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SEVERAL-VARIABLE p-ADIC FAMILIES OF
SIEGEL-HILBERT CUSP EIGENSYSTEMS
AND THEIR GALOIS REPRESENTATIONS

By J. TILOUINE anp E. URBAN

ABSTRACT. — Let F' be a totally real field and G = GSp(4),r. In this paper, we show under a weak assumption
that, given a Hecke eigensystem A which is (p, P)-ordinary for a fixed parabolic P in G, there exists a several-
variable p-adic family A of Hecke eigensystems (all of them (p,P)-nearly ordinary) which contains A. The
assumption is that A is cohomological for a regular coefficient system. If F' = Q, the number of variables is three.
Moreover, in this case, we construct the three-variable p-adic family p) of Galois representations associated to
. Finally, under geometric assumptions (which would be satisfied if one proved that the Galois representations
in the family come from Grothendieck motives), we show that p) is nearly ordinary for the dual parabolic of P.
© Elsevier, Paris

RESUME. — Soit F un corps totalement réel et G = GSp(4),p. Dans cet article, nous montrons, sous une
hypothese faible, qu’étant donné un systtme A de valeurs propres de Hecke (p, P)-ordinaire (pour un parabolique
P quelconque fixé de G), il existe une famille A & plusieurs variables de systtmes de valeurs propres de Hecke
quasi-ordinaires en p qui le contient. L’hypothése est que A intervient dans la cohomologie d’un systeéme de
coefficients régulier. Si F' = Q (le nombre de variables est alors 3), nous construisons la famille p-adique a trois
variables de représentations galoisiennes py associée a ). Enfin, sous des hypothéses géométriques (qui seront
satisfaites si I’on montre que les représentation galoisiennes de la famille proviennent de motifs de Grothendieck),
nous montrons que p) est quasi-ordinaire pour le parabolique dual de P. © Elsevier, Paris
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0. Introduction

For the group of symplectic similitudes G = GSp, over a totally real field F' of degree d,
we develop Hida Theory in a manner similar to [16] and [17]. This means that we introduce
a big p-adic cuspidal Hecke algebra h defined as the inverse limit of commutative algebras
of Hecke correspondences acting on the cohomology of Shimura varieties whose p-level
tends to infinity. In particular, the study focuses on the direct factor h™° of this algebra
cut out by the so-called p-nearly ordinary idempotent. Hida theory seeks to establish

1. the independence of the weight for h™°,

2. the control of h™° when localized at “arithmetic” codimension-one primes of the
relevant Iwasawa algebra A,

3. its finiteness over A and what is its Krull dimension (it is equal to that of A once
one has established the torsion-freeness of h™° over A),
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SEVERAL-VARIABLE p-ADIC FAMILIES OF SIEGEL-HILBERT CUSP EIGENSYSTEMS 501

4. the existence of associated Galois representations over suitable local components
thereof.

Actually a more precise result is desirable for those Galois representations. Namely, their
restriction to the decomposition groups at primes above p should take values in some
parabolic subgroups determined by the type of near ordinarity imposed to the Hecke
algebra (i.e. to the corresponding automorphic forms). A Galois representation satisfying
this local condition is called nearly ordinary (see [36], Section 5). For GL, over a totally
real field, it is a theorem of Wiles [47] (see also Hida [15]) that if a Hilbert modular form
is nearly ordinary, then its Galois representation is nearly ordinary. In more general cases,
however, this fact is not known. Investigating this question has been our main motivation
(see Section 7 below). The method for dealing with points 1-3 is cohomological, using
the natural faithful representation of h on the cohomology of a Siegel manifold of level
divisible by p*°. This approach follows the ideas of Hida’s recent works concerning the case
of GL(n) (see [17] and [18]). A good deal of our intermediate results, like independence
and control theorems for the full cohomology and probably for the boundary cohomology,
are very general; they (should) hold at least for split connected reductive groups of type
A, B, C or D over any totally real field. Our work is motivated by three reasons. The
first is that it allows one to speak of Hida families for nearly ordinary cohomological
genus-two Siegel-Hilbert cusp eigensystems A. Thus, it should provide new families of
p-adic L-functions (although several variables p-adic Siegel-Hilbert Eisenstein measures
should be constructed first) and new Main Conjectures. Second, for F' = Q it provides
big Galois representations

px : Gal(Q/Q) — GSpy(Z,[[T1, T2, T4]))

associated to a family A (Section 7 below). The specializations of p, at almost all arithmetic
primes Py (see Definition 6.2.4 in the text) are the Galois representations py, associated to
the Hecke eigensystem Ay defined by A in weight §. These representations py, have been
constructed by Shimura [32], Harder, Chai-Faltings [7], R. Taylor [34] and more recently
by Laumon [23] and Weissauer [46] independently. We have attempted in [36] Section 10
to formulate a generalization of the Langlands correspondence predicting for these Galois
representations a specific behaviour at p, namely, p(D, ) C P, where P, is in the conjugacy
class of the Langlands dual of the parabolic giving the condition of near ordinarity on
the automorphic side. This we can prove, if we assume that the Newton polynomial at
p associated to crystalline p),’s is given by the p-Euler factor of the automorphic L
function of Ay. Our proof then makes use of the observation that in an analytic family of
nearly ordinary forms, many have level prime to p. Such forms give rise conjecturally to
crystalline representations; for those, one can compare the Hodge and Newton polygons
and their ordinarity follows. Then we use a density argument to conclude it holds for
the family, hence for all its members. Actually, for F' # Q, assuming that 4-dimensional
Galois representations associated to the Ay exist one can still show p(D,) C P, despite
the fact the Newton and the Hodge polygons may never meet (cf. Remark at the end of
Appendix B1); indeed, under a rather natural assumption, called ¢-separability, we obtain
the ordinarity even for F' # Q. The third motivation is to apply this ordinarity result to
the Galois representation associated by R. Taylor to modular forms on GL(2, K) where
K is imaginary quadratic, providing in this way a lacking ingredient in a paper by one of
the authors (see Conjectures 3.3.1 and 3.3.2 of [39]).
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502 J. TILOUINE AND E. URBAN

In order to state a striking particular case of the present work, we introduce some
notations. Let V' be a finite dimensional complex vector space and p : U*(2) — GL(V)
be an irreducible algebraic representation of the maximal compact real Lie subgroup of
Sp(4,R); let pc : GL(2,C) — GL(V) be its complexification. Let f be a holomorphic
V-valued Siegel cusp form of weight p and level group I': f((AZ + B)(CZ + D)™1) =
pc(CZ + D)f(Z) for (& B
S, (see Def. 6.1) for all rational primes ¢ prime to the level N of I'. The eigenvalue of
f for the Hecke operator T" is denoted by A(T’; f). Let Oy be a Dedekind ring finite over
Z containing the eigenvalues of f. The highest weight x = (a1,as2) € Z? of p satisfies
a; > as > 3 (note that classical Siegel modular forms correspond to a; = as = k > 3).
Let x' = (a,b) = (a1 — 3,a2 — 3), and let B’ be the standard Borel subgroup of Sp4
(see Section 1.1); put

€ I'; assume f is eigen for all Hecke operators Ty, Ry,

L(x';Z) = L(a,b;Z) = {f : Sp(4,Z) — Z; f is regular, defined over Z and

f(gtu) = x'"*(t)f(g) for t semisimple in B’ and w unipotent in B’}

viewed as left I'-module by v.f(g) = f(v~1g). For any ring A, let L(x’; A) = L(x'; Z)QA.
It is known (see [33] p. 323) that the eigensystem associated to f occurs in
H3(T', L(a,b; C)). We assume that x’ is regular: a — b > 0 and b > 0. This excludes
classical Siegel modular forms (for which a = b = k — 3).

Let p be a rational prime, relatively prime to N and to the order of the torsion subgroup
of HY(T', L(a,b;Z)) (¢ = 2,3). Let v be a non trivial valuation of Oy such that v(p) > 0;
assume that v(A(Tp; f)) = 0 and v(A(R,; f)) = b. Let O be the completion of Oy at v.

Let A’ = O[[T1,T5]]. Let w = 1 + p. For any pair (a,b) with a > b > 0, we define
the arithmetic prime P,; of A’ as the kernel of the homomorphism A — O given by
Ty — u® — 1, Ty — u® — 1. Let T'y(p) be the subgroup of T" consisting in matrices whose
reduction mod p fall in B’

THEOREM 0.1. — Under the previous assumptions, the ordinary part h° of the cuspidal
Hecke O-algebra is finite torsion-free over N'; moreover, there exists a finite flat extension
J of N and a N'-algebra homomorphism X : h° — J such that for any arithmetic
prime Py with o/ = a, ¥ = bmod(p — 1), a’ > b > 0, and any prime P in J
above Py v, the reduction of A mod P “corresponds” to a Hecke eigenclass co p in
H3(To(p), L(a’,b'; O)). For (a’,b') = (a,b), this Hecke eigenclass is deduced from c, 3, by
the p-stabilization isomorphism:

Res : H2 (T, L(a, b;0)) = H3 ,(To(p), L(a,b; O))

ord ord

(see Proposition 3.2 of Section 3.5 below).

Secondly, assume that multiplicity one holds for GSpy; then, there exists a finite extension
F of Frac(J) and a continuous Galois representation py : Gal(Q/Q) — GSpy(F)
associated to the N -algebra homomorphism A\; namely, it is unramified outside Np, and
for any prime { relatively prime to Np, the characteristic polynomial of px(Froby) is given
by MQ(X)) where

Qe(X) = X* —~TuX? + 4(Ry + (£2 + 1)S) X2 — £*Ty S, X + 68?2
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Comments: 1) In the case J = A’, the p-adic analyticity of the family of Hecke
eigensystems amounts to the Kummer congruences: if ' = o and ¥’ = b’ mod (p — 1)p",
then the eigensystems A,/ p and A,~ v are congruent mod pntl,

2) Roughly speaking, one can say that p, lifts the Galois representation py :
Gal(Q/Q) — GL4(Q,) constructed by Laumon [23] and Weissauer [46]. Even without
assuming multiplicity one for GSp,, R. Weissauer has associated a Galois representation
o= : Gal(Q/Q) — GL4(6p) to any cohomological cuspidal representation = on GSp,
(this result is only written up for 7., in the holomorphic discrete series). Then, in our
theorem, we can remove the multiplicity-one assumption and the irreducibility assumption;
the conclusion is then only that there exists a representation py : Gal(Q/Q) — GL4(F)
with the correct characteristic polynomials.

3) If one assumes multiplicity one, the main ingredient to show that py falls in GSp,(F)
is that all smooth irreducible representations m of GSp,(A) are autodual. This comes
by proving that for a given local constituent 7, of =, the traces of the Hecke operators
acting on the space of 7, and that of 7/ ® w,, o v are the same; this last point results
then from the fact there exists an element gy € GSp, such that ‘g~ v(g) = gogg; *, here

-1 0g

4) Tf multiplicity one holds and if reduction of p; modulo the maximal ideal of Z, is
still absolutely irreducible, then, one can see that py takes values in GSp,(J).

go=J = ( 02 12) works. We are grateful to Clozel for showing us this argument.

5) Moreover, we can prove that the image by py of a decomposition group at p is
contained in B(J) (up to conjugation in GSp,(J) if the two statements S1 and S2 below
hold. Consider a Zariski dense set of arithmetic primes (P, ;) with (a/,b") = (a,b)
mod (p — 1) and @’ > & > 0 and fix a prime P above (P, ) in J. We know from
Proposition 3.2 and from the comment following Conjecture 7.2, that p), mod P is
crystalline at p.

S1 For a Zariski dense subset of arithmetic primes (P, ;') as above, py mod P has
four distinct Hodge-Tate weights.

S2 The slopes of the Newton polygon of the ¢-filtered module attached to py mod P
are equal to the valuations of the eigenvalues of the roots of /\g’ )(Q,ﬁ," )(X )). Here )\g’ )=\
mod P is viewed as a character of the Hecke algebra of level group I' (prime to p) and
Qg" )(X ) is defined as “Q,” since now p is prime to the level of the group I'.

S1 is implied by the stability of the L-packets at infinity; this is known if )\g’) is
supercuspidal at some finite place and seems accessible to specialists even without this
assumption. S2 is harder. An evidence towards it seems more accessible, namely that
the slopes of the Newton polygon occur among the valuations of the eigenvalues of the
roots of /\g’)(Qp(X)).

6) The continuity of the Galois representation p, means that it preserves a lattice T" in F*
and py : Gal(Q/Q) — GL(T) is continuous for the natural topologies; hence the theorem
implies that for a Zariski dense family of arithmetic primes P,/ ;» (with (a',b") = (a,b)
mod p — 1), the reduction of py modulo P, p exists and is the Galois representation
associated to the eigenclass ¢/ pr.

7) In the text below, one can even study a bigger Hecke algebra h™° over a bigger
Iwasawa algebra, called the Hida-Iwasawa algebra A (see Section 6, Def. 6.2) obtained by
adjoining to the “semisimple variables ” of A’ the “central variable(s)”. The Hida-Iwasawa
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504 J. TILOUINE AND E. URBAN

algebra is isomorphic to the algebra of a finite group over a ring of formal power series in
3 =2+ 1 variables if F' = Q, and in 2d + 1 4 § variables, if F' is totally real of degree
d. Therefore, p-adic families of cuspidal Hecke eigensystems indexed by these variables
exist, as well as corresponding families of Galois representations (assuming Conjecture 1
of Section 7).

An important application of our result is currently investigated by one of the authors
(see [40]). Namely, one can use this theory to study congruences between families of
Eisenstein-Klingen series and families of Siegel cusp eigenforms in order to produce non
semisimple Galois representations with values in the Siegel parabolic. This basic idea can
be used to study Greenberg’s Main Conjecture for the symmetric square of a p-ordinary
elliptic curve (see [40] and [20]). An important step of this investigation is to prove that
the Galois representation p) attached to an ordinary cusp eigensystem A is absolutely
irreducible, provided that A is not globally endoscopic and that the residual representation,
if reducible, admits an irreducible two-dimensional subquotient which is modular in Serre’s
sense and satisfies the assumptions of the theorem of Wiles and Taylor ([48] and [35]).

We give now a short survey of the contents of the present paper. In Section 1, we recall
the standard notations and definitions used throughout this article. We give the definitions
of local Hecke operators and their action on flags in section 2. In section 3, we prove first a
theorem of independence of the weight for the ordinary cohomology of I';-type congruence
subgroups with level p*° subgroups (Cor. 3.2); then, we establish control theorems for the
ordinary cohomology group of “bottom degree” (that is, the first degree of non-vanishing
for regular coefficients, namely, by Franke’s theorem, the middle degree 3d). There are
two such control theorems: weak (Thm. 3.2) and exact (Thm. 3.3). Up to this point, it
appears clearly that the proofs work for any reductive group, after appropriate translation.
Then, after a study of the strata cohomology in Section 4, we show control theorems in
Section 5 for the boundary cohomology by studying the degeneracy of the nearly ordinary
part of the spectral sequences attached to the parabolic subgroups defining the Borel-Serre
compactification; there, restriction to genus two is required to insure the degeneracy of the
spectral sequences at E2 (th. 5.2 for F = Q and Lemma 5.2 in general). From these control
theorems, we deduce our main results (Corollary 5.1 for F' = QQ and Theorem 5.8 in general)
for the ordinary interior cohomology of congruence subgroups of I';-type, of level p> in
middle degree ¢ = 3d. We apply these results in Section 6, to obtain their counterpart for
the nearly-ordinary cohomology of the p>°-ramified Siegel threefolds (Thm. 6.2 and Thm.
6.3). Then one deduces a control theorem for the nearly ordinary cuspidal Hecke algebra
for GSp, (Cor. 6.3). This result is enough to insure the existence of a (2d+ 1+ §)-variables
Hida family interpolating a Siegel-Hilbert cusp eigensystem of given level and weight, as
well as the specialization at any arithmetic primes of such a family into such eigensystems
of given level, weight and central character (Cor. 6.7). Finally in Section 7, we construct,
assuming standard conjectures proved in some cases, the Galois representation attached to
a Hida family, and we discuss its near ordinarity (Thm. 7.1). It will be obvious to the reader
that our approach follows closely Hida’s recent paper [17] devoted to the GL(n) case. We
learned his method in a course at Paris-Nord in March 1994. We are glad to acknowledge
our debt to him here. We also benefited from several conversations with R. Weissauer
whom we thank for his invaluable explanations. Part of this paper has been written during
visits of the first author at the Tata Institute of Fundamental Research in Bombay and at
Mannheim University; let these institutions be thanked for their kind hospitality.
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1. Notations and preliminaries

1.1. The symplectic group

_(?2» (1)2 € GL,. Let G = GSp, = {g € GLy4;%gJg = v(g)J} be the group
of symplectic similitudes of J; the character v : G — G,,, is called the multiplier of GSp,:
The group G* = Sp, of symplectic isometries is the kernel of v. These groups are smooth
group schemes over Z. The symplectic module acted on by G is denoted by (W, <, >) and
we write its canonical basis (over Z) as {e1, ez, f1, fo} with < ej,e2 >=< f1,fo >=10
and < e;, f; >= 6; ; . Consider the standard maximal torus T" of G consisting of diagonal
matrices. We identify it to G2, by the isomorphism: 7 : G2, = T,

LetJ =

(t17 to; .'L') = dia’g(th t27 mtl_lv wt2_1)

Its character group X*(T) is then identified to the sublattice of Z* consisting of the
(a1, a2;b) such that a; + a2 = bmod 2. We write x = (a1, a9;b) for the character x
defined by

X(7(t1, ta; 2)) =t g2t o)/2,

We denote by B the standard Borel of G consisting in matrices of the form

Its unipotent radical is denoted by B*. The roots associated to (G, B,T) are (t1/t)*!
and (z~'t;t;)*! for 1 < i < j < 2; we denote their set by Rz, and these are characters
defined over Z. The positive roots are the four ones given by the exponent +1; their set
is R} ; the simple roots are a; = t;/t5 and az = v~ '3 (the long root). Each conjugacy
class in G of parabolic subgroups (over Z) has a unique representative containing B; there
are exactly three such parabolic subgroups:

r={(s )=c}

the conditions on the 2 x 2-blocks are that *AD = v.1, for some scalar » and A~'B
is symmetric. The standard Levi subgroup is:

M:{g: ((i wgzl_l);AeGL% weGm}

It is therefore isomorphic to GLy X G,,,. We write (A, ) € GLy XG,,, — p(4;x) for
this isomorphism; it maps the center G,zn of GL, xG,,, onto the center Z;; of M.
Let M* be the derived group of M and Cpr = M/M?" be its cocenter. The natural

e the Siegel parabolic:

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



506 J. TILOUINE AND E. URBAN

map Zj; — C)y is an isogeny of degree 2 which we identify to (z,z) — (22,z).
The unipotent radical of P is

1, S
+ 2 tg

e the Klingen parabolic:

a * * %
P* = 8 3 Z g sab — By =ab ) NG;
0 v x 6
The standard Levi subgroup is:
a
me={|® P las—py=abzo};
5 6

It is therefore isomorphic to G,, X GL2. We write
a
.. a B o p
(w0
~y )

with ab = a§ — 3. By this isomorphism, the center G2, of G, x GL is mapped to
the center Zy«. The natural isogeny from the center to the cocenter of M™ becomes
(z,2) — (z,2?). The unipotent radical is

1 a B ~
Pt = g (1) z 8 ; a, 3,y arbitrary
00 —-a 1

e the Borel subgroup B = T'B*, which has been already described.

Note that P and P* are maximal and that B = P N P*. For Q = P or P* with Levi
subgroup M, (often abbreviated as M when the context is clear) and Levi decomposition
Q = MQ*, we put Q = M'Q* and C = M/M". Consider the natural map T — C
induced by the inclusions B C @ and B+ C Q. It identifies the group X *(C) of characters
of C to the sublattice of X*(T) C Z* consisting of

o the (a,a;b) € Z3 such that 2a = bmod 2, if Q = P,
e the (a,0;b) € Z3 such that a = bmod 2, if Q = P*.

Let @ be any parabolic subgroup with Levi subgroup M and unipotent radical Qt. We
denote by A the set of roots of (M, T) and A&S the set of positive resp. negative roots
for (M, BN M, T); similarly, we write RZ; the set of roots for T acting on Q*. We denote
by W the Weyl group of (G, B, T), W)y that of (M, BN M, T). The set of positive (resp.
negative) roots of (G, B, T) is then decomposed as Ry = Ag ]_[Rg.
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1.2. Local systems over Siegel-Hilbert modular varieties

Let F' be a totally real field of degree, say, d; let r be its ring of integers, with
discriminant D. We note I the set of embeddings of F in Q. For f : Specr — SpecZ,
we consider the scheme H = f, f*G, restriction of scalars of the base change of G to r;
for any ring A, H(A) = G(A®r); H is a group scheme over Z, smooth over Z[1/D].
The multiplicator v induces a natural morphism from H to f, f*G,,. Its kernel is denoted
by H!; for any ring A, we have H'(A) = G*(A ® Op). In this paper, we denote by Q
a parabolic subgroup of G and Q' = Q N G'. We know that there are three conjugation
classes of parabolic subgroups in GG containing respectively P, P* and B. Let us fix
Q € {B, P, P*}. We write the Levi decomposition of @ as MQ*. Let M’ = M NG,
M = M the derived group of M and Q = M'Q*.

Let us fix an odd prime p; let S, = {v place of F;v|p}. Let J be a subset of S,,.

DEFINITION 1.1. — A J-proper standard parabolic subgroup @) of H @ Z,, (abbreviated
as J-proper SPS) is a product QQ = H'v|p Res%”p Q. of parabolic subgroups Q, of G ® r,,
such that for each v € J, Q, € {P,P*,B}, and forv ¢ J, Q, = G. Let Q' = Hv]p -
M = H'U|p M, its Levi subgroup and Q* = Hv,p Qt its unipotent radical system; Q
is a semi-direct product MQF. Let M' = T[,, M; be the derived group of M and
Q = MQt = th, Q.. For any Z,-algebra A, let A, = A®r, for each v|p; then
Q(A4) = I, Qv(Av) via the canonical isomorphism H(A) = [],,, G(Av). Similarly for

Q'(A), Q*(4) and Q(A).

We fix an arbitrary J-proper SPS Q with Levi components (M, Q). Most of our results
will be valid without further assumption on ), although results of Section 6 will require
that J = S, and Q is of the form Q = IIy = f, f*II for Il € {B, P, P*}.

Let A be the ring of rational adeles and Qy resp. Qo be its finite, resp. infinite part. Let
Hy, resp. Hy, H, be the group of A-points of H, resp. of Q¢-, Quo-points. Let Uy, be
the stabilizer in H,, = Hv|oo G(F,) of the map h : C* — H,, whose v-component is

) 1 1
hy(z +1y) = (—J;ylzg Zé) € G(F,).

A~

Let us fix once for all a compact open subgroup U of H(Z) of levelprime to p. For any
7 > 1 We denote by Upy(p") the compact open subgroup of H; defined as

Uglp™) = {g €U;gmod p € Q(Z/p’"Z)}

Remark: Despite the Notation, the level of these subgroups is concentrated on the
J-part of S, since the condition is void at places v ¢ J. If J = (), these groups are
of level trivial at p.

We form the Shimura varieties:
S:(U) = Ho\Ha /U(p")Uso
Their connected components are Siegel-Hilbert modular varieties of dimension 3d. For

s > r, there is a natural finite morphism S,(U) — S,(U); the varieties S,.(U) together
with these transition maps form an inverse system.
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Let O be the valuation ring of a finite extension K of Q,. Let Lg be a finite dimensional
K -vector space with a rational action of H, = H®Q,; we assume it is “adapted to Q" , i.e
it is (algebraically) induced from ) to G by a rational representation p of M. Note that this
condition is automatic if Ly is induced from By to H by a character of Ty, by transitivity
of the induction (By to @ and @ to H). Let I = {g € H(Z,); g mod. p € Q(Z/pZ)}.
In the text, we shall consider a suitable lattice L of Ly, stable by Ip, hence by the
p-component of ideles in Ug(p") for any r > 1; let us put R = Lk /L; it is a discrete
O-module with a continuous action of U (p") (through its p-adic component); we consider
the sheaf R of locally constant sections of the covering

Ho\Ha x R/Ug(p")Uss

1
HQ\HA/UQ(pT)Uoo = 5,(U)
where the action defining the covering space is given by

V(b ) Ut = (YhUtlise, uy ' v) for v € Hq, utie € Us(p")Us and v € R.

2. Flags and Hecke operators

In this section, we view H! and its subgroups as group schemes over Z,; G* is viewed
over r, for each v|p.

2.1. Parahorics and flags

Let Q be a J-proper SPS; let M’ be the Levi subgroup of Q' = Q N H!. In the case
of the standard Borel subgroup @ = f.f*B of H, we write Q' = B};,. We have a Levi
decomposition Q' = M'Q™; let Zyr and Cpy = M/M? be respectively the center and
the “cocenter” of M, and Zj; and Cpp = M’'/M? be respectively the center and the
“cocenter” of M’; we put Q = Q' = M'Q™. Let us put, for each v € S,, X, = G'/Q/,
and Y, = G'/Q}. Let 7, : Y, — X, be the structural map; it is a morphism of r,-scheme.
Note that X, is a projective scheme and @, is an M,-bundle over X,. We write 0, for
the marked point on X, given by the trivial class. Put Y = Hu| v Y,, Xo = H'ulp X,
Tq = [l,esm and 0g = [],}, 0,

Let Q— = Hv|p Res‘g’p @, be the unipotent subgroup opposite of Q* (hence Q; = 1
for v ¢ J). For each r > 1, we set

I, = {h € H(Z,); hmod p" € Q(Z/p"Z)}

and

I'=1.n Hl(Zp) =I=Q (pZ,)Q'(Z,).
We also introduce
i = {h € H(Z,); hmod p" € Q(Z/prZ)}

and 5 3
I' =1.n Hl(Zp).

For r = 1, we drop the index 1: I = I;, I’ = I} and I=1.
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Terminology: We refer to the subgroups I, and I/ (resp. I, and IZ) as to the level-
p" parahoric subgroups of H(Z,) resp. H!(Z,) associated to Q. We call them Iwahori
subgroups when @ is the standard Borel subgroup By of H.

For v|p, let

I, ={g € G(r,);gmod p" € Q,(r,/(p"))}

and I, = I, , N G*(F,). Then, I, =], I, . Similarly, we have I/ =], I} ,.
We set

X:)l,r = I{),T/Q'Iv(rv)

and :
X = I/Q'(Z,) and Xo = X1

thus, X¢& . = Hvlp Xy -5 similarly:

Y;a;r = I;,T/Qj(rv) = Q’U_(prrV) X Ml’)(rv)

Let
Yo .= I'/Q*(Z,) and Y5 =Y5 1
hence, Y§ . = [I,, Yo'
For any r > 1, Y, .. is the inverse image by mq: of X§, .; these sets are p-adic open
in YQ'(QP)’ resp. in XQ'(QP)
They can be viewed as Z,-points of schemes whose functorial description is as follows:
for any Z,-algebra A, let A, = A®r, for each v|p.

o for Q, = P', X2 (A,) is the set of maximal isotropic direct factors £ in W ® A,
whose reduction modulo p” is the standard lagrangian (e, e2); Y,%,(4,) is the set of
pairs (E,¢) of a maximal isotropic A,-submodule E, direct factor in W ® A,, and
an isomorphism ¢ : F = A2 whose reduction modulo p” is the standard isomorphism:
e1 — (1,0), e3 — (0,1). The morphism 7, consists in forgetting ¢.

o for Q;, = P"*, X (A,) is the set of rank 1 free direct factors E; in W ® A, whose
reduction modulo p" is the line (e1); Y, (A,) is the set of pairs (E1,¢1) of an E;
as above and an isomorphism ¢; : F; & A, such that ¢, mod p” coincides with the
standard isomorphism e; +— 1. The morphism =, consists in forgetting ¢;.

e for Q;, = B', X ,.(A,) is the set of flags (Ey, E) of isotropic submodules which
are free direct factors in W ® A, and whose reduction modulo p” is the standard
flag ({e1),(e1,e2)); Y,'.(A,) is the set of pairs ((E1, E),(¢1,¢)) consisting in a
flag (E1, E) as above, and isomorphisms ¢; : E; = A, and ¢ : E = A2 such that
¢ restricted to- E; coincides with ¢; and ¢ modulo p” coincide with the standard
isomorphisms: e; — (1,0), es +— (0,1). The morphism =, consists in forgetting
(¢17 ¢)

e for Q, =G, X7 ,(A,) ={.} and Y;?,(A,) is the set of symplectic bases of W ® A,.
It is in canonical bijection with G(r,).

Then, we have Y§ . (A4) = [],, Y.!-(4,) and similarly for Xg, . (A).
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Using these p-adic open subsets, we can define lattices stable by our parahoric subgroups,
as follows.

Let O be the valuation ring of a finite extension K of Q, containing the Galois closure of
a compositum Hvlp F, (and sufficiently big when necessary); we fix a family of finite free
O-modules (V,,),|, and a family (p, )|, of group scheme morphisms p,, : M, — GLo(V,)
defined over Z, as an algebraic representation such that p, ®» K is absolutely irreducible;
let us put V.= Q,, Vo; p = Q,, v : M — GL(V) is an algebraic representation of
M over Z,; it is absolutely irreducible. Note here that we have fixed representations of
the Levi subgroups M, of G; that is, we have prescribed the central action (instead of
imposing only their behavior on M! = M, N G'). This will be necessary for the control
theorem for the Hecke algebra, although throughout the study of group cohomology this
does not play any role. The maximal torus of M, is unchanged, equal to the maximal torus
T of B, hence p, ® K corresponds to a character 6, € X*(T) = Homo(Reer”p T,G.)
which is dominant for the ordering defined by B N M, (actually the ordering is on X*(T")
hence we mean the restriction of 6, to T1").

DEFRINITION 2.1. — We say that p is H-compatible if the characters 6, are actually dominant
in X*(T") for the ordering defined by B. This means that the induced representation of 6,
over K from B to G is absolutely irreducible.

From now on, we fix such a representation p = ®v|p p. Note that a character y, of
Cy, = M,/M} = Q,/Q, can be viewed in X*(T) via T = B/B* — C,. Recall that
we have fixed a J-proper SPS Q.

DEFINITION 2.2. — An algebraic character X = @, x» of Cu = [1,, Cu is called
dominant with respect to p if 6, ® X is dominant in X*(T) for each v|p. For each place
v|p, the representation of M, associated to 6, ® X, restricted to T is p, ® .. For each
such x, we form the representation p @ x : M — GL(V).

Then we form a representation of Hll, = H'(Q,) by parabolic induction:
L(p;K)={f : Yo — V ®Qy; f polynomial , f(ym) = p(m™")f(y) for m € M}

For each system x € X*(C)y), we can form the representation L(p®x; K). It is easy to see
that x is dominant with respect to p if and only if L(p® x; K) is an irreducible H!-module.

In it, we fix the following sublattice:
L(pox;0)={feLpox;K); f(Y3)CV}

One lets I’ act on this module by left translation: (g.f)(y) = f(g~'y). This representation
of I' will be called in the sequel the algebraic induction from M’'(Z,) to I’ of p ® .
These lattices tensor with K/O will be used as coefficients of our cohomology groups.
Before defining global Hecke operators on these cohomology groups, we study the local
Hecke algebra.
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2.2. Local Hecke algebra

For each v|p, we choose a uniformizing parameter w, of F,. Consider the subset
A,, =1, .D,I,, of G(F,) where D, is the set of matrices

o p(diagy(wy);wh) for 0 < 2a < b if Q' = P/,
o u*(w?, diag,(w?b)) with 0 < a < b, if Q' = P'*,

o 7(wd, wi;wh) for 0 < a; < ap < 3b, if Q' = B

When r = 1, we simply write A, for A, ;. Let C be any subgroup between I, , and I, ...
Remark: The local Hecke algebra

Hv(C) = O[C\AU,T/C]

depends on the choice of w,; however the main object of interest to us, the nearly ordinary
idempotent, will not depend on that choice.

We use Shimura’s notation [C£C] for an element of the canonical basis of H,(C) . The
multiplication is given by [C{C.[CE'C) = 3°, ¢y [CnC] where CECE'C = |, CnC'is a
_ disjoint union, and ¢, = ﬂ{(z’, J); C&& = Cn} (it depends only on the double class of 7).

PROPOSITION 2.1. — A, . is a semigroup; the ring H,(C) is isomorphic to a polynomial
ring over the O-algebra of a finite abelian group:

Ol . /Cl[Tus;1 € A

where

o the group I, /C acts through the double classes [CgC], g € I,

v,r?

o A is a subset of {0,1,2}: J = {0,1} for @ = P, A = {0,2} for Q = P* and
J=1{0,1,2} if Q = B,

[ ] Tv70 = [vaC], Tv,l = [C’u(lg,w,,)C], and Tv,2 = [Cu*(l,wvlg)C]

In particular, this algebra is commutative.

Proof: The key is to establish the formula [C£C).[CE'C] = [C£€'C] which relies on
the multiplicativity of the degree map: £ — d(§) = h where C{C = U?=1 C¢;. The
computation is similar to that of [17].

Let Q' be a parabolic subgroups of H!. Consider its associated parahoric subgroup
I/ and I;{ of level p". For A, = va A, (or simply A if r = 1), we consider
the p-semilocal Hecke algebra H,, = O[fJ’,\Ar/INL] (or H, when r = 1); there is
a canonical isomorphism H,,, = @, , H.(1; ). Hence, H, , is a polynomial algebra
over the group algebra of Cy(Z/p"Z) where M’ is the Levi system of Q'. Note
also that one can write H,, = Hj, X H'") where one defines the J-semilocal
Hecke algebra as Hjy, = @, JHv(j{,,T) and its complement (the non-J-part) by

HY = @05 Ho(Spa(ry)).
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2.3. Action on flags

Let Q C H as abovg. We keep}he Notation of Section 2.1. For any » > s > 1, we have
an obvious action of I; = [[,, ;. on Y , by left translation and of M’(Z,) by right
translation. We wish to extend the action on the left to the semi-group A, = Hvl » A, It
is enough to define the action of D, on I ,/Q(r,) for each v|p.

e For Q = P, let d, = pu(t.ly;2) € D, (so 0 < 2.0rd,(t) < ord,(z)); let
(Eyv; ¢y) € Y, ,; note that the image d,E, of E, can be written ¢tE! for some
direct factor E! in W ® r,, and ¢}, = ¢, o (td; ') is an isomorphism E! 2 r2, whose
reduction mod @; is the canonical isomorphism e; — (1,0), ez — (0,1); so we put
do-(Eoyda) = (EL, ).

e For Q = P* let d, = p*(z,y.12) € D, (so 0 < ord,(z) < ord,(y)); let
(Evi;dv1) € Yo similarly, d,E,; = zE, ,; for a direct factor E;; in W ®r,
and ¢, ; = ¢,1 0 (xd;") is an isomorphism E;, ; = r,, whose reduction mod @} is
the canonical isomorphism e; + 1; so we can put dy.(Ey1,¢0,1) = (E,, 1,8, 1).

e For Q = B, let d, = 7(t,t';z) € D, with 0 < ord,(t) < ord,(t') < jord,(z));
let y = ((Bvi,Ey);bo1,¢0) € Yo again, dyE,; = tE,, and let E;, =
W N (dyEy ®:, F,); we have E; ; C E, C W ®r,, each term being a direct
factor in the next one; to define ¢/, : E! = r2; we take a basis (g1, g2) of E, such that
¢v(91) = (1,0) and ¢,(g2) = (0, 1), then we can pick a basis (g7, g5) of E! such that
dyg1 = tg; (so, we put ¢, 197 = 1) and d,,g» = t'g5 + Ag; for some X € F,, then we
put ¢/ (g5) = (0,1). The reduction of this isomorphism mod < coincides with the
canonical isomorphism; hence we can put d,.y =y’ = (E,, |, E,); ¢/, 1, ¢.,).

Then, one can let any element 6, = ud,u’ € A, , act on Y, ; by composing the actions
of u, d, and v'. This yields the desired left action of A, on Yg .

Actually, for further calculations, it will be also useful to give the group-theoretical
description of this action. It simply amounts to the following: for d, € D,, for any
g €L, resp. I, there exists g1 € I, s (resp. I, ,) such that

dvgd;1 =g¢; mod Q+(Fv)

moreover the coset ¢g;Q*(r,) € Y, s is uniquely determined by this congruence. Then,
- we have:

dy.(9Q* (1)) = 1 Q™ (ro).

Consider now d,; = p(ly;w,) and dyo = p*(l,w,.12) , dy3 = dy1dy2 and
dg = Hv|p dy;. Write P, = P, P, = P* and P; = B. Let us establish, following
Hida [17], the crucial Contraction Property of this action. We give two proofs: one in the
language of buildings, the other being group-theoretical . In the following proposition, the
map m¢ is the one defined in paragraph 3.1.

PROPOSITION 2.2. — Forr > s > 1, for Q = P, the operator dg,® contracts Y, (Z/p"Z)
to 7('5/1 (Qz/prz).

Proof: It is enough to consider each v|p separately. Let e = ord,(p).
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o for ) = P, take a lagrangian submodule F with basis (gi,g2) congruent to the
e(r—s)

standard basis (e;,ez) modulo p°. Then d,;” " (g1,92) is congruent modulo p" to
a(e;, ez) where a € GL(F) and det & = 1 mod p®, as desired.

e for ) = P*, take an isotropic line F; with basis g;, congruent to e; modulo p®. Then
df,g_s)gl is congruent to (1 + p°x)e; modulo p".

e for Q = B, take a lagrangian flag (F;, E) with basis (g1, g2) congruent to (e, e3)
modulo p®. Then by case one, by applying df,f;—s) one can assume g; = (1 + p°%)ey;
then, applying d;;° does not change g; and sends g, to ae; +(1+p°x)e; with a € r,.
So, df,fg—s)(El,E) is the standard flag ({e1), (e1, €2)).

A group-theoretical proof of this proposition is to notice that for Q, = P;, for any root
a in R}, one has v(a(d,:)) < 0, hence if g € I, ,, then the element g; defined by 2.3
belongs to I, ... Compare with Lemma 4.3 below.

a

For r > 1, one deduces from the left action of A, on Y3 a left action of A;*
on L& (p,x; O) given by (671.f)(y) = f(6.y); by tensorization by K/O, it extends
to R = L (p,x;0) ® K/O. This will be a typical coefficient module for the group
cohomology we have in mind.

2.4. Nearly ordinary part of the cohomology groups

Given () C H/z, as above and U a level group unramified at p we have defined in 1.2
the level groups Us(p"). Similarly, we consider

Uq(p") = {h € H(Z); hmod p" € Q(Z/p"Z)}
For N > 1, we put I' = (U x H,,) N H; for each » > 1 we define
Ti(p") =T N(Ugzp") x Hy,) and To(p") =T N (Ug(p") x Hy,).

In the sequel, these congruence subgroups are viewed as embedded either in the
archimedean component HZ, or in the p-adic component H}, of H. The context should
make it clear which embedding is used. We assume that

I is torsion-free.

Let Z = HL /(U, NHL)) be the Siegel-Hilbert space of genus 2 over F; it is a global
hermitian domain of dimension 3d; then, H,, /U, is the union of two copies of Z.
For any I'-module R, for any subgroup I" C T let R be the local system associated
to R on the 3d-dimensional complex manifold I\ Z. There are canonical isomorphisms:
HY(I',R) = HY(I'\Z,R).

We fix a p-adic field K with ring of integers O. Let R be a discrete O-module with
left action of A;! . In particular, the group ['.(p") (. = 0,1) acts on R by its p-adic
embedding I'.(p") C I]. For each integer 0 < ¢ < 6d, consider the cohomology group
HY(T.(p"),R) for r > 1.

As in the beginning of Section 4 of [17], we introduce global versions T¢, of the local
Hecke operators introduced in Sect. 2.2 and let them act on H?(I'.(p"), R); they are
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defined using global double classes I'.(p”)éoL'«(p") (* = 0 or 1) for suitable elements
§o € Hgq. Recall that (cf. [16] Sect. 1.10 or [17] Sect.4): for £ € Hq, and R a left
module over the semigroup generated by I and ¢~!, the double class [[VEIY] acts on
HY(I", R) by sending a g-homogeneous cocycle u to the cocycle v defined as follows.
If IV = YUTIV¢;, for v € TV let y; € IV such that v = ~;{;for some j'; then

v(v?,..,y @) = 3. & 1u(fy](-0), ...,'y](.q)). One sees easily that this does not depend on

the choice of the representatives ¢; and that it is well defined on cohomology. Consider
the endomorphism T = [I'x(p")éoT«(p")] of HY(I'.(p"), R); although the operator T,
will depend on several choices, it will not be the case for the nearly ordinary idempotent
eq defined by

eq = lim Ty

n—oo

The image of the cohomology by this idempotent is denoted by

HG no(T(p7), R).

Note that these groups form an inductive system with respect to the restriction maps
when r grows.

It remains to construct &q.

Let z¢g be the element of H(Q ® Z) whose components are 1 outside .J and is given
at each v € J by

o u(p2.1y1) if Q, = Py,
o ur(p7%1y) if Q, = Py,
o 7(p72,p741) = p(p~ Ly Du*(p~t, 1), if @, = B = Ps.

By the Strong Approximation Theorem, there exists (g € H}Q with (g = z¢ mod Ugs(p").
By finiteness of the class group of F), there exists h > 1 and # € F* such that
7p~" = 1 mod p"Op,, for each v € J and ord, (7) = 0 for any other finite place v. Define

b =7°CH
Then, via the embedding F' C F;,, one has
o = df,hl mod I, .

Hence, the double class I',(p" )T (p") has, for v-adic completion,
o I .d,;I,, for v € J,

o G'(r,) for v € Sp\J,

o Uyn?Uy = Uyn® for U' = UNH] for £ ¢ S,

Note that for any unit u € r,, for n large enough u™ = 1mod p". Hence for n large
enough, the local double class of 55’ is that of 1 at v outside .J, and that of dé""! atv € J.
In particular, the idempotent eq associated to Ty does not depend on the choice of .
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3. Control theorem for the full cohomology

3.1. Induced modules

As before, we fix a J-proper SPS @ with Levi subgroup M,z and a representation
V= ®v|p V, of Mz, given by p: M — GLo(V'). When we want to put emphasis on
the set J of places where @, is a proper parabolic of G,, we write V = V; @ V7 where
Vi=Qpes Voand V7 = Qs Vo-Let A, =p7"O/O (r =1,..),and A = A, = K/O.
For each character x of the cocenter Cys of M’, dominant with respect to p, recall that
in 2.1 we have defined an O-module of finite type L*(p® x; O) which we decompose when
needed as L*(p®@x; O) = L5(p@x; O)@V7 where LS (p@x; 0) = Qs indg’,v (Pv®xw)-
We call L*(p ® x; O) the algebraic induction of p ® x from Q'(Z,) to I’, and we form

L (p®x; Ar) = L*(p® x; 0) ® A,.

Remark: Let us write L(Y5(Z/p°Z), p ® x; A,) for the submodule of L*(p ® x; A,)
consisting of functions which factor through Y3 (Z/p*Z); then, for any finite 7 > 1, there
exists an integer s > 1 such that

LY(p® x; Ar) = L(YG(Z/P°Z), p ® X; Ar).

This follows easily from the finiteness of L*(p ® x;O) as O-module.
We also consider another induced module associated to p:

C(p';A)={f:Y5 = V®A;f locally constant;
f(zm) = p(m™1)f(z) for any m € MY(Z,)}.

We shall refer to it as the smooth induction from M? to I’ of p|ps:. This module is not of
cofinite type over O. Note also a difference between the two definitions, besides the nature
of the functions, namely that for the latter we impose an equivariance condition only for
m € M. These modules carry a left action of A=! given by (671 f)(y) = f(6.y) where
A acts on the left on Y§, as defined in Section 2.3. The latter is a smooth admissible
representation of I’ in the following sense: let

H'(p") = ker(H'(Z,) — H'(Z/p"Z));

then, for any 7 > 1, C(p; A)¥ ®) consists in functions on the finite set Y$(Z/p"Z),
hence is of (co)finite type, and

Clp; A) = JC(p; A @)

Let us write C(Y$,(Z/p"Z), p*; A), resp. C(M'(Z/p"Z), p*; A) for the module of V @ A-
valued functions satisfying the equivariance condition for M'(Z/p"Z) and defined on
Y§5(Z/p"Z), resp. on M'(Z/p"Z).

We consider now two short exact sequences which will permit the comparison of these
two notions of induction. Namely, for all » > 1,

0= K, 5 L(p®x;A) BV e x® A4, — 0 (3.1)
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where ¢, is the evaluation map at the marked point Oy of Y. Observe that for any
s > r defined as in the remark of section 4.1, it is an exact sequence of A !-module,
hence of I'g(p®)-modules; however we view it only as a sequence of I'y(p®)-modules.
The reason is that we want to let the characters x vary; actually as a I';(p®)-module, we
have V@ x Q@ A, = V ® A,.

Similarly, for s > 1,

0 — Ky — C(YS(Z/p°Z), 05 A5) B C(M'(Z/p°Z), p*; As) — O, (3.2)
where 1) is the restriction map from the Z/p*Z-points of Y5, to wg,,l(O X,Z/p*z), that is,
to the Z/p*Z-points of Q'/Q't = M.

We view 3.2 as a sequence of Aé}s-modules. One should remark that although the
middle terms of 3.1 and 3.2 are A&l-modules, the maps ¢, and v, are only Aé}s-linear;
hence the restriction to the above-mentioned semigroups.

3.2. Taking p-adic limit in Shapiro’s lemma

From (3.1) and (3.2), we deduce long exact sequences of cohomology: for s > r,
- = H(D (), Ky) = AT (0°), L (p ® X 40)
- Hq(l_‘l(ps)a V ® Ar) i Hq+1(F1(ps)’ K’r) — e

and
. — HY(To(p"), K,) = HU(To(p"), C(YS (Z/p"Z); p5 A4,)) 55
HY(To(p"), C(M'(Z/p"Z), p'; Ar)) — HIFL(To(p7), Ky) — -+

If we apply the idempotent eq to this sequence, it remains exact. We shall prove

ProposITION 3.1. — For any q > 0, r > 1, and for s > r associated to r as in the
remark of Section 4.1, the nearly ordinary idempotent eq annihilates H4(I',(p®), K ) and
H1(To(p"), Kr).

Comment: It is important to note that only the continuity of the functions f : Y5 — A,
in K, (and K,) is used in the proof of this lemma. The very fact that a power of Ty
contracts Y3 (Z/p°Z) to Wé}(OX,Z/psz) will do.

Proof: Let u be an homogeneous g-cocycle with values in K. or X,.. Since the proof is
very similar in the two cases, let us deal with K. only. By the remark of the Section 4.1, we
know that K, is contained in L(YS (Z/p°Z),V ®o0 A,). Let (v, ...,4(D) € T1(p*) 7+
by Proposition 2, §“’Q_1 sends Y5 (Z/p°Z) into Wé/l(OX7Z/psz). Let us put v = u|Tg . If
I‘l(ps)ga_ll“l(ps) = UU; T'1(p®)n;, for any y € Y5, we have :

— 0
v, YD) ) = Y 15 (AN ()
j

where n;7® = 4"n,. That is,

J
v('y(o), '_.,y(q); y) = Z u(wj(o), ey ’YJ(~q); n;.Y)

J
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and 7; is of the form £ 'u; where u; € Q'(Z,). Hence n;.y € 7o (Ox,z/pez). This
proves ulTé‘1 = Omod p®. By letting s grow to infinity, one can then conclude.
Let us put

HG o (P1(p), L*(p ® x; A)) = lim HE,_,,,(T'1(p°), L*(p ® x; Ar))

HE _o(T1(p™),V ® A) = lim HE,_,,(T1(p°),V ® 4;))

s>r

and

HY_ 0 (To(p™),C(p*; A)) = lim HY_ ., (To(p"), C(YS(Z/p"Z); p'; Ar))

r

COROLLARY 3.1. — The maps ¢,, resp. 1, form a system of compatible isomorphisms
(when v > 1 and s > r grow)

HG _no(T1(P%), L*(p ® x; Ar)) = H,_,,, (T1(p%), V ® 4;)
(resp. HY_ .o (To(p7), C(YS/(Z/p"Z), p*5 Ar)) = HY 0 (To(p"); C(M'(Z/p7Z), p*; Ar)))
By taking their inductive limit we obtain isomoiphisms
0 Y (T1(p%), L @ x; 4)) = HY_,, (11 (p™), V © 4) (33)
and
HY o (To(p™),C(p"; 4)) = il HY o (To(p"),C(M'(Z/p"Z), p*; A))
We can now state the main result of this subsection:

THEOREM 3.1. — For any character x of Cyy dominant with respect to p, there is a
canonical isomorphism

t2 1 Hy o (To(p), C(p"5 A)) 2 HG_,,(T1(p%),V © x ® 4) (3.4)

Comment: The two ingredients of the proof are:

1) a version of Shapiro’s lemma involving smooth induction instead of finite induction,
since C(p; A) is a direct limit of the inductions from I'y(p”) to T'o(p"),

2) the lowering of the level on the I'yp-side from p™> to p, by the so-called Hida’s
lemma (Lemma 3.1 below).

Proof: We apply Shapiro’s lemma, noticing that
C(M'(Z/p'Z),p"; A;) = Tnd2 23V © A,
It yields the canonical identification:
HY,_,,(To(p"), C(M'(Z/p"Z), %5 A,)) = HYy_,,,(T1(57),V @ A,)
Using Corollary 3.1, we obtain isomorphisms:
Hy_no(To(p"), C(YG(Z/P"Z); 5 Ar)) 2 HE_,,,(T1(07),V © 4,) =
H ,,(T1(p"), Ve x®A,)
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We observe then that
lim HY,_, (To(p"), C(YS(Z/pZ), p'; A,)) = lim HL_ (To(p"), C(p%; A,))
= HqQ—no(FO(poo)’C(pl; A"'))

Next, we show that, in the inductive system defining HE . (T'o(p™),C(p'; 4)), the
transition maps are isomorphisms, therefore showing that the inductive limit coincides with
the first group of the inductive system. For that purpose, we use a variant of a lemma
used extensively by Hida [13], Lemma 4.3 (and due to Shimura): Let {g € H(Q) be the .
element constructed in Section 2.4. For s > r > 1, we put:

T = [Lo(p")ég To(p")],T" = [Co(p®)&g "To(p")] and T = [Fo(ps)ﬁé_TFo(ﬁs)]

LemMA 3.1. — With notations as above, for any A~*-module L, one has a commutative
diagram:
H!(To(p"), L) — HY(To(p*), L)
l T / Tl l TI/
HY(Lo(p"),L) — H!(To(p*), L)
where the horizontal maps are restriction maps.

The important consequence of this is that on the ()-nearly ordinary part of these
cohomology groups, the restriction map admits an inverse because T' and T” become
automorphisms; therefore the restriction maps induce isomorphisms for any r > 1:

Hté}—no(ro(l’r)» L)= HqQ—no(FO(poo)7 L)

Proof: Let us show the commutativity of the upper triangle. It is a consequence of
the equality I'o(p®)é5 "To(p") = To(»")€, "To(p") which follows from a calculation
establishing:

€5 To(p*)E " NTo(p") = €5 *To(p)EG ™ N To(p")

Let us check it. It is a local computation at each v dividing p; we may therefore replace
&q by d,; defined before Proposition 2.2. Since the three cases are similar, let us treat
only the case (), = B; we write a matrix of I, ; as

(P*) * * x
() @) * @) |
(*) () * =

it becomes, after conjugation by d 3" = diag(1, p*~",p "), p?(==")):

* ) () (e
(") * (@) (p)
(P*r=2) (> ) * (p")
@) (") (p*~") %

The point of this computation is that the blocks corresponding to the lower unipotent
@)~ have p-order less than r, therefore the intersection of the group of such matrices
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with I, , is made of the matrices whose blocks constituting the lower unipotent of )
have p-order > r and those constituting the upper unipotent satisfy divisibility conditions
identical to those defining d;gslv,rdfjg N I, . This shows the equality. For the lower
triangle, one observes that

1. the restriction map from I'g(p") to I'o(p®) is given by the double class action
[Co(p™)12T(p%)] and for any § € Hq:

[Co(p*)€To(P)ITo(p")12T0(p*)] = [Lo(p*)§T0(p")]
2. the computation above shows the equality of double cosets:

Lo(p*)6g "To(p") = To(p®)€g "To(p®)

These two observations yield the desired commutativity. This concludes the proof of
the lemma.

We apply it to the left hand side of 3.3 for the pair (r,s) = (1,s). By taking the
inductive limit over r of these isomorphisms, we obtain

HY, ., (To(p),C(p'; A)) = HY_,,,(T1(p™),V © A)

3.3. Independence of the weight

-For each element ¢ € Cy/(Z,), we define an automorphism (¢), , of

HE _o(T1(%), L(p ® x; A))

as follows: first, for each » > 1, one views ( as an element of Cyn/(Z/p"Z) =
To(p™)/T1(p") (compatibly when r grows) and we choose for each » > 1 a lifting
¢ of (in T'g(p") ; then, one puts for u € Z4(I'1(p"), L*(p® x; A)) and y € Y5

(€ px ) (Y05 -+, ¥g) (y) = u('Y(_l'YO'YCv "'77(_1'7(1'74)(’7(_19)

These automorphisms are compatible when r > 1 grows: their inverse limit defines (C), .

On the other hand, Zy;(Z,) acts on C(p'; A) by: (z.f)(y) = f(yz~!). This action
commutes with the action of I'g(p) hence defines automorphisms in cohomology.

Let 7 be the natural isogeny ¢ : Zy; — Chy. Let w denote the central character of p
and w, = w x (x o ); it is the central character of p ® x.

With these notations, we can draw from Theorem 3.1 the following corollary

COROLLARY 3.2. — For any character x of Cpp dominant with respect to p, there exists
a canonical isomorphism

b By (M%), L (p ® x; A)) = HE _,,,(To(p),C(p*; A))

such that,
— for any z € Zy:(Z,) and for ( = i(z) in Cyp,
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— and for any ¢ € HY, . (T1(p™), L*(p ® x; A)), we have:

z.x(€) = wy(2).4x (< ¢! >px ©)-

Comment: This statement can be viewed as a p-adic version of the Matsushima-
Murakami theorem (see [3], chapter 7). It interprets the infinite level cohomology of finite
(co)-rank modules in terms of a finite level cohomology of an (infinite corank) smooth
admissible module. Moreover, this module does not depend on .

Proof: We define ¢, by ¢5' 0¢;. Let us check the (twisted) equivariance for the central
action. Recall that

el (To(p), C(p*, A)) = lim e (To(p"), Ind") V ® 4,))
eW, = limeH (I'1(p"), V)

and that ¢+ ! js induced by the canonical isomorphism

eH (To(p), Ind°? ) V © A,)) — eH(T'1(p7), V).

Ti(p7)

Now, let us consider an element z € Zp(Zp); let ¢ = i(z) and 7, be the
corresponding element of I'g(p”)/T'1(p"); note that one can assume that v = zmod p".
For [u] € eHE,_, (To(p"),C(p'; A)), one knows that the cocycle

v (YY) = (¥ € MI(Z/PZ) — u(v voves - Y1) (0 ) s
cohomologous to u. On the other hand, since z € Zj,/, one has e 1y = y2z~1; hence

V(Y05 > q) = (20) (VY 5 VE VK5

thus, by applying ¢ ! to the classes of these cocycles, one sees that

wy(2)THpxt (2-[u]) = o7 ([u)),
which yields 3.2.

3.4. Weak Control theorem

Since the J-proper SPS @) contains the Borel subgroup By, its Levi subgroup M contains
the standard maximal torus Ty = Resy” T of H. Recall that we have fixed an absolutely
irreducible representation p of M defined over O; we denote by § € X*(Tg) = X*(T)°>
the dominant character associated with the fixed H-compatible representation p (see
Definition 2.1).

DEFINITION 3.1. — A character x € X*(Ty) = X*(T)%" is called regular dominant, if
forall v € S, one has x,, = (a1,a2;b) with b > a, and a; > ay > 0.

For any o > 1, let us respectively have

Lg(p;0) = {f : Y§ o(Zp) — V; f polynomial, f(ym) = p(m)™* f(y) for me M'(Z,)}
Ca(p’0) = {f : YS o(Zy) — V; f continuous, f(ym) = p(m)~'f(y) for me M*(Z,)}

These are left I/,-modules for g.f(y) = f(g~'y). Note that C,(p'; A) = C,(p';0) ® A
can also be defined as the space of locally constant functions with values in A, by density
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of the space of V-valued locally constant functions in the space of V-valued continuous
functions.

Let us define also twisted versions of L2 (p; O). For that purpose we introduce arithmetic
characters.

DEFINITION 3.2. — An arithmetic character of Cyy is a product €x where € : Cypi(Zy) —
O* is a finite order character and X is an algebraic character of Cyyi. A level for ex is a
p-power p" such that € factors through C\py. €x is said dominant with respect to p (in brief,
p-dominant) (resp. regular) with respect to p, if 6 ® x is dominant (resp. regular).

Note that if the character § associated with p is regular, then any arithmetic character
ex of Cyy dominant with respect to p, is regular with respect to p.

For any p-dominant arithmetic character ey, let a > 1 be such that e factors through
Crm/(Z/p*Z); we write L%(p ® ex; O) for L%(p ® x; O) viewed as an I/,-module for
the following twisted action: (g.f)(y) = €(g)f(9'y), where £(g) means that one applies
e to the element of

Cu/(Z/p°Z) = Q' (Z/p*Z)/Q(Z/p*Z)

congruent to gmod p* € Q'(Z/p*Z) modulo Q(Z/p*Z).

Let we, be the character of Zy;(Z,) given by w X (ex o). As already noticed, there is
an action of Zy/(Z,) on Co(p'; A), given by (2.f)(g9) = f(gz~'); hence one can speak of
the largest submodule C,(p; A){wey] on which Zys(Z,,) acts via w,. One can now state
the main theorem of this Section. A linear map between O-modules is called an isogeny
if its kernel and cokernel are finite.

THEOREM 3.2. — For any p-dominant arithmetic character cx regular with respect to p,
for any a such that p® is a level of €x, one has

(i) for any 0 < q < 3d, HY(Lo(p®), Lg(p ® ex; K)) = 0;
(ii) for any q, there are natural isomorphisms (2, :

Lgx : HqQ_"O(Fl(poo)’ LZ(‘D ® EX; A)) = HqQ—no(FO(pa)vca(pl; A))

defined similarly to 3.4; with the Notation of Corollary 2, they satisfy

2.1y (€) = wex (2)ud, ({i(2))7 2y 0);

(iii) for ¢ = 3d, Lgx induces, for any r > «, an isogeny:

HEL no(To(p"), La(p ® ex; A)) = HgL o (To(p%), Calp's A))[wey .

Proof: (i) This statement is a corollary of a result by J. Franke [8]. The calculation is
detailed in Appendix A below. The idea is the following: for any congruence subgroup
® of G'(F), Franke defines a spectral sequence abutting to the cohomology groups
H9(®, L(p ® 9; C)) (Corollary 4.8 of [45] and Proof of Thm. 18 of Franke’s paper). Its
E,-term is expressed in terms of the (Lie(M), Kps)-cohomology of unitary automorphic
representations of M. Then, if for each archimedean place v of F' the highest weight 6,,,
of L(p, ® 1,; C) is regular, it follows from the classification of Vogan-Zuckerman ([44]
that E"* = 0 if s 4+ ¢ < 3d. In fact, one only needs the explicitation of Vogan-Zuckerman
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calculations for Sp, and SLs. It is done in the Sp,-case by R. Taylor (p.293 of [34]), for SL,
it is a classical result that the cohomology of an infinite dimensional unitary representation
can be non-zero only in degree 1. We first found these vanishing results in [27], for F' = Q
where the author assumed that the weight of the local system is sufficiently regular; they
were confirmed to us for an arbitrary totally real field F' by J. Schwermer in a letter [28].
We thank D. Blasius for pointing out to us the reference of Franke [8].

‘We shall deduce (iii) from (i) and (ii) by using a control criterion due to Hida (Lemma 5.1
of [17]). First, we perform several reductions.

1) For any Z,-algebra A, let
Mj = Zy (A)M* (4);

it is a subgroup of M’(A) of exponent 2 (it is trivial if Q = Bpg). Let I'{(p”) be the
subgroup of I'y(p") of elements congruent to an element of M} /p"ZQ (Z/p"Z) modulo
p”. Consider

A DY @ex© A = (f: M(Z/5E) =V 8 A

flgh™) = p®ex(h)f(g) forall h e Mz,,.5}

Shapiro’s lemma yields:
HY_ o (To(p"), Indpg, /%" Z)V®€X®A ) = HY_,,(Th(p"),V @ex ® 4,)

For any r > a, let f : Y§ (Z/p"Z) — V ® A, be a function such that f(zm™!) =
p(m)f(z) for m € MYZ/p"Z) and f(z27) = wey(2)f(z) for z € Znr(Z/p"Z);
its restriction to M'(Z/p"Z) has a prescribed behavior on M} /prz shence belongs to

IndM (z/ POy g ex ® A,. We consider a variant of 3.2; namely, for each r > « the

Mz r
exact sequence of AQ,r—modules.

0— K. — C(YS (Z/p"Z), p; A, )[wax]—>IndM @/ Z)V®8X®A -0

where the map . is the restriction from Y, ,(Z/p"Z) to M'(Z/p"Z).

2) We take the long exact sequence of cohomology for I'g(p”); Again, one checks that
for any r > a,

1' Q no(F (p ) ) =0,
2. for any AQa—module L, for any r > a,

Resp ) - HY_,,(Co(p"), L) = HY_,,(To(p*), L)

Therefore, we obtain an isomorphism similar to ¢t of 3.4 (see Theorem 3.1 above):
HY_io(To(p%), C(YG: o(Z/p"Z); 015 Ap)[wen]) ZHY o (To(p7), V @ ex @ 4,)  (3.5)
for each r > «.
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3) Let Q*(A) = M;Q*(A); for any s > « such that
Lo(p®ex; Ar) = L(YG o(Z/p°Z), p ® €X; Ar).

Consider the exact sequence of Aéf’s-modules (for s > r):

0= K - LpRex; A) BV ®ex® A, — 0 (3.6)

We can take the cohomology of 3.6 for I'y(p®) or for I'j(p®); with the first choice, one
obtains for any s > 7r:

vy HG o (T1(p%), La(p ® x5 Ar)) = H 0 (T1(p°), V @ ex ® 4y)
and by taking the direct limit over s > re
HY , (T1(0%), La(p®@ex; A) 2 HE_,(T1(p™),V ®ex ® A) (3.7)
With the second choice, one obtains for any s > 7:

1 HG no(To(p%), La(p @ ex; Ar)) 2 HG_,, (To(p°), V@ ex® Ar) - (3.8)

Comparing 3.4.(in Thm. 3.1) and 3.7, we obtain the isomorphism %, = ¢5 Lout:

1L 1 (T1(p™), La(p @ ex; A)) = HE,_,,,(To(p™),Calp'; A))

This proves (ii). Moreover, by comparing 3.8 and 3.5, we obtain an isomorphism
i, =y tou:

S (To(0%), La(p ® ex; Ar)) = HY_,,(To(p%), Ca(p'; A)[wey]) (3.9)

Exactly as in Corollary 3.2, one can show

z.LgX(c) = wsx(z)ﬁax“c—l)p,exc)

4) Next, we shall relate the two isomorphisms ¢, and i, for ¢ = 3d by using the
natural map:

HY o (To(p™), Calp’s A)lwey]) = HY_ o (To(p™), Calp's A))[wex] (3.10)

In order to show that for ¢ = 3d the map 3.10 is an isogeny, we apply Hida’s
control criterion (Lemma 5.1 of [17]). Namely, we consider the completed O-algebra
A = O[[Zm:(Z,)]] of the group Zys(Z,). This last group is the direct product of a finite
group Zy by a free Z,-module ® of rank m = Zdvfk(ZM;)- Let A = O[[®]] be the

veJ
completed group O-algebra of ®. Let P,,, be the ideeal of A, kernel of [z] — we,(2); since
A is a regular local ring, P., N A is generated by a regular sequence (77,...,T,,). Let
B, resp. A, be the category of discrete A-modules, resp. of discrete O-modules with left
action of Aé’la, such that I! acts smoothly admissibly (that is, such that any point has an
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open stabilizer and invariant points by any open subgroup form a cofinite type submodule).
Note that A is a subcategory of B. Consider the cohomological functor

H:Aw B, Nw—Hy_(To(p®), N).

Let wp, resp. we be the restriction of w.x to Zy resp. to ®. Let Co = Cu(p'; A)[wo)-
Hida’s control criterion says that the map 3.10 is an isogeny for ¢ = 3d, provided the
following four hypotheses are verified:

(Hy) the modules
Ca(pl;A)7 7C0[T17-"’Tj] (.7: 15"-)m)’-ca(p1§A)[w6x] :CO[Tlﬁ---aTm]

are objects of A;

(Hy) for each j = 1,...,m, the endomorphism of multiplication by 7} on
Co[T1,...,Tj_1] is surjective;

(H3) HY(Co) is finite for all ¢ < 3d;

(Hy) H3(Co(p's A)[wey]) is of cofinite type over O (that is, Home(—, A) sends it to
a finitely generated O-module).

Condition (H,) is obvious; for (Hz), one writes Y5 (Z,) = Q™ (p*Z,) x M'(Z,),
hence the Pontryagin dual C,(p'; A)* = Home(C,(p'; A), A) can be identified to

OllQ™ (1*Z,)|©0O[[Crr (Z,)]|@0 Homo(V, 0)

Since O[[Cir:(Z,)]] & A*, the multiplication by T; on C3/(Th,...,Tj-1)C} is injective;
hence the conclusion by duality. For (H3), we simply apply (i) (for x regular with respect
to p). The last condition (H,) is verified by 3.9.

|

3.5. Descent to prime-to-p level

We consider in this section a proper standard parabolic subgroup ) of H defined over
Z; that is, () is the restriction of scalars from r to Z of B, P or P*. In particular, its
base change to Z, is an S,-proper SPS for any prime number p. As usual, we write the
Levi decomposition (over Z) of Q as M Q. Let Ky C Q be a number field containing all
o(F) when o runs in I and let Oq be its ring of integers; Fix a finite free Og-module V;
and a representation pg : M,o, — GLo, (Vo) defined over OF. For any prime p, we fix
a p-adic embedding ¢, of Q in QP and we denote by O, resp. K, the p-adic completion
of 1,(Oy), resp. of ¢,(Kop), and we put V = Vy Qp, O, p = po ® O; we denote by =
a uniformizing parameter of O.

Let

Lo(po; Oo) = {f : Hz/Qz — Vo; [ regular, and f(ym™") = po(m)f(y)}

It is a lattice in Lo(p; Ko), defined independently of p. Once p is fixed, one can write
V=Q,cs Vo ®Q,¢; Vo and accordingly:

Lo(p; 0) = Q) Lo(pu; 0) ® Q) Vi,

veJ vgJ
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For each place v of F' dividing p, let us consider the semi-group A, = K,D,K;
where D, is defined in terms of the center Z, of M, = Mg, as in section 2.2, but with
the hyperspecial subgroup K, = G’(r,) instead of the parahoric subgroup I;. Recall that
we denote by w, the central character of p,, that is, the restriction of p to the center Zy/
of M!. We let D! act on L(p,; K) by d=! — w,(d~').p,(d). Then we extend this as an
action of all Ajg as in 2.3. Let Ag = [[,;, A0.

Let eg = lim (Tg)"! be the idempotent associated to the Hecke operator T3 = [[¢qT]
where &g is defined as in Section 2.4.

A level subgroup U C G(Z) of level prime to p is fixed. Let T = UGo N G1(Q).

We want to see that if p has regular weight, one can get rid of the p-part of the level
in HqQ_no(I‘O(p),L“(p;A)) (this is the analogue of Lemma 7.2 of [17]). This fact will
be of great importance in the exact control theorem in next section, as well as in the

algebro-geometric considerations in Section 7 on the Galois representations associated to
p-ramified cuspidal representations in the regular discrete series.

ProPOSITION 3.2. — Assume that the highest weight of p is regular dominant for the
ordering defined by (M', BN M', TN M') and that p is such that no completion F, for v|p
contains a p-th root of unity: (TF) p,(F,) = {1} for v|p. Then

(i) the lattice Lo(p; ©O) is stable by the action of A described above;

@ii) for any q > 0, there is a natural isomorphism

HE _o(To(p), L(p; A)) = eoHY(T', Lo(p; A))

Comments: 1) The first assumption is of course implied by the regularity of the highest
weight of p ( by the H-compatibility of p, see Def. 2.1); it is strictly weaker if @, is
maximal at some place v|p.
2) The assumption (T'F) is fulfilled if p does not ramify in F. (TF) will be used to
insure that Zy (F,) has no p-torsion.
3) By statement (i), the action of T3 on HY(T', Lo(p; A)) is well defined, hence one can
speak of egHI(T', Lo(p; A)).

Proof: For assertion (i), one needs to see that for any d € D,, w,(d~!).p,(d) preserves
Lo(po; O). For that, we observe first that by (T'F') and by Sect.2.5 and 2.11 of [22], we
have a direct sum decomposition

Lo(p;0) = PV,

where 7) runs over weights of Zys (r,) acting on Lo(p; K) and V,, is the eigenmodule
corresponding to the eigenvalue 7. For each v € J, the highest weight of p,, is é,, therefore,
if o and (3 are respectively the short and long simple roots of Sp,, one has for any weight 6
of T'(r,) acting on Lo(p; O), 6,0~ = o™ 3™ with mg,ne > 0. Hence, for any d € D,,

ord, (6;1(d)) > 0

Now, we remark that 6, restricted to Z M 1s equal to w,, and that the map 6 +— 7 given
by restriction from 7" to Zy is surjective; we conclude that for any d € D,,

ord, (nw; *(d)) >0
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This proves (i).
For proving (ii), we first need a fact.

For v € J and @, the parabolic subgroup determined by @, I the corresponding
parahoric subgroup; let d, € D, be the element associated to @, as in Proposition 2.2;
let W, be the Weyl group of (G, B,,T,) resp. Wy, the Weyl group of Zp,, and 7 an
element of order two in G’ inducing the element of greatest length in W, ; actually one

0 1
-1, 0
group J? = K! Nd;'K!d, and J, = 771Jo7. We have

can take T = .Let d, = d,; for Q, = P; as in Sect.2.3; let us consider the

LEmMma 3.2.

KdK,= ][] I K, dywu

wEW, /Wiy, u€((rw)~tJ, rwnI/)\I/

The computation is done in [33] p. 316-318 (see also [17] p. 467). Conventions there
are slightly different, so we redo the calculation. We have

d; K d,\d; ' K,d, K} = | [d;' K|dye, where J\K,, =] ] Jce

Note that J/ contains a parahoric subgroup I/ (actually » = 1,2 or 3 according whether Q’,
is the Siegel, Klingen or Borel parabolic). Hence, one has by the Bruhat decomposition:

K,= ] @uwn= ] JZwr= 1]] I J wu

weW, /Wp, wEW, /Wi, wEW, /Wi, u€w=1J! wNI))\I/

One can and will assume that the representatives u of w=1J'w N I/)\I/ are in the
unipotent radical @} of Q!. This decomposition yields:

K,= ] I JoTwu

wEW, /Wiy, u€(w—1J wnI!)\I!

hence,
d;'Kd, K, = ][] 1] d K dyrwu

weEW, /Wi, u€w—1J! wnI))\I/
or, in conclusion:

KdK,= ]] I K'd,wu

weEW, /Wy, u€((tw)=1J! rwnI)\I/

Now we can start the proof of the proposition. Recall that we denote by = a uniformizing
parameter of O. For any r > 1, put A, = 77"0O/O and A = K/O. We consider the
homomorphism

t: Lo(p; A) — L%(p; A)

obtained from the inclusion of lattices Lo(p; Q) C L%(p; O) by tensoring with A. We
shall study the homomorphism

7 : eoH (', Lo(p; A)) — eH'(To(p), L*(p; A))
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defined by j = ¢, o £ where
£ =cores: egHI(T, Lo(p; A)) — eHI(To(p), Lo(p; A))

Let us show that the restrictions £(7") to the 7" -torsion of these modules are isomorphisms.
We start with r = 1. Consider the commutative square:

eoHY (T, Lo(p; A1) = eHY(To(p), Lo(p; A1)
l l (3.11)
eoHU(T, Lo(p; A))r]  “Z eHY(To(p), Lo(p; A))|r]

where /¢; is defined just like ¢, replacing A by A; and where the vertical arrows are
the natural surjective homomorphisms. We first show that ¢; is an isomorphism. For that
purpose, let us consider the evaluation map

po: Lo(p, ;A1) = (V@ A1), fw f(QY)

for any polynomial function f : H'/Q*(Z,) — V ® A;.

Note that po is equivariant for the action of Zyi(Z/(p)): (2.f)(1) = f(z71) =
p(2)f(1) = w(2)f(1). Similarly, the evaluation map at wQt for w € W/Wy =
[Toes Wo /Wy, satisfies (z.f)(w) = f(z7'w) = plwzw™)f(w) = w*(z)f(w). Thus,
for a cocycle ¢ with values in Lo(p; O), one has

(dywu) te(*, ..., %;Q%) =0mod w(d,) if we Wy
(dywu)~e(*, ..., %;Q1T) =0 mod w(dy,)w if w¢ Wiy

Hence, by 3.2 in the previous Lemma, we see that Tg coincides with the level p Hecke
operator Ty modulo 7; thus, e o res = res o eg. Let us consider the commutative diagram

eoHU(T, Lo(p; A1)~ eH9(To(p), Lo(p; A1)
ky | LKy
eH'(To(p), V® A1) = eH'(To(p),V ® A1)

The proof of [12], Thm. 3.2 (second statement) proves similarly that k4 o ey = e o k;
and that k; and k] are isomorphisms. Hence, ¢; is an isomorphism. Note that in the case
of k7 the contraction Proposition 2.2 applies; however, for ki, it does not apply because
the strata of K /Q(r,) apart from the open one don’t contract. Therefore, to prove the
surjectivity of k1, one requires instead to produce a section thereof (up to automorphism);
it is provided by e o Troinj where inj is the canonical injection of V ® A; — Lo(p; A1)
given by the highest-weight (twisted by 7) element of greatest length in the Weyl group,
viewed in " by weak approximation (see p. 233-236 of [12]).

Note that the injectivity of ¢; is easy: Tr o res is the endomorphism of multiplication
by (I' : To(p)) on egHI(T', Lo(p; A1)), and this index is prime to p (provided p does
not ramify in F'; if it does, one should replace I'g(p) by ['o(p) in the statement of the
proposition, where p is the product of the prime ideals in J).

Now we can see that £() itself is an isomorphism. The quasi-inverse of ¢; is

eo o Tr : eH¥(T'o(p), Lo(p; A1)) — eoH*(T, Lo(p; A1))
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The formula eg o Troeores = (I' : T'g(p)) is true on egHY(I", Lo(p; A1)); hence, by
functoriality, it is also true on its surjective image eoH?(T', Lo(p; A))[x]. It shows that
{(m) is injective, but it is surjective by 3.11 so it is bijective with quasi-inverse £'(r)
for £/ = eg o Tr . Then, for » > 1 arbitrary, Nakayama’s lemma shows that ¢(7") is
injective as well as ¢'(n"). Hence £/(7") o £(n") (resp. £ o (%")) is injective on the finite
set egHY(T, Lo(p; A))[7"] resp. on eH?(T(p), Lo(p; A))[7"]; thus these maps are bijective
and £(7") is bijective. We conclude that ¢ is bijective.

To conclude, we need to see that ¢, is an isomorphism. For that purpose one considers
the commutative triangle:

Lo(p;4;) = L*(pAr)
N v
(Ve 4A,)

where the left map is po and the right map is p. Using Lemma 3.1 of Section 3.2, we
see that the maps induced on cohomology by po and p are isomorphisms. Then, by the
commutativity of the diagram:

eH9(To(p), Lo(p; As)) - eH?(To(p), L*(p; Ar))
\ %
eH1(To(p), (V ® 4,))

we obtain that ¢, , is an isomorphism. Finally, taking the inductive limit over r, we see
that ¢, is an isomorphism. In conclusion, j = ¢, o £ is an isomorphism.
3.6. Exact Control

We fix the data (U, p) as in Section 3.5. We want to prove the following theorem:

THEOREM 3.3. — If po is as above with regular highest weight, there exists a finite set of
primes Sy, depending only on the level group U and on p such that for any p ¢ Sy,,, for
any arithmetic character x = e : Cpp/(Z,) — O™ congruent to 1 modulo ©O of level p*,
regular with respect to p, for any integer q such that 0 < q < 3d, one has:

HY, ., (Co(p®), L*(p @ €5 A)) = HY,_,,(To(p™),Ca(p'; A))[wey] = 0
and
HY (To(p™), L*(p @ eyp; A)) 2 HY, (To(p*), Calp'; A)) [wey]

Comment: The exceptional set Sy, can be described as follows: it consists of the set
of p’s such that either

e p divides the order of the torsion subgroup of H?(T', indﬁ, po) for some g between
1 and 3d, or

e p divides the order of u(F}), or
e p is exceptional with respect to the boundary cohomology (see Section 5, Thm. 5.7).

For F = Q the two last conditions are void.

Proof: The proof is similar to that of Thm. 7.1 of [17]. It makes use of (i) and (ii) of
Theorem 3.2 above and of a variant of Hida’s control criterion, namely Lemma 7.1 of [17]

4° SERIE — TOME 32 — 1999 — N° 4



SEVERAL-VARIABLE p-ADIC FAMILIES OF SIEGEL-HILBERT CUSP EIGENSYSTEMS 529

(proof similar to that of Lemma 5.1 [17]). This variant is the following: one considers the
same category of Aé,la -modules and the same cohomological functor H- = Hy,_,,, on that
category. One considers the same object C,(p'; A) and we must verify four hypotheses
about this object and its cohomology. These are identical to (H;) to (H,), except for
(H3) which is replaced by

Tt for p ¢ Sy,,, for 0 < g < 3d, for all e congruent to one
(Hy) modulo 7, H,_,, (To(p*), L*(p @ e3; A)) = 0.

In order to define Sy, and prove (Hj), we use Proposition 3.2 (“of p-destabilisation”).
We know that (Hj) is equivalent to

HqQ—no(FO(pa)’ca(pl; A)[w6¢]) =0

But actually, an induction argument' on ¢ < 3d shows that it is enough to check, for
all ¢ < 3d, that

HE_o(To(p),Cp"; A)[w]) = 0,

or in other words, for each ¢ < 3d:
HE o (To(p), L*(p; 4)) = 0,
that is, by Proposition 3.2, for ¢ < 3d:
eoH(T, Lo(p; K/©0)) = 0.

On one hand, this vanishing is valid for p ¢ Sy, by Proposition 3.2.

Comment: It is however important to notice that one can give another criterion of
vanishing for the localization of these groups at the maximal ideal m of the nearly ordinary
Hecke algebra (see Def. 7.1 below) corresponding to the mod p eigensystem given by
m. Let us say that the maximal ideal m is “non-Fisenstein” when the residual Galois
representation associated to 7 is absolutely irreducible. Then, we have the conjecture

CoNIECTURE 1. — If for F = Q we assume that the residual Galois representation
associated to m is absolutely irreducible, then H?(I', L(p; K/O))m = 0.

If one assumes this conjecture, exact control holds for Vf’n.
Remarks:

(i) Let us assume the conjecture above. Using the Borel-Serre compactification and
the corresponding boundary long exact sequence, we find that H2(S(U), Ly« (K/O)m is
isomorphic to HY(8(S(U)), Ly« (K/O)m which is cofree by Section 5 below (essentially
by [16]); using now Poincaré duality, we see that H*(S(U), Ly(O)m is torsion-free, hence
H3(S(U ), Li(K/O)m is cofree; we deduce from this, not only exact control, but also
cofreeness of €V3 . In other words, for F' = Q, one obtains a better exact control theorem:
if p is ordinary and non Eisenstein for 7, the A-module er;l is cofree.

! yielding exact control for HE,_ . (To(p),C(p'; A)), for any arithmetic character we, as in the theorem,
and for each ¢ < 3d
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(ii) Assuming various auxiliary assumptions, this conjecture has been proved recently
by Mokrane-Tilouine (cf. [24]) and Urban (cf. [41]) independently and by completely
different approaches. The method of Mokrane-Tilouine is quite general and should work
for other Shimura varieties provided that an arithmetic compactification theory is available.
It relies on the occurence of specific weights in the mod p crystalline cohomology of the
Siegel variety. They require that p be prime at the level in I', is bigger than a specific
bound depending only on the highest weight of p, and that the image of Gal(Q/Q)
contains the [,-points of a reductive Chevalley group acting irreducibly on the space of
the representation which seems conjecturally true for all but finitely many p. The method
of Urban is more elementary and requires only some regularity condition modulo p on
the cohomological weight. However it works only for the case GSp, q. It rests on the
existence of a nice cycle in the Siegel threefold corresponding to the abelian surfaces
which are products of two elliptic curves. This cycle had been already used by Weissauer
to investigate the classes occuring in the degree-two cohomology and coming from the
so-called CAP representations.

4. p-Ordinary cohomology of boundary strata of the Borel-Serre compactification

In this section, we generalize the theory of ramification of “cusps” of [16] to the group
GSp, over a totally real number field. The generalization to other groups is straightforward.
In fact, we use the fact that H = GSp, only in the paragraph 4.4.4. In the next section,
we will give the complete calculation of the ordinary cohomology of the boundary of the
Borel-Serre compactification. In a subsequent paper, we will give a partial generalization
of these results for a general reductive Q-group whose derived group is quasi-split at p.

4.1. Reminding the Bruhat order

In this section, A is a valuation ring, M 4 is its maximal ideal and K its field of fractions.
We denote by val4 the valuation of A. Let H be a split and connected semi-simple algebraic
A-group. We fix T' a maximal split torus in X and denote W = Ny (T(A))/T(A) the
Weyl group associated with T'. Let (X, ®, XV, ®") be a root datum of (H,T) fixed once
for all. If a € X, we denote by ¥ € XV the coroot associated to it, and (-,-) the canonical
perfect pairing on X ® XV. Let R* C X be the corresponding subset of positive roots,
B the associated Borel subgroup and Up its unipotent radical. For any root ac wenote s,
an element of order two in Ny (T') inducing in the Weyl group the elementary reflexion
corresponding to « and u, : G, — H the corresponding one parameter subgroup. For
any algebra A we have

tug(a)t™ = uy(a(t)a) Vt € T(A) and Va € A. (4.1)
Wito (€2)Ww ™" = Uy(a)(z) VT € A ,Vw € W and € = £1 (4.2)
U (a7 )80 = U_g(a)ua(—a MY (a™). (4.3)

We consider below the so-called Iwahori subgroup I defined by:
I ={g € H'(A) such that gmod M, € B(A/M4)} =U"(M4)B(A)

where U/~ is the unipotent group opposite to Up.
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We think that the two following lemmas are well-known to specialists. However, we
give their proof since we do not know any reference. We are grateful to Choucroun for
explaining to us the following proof which is more general and simpler than our former one.

LemMMA 4.1. — Let o € @, a € K* and w € W. Then we have:
WSaU_q(a) € IwB(K)U Iws,B(K).

Proof: By 4.2, wsau_q(a) = Uy(a)(€a)ws, with € = £1.

If w(a) >0 and a € A then wsau_o(a) € Ug(A)wsy C TwsaB(K).

If w(a) < 0 and a € M4 then ws,u_q(a) € U™ (My)ws, C TwsaB(K).
If none of the terms of the alternative above hold, we make use of 4.3:

Sati_o(a) = squa (a7 1)s,a" (a)us(a™t) € squa(a™t)saB(K).

Therefore by 4.2, wsau_q(a) € U_y(o)(ea™')wB(K) with ¢ = £1. Hence in the two
remaining cases, we have:

If wla) >0 and a ¢ A then a=! € M, and thus ws,u_qo(a) € U™ (Ma)wB(K)
C IwB(K).

If w(a) <0 and a ¢ My then a=! € A and thus ws,u_o(a) € Ug(A)wB(K) C
IwB(K).

O

In order to state the next lemma, we recall some definitions about the Bruhat’s order.
For w € W, we can write w = Sq, ...Sq, With the o € ® and n minimal; n is
then called the length of w. For w' € W, we write w' < w if w' = 84, ...8q, Wwith
1<4; < ... < i < n. Of course, if w' < w we have length(w’) < length(w).

Lemma 4.2. — If w € W, then we have the following inclusion:

Up(K)w c || Tw'B(K).

w' <w

Moreover, if u € Upg(K) — Ug(A) and if w™luw ¢ Up(K), then vw € Tw'B(K) with
length(w’) < length(w).

Proof: We proceed by induction on the length of w. Let us write w = w;s, with o € ®
and length(w;) = length(w)—1 and fix u € Up(K). By induction, uw, € TwiB(K) with
w} < wy. Thus there exist go € I, t € T(K) and v’ € Ug(K) such that uw = gow]u’s.t.
Now we can write u'sq, = Sau_q(a)u” with ¢ € K and u” € Ug(K). Thus by the
previous lemma, wiu's, € IwiB(K) U Iw}s,B(K). This proves the lemma because
w) < w and wis, < w.

O

4.2. Ramification theory of the cusps

We denote by H) = H' ®z Z, = IL, i, SP4 /r, and W, a subgroup of H, isomorphic
to the Weyl group (Nui(T)/T)/z, of H;. We assume that W, = I1.;, W where each
W, C G, maps bijectively to the Weyl group of Sp, isomorphic to the dihedral group
Ds. For any element z in one of the previous groups, we will denote by x(v) its projection
on the v-component.
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If P is a parabolic subgroup of H, we say that it is of Klingen type (resp. Siegel, Borel)
if it is conjugate to the standard Klingen parabolic P* (resp. the standard Siegel parabolic
P, or the standard Borel subgroup B). An arbitrary type is denoted by the letter 3; we write
P, for the corresponding standard parabolic subgroup and we put Py = Pr ® Z,, C HI}.

Consider now the so-called Bruhat decomposition:

H'(F,) = ]_[ Up(Fp).w.B(F,)
weW,

The group Wy, = W,N Py is isomorphic to the Weyl group of the Levi of Py, and we have:

Ps(Fp) = [] B(Fp)w.B(Fy)

weWs

We deduce the Bruhat decomposition for Ps:

H'(F,) = [] Us(F,)w.Ps(F,) (4.4)

weW /Wy

In this section, for any subgroup IV with I'(p") C IV C I" we consider the set Cuspy,(I')
of I-conjugacy classes of type ¥ parabolic subgroups. For any parabolic subgroup P
of type X, we note sp the I'-conjugacy class of P. Since I' is an arithmetic subgroup
of level prime to p, we can write Cusps(I') = {sp,,...,sp,} where the P;’s are
parabolic subgroups of H' such that P; ® Q, = ¢:;(Pz ® Q,)g; ' with g; € HY(Z,)
and ¢g; = 1mod p". Since Py is a parabolic subgroup over Z,, we have by Iwasawa
decomposition:

Hl(Qp)/PXJ(QP) = HI(ZP)/PE(ZP)'

Then we can write:

Cuspp(I") = [ [T'\T/T nP; = | [T'\H"(Z/p"Z)/PE(Z/p"Z)Ep,(T)  (4.5)

i=1 =1

where the overline means the reduction modulo p", Fp,(I') = ' n P,/ N P},
and noting P! = MJjUp for a Levi decomposition P = MplUp. If Cs(IV) =
["\HY(Z/p"Z)/Ps(Z/p"Z), then there is a canonical map =:

Cuspy(I) — T'\H'(Z,)/Ps(Z,) — Cx(I) (4.6)

From the decomposition 4.5, we can see that for 7 € {1,...,t} 7 restricted to I"\I'/T NP;
is one-to-one.

Let g € HY(Z,), then by (4.4), we can write

9 = GoWgpPs (4.7)

with py € Px(Z,), wy € W and go € I. Let 74(v) = Sup {3; go(v) € I, ;}; here the
I, ;’s are those defines in section 2.1. For g € H!(Q,), we denote by [g] its class in
Cs(I"). Let s € Cuspy(I”) and g € H'(Z,) such that 7(s) = [g]. Let us recall that we
deal with two parabolic subgroups Ps, and Q. The first one defines the type of a stratum
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of the Borel-Serre compactification and the second one defines the ordinary idempotent
eg. Then if we note Wy the Weyl group of Q (Wg = W N Q), the class of w, in
Wy = Wo\W, /Wy is independent of the representative g of s and is denoted by ws,.

DerFINITION 4.1. — The class ws in W o5 = Wo\W,, /Wy is called the Weyl type of s. We
set 75(v) = Sup {ry(v) where [g] = w(s)}; we call rs(v) the v-depth of s.

Remark: If 5(v) > r then r,(v) = oo because by successive modifications by elements
of I" D T'(p") one can let 74(v) grow to infinity. Therefore r5(v) € {1,2,...,7 — 1,00}.

For any h, g elements in a group, we write g = hgh™!. We denote by R, the roots
of U, the unipotent subgroup opposite to U,.

LemMA 4.3. — Let v|p and T” be as above. Let 3 € H'(Q) be such that 3 = tu mod p”
with w € Up(Zy), t € T(Q,). We suppose that v(a(t)) > 0 for all @ € Ry, Let P be
a parabolic subgroup of H' and let us set s = sp € Cuspy(I") and s’ = sgpp-1. Then
we have two possibilities:

a) wy(v) = ws(v) and rg(v) > rs(v).

b) or else length(w, (v)) < length(ws(v)) — 1.

Proof: In what follows, if r, = oo, I, », means I, and Uy (p™“r,) means Uy (p"r,).
Let us write 3 = §tu with § € I'(p") and choose, by 4.7, go € I, such that w(s) = [gows].
Then 7(s") = [Bgows] = [6tugows]. By the Iwahori decomposition, we can write

ugo = u”utto with u” € U (p™r,), ut € Q(Q,) and to € T(Z,).

Thus 7(s") = [6(uw™)*(u") w;s]. We deal with two cases:

a) (ut)*(v) € Q(ry). Since (u™)*(v) € Ug (p™(+1) by the hypothesis on ¢, we have
(6(uw™)t(ut))(v) € I, ()+1- Thus wy (v) = w,s(v) and ry(v) > rs(v).

b) (ut)*(v) ¢ Q(r,).Then we can write (u*)* = ufu] with uf (v) € Up(F,)\Us(r,)
and u; € Ug(w,r,).Then by the Lemma 4.2, we have n(s’) = [gow’] with go € I, 1,
length(w’'(v)) < length(ws(v)) — 1.

O

In the sequel, we set rs = inf{r;(v);v|p} and

l(w) = Z[Fv : Qp] x length(w(v)).

vlp

We note Cuspy, ,,(I") the subset of Cuspg(I”) consisting in the cusps of Weyl type w
and depth ooc.

We recall that Cq = Mq/M{ = T/T N My, is the cocenter of Mg and we note iq
the canonical surjective arrow from T to Cg.

For any sp, € Cuspg(I'), we set Cusps ,(sp,,I”) to be the set of cusps s €
Cuspy, ,,(I'") lying over sp,. Let us observe that as a consequence of the Bruhat
decomposition relative to the parabolic subgroups Q and Px, the set Cuspy, ,,(sp,, [o(p"))
consists in only one element. We choose a representative P; ,, of this class; the class itself
is therefore denoted by sp, .

DEFINITION 4.2. — We put: Mg = wMsw™!, T3, = T N My, ,, while E; ., (T) is defined
as the image of T N T(Z,)/T NP}, NT(Z,) in Co(Z/p"Z).
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LemMA 4.4. — Let sp, € Cusps(T). Then
e Cuspy ,(sp,,[o(p")) = {sp..}
o Cuspy . (sp,, T1(p")) = Co(Z/p"Z)/iq(T%,,(Z/p"Z)Ei,w(T))
Proof: The first point has already been observed. The second follows from the calculation
of the stabilizer of sp, , in Co(Z/p"Z) = Lo(p”)/T1(p").
O
4.3. On the p-ordinary cohomology associated to a type X

For any s = sp € Cuspg(I), we set I,=P N I". We begin now the study of the
ordinary part of the following cohomology groups:

GLI;M)= @ H(,;M)
sp €Cuspy (I')

If ¢ € HY(Q) is such that £T¢~1 TV is of finite index in I" then the double class [IV¢IY]
acts on this cohomology group as follows. Let us first decompose I"¢I", = [T, I¢(7).
If c = ® cop € GE(IV; M) then

(lLEap = @5 o,y T o1 £
Using definition 4.1, we define the following cohomology subgroups:

G (T M) = @ HY(T,,; M)

sp)
s €Cuspy (I')
rsp <t, length(wsp)=l
or length(w,p)>1

G, (M)= P HU;M)

Cusps, ,, ()

By Lemma 4.3, the Hecke operators [[V£IY] act on these cohomology subgroups and
we have:

COROLLARY 4.1. — The Hida idempotent eq annihilates the quotients:
qu,l—l,r—l(l_‘,; M)/G%’l,w(rl, M)
and we have

eQGLI; M) = B eqG% (I, M)

wequ

Proof: Let n be an integer; for the £, defined at the end of section 2.4, consider the
right coset decomposition

M, =1 re)

where sp € Cuspy(I”) has Weyl type of length | — 1. Then by Lemma 4.3, s;(;pg(j)-2
has Weyl type of length less than | — 2 or has a depth oo if n is chosen sufficiently large.
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Thus, for ¢ € G%, , (I M), (c|T"E()T))sp = 0, s0 c|[["EG)T] € G o (I'; M)
as desired. For the second point, let us note that we have a filtration:

. CGL, (IM)CGL, ,, (I;M) C

- qu,l—1,oo(r’§M) CGyy o, (M) C...
the ordinary part of which

o CeGyy (T M) = eQG%y_ 1, 1(I; M) C

eQqu,l—l,oo(F/§M) = eQGqE,l—2,r—1(F/;M) c...
is still a filtration of egGL(I"; M) with quotient isomorphic to

eQ(G%,l—l,oo(F,; M)/Gg?,l—-l,r—l(]'-‘,; M))

since e is an idempotent. The result follows from this observation.
a

On the other hand, by the last part of Lemma 4.3, we can decompose the action of eg
on G¢ ,(T") into an action on each HY(I';; M) with w, = w and r; = oo and thus:

eqGL (I M)= P  eq(Ty)HY(T; M)
AN
where eg(T%) = lim, o [[L& )™ with & normalizing P.
What we are aiming at is the study of the action of Zg(Z/p"Z) on eqG%(I'1(p"); M)
via the canonical isogeny :

ZQ(Z[p"Z) — CQ(Z/p"Z) = To(p")/T1(p")
27,
given by the natural action of I'o(p")/T";1(p") on our cohomology groups. If v € I'y(p")

normalizes P;,, (i.e ¥ € io(T3 ,(Z/p"Z)E;,(T))), it operates on the cohomology
HP(]_"l(p"") n Pi,w; M))

PropoSITION 4.1. — With the previous notations, we have:

o . _ Cq(Z/p"Z) o r e
eqGY ., (T1(p"); M) = egB (F)Indwz,w(z/przm.,w(r)) e@H* (T1(p") N P; 3 M))
SP; uspyg

Proof: For any sp € Cuspy,,(sp,,['1(p")), there exists v € ['o(p") such that P = P/ .
Since I'g(p") normalizes I';(p"), we have I'1(p") NP = (I'y(p") N P;, )Y and thus
HY(T(p") N P; M) = HYT1(p") N P;; M). Then the proposition follows easily from
this ‘observation and Lemma 4.4.

a

In the sequel we fix an arithmetic character x = e of Cp where 7 is algebraic and
factors through C(Z/p"Z) (p" is a level of x cf. Definition 3.2). We can now prove the
independence of the weight for the Y-stratum ordinary cohomology:
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COROLLARY 4.2. — With the previous notations, we have a canonical isomorphism:
QG5 (1 (p™), L*(p® x; 4)) = lim eQG%,(T1(p"); L*(p ® x; A))
= eqGY . (To(p), C(p'; A))
Proof: As in the proof of Corollary 3.2, we can prove that

eQH* (P NT1(p%), L (p ® x); Ar) = e@H*(Ps 0 NT1(p%),V(p) ® A;)
eqH*(Piw NTo(p"),C(p'; Ar)) = eQH* (P NTo(p"),C(M'(Zy /9" Z,), 05 Ay))

On the other hand, by Shapiro’s lemma, we have still

eQH* (P NT1(p"), V(p) ® A,) = eQH* (Py ., NTo(p); Indp N1 0DV (p) © 4,)

Therefore by the first isomorphism, we have

€G3, (T1(p"), L (p ® x; Ar))

_ Cqo(Z/p"Z) oD, . P wNlo(p™)
= IndiQ(Tzl:'w(Z/prZ)Ei,w(F)) eQH (Pz,w n Fo(P ), IndPi,wﬁF1 (»") V(p) ® Ar))

_ ) r Cq(Z/p"Z) P; .NCo(p")
=H*(P;.» NTo(p )’IndiQ(Té,w(Z/pTZ)—E_h,w(1")) Indp)” i or) V(P) © Ar))

By the transitivity of the induction process, we have:

’ r 1, — TndCe(Z/P"Z) Pi,wNlo(p")
C(M (Zp/p ZP)7 P )Ar) - Indiq(Téyw(Z/p’Z)Ei,w(F)) IndPi,wﬁF?(p’) V(p) ® A,

We deduce now our result from these previous isomorphisms and taking the inductive limit.
|

By the same argument as in the proof of Theorem 3.2, one can prove the following
lemma. We leave it to the reader:

LemmMmaA 4.5. — For all x of level p", we have a canonical isomorphism
eQG%,wTo(P"), L (p & x; 4)) = e@G% ., (To(p"); Cp; A)[wy]) (4.8)

In Section 3, we proved a control theorem for the total cohomology in degree 3d using
an abstract control criterion due to Hida. To apply this criterion, we started from the
identification 3.9 of which 4.8 is an analogue. Then, we used vanishing results of the
cohomology groups in degree less than 3d. Unfortunately, this last point is not satisfied for
the X-stratum cohomology or for the boundary cohomology. Thus, we need to go further
in the computation of this cohomology. In particular, we will see in Section 5 how to
compute them explicitly for ' = Q and to get the control for the boundary cohomology.
The general case is treated only modulo torsion and we will not obtain a control theorem for
the boundary cohomology, but only a weaker result, which nevertheless proves sufficient
to imply a control theorem for the interior cohomology.
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4.4. Ordinary cohomology of parabolic subgroups

4.4.1. An abstract lemma

We begin with some abstract considerations. Let g be a group and 3 be a normal
subgroup of g; we set § = g/3 and g — g the reduction map. Let 9 be a subgