)) every class is representable by a square integrable form by (a), (b), and j? is sur-
jective (3.5).

(i) This follows from (i) and the elementary relations
H*(C)=H*(C)"'", H@p=H@)", Ig==I)"".
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3.7. REMARK. — The proof of injectivity shows more generally that for ¢ < nt,
the space #'{;) N C? of harmonic forms contained in C? injects into the cohomology.
In particular, an element of H?(Q%) has at most one harmonic representative in C.

4. Decomposition of the metric on X,
associated to a parabolic subgroup

4.1. In this section, k is a subfield of R and G a connected semi-simple k-group.
The groupe G (R) of real points of G plays the role of our former G.

As before, K is a maximal compact subgroup of G (R), X = K\ G (R), 6 the Cartan
involution of L (G (R)), or of G (R), with respect to K, B ( , ) the Killing form of L (G (R))
and g, the scalar product on L (G (R)) defined by

g & m=—BE 6(m), [ neL(GR)]

Let 6 : G (R) — X be the canonical projection and o = o (K). Then do, identifies the
orthogonal complement p of L (K) with respect to B (or, equivalently, to g,) with T (X).
The restriction of g, to p then defines a metric on T, (X), invariant under the natural
action of K, and we let dx* be the corresponding G (R)-invariant metric on X.

4.2. Let P be a parabolic k-subgroup of G, M the Levi k-subgroup of P stable under 0
([4], 1.9), S, = M n R, P the greatest torus of the split radical R, P of P stable under 6
and A = S, (R)°. With °P defined as in ([4], 1.1) we have

M PR)=AX°P(R), °‘P=°MxU,
KnP=Kn° maximal compact in P(R).

We put
Z =K nP)\’M(R)
and have then

@) (K nP)\°P(R) @ Zx U (R),

which should be kept in mind to make the transition from [4] to this paper. The map ¢
induces, by passage to the quotient, an isomorphism

3) o : Y=AxZxU®R)SX.
The map commutes with P (R), where the action of P (R) on Y is defined by

@ { (b, z, w)p = (ab, zm, m~* a~ ' uamv),

[p=amv; aeA; me°MR); veUR)] ([3],1.9).
If ® is a differential form on X or Y, we shall also denote by ®.p its transform under
the action of p. Asin [3], we let dy? = p¢ (dx?) and da* (resp. du®) be the right-invariant

metric on A [resp. U (R)] which is equal to the restriction of g, on L (A) [resp. L (U (R))].
We want to write da® and du® more explicitly.
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Let A be a basis of the set of k-roots of G with respect to some maximal k-split torus S.
The conjugacy classes over k of parabolic k-subgroups are parametrized by the subsets
of A. Let I =1I(P) be the type of P ([4] 4.1). There is then a canonical isomorphism

(5) ASRDM, ([4], 4.

we can identify A-I with a basis of X (Sp) ® Q and write

(6) da* = Y cuo BT dadp,
a,Be A1

where ) ¢, dodB is the restriction of the Killing form to L (A).
Let @, be the set of roots of P with respect to S;,. For B e ®@p, let

@) upy = {XeL(GR))|AdaX =a"X, (aeA)}.
Then
(®) L(UR)) = <;a up,

and each u; is stable under Ad; g, (A "M (R)). For Be®,, let h, be the right invariant
scalar product on U (R) which is zero on u, (o # B), and equal to g, on ug. By [3],
1.4 (6), the spaces u; (B e ®p) are mutually orthogonal. For aeA, me°M (R), we
have then

) (Intam)*(du®) = @ a**(Intm)* .
B
For k € K, Ad k leaves g, invariant; therefore, if kK € K n M, then Int k leaves hﬁ invariant,

hence (Int m)* b, depends only on the image z of m in Z under the natural projection.
Let us then put

(10) (Int m)*hg = hy(z), [me®MR); z = om].

4.3. PROPOSITION. — Lety = (a,z,u)€ Y. ThespacesL (A)a, T, (Z),anduyu (B € ®p)
are mutually orthogonal, and we have

M | (dy®), = (da®), @ (d2°). ® @ 27" a®P hy (2).
B

By [3], 1.6, we have (1) with the last sum replaced by (Int am)* (du?),, where m € ° M (R)
is such that om = z. The proposition then follows from 4.2 (9), (10).

4.4. COROLLARY. — Let dvy, dv,, dv, and dvy be the volume elements of the metrics dy?,
da?, dz* and du®. Then

‘ 2°dvy = a**dv, Advz Advy,  [e= (dim U)/2],
) ( do

dvA= C/\aeA—l_,
o

where 2p=2p, = ) Bdimu, and ¢ = (det c,p)"/%
ped,
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By definition, any rational Q-character of M is equal to + 1 on °M, hence
Ad m L (U (R)) is unimodular, and (Int m)* du® and du?® have the same volume element.
The corollary is then an obvious consequence of 4.3 and 4.2 (6).

5. Differential forms on Siegel sets

5.1. We keep the assumptions of paragraph 4 and first fix some convention and nota-
tion to describe differential forms on certain subsets of Y. Let A—I = {ocl, ey O }
We let m = dim X, fix a moving frame (wi)1§i§m on Y, where o' is lifted, under one
of the natural projections, from d log a; on A if i £ s, from an orthonormal frame on Z
if s < i<t and from a set of right invariant one-forms on U (R) which, at the origin,
span the various subspaces u’; Bedy) if t <i = m.

Let I, = {1, ..., m}. For iel,, we put

0 if 1<i<t,
i ) = =1=
® (i) {;3 if et

For a subset J of I, we let

) o'=A,0,  al)= ) a().

ie)
A differential form 1 of degree ¢ on Y, or on an open subset of Y, will then be written
=) fio’
]
where J runs through the subsequences of I,, whose number of elements IfJ { equals gq.

5.2. X (A) will denote the group of continuous homomorphisms of A into R%. We
have X (A) = X (Sp) ® R, and, by restriction, X (Sp) may be identified to a lattice in X (A).
z

Any A € X (A) is a linear combinaison of the «; s and can be written
?\, = Z Ci OC,-.
We write A > 0 if ¢; > 0 for all i’ s, and A > 0 if ¢; =2 0 for all i’s.

5.3. For t>0, let {A,=acA|a*<t(aeA-D}. A Siegel ser S, , (resp. a
cylindrical set €, ) in X, with respect to P, o, is a set of the form

So=Ho(Ax®), [resp. €, ,=po(A;x0oxUR)],

where o is relatively compact in Zx U (R) (resp. Z).

In pratice, it is understood that o is such that the complement of the set of interior points
has measure zero; by definition a (smooth) differential form of such a set U is the restric-
tion of a (smooth) form defined in some open neighborhood of U.
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5.4. LEMMA. — Let © be a Siegel set with respect to P, o and f a positive measurable
Sunction on S. Let M e X (A); assume that (fo po) (a, q) < a* (aeA,, g€ o), and that
2p+A > 0. Then fel' (G, dvy). In particular, © has finite volume.

This amounts to showing that a*e L' (A, x o, dvy). Write

2p+A= Y mo,

1<5i<s

Then, by 4.4, there is a constant d > 0 such that

t
J a‘dvy =d HJ ot da,.
At X o

i<sJO

Since m; > 0 for all i by assumption, each factor on the right hand side is finite, whence
the first assertion. Since p > 0, this shows that any constant function is integrable,
whence the second assertion.

5.5. PROPOSITION. — Let S be a Siegel set with respect to P, o, o a continuous q-form
on S, and 1 = pg (0) =) f; o’  Assume there exists A e X (A) such that p+hi—v > 0
whenever v is a weight of A in ® A'L (U (R)), and that | f,|< @ on p;*' (&) for all 1.

i<q
Then o is square integrable on S.
We have to show

(1) J‘ (Gxa o-x) d”x < OO,
S

where ( , ) denotes the scalar product on A? T* (X) associated to dx?. This amounts
to proving

(2) J (‘cya Ty) de < o,
A X

where (, ) now denotes the scalar product on A? T* (Y) associated to dy?. With (o)
as in 5.1, write

(3) dy*= Yy g0l

12i,jsm

As usual, let (¢) be the inverse matrix to (g;;). For two strictly increasing sequences
J="{ji - dgp ¥ =4{j ...,J, } in I, put

(4) g’ = det (g™

and let

(5) fl= ;g”"fy-

Then

(6) (Tya Ty) = JZJ'gL J’f.lfl' = ; fJfJ'
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We have therefore to prove that f’f, is integrable on A,x . Write
(7) Im=I—1UIOUUIﬁ’
B

where Iy ={1,...,s}, Ip={s+1, ...t} and I;={iel, | oleu}}. Let,
using the notation of 4.2 (10) :

(8) hg,.= Y, hg(2)o' @’

i,jelp

Let /Y (z) be the inverse matrix to (h, ;; (2)) and (cV) the inverse matrix to (c;;). We
have

e (i, jel_y),
(9) gij — 6ij (l’ jEIO)a
2a7hi(z) (G, jely),

\ 0 otherwise.

It follows that g’ ! = 0 unless J and J’ have the same number of elements in each of
I_4, Io, Iy (B € ®p). Assume this is the case. Then

(10) e =al) and |g"7W|<a >0, [yeA,xCxUR), a=pryy],

where C is relatively compact in Z.
It follows then from the assumption on the f; s and from (10) that we have

1y £ ST | | < a2,
T

(12) £ Sy < a2,

on A,xCxU (R). By 5.4, f’f, is integrable on A,xo if

(13) 2p4+2A-20a() > 0.

But o (J) is the sum of at most g elements of ®,, and an element § occurs at most
|IBI = dim u, times. Thus our assumption on XA implies that (13) is fulfilled for all J
with ¢ elements, and the proposition is proved.

5.6. PROPOSITION. — Let 6 =) f;& be a g-form on Y and be A. Then
J
¢9) (cb), =Y ;(yD)b™* Ve’ (yeY).
J

In particular, if o b = o, we have
)] filta, pb)=b"Pf,(a,9), [y=1(a, q); acA; geZxU(R)].
We have
(ob), = ;f; (yb) (' b).
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It suffices therefore to prove, using the notation of 5.1 (1) :
®) o'b = b~ D)
for any j(1 <j < m). By 4.2(4), we have
(a, z, u)b = (ab, z, b~ 'ub), [a€A;zeZ;ueUR)]

If j < 5, then ©’ = duj/o, o; (i) = 0; and (3) follows from the invariance of do;/o; under
translations on A. For s<j<t,o/b=0 and o(j)=0. If now j>¢ and
a(j) = B e D, then &’ b is the right-invariant form on U (R) whose value at e is equal
to Adb™" (w)). Since w]eu} and Adb~" is the dilatation by b~ ° on u*, this proves (3)
also in that case.

5.7. COROLLARY. — Assume o to be invariant under A, and let aje A. Then |
) fia, z,u) = a®WfQ, z, aua™ ) [aeA, zeZ, ueU(R)].
In particular, on &' = A, xo [® relatively compact in ZxU (R)], we have
@ | fia, D[ <a™”  (aeA,; gew)

and o is square integrable.

(1) is a special case of 5.6 (2). It is elementary and well known that if C is relatively
compact in U (R), then { aua™' | a€ A,; ue C } is relatively compact. Hence (1) = (2).

By 5.5(10) we have
|f*(a, 9)| é‘élg”"ny | <a™*,

whence | f°f;| < 1. The latter is then integrable by (5.4).

6. The manifold with corners X/T"

In this section, G is a connected semi-simple Q-group and I a torsion-free arithmetic
subgroup. We shall recall first some results of [4], and then introduce neighborhoods

and partitions of unity which reflect the structure of manifold with corners of i/l".

6.1. Asin [4], B is the set of parabolic Q-subgroups of G and nt : X — X/T the natural
projection. Our former A will be denoted A,. This is in slight conflict with [4], where Ap
denotes a subgroup of P/R,P. Our present A, is then the unique lifting in P (R) of
the previous one which is stable under the Cartan involution associated to K. It depends
then on K, or o; if more precision appears to be desirable we then shall also write A, ,
instead of A;. By convention, the geodesic action of ae A, p is the geodesic action,
as defined in [4], paragraph 3, of the canonical image of a in the center in P/R, P. Conse-
quently, modulo the canonical identification of A, , with the A, = P/R, P of [4], the
maps i, of this paper and of ([4], 5.4) are the same, and it follows that the results of [4]
involving A, to be used here are valid with the present interpretation of A, and .
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Given P e B, there exists, by [4], paragraph 10, a number ¢ (o, P) > 0 such that if
t < t(o, P), the equivalence relations defined by I and I', =T'n P on

U,,p,: = lo(Ap,, xZx U(R))
are the same and consequently pg = mo p, is an isomorphism
Ho @ Ap X(ZXUR)/Tp=A,p x(ZxUR))/Tp > T(U,,p,0)-

Moreover, the action of the semi-group A, p  on A, by translations gives rise via pg
to an invariantly defined action stemming from the geodesic action ([4], 10.3). In our
present set up it can be characterized as follows : given xen (U, p ) let yen™! (x).
Thenxoa=n(yea). Ify’en ' (x),theny =y o, withc eI'p,whencey’ oca = (yoa)o
and n (' o a) = n (y o a), as it should be. This description does not involve the origin o.
We recall that U, , , does indeed depend on o, however not in a drastic manner. In
particular, it follows from ([4], 6.1) that, given o’ € X and ¢ < ¢ (o, P), t (0, P), there
exists ¢’ < ¢ such that

T (Uo, P, t) NT (Ua', P, t) °oT (Uo, P, l’) UTm (Uo’, P, t’)‘

Let peP(R) be such that o'’ =op. Then Intp~':A, , > A, , commutes with
the roots. If xen (U, p N U, p ), then we have xoa = xoa? for aeA, ; ;.
In the sequel, whenever we write U, p . it is understood that ¢t < # (o, P). Let yeTl
and P’ = P'. Then there exists ¢’ < ¢ such that

T (Uo, P, t) NT (Uo, P, t) on (Ua, P, t’) Um (Uo, P, t’)

and the geodesic actions of A, , ; and A, . ; are compatible with the canonical
isomorphisms
A, p 1 Ap 1A, 1 2 A e, 1

where Ap ; and A, ; are as in [4]. This follows from the above and 10.3, 5.6 (2)
of [4].

6.2. In [4], paragraph 7, X is enlarged to a manifold with corners i which is the
disjoint union of faces e (P) (P € B), where ¢(G) = X. The face e (P) may be identified

with Zx U (R). The group I'" operates freely and properly on X, and )?/r is a compact
manifold with corners, disjoint union of faces

e'(P) = (ZxU(R))/Te = e(P)/Te,

where P runs through a set of representatives of B/I" ([4], § 9). The above map pj
extends to an isomorphism pg of manifolds with corners of A; , x (e (P)/I'p) onto a neigh-
borhood ©n (U, p, ) of e’ (P). We let prp denote the projection of n (U, p ,) onto e’ (P),

carried over from the projection of XP’ % (e (P)/Tp) onto its second factor. Its fibers
are the orbits of A, ; under the geodesic action. If P is replaced by a conjugate P’ = P?

4e SERIE — TOME 7 — 1974 — No° 2



STABLE REAL COHOMOLOGY OF ARITHMETIC GROUPS 253

under an element y € T, then, by the end remarks of 6.1, the induced geodesic actions
of A, p 1 and A, . ; are defined in neighborhoods of 7@) = m, and are the
same, modulo the canonical isomorphism Inty~" : A, , ;= A, p, ;. Thus prp = pry,
sufficiently close to ﬁﬁ), and the germ of projection pr, defined by pr, depends only
on ¢’ (P), and not on the choice of P in its I'-conjugacy class.

Let Q € B, containing P. We have a canonical inclusion A, = A} and in fact a cano-

nical factorization Ap = Ay x Ay o, and this inclusion is compatible with geodesic action
(see 3.11, 4.3, 5.5 in [4]). From this it follows that prq o pg induces an isomorphism

of Xp, o, + X € (P) onto a neighborhood of e’ (P) in e (Q); if pry, o is the canonical projection

of the latter on e’ (P), then prp = prp o pro.

6.3. SPECIAL NEIGHBORHOODS. — It will be slightly more convenient here to deal
with open neighborhoods, and to use subsets of A, defined by strict inequalities. Let
then, for t > 0, Pep and I = I (P) :

Ap y={aeAp | a* <t (xeA-D},

Ap={aeh, | a*<t(aeA-T)}.

Thus Ay ;) is open in the corner Xp. If ® is open relatively compact in e (P), then
Ho (Ap, () X ©) is the interior of the Siegel set S, , and will be called an open Siegel set.

Let y € e (P) and y’ its image in ¢’ (P). Let ® be an open relatively compact neighbor-
hood of y in e (P) on which e (P) — ¢’ (P) is injective. Then p, (A, ;) X ®) is an open
Siegel set in X on which = is injective, and p; extends to an isomorphism of manifolds
with corners of XP, (1 X @ onto an open neighborhood U of y’ in )—(/F, to be called a special
neighborhood; U is the isomorphic image under & (extended to i) of a neighborhood of y
in the corner X (P). Clearly, y’ has a fundamental system of special neighborhoods.
If Qe P is such that ¢’ (Q) U # J, then a I'-conjugate of Q contains P, and pry, U
contains a special neighborhood of y" in e’ (Q). We note that the I"-conjugacy class of P
is completely determined by Uj; in fact if s is the maximum of ’ A-I(Q)|, (QeP) for Q
such that ¢’ (Q) n U # &, then s is attained only on the I'-conjugates of P. We shall
say that P is associated to U.

IfP = G, i.e. if y e X/T, a neighborhood of y’ is special if it is the isomorphic image
under © of an open relatively compact neighborhood of y in X.

6.4. SPECIAL COVERS AND PARTITIONS OF UNITY. — A special cover of )?/1" is a finite
cover by special neighborhoods. Any cover of X/I" has a special refinement.

LemMa. — Let % = (U,), ... be a finite cover of i/l". There exists a smooth partition
of unity (\;) subordinated to U with the following property : given P e B, x € e’ (P), there

exists a special neighborhood U of x in )?/l" such that \; is constant along the fibres of pryp [ U
Sor all ieL.
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We may assume % to be special. For ie L, let P; be associated to U;. We have then
an isomorphism

¢)) Mo : Kpi, (r,)xmi:’Ui
with ®; open relatively compact in e’ (P;).

There exist covers ¥ = (V));., and #" = (W;); .. such that Wi cV, Vi < U and V;
(resp. W) is isoinorphic ll_mder Mo~ to Ap oy x® (resp. Ap ) X0f), where
O<t'<t'<t, 0f co, o cw; iel). Let p;, be a smooth function on e (P)

with support in ®;, equal to one on ®;. On A, we can construct a smooth functjon p;;

with support in Ay (/) equal to one on Ap, () (i€ L), which, for each face F of Xp, is
independent of the coordinates transversal to F sufficiently close to F. Otherwise said,
if Q > P is such that p, : Ay x e (P) = X (P) maps F x e (P) onto e (Q) (see [4], 5.3, 5.4),
then, sufficiently close to F, p;; is constant along the sets A,x{b} (beA; o). On U,
identified with A, ., X ®;, we then put T; = p;o p;;, and let T be the sum of the 7, We
claim that A; = t,;/t defines the sought for partition of unity.

Let Pe P and y e e’ (P). Take a special neighborhood U of y such that for any ieL,
UnU,; # ¢ implies U < U;. LetJ = L be the set of i € L for which U = U;. Then
T 1 U is the sum of the A; s with i € J and if A; is not identically zero on U, thenieJ. It
suffices therefore to see that for i € J, A; is constant along the fibres of pr, on some special
neighborhood V; of yin V. If i € J, then P is I'-conjugate to a subgroup P’ containing P;.
The relation prp, = prp, p- © PIp. (see 6.2) implies that A; is constant along the fiber of prp..

But (6.2) prp. and prp coincide sufficiently close to e’ (P), whence our assertion.

7. A square integrability criterion and the injectivity of ;4

In this section, G is a semi-simple Q-group and I" an arithmetic subgroup of G.
We use the notation of paragraph 5, except that we write p, and A, instead of p and A.

7.1. For qeN, AeX(Ap), we let ¢ (P, g, A) denote the condition

(k) petA—v>0,
for any weight v of A, in ® AL (R, P (R)) (see 5.2 for >).

i=q
Let Q € P and assume P to be conjugate to a subgroup of Q. There is then a canonical
monomorphism Ay — A, (an inclusion if Q > P), whence a canonical homomorphism
rep : X (Ap) = X (Ay). We have

¢)) Tqp (pp) = P> B < rop (®p) = (U {0},

) A-1(Q) = rge(A=1(P)) = (A-1(Q) U {0},

and, for Be @, :

3) dim u, = Y dim ug,
85¢Pnrag(ﬁ)
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therefore

(€)) cP,g, ) = ¢c(Q,q,ree(A)) [reX(Ap), geN].
Let P be minimal, and A € X (Ap). We let then

Q) ¢(G, M) =maxq|c(P, g, A) holds true.

By (4), ¢(Q, g, rqp (1)) is then true for any Q € P and any ¢ < ¢ (G, A). By definition,
we have ¢ (G, A) = ¢ (G° L).

If G is anisotropic over Q, then P =G, A, = {e}, A =0, and we agree to put
¢ (G, M) = oo.
Assume G to be an almost direct product of Q-subgroups G;(1 £ i <s). Then P

and A, are accordingly decomposed and XA is a sum of elements ;e X (Ap n Gy). It
is then clear that ¢ (G, A) = min ¢ (G;, 1)).

1

In the sequel, we write ¢ (G) for ¢ (G, 0).

7.2. Asin 5.5, let o be a form defined on a Siegel set &, , and
M T=”g(0')=2f1(0]-
J

We shall say that o (or t) has logarithmic growth if there exists a polynomial P in s variables,
with real coefficients, such that
) | fi(a, 9| < |P(loga™, ..., log a*)

We have then, for any ¢ > 0 :

(aeA, qgeo, all J).

3 | fi(a, 9)|<a™*,  where d= ®.

1<iss

A form ¢’ on n (&, ,) is said to have logarithmic growth if ¢’ o n has logarithmic growth
on &, .

Let V be an open subset of i/l" . A form o defined on V n X/T" has logarithmic growth

near the boundary if any y e (62/1" ) NV has a special neighborhood W in V such that o
has logarithmic growth on W n (X/T).

7.3. LEMMA. — Let P e P, x e e’ (P), U be a special neighborhood of x and ¢ a form
with logarithmic growth on U n (X/T'). Then o has logarithmic growth near the boundary
of U.

Let ye (6§/F) N U. Then there exists Q € P containing P such that yee’ (Q). We
have to show that o has logarithmic growth on the intersection of X/I" with some special
neighborhood of y.

After renumbering, if needed, we may assume that, for some s" < s, we have
€)) Ag={aeA; | a"=1('<iss)}
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We let A(l2 be the connected closed subgroup of A, whose Lie algebra is orthogonal to L (Ag)
with respect to the restriction of the Killing form. It is equal to A, n °Q, and plays the
role of A,, if P is viewed as a subgroup of Q rather than G.

Let U’ = R, Q, °M’ the analogue of °M in 4.1(1) and Z' = (K n Q\°M’ (R).
We have the canonical isomorphisms
Hop Ko
2 Y =ApxZxUR)—>X «—Y = A xZ'x U'(R);
moreover, a similar result, applied to P and Q, gives an isomorphism
3 AéxeU(R)—';Z'x U’ (R).

From this it follows that the special neighborhoods of y are boxed between sets of the

form XQ’ X ®; X®, with ®, (resp. ®,) open relatively compact in Aé [resp. Zx U (R)].
It suffices therefore to study the behavior of T on A, ,x®; X ®,.
There is a unique choice of constants b;;(1 < i < 5" <j < s) such that

4 v=dlog o+ ) b;;dloga,;
J
is zero on L (Ag). Let
5) o'=0'+Y b 0, (=Lis<s'<j<s).
7

Let o* be defined by (5) for i £ s/, by @' = @’ for i > s'. Write

(6) T= Z h] (l)’J.
J
Let v =p;poHo o Then
@) o o(0) =v¥(®) = ;(hj ov)v¥ (o).

It is immediate from the above that (v* (w'’)) is a moving frame which can be used to
study the behavior of pg (o) on special neighborhoods of points of e’ (Q). Going
back to Y, we see that we have to study the Ay s on Ay X ©; X ®,. But the A; 5 are linear
combinations with constant coefficients of the fj s. Since [log a*| is bounded on o,
there exists a polynomial P’ in s’ variables such that '

(8) |P(log a, ..., log a®)| < |P'(log a™, ..., log a®)| on Aq,xa,.
We have then
) [hy(a, )| <|P'(a)|, (acAq.; ge0; x®,).
7.4. THEOREM. — Let G be connected and T be a torsion-free arithmetic subgroup

of G. Let C be the subcomplex of the elements in QO ;- Which, together with their exterior
derivatives, have logarithmic growth near the boundary of X/I'. Then :

(@) The inclusion map C— Qf .. induces an isomorphism in cohomology.
(b) For q £ c(QG), C? consists of square integrable forms.
(o) I§ = C.
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Assume that the form o in 7.2 is invariant under A,. Then, by 5.7, the coefficients f;
are bounded in absolute value on A, ,x®, hence ¢ has logarithmic growth. Since
do = 0 if o eI, this proves (c).

Let ¢ < ¢(G) and ce C%. To prove that o is square integrable it suffices to show
that if Pe P, yee’ (P) and U is a special neighborhood of y in i/l" , then o is square
integrable on & = U n (X/T). The latter is a Siegel set and we are in the situation
of 7.2. By assumption and definition (7.1), the condition ¢ (P, g, 0) holds true. But
then, we also have ¢ (P, g, —¢ d) for a suitably smalle > 0. By 7.2 (3) and 5.5, it follows
that o is square integrable on &, whence (b).

There remains to prove (a). Foran open setV < i/l" , let # (V) be the space of smooth
forms 6 on V n (X/T') such that ¢ and do have logarithmic growth near the boundary (7.2).
Clearly if V' is open in V, the restriction Qy, — Q,, maps & (V) into & (V'); hence
F :Vi> % (V) is a presheaf on X/I'. Obviously, it is a sheaf, and in fact a differential
sheaf of algebras, the differential being defined by the exterior differentiation of forms,
and we have

(1 FXD)=C, FX)=0%.
We now want to prove that & is a fine resolution of R on i/l“ .

& 1S FINE. — Let f be a smooth function on i/l“. On A; ,Xo (notation of 7.2),
express df as a linear combination of the w’(i > s5) and the do;. Then the coefficients

are bounded in absolute value since pj (df) extends smoothly to KP, x®. This is then
a fortiori true if df is expressed as linear combination of the o’ and dlog «;. Thus fand df
have logarithmic growth near the boundary; then, so have f.c and d (f.c) for c € & (V),

V open in )?/l“.

Let % = (U;);.; be a finite open cover of i/l". We choose a smooth partition of
unity (A;) subordinated to%#. LetoceC. Wehavetheno = ) A; o,withsupp(X;0) = U,
and A; 0 € C by the above, hence & is fine.

F 1S A RESOLUTION OF R. — Let 5#* (¥) be the derived sheaf of & and #¥ (%) its
stalk at x e X/T". Since C contains the constant functions, it is clear that

#°(F) ~ (XT)xR.

There remains to show that #% (%) = 0 for all xei/l“ and ¢ > 0. If xe X/I', this

is just the Poincaré lemma. Let now xe ai/r and P e P be such that xee’ (P). We
have to prove that if V is an (arbitrarily small) special neighborhood of x and o a closed
form in & (V), then there exists a special neighborhood V' of x in V and ¢ € & (V') such
that ¢ = do on V'.

We let @ =V (X/T') = &, , and use the notation of 7.2. We may assume that ©
is an open ball in a coordinate patch of Z x U (R), with local coordinates (x%),_ i <m centered
on a point g, mapping onto x. Fix #,(0 < ¢, <t). On A, we takes as coordinates

x' = log a*—log t,.
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In these coordinates, U, = py ' () is then given by
U ={x|x'<logt/te, 1 Si<s);|x'|<1,(s<j<m)}.

In particular, U, is star-shaped with respect to the origin. The dx/ (s < j < m) are
linear combinations with bounded coefficients of the @’ (s < j < m) on , and conversely;
moreover dx' = o' for 1 <i < s. Therefore, if

(2 0= ¢ =Y dydx’
J

is a g-form on U,, then ¢ has logarithmic growth if and only if there exists a polynomial
Q(x!, ..., x) such that

(3 |di(x)|<|Qx)| (xeU,;alll).
Let now
C)] Ho(o)=1=) fyo' =) hdx’

be a closed g-form on U, (g > 0). In view of the remark just made and of 7.3, it suffices
to prove that on some set A, , x®’, where 0 < ¢’ < ¢ and ©’ is an open neighborhood
of g, in o, there exists a (g—1)-form

Q= zcldxl:

whose coefficients satisfy a polynomial growth condition, such that T = d¢. To check
this, it is enough to see that the usual homotopy operator A in euclidean space is compatible
with polynomial growth conditions, which is immediate from its definition. We recall
it briefly.
On the form fdx' (J = {j, ..., Jj, }), the operator A is defined by
A(fdx") = Y c;dx,
1=y

where, for I equal to J with j; erased :
1

©) c1=(—1)i—1xjif fxt)t"dt.
0

It leaves QF stable if U is open, star-shaped with respect to the origin, and satisfies
dA+Ad=1d. Since 1 is closed, we have then 1 = do, with

(6) o=At=) ¢dx,
1
(7 a(x)=Y ixjj hyg sy (xt)t47 e,
ey 0

which clearly satisfies a polynomial growth condition in U,. (0 < ¢’ < ¢,) if the 4; do so.

This proves that & is a fine resolution of R. By one of the main theorems of sheaf
theory ([11], 4.6.1) we have then a canonical isomorphism

(8) o« : H*(C)— H*(X/T).
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We now consider the diagram

H*(C) - H*(X/T)
) l l

B
H*(Qf,) - H*(X/T)

where B is the isomorphism of the de Rham theorem, i* is defined by inclusion and r*
by restriction. The isomorphisms of (1) carry the inclusion C — Q. over to the restric-
tion map of cross-sections. Therefore, the diagram (9) is commutative. The maps o
and B are isomorphisms; since X/I" ¢ X/I' is a homotopy equivalence, so is r*. Conse-
quently i* is an isomorphism, which ends the proof of (a) and of the theorem.

7.5. THEOREM. — Let G be a semi-simple Q-group and T an arithmetic subgroup of G.
The homomorphism j*: 15— HI(T) is injective for q < c¢(G), and surjective for
g < min (c (G), m (G (R))).

Let I'" be a normal torsion-free subgroup of finite index of I, contained in G°. Let C’
be the complex of elements in QL which have logarithmic growth at the boundary. Since
I'/T" acts as a group of automorphisms of X/T, it is clear that C’ is stable under the natural
action of I'/T” on QF. The theorem then follows from 7.4 and 3.6, and this also shows :

7.6. COROLLARY. — For q £ ¢(G), any cohomology class of H(Q%) = HI(I) is
representable by a closed q-form which is square integrable modulo T'. More precisely
the real cohomology of T is that of a subcomplex C of QY all of whose elements of degree
q = ¢ (G) are square integrable modulo T .

Remark. — The square integrability criterion given by 7.6 is quite analogous to, but
slightly weaker than one announced by H. Garland-W. C. Hsiang [10]. For scalar
valued forms, their bound is the maximum of g for which p—v > 0 when v runs through
some of the weights of A in ®,., A'L (U (R)).

izq

7.7. EXAMPLE. — Let k be an algebraic number field, n =r; 4+ 2r, its degree,
where r; (resp. r,) is the number of real (resp. complex) places of k. Let G = Ry SL,,
and P a minimal parabolic Q-subgroup. Then @, consists of one root o with multiplicity »,
and pp = (r;+(r1/2)) . We get therefore

G) = [r1/2 +7,] if r; is odd,
- (ry2)+r,—1 if ry is even.

Comparison with the results of G. Harder [13] shows that this bound for square integra-
bility is sharp if r; < 1, but not otherwise.

8. Another subcomplex of Q}

8.1. We keep the assumptions of 7.4. Let V be an open subset of )_(/F. A differential
form o on V n (X/I') is said to be locally lifted from the boundary if for any x e V n (6i/l" )
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and P € P such that x € ¢’ (P), there exists a special neighborhood U of x in V and a diffe-
rential form ¢’ on U’ = pr, U such that 6 = (prp)* 6’ on U n (X/T). If, in the notation
of 7.2, we write

Hs (o) =X f0,

then f] (a, g) is independent of a, and is identically zero if J contains an index i < 5. In
particular, the coefficients f; are bounded in absolute value, and o has a fortiori logarithmic
growth.

The forms on V of this type form a subalgebra closed under exterior differentiation,
whose elements, together with their exterior differentials, have logarithmic growth near
the boundary.

8.2. PROPOSITION. — Let C, be the subcomplex of elements of Q% which are locally
lifted from the boundary. Then

(a) The inclusion map Cy,— QX induces an isomorphism in cohomology.

(b) C, is contained in the complex C of 71.2. In particular C? consists of square integrable
forms mod I" for q = ¢ (G).

The first assertion of (b) follows from 8.1, and the second then from 7.4.

The proof of (a) is quite similar to, only a bit simpler than, that of 7.4 (a¢). For V

open in i/l" , let & (V) be the space of forms on V n (X/I') which are locally lifted from
the boundary. The functor Vi & (V) again defines a differential sheaf of algebras

on i/l’, and we have
1) FX[D)=Cy, FXT) =%
As in 7.4, it suffices then to show that & is a fine resolution of R.

& 1s FINE. — Let % = (U),;, be a finite open cover of )_(/1" and o € C,. We have to
show that we can write
o=y 0; with 6;6Co, and supp(c)c<=U; (iel).
iel
By 6.4 there exists a partition of unity (A;);.; which is subordinated to U and is special.
But then A; e C), and o; = A; o satisfies our conditions.

Z 1S A RESOLUTION OF R. — Let #°* (#) be the derived sheaf of & and #% (%) its
stalk at x e i/l‘ . Since C, contains the constant functions, we have #° (¥) = )?/1" x R.
There remains to show that HZ (#) = 0 for x e f/l“ and ¢ > 0. If x e X/I', this is just
Poincaré lemma. Let now x be on the boundary and P € % be such that xee’ (P). It
suffices to show that if W is a special neighborhood of x, and o is a closed g-form on W
which can be written o = (prp)* (0'), with o’ € Qf. (W’ = pr, W), necessarily closed,
then o is the coboundary near x of a similar form. This follows from the Poincaré lemma
on W'.

Remark. — The complex C, gives the same square integrability criterion as C, and
is more natural from the differential geometric point of view. Its drawback for our purposes
is that it does not contain If,.
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9. The constants ¢ (G) and m (G (R))

We content ourselves with rough estimates, sufficient for the needs of paragraph 11.
Only 9.5(3) will be used there.

9.1. Let ® be a root system ([6], VI, § 1) in a real vector space V. Assume first V
to be irreducible, and let ®° be the subsystem consisting of the non-multipliable elements
of ® (i.e.ae® mae® meZ=m= + 1). Itis an irreducible reduced root system.
Fix an order on ® and let A be the corresponding basis of simple roots of ®. Any veV
can be written uniquely as a linear combination v = Y ¢,a. We put v > 0if ¢, >0

aeA

for all aeA, v =0 if ¢, 20 for all aeA, and v 2 v (v € V) if v—v" =2 0.
Let 2 r be the sum of the positive roots of ® and d, the highest root of ®°. Let

¢)) ¢(®) =maxp|r—pd, > 0.
If @ is not irreducible, it is a sum of irreducible ones, and we put
) ¢(®) = min ¢ (®")

where @’ runs through the irreducible factors of ®.

The value of ¢ (®) for the various irreducible root systems can be readily computed
from the tables in [6], p. 250-270. The result is for the classical systems

(3) An Bn Cn D4 Dn (n g 5) BCn
/2y n—2 [n/2Y 3 n [(n+1)/27

while for the exceptional types E4, E;, Eg, G,, F,, ¢ (D) is equal to 4, 8, 14, 3, 1 respectively.

9.2. Let k be a field, H a connected semi-simple k-group of strictly positive k-rank
([5], 8 5), S a maximal k-split torus of H and P a minimal parabolic k-subgroup containing S.
Replacing X (A;) by X (S) ® R, we define, in analogy with 7.1 :

6)) c(H/k) = maxq|pp—v >0,
where v runs through the weights of S in ® A‘L (R, (P)).
isgq
Replacing P by a parabolic k-subgroup Q, S by a maximal k-split torus of the radical
of Q, we can also consider the condition ¢ (Q, g, 0); again, the inequality

) ¢(H/k) < maxq|c(Q, g, 0)

holds true.

9.3. The relative root system ,® (H) of H, also to be denoted ® (H/k), decomposes
into the direct sum of the relative root systems of the almost k-simple factors of H whose
k-rank is > 0 and those are irreducible ([5], § 5). We claim

M c(H/k) Z ¢(® (H/K)).
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In view of the definitions, it suffices to prove this for H almost simple over k. In this
case p—r = 0 because 2 p contains each term occurring in 2 r with a coefficient = 1,
and, on the other hand, p dy—v = 0 for any sum v of p roots. More precisely, the coeffi-
cient a occurs in 2 p a number of times equal to its multiplicity, hence if all the multi-
plicities are = m, we have

p—pdo = mr+pdy 2 m(r—pd,),
and therefore

) c(H/k) = mc (@ (H/k)), (1 £ m £ min, multiplicity o).
9.1(3) and 9.3 (1) imply in particular that if H is almost simple over k, then
3 c(H/k) = [k, (H)/2]'.

If k" is a finite separable extension and H = R;., H’, where H' is an almost k’-simple
k’-group, then

(4) c(H/k) 2 [k : k]c(H'[K').

In fact, by [5], 6.21, the root systems ® (H'/k’) and ¢ (H/k) are canonically isomorphic
and the passage from the former to the latter multiplies the multiplicities by [k’ : k].

We note also that if £” is any extension of k, then
&) c(H/k) =z c(H/K"),
because, if P is a minimal parabolic k-subgroup of H, we have, using 9.2 (2) :
c(H/k) = c(H[k, P) = c(H/k").

9.4. Let now kK = R and H be almost simple over R, of strictly positive R-rank.
The tables of [16] and [19] then show immediately that the constant m (H (R)) defined
in 3.3 satisfies

M m(H(R)) z [(rke H)/4]".

9.5. Let now G be a connected almost Q-simple Q-group. Up to isogeny, which
does not affect the constants in consideration here, G = Ry, G, where k is a finite
extension of Q and G’ is an absolutely simple k-group. We have then ([23], 1.3.1) :

M GR= [[ Ry r(G'/k),

veS(k)
where S (k) denotes the set of infinite places of k, and k, the completion of k at v € S (k),
whence also

@) G®R= [] Gk)= l;!k) Ry, ;r G) (R).

veS(k)

The k,-rank of (G'/k,) is at least equal to the k-rank of G’, i. e. to the Q-rank of G.
Therefore, 9.3 (3) and 9.4 imply

3) min (¢ (G/Q), m (G (R))) = [(rk,, G)/4]'.
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10. Some sequences of compact homogeneous spaces

In this section, we review some known facts about the projective limits of certain sequences
of cohomology rings of compact symmetric spaces.

10.1. Given a sequence of graded modules A,(z = 1) over a ring R and of homo-
morphisms f, : A,,; — A, preserving the degrees, we denote by lim* A, the graded

-
module A = ® A/, where A’ = lim (A, f,). 1f the A, are graded algebras, and the £/ s

J «—
are graded algebra homomorphisms, then A is an algebra in the obvious way. lim* is
-
thus the projective limit in the graded category; the ordinary lim would be the direct product

—
of the A’ s rather than their direct sum. In all cases to be considered here, R = R, C

the A’ s are finite dimensional and, for fixed j, the sequence (AJ, f,) is stationary.

10.2. Let G be a semi-simple algebraic group over R, and K a maximal compact
subgroup of G (R). We have already mentioned the isomorphism

(€8] I =Ism = H*(L(G(R)), L(K)) (3.1).

Although we shall not need this, we also recall that
@) H*(L(G(R)), L(K)) = H*(G(R)°)

where H denotes the Eilenberg-Mac Lane cohomology, computed with continuous or
smooth real valued cochains ([8], [15]). From that point of view, j* [T discrete in G (R)°]
is just the restriction map in Eilenberg-Mac Lane cohomology.

Let G, be a maximal compact subgroup of G (C) containing K and X, = K*\ G°.
The space X, is a simply connected compact symmetric space, the ¢ compact dual >’ or
« compact twin >’ to X = K\ G (R). We also have, by E. Cartan :

3) H*(L(G(R)), L(K)) = H*(L(G,), L(K)) = H*(X,).
Since G (R)/G (R)® = K/K° :

O (KNG’ (K nG,)\Gy,

hence

) H*((K\.G)°) = H*(K n G;) \Gy) = H*(X,) 0V,

10.3. Let G’ be another semi-simple R-group and f : G — G’ an injective R-morphism.
There is then a canonical morphism

* .
f . IG'(R) b d IG(R)'

In fact, we can choose a maximal compact subgroup K’ of G’ (R) containing f(K). Then f
induces an embedding of K\ G (R) into K"\ G’ (R) (whose image is a totally geodesic
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closed submanifold), and f* is just given by the restriction of differential forms. Since
any two maximal compact subgroups of G’ (R) are conjugate by an inner automosphism
leaving their intersection pointwise fixed, f* is independent, up to unique isomorphisms,
of the choices made. The homomorphism can of course also be defined in a natural
way from the other interpretations of I given in 10.2. For example, we may take a
maximal compact subgroup G, of G’ (C) containing f(G,), and a conjugate K” of K’,
whence an embedding f: X, ¢ X! = (K"\\G)° and f* is the induced map on coho-
mology.

10.4. In this paragraph and the next, we fix some notation for the classical groups.
SL, and Sp,, are as usual the special linear group and the symplectic group.

0, [resp. O, (C)] is the automorphism group of R” (resp. C") endowed with the standard
quadratic form Y. x7.

0,, » is the Q-group whose group of & points (k field of characteristic zero) is the auto-

morphism group of k** endowed with the quadratic form Y x;x,;;.
1<5i<n

U, is the unitary group on C* U, , the automorphism group of C** endowed with

the hermitian form ) (x; X,4 1+ X,4; X)).
1ZiZn

If G is one of the above orthogonal or unitary groups, SG is the subgroup of elements
of determinant one in G.

10.5. We let H be the field of quaternion numbers over the reals, 7, j, k¥ the standard
anticommuting units of square —1 of H.

o : x> x is the conjugation, which maps i, j, kK onto —i, —j, —k respectively and
B : x> —k x k is the involution which fixes i, j and sends k onto —k.

USp,, (resp. Sp,, ,) is the automorphism group of H" (resp. H*") endowed with the
hermitian form

Y oxx [resp. ) (eXppitXas:X)]-
15isn 15isn

SO}, is the group of real points of the R-form of SO,, of type D Il in E. Cartan’s
notation. A priori, since this classification is one of Lie algebras, this means that the
maximal compact subgroups of the identity component of SO%, are isomorphic to U,
but, in fact, SO%, is connected. To see this, it is enough to check that the non-trivial
involutive automerphism of SO,, which fixes U, has U, as its full fixed point set,
and this is immediate. SO%, may be identified with the group of automorphisms of H"
endowed either with the B-hermitian form

) %)= T wBOY,
or with the anti-hermitian form
2 Do (x, y) = 1<Z< xikii'

We recall that o is the unique involution p of H such that p (x)e Rx™! (x e H, x # 0),
and that any other involution is conjugate to B by an inner automorphism. Moreover,
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any non-degenerate fB-hermitian (resp. o-antihermitian) form on H" is equivalent to ®,
(resp. ;). Ife = +1, and @ is an e-o-hermitian form on H”, then @' (x, y) = ® (x, y).k
is -g-B-hermitian.

10.6. We now consider sequences of non-compact classical real Lie groups (H,, f,)
where f, : H,— H, ., is injective. In the following table we give the n-th term of the
sequence, the corresponding compact twin to the symmetric space of maximal compact

subgroups of H,, and the value of lim* I . In all cases, f, is the obvious map.
—

E ({ x;, d° x; }) [resp. P ({ x;, d° x; })] is the graded exterior (resp. polynomial) algebra
over R, with generators x; (i = 1, 2, ...), where d° x; is the degree of x;.

H, Xo,u lim* Iy,
—

S (o) YO SU, E({x,2i+1)
Sp2n (O USp, E({x,4i—1)
SO, (C)..vvveeennn. SO, E({x,4i—1})
SL,R).....covnvnunnn SU,/SO, E{x,4i+1))
SL,(H)......ooonn... SU.,/USp, E({x,4i+1))
Sp2nR).eeveiin USp./U, P({x,4i—2))
SO, .(R)............ S0.,/(0, X O,) n SO, P({{x,4i})
(o TG TR S0,,/(Os X 0,) nS0:.) P ({x;,4i))
L U,,/U, X U, P{{x:,2i)
1 O SU/((U, X Up) nSUz) P ({x:,2i))
) USp../USp, x USp, P({x,4i)
SO%,. .o S0.,/U, P({x,4i—2)

These spaces all occur in Bott periodicity, and the lim* on the right hand side are computed
«—

in [7], in particular in Exp. 16, by H. Cartan. More precisely, for given series (X, ), let

X = lim X,, , be the inductive limit of the X, ,, endowed with the inductive limit topology.
—

Then
) H*(X) ~ lim* H*(X,, ,) = lim *I,

— —

is determined in [7]. In fact, it is shown that, in a given dimension, the sequence is
stationary, i.e., given j, there exists n (j) such that

@ I, =W (X, )2 X =1n*Y, [mzn()]

—

[In particular, there is no problem about the first equality in (1).] The space X is a « weak »
H-space ([7], Exp. 11), which explains why its real cohomology algebra is free anticommu-
tative. The homotopy groups of X are finitely generated, periodic, of period dividing 8,
and we have

©) 7,(X) ® R = (Im7,(X)) ® R < H, (X),
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under the Hurewicz map. The second term is the space P;(X) of primitive elements
(for the diagonal map) in H; (X). It is the dual to the quotient of H’ (X) by the space
of decomposable elements, the space of indecomposable elements of degreej. As the above
table shows, its dimension is periodic, of period 2 or 4.

11. Stable cohomology of classical arithmetic groups

11.1. THEOREM. — Let G, be a semi-simple Q-group, T, an arithmetic subgroup of G,,
andf, : G, — G, aninjective morphism whichmaps T, intoT, .1 (1 =1,2,...). Assume:
(i) Given g €N, there exists n (q) such that (I )'» = 1§ _for n = n(q); (ii) m (G, (R)) and
¢ (G,) tend to infinity with n. Then

(1) H*(lim T,) = lim* H* (T,) = lim* I, ).
— «— —

By 7.5, for every n :
jtr 18) > HY(T,)

is an isomorphism for ¢ < min (¢ (G,), m (G, (R)). Therefore, given g, jZ yields an iso-
morphism of I, onto H?(I,) for every big enough n. Since the j! are compatible with

the homomorphisms f* defining the two lim*, this proves the second equality of (1).
Pl

We have obviously H, (lim I',) = lim H, (I',). The first equality follows then from
— —

the fact that the dual of a countable inductive limit of finite dimensional vector spaces is
the projective limit of the dual spaces. In fact, in all examples below, the sequences are

stationary in each dimension and the lim* will be finite dimensional in each degree.
—

11.2. ReMARKS. — The condition (i) is of course satisfied if T, = G, (R)°. In that
respect, we recall that G, (R) is connected (as a Lie group), if G, is connected and simply
connected as an algebraic group; in the present case, the latter condition is equivalent to :
G, (C) or G,,, is connected and simply connected.

By 9.5, (i) is fulfilled if rkq (G,) — co.

11.3. Let k be a number field, S the set of archimedian places of k, d = r;+2r,
the degree of k, where r, (resp. r,) is the number of real (resp. complex) places of k.

Let G, be an absolutely almost simple k-group, I', an arithmetic subgroup of G;, and
fa : G,— G, ., an injective k-morphism which maps I, into I7,,. Assume that
rk;, G, — co. Then

(1) Gn = Rk/Q G;,, fn= Rk/Q fn/9

and the image I', of I", under the canonical isomorphism G/ (k) > G, (Q) satisfy the
assumptions of 11.1 [except possibly for (i)].
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For v e S, let k, be the completion of k at v. Thus k, = R or C depending on whether v
is real or complex. Let G, , be the k,-group obtained from G, by extension of the ground-
field kK — k,. We have then ([23], Th. 1.3.1) :

@) G,(R) =[] G,,, (k).

veSsS
If v is complex, then G, , (k,) = G, (C). If visreal, G, , (k,) is a real form of G’ which
may depend on v. At any rate, the symmetric space of maximal compact subgroups
of G, (R) is the product of the corresponding symmetric spaces for the groups G, , (k,)
and f, : G, (R) > G,,; (R) is also compatible with that decomposition. As a result

(3) lim* Is,m = ® I,
«— veSsS
where
IU = lim* IG”'» N (R)’ (U l'eal),
“ P
I, =1im* I, (¢ (v complex).
—

If, in addition, (i) is fulfilled (and this is a rather harmless condition in practice), then
we have

(5) H*(lim T) = lim* H*(T)) = ® 1.

-_— «— ves

We now proceed to give a series of examples. In all of them, the sequences G , (k,)
are among those listed in 10.5, and, in a given degree, the corresponding sequence of
cohomology spaces is always stationary. Thus we have more precisely, given ge N :

(6) HY(T,) =(® 1,)? for n large enough.

veS

11.4. If G, = SL,/k, Sp,,/k or O, ,/k, then I, is given by the following table

Gy I, (v real) I, (v complex)
SLafk e e E({x,4i+1) EB{x,2i+1))
SPanfk e e e P({x,4i—2) E{x,4i—1}
L P({x,4i}) E({x;,4i—1})

In the first two cases, G, (R) is connected (see 11.2), 11.1 (i) is always fulfilled,
and 11.3 (5), (6) hold. As group I';, we may in particular take SL, (v) or Sp,, (0),
where o is the ring of integers of k.

Let now G, = O, ,/k. Then G, (k)= O, ,(R), O, ,(C), depending on whether v
is real or complex. It is not connected, and in fact for v real, the 2 n-form corresponding
to the Euler class, which is in Iy, is not invariant under O, , (R). However, it disap-
pears in the stable range, so that (i) is also fulfilled for any choice of I';, and we again have
11.3(5), (6).
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11.5. Let D be a central division algebra over k, and s? its degree over k. Then
D ® k, is a matrix algebra over a division algebra L, with center k,. There are three
k

possibilities
( (@ k,=C, L,=C, D®k,=M,(C);
k
(1) (¢ k,=R, L,=R, D®k,=MR);
k
) d k,=R, L,=

» = H, D® k, =M, (H).
k

Take G, = SL, (D), and for I’ the arithmetic subgroup consisting of elements with
entries in some fixed order of D. We have then

(2) Grll, v (ku) = SLns (C)s SLns (R), SLns/Z (H)

corresponding to the cases (a), (b) and (c¢). Since G is simply connected, (i) is fulfilled
and 11.5 obtains. Moreover, we see from 10. 6 that the factors I, associated to the cases (b)
and (c) are the same. Hence

©) H*(lim T%) = @ E({x, 4i+1)) ® E({x, 2i+1}).

In particular, we always have

4) H?(lim T,) = 0.

In fact, since rky G, = n—1 in this case, 11.1 gives more precisely
H>*()=0 for n>09.

This applies in particular to the case where D = k, T, = SL, (0), and we get Garland’s
result [9].

11.6. The following examples will be associated to algebras with involution and we
first fix some notation.

D is a division algebra over k, and j an involution of D over k. Let k' be the center
of D. Ifjis of the first kind, i. e. is trivial on k’, then we assume k' = k. It is known
that D is then a quaternion algebra over k. )

If j is of the second kind, i. e. non trivial on k', then k' is a quadratic extension of k,
and j restricts to k' to the non-trivial automorphism of k&’ over k.

Let e = + 1. On D?", we consider the &-j-hermitian form

@ L, y) = 1sz< (X J Vusd) FEXn1 1 (0))-

There is a k-group 0, , p Whose group of points over D is the automorphism group
of D*" endowed with the form (1). We let .G/ be the derived group of the identity com-
ponent of ,0, , p and I', be the arithmetic subgroup consisting of the elements of .G/
with coefficients in some order o of D.
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The groups .G/, together with those considered in 11.4, are k-forms of the classical

[ 34

groups. The isomorphism class of .G,  (k,) depends only on that of (D ® k,, j). It
k

will be described without further justification, but the latter can be easily extracted
from [18], Chapter II, and from the elementary remarks on quaternions made in 10.5
and 11.7.

11.7. We now consider the case where D is a quaternion algebra with center k. Assume
first that j is the ¢ standard *’ involution, such that x+j (x) and x j (x) are respectively
the reduced trace and the reduced norm of x (x € D). Let us denote by ¢’ the involution
of M, (F), (F any field) which is given by

€)) ' (x)=s'xs"' with s= ((1) —(1)> .

There are, up to isomorphism, three possibilities for (D ® k,,j) :
(&) v complex, (D® k,, j) = (M, (C), t);
k
? ) vral (DO, )= M ®), 1);
) (¢) v real (D®k,,j)=(H, o).
k

i

The following table gives the corresponding values of G, (k,) and I, :

(@ ® ©
1Gh o (ko)evveennnn Span (C) Span (R) Sp, n
| E({x,4i—1) P({x,4i—2} P({x,4i})
AP (2 VO S0.x (C) SO, 20 (R) SO%,
| . E({x,4i—1}) P({x,4i}) P({x,4i—2})

If j is not equivalent to the standard involution, then the three possibilities for (D ® k,, j )
k

are respectively
(3) (MZ (C), t)> (MZ (R), t), (H’ B)
and we get the table corresponding to the above one just by interchanging the cases € = 1
and € = —1.

The groups involved are connected, except for SO,, ,, (R) which has two components
(see 10.5 for SO3,). As in 11.4, the non-connectedness of SO, ,, (R) does not matter

in the stable range, so that 11.1 (i) is fulfilled and 11.3 (5), (6) hold for any coherent
choice of the T

11.8. Let now j be of the second kind, and denote x — x the non-trivial automorphism
of k' over k. Let m* be the degree of D over k’. For (D ® k,, j) the possibilities are
the following, up to isomorphism :

(@) v complex. Then k' ® k, = C® C, the algebra D ® C is isomorphic to
k k
M, (C) &M, (O), and j is (x, y)— (y, X).
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(b) v real, extends to two real places of k. Then D ® k, = M,, (R) ® M,, (R) and j
k
is as in (a).
(¢) v real, but extends to a complex place of k. Then k' ® k, = C, j induces the

complex conjugation on C, D ® k, = M,, (C) and j(x) = s 'xs~!, with s hermitian.
We have then, for both values of &,

(@ ®) ©
AN (2 YRR SL;um (C) SL;mm (R) SUm, nm
| AR E({x,2i+1}) E({x,4i+1) E{x,2i))

Thus G, is simply connected, and 11.3(5), (6) obtain.

11.9. We have considered only ¢ hyperbolic forms >, for convenience, and because
these cases are those of interest in K-theory. But 11.1 can be applied to other sequences.
As a simple example, fix a non-degenerate quadratic form F, on k™, say anisotropic, let G,
be the orthogonal group of

Fo+ Z XiXpti
1

ZiZn

in k®*2" and T, = G, (0). We have then again 11.3 (5), (6), and in fact the values
of I, are the same as in the O, , case. This is clear for v complex. For v real, we have

I, = im*H*(0,,+ 2, (R)/(0, 4, (R) x O, (R)).

But the homogeneous space on the right hand side is as good an approximation to the
classifying space of O, (R) as O,, (R)/(0, (R) x O, (R)) hence the lim* does not depend

P
on m.

The same is true in the hermitian case.
11.10. REMARK. — In a sequel to this paper, we shall see that 11.1 is also true (with the
same range) for S-arithmetic groups. It will follow the that H* (lim G, (Q)) = H* (lim I",)
—_— —_—
or, in the set up of 11.3, that we also have

) H*(lim G,(K)) = lim* H*(G.(k)) = ® I,.

veS

12. Applications to K and L-theory

12.1. Let D be a division algebra over k and o an order of D. For i = 2, Quillen’s
group K; o, as defined in [21], is the i-th homotopy group of an H-space which has the
same homology as lim SL, o. Therefore, by the fact recalled in 10.6, dim (K; ® R)

—_—
is equal to the dimension of the space of indecomposable elements in lim* H* (SL, o)

—
and 11.5(3) implies :
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12.2. PROPOSITION. — Let o be an order in a central division algebra D over k. Then,
for i 2 2, dim (K; o ® R) is periodic of period four and is equal to O, r +r,, 0, r, depen-
ding on whether i = 0, 1, 2, 3 mod 4, where ry (resp. r,) is the number of real (resp. complex)
places of k.

12.3. We now revert to the notation of 11.6. A result of L. I. Wasserstein (see [1],
Chap.1I, § 5, p. 156) implies that M = lim .G, (o) and lim O, , , (0) have the same derived

—_— —
group, which is perfect (and generated by * elementary ** matrices). Quillen’s +-construc-

tion, applied to the classifying space By, of M, yields a space By; with fundamental group
M/(M, M) and the same homology as M, and we let L; 0 = m; (Bj,) (( = 2). These are
the groups introduced and so denoted by M. Karoubi [17] (for more general rings A,
except for the blanket assumption that 2 is invertible in A, which plays no role here).
The space By; is also and H-space, and as in 10.6, the dimension if L; ® R is equal to
the dimension of the space of indecomposable elements in H? (M). The results of para-
graph 11 then also give the dimension of ,L; (0) ® R (i = 2) in the various cases consi-
dered there. It is again periodic of period 4. Corresponding to 11.4, 11.7 and 11.8,
we have the following cases :

(1) D=k, j=1d, and o is the ring of integers of k. Then the period giving
dim (,L; (v) ® R) starting with i = 2 mod 4 is
€ =1 N 0 rz r1 0,
&= '_1 . 7‘1 7‘2 0 0.

(2) D is quaternion algebra and j the standard involution. We let r, (resp. r.) be the
number of real places for which (b) [resp. (¢)] of 11.7 holds. The period is then,

e=1 : r,r,r. 0,

e=—1: r,r,r O

If j is not the standard involution, then we have only to interchange the cases ¢ = 1 and
g= —1.

(3) In the case of 11.8, let again r, (resp. r.) be the number of real places for which (b)
[resp. (¢)] holds. Let o be an order of D stable underj. The period for dim(.L; (o) ® R),
always starting with i = 2 (4), is now, for both values of ¢ :

Te ¥y Te Fyp+r,.

In view of [2], the above results are also valid if o is replaced by og (S finite set of primes
in k, stable under the involution) or by k.  In particular, if D = k, they can be compared
with those of [17] paragraph 5, p. 96. This shows that the part of the homology explicity
determined there in terms of the Witt group of k, corresponds of the one associated here
to the real places of k.
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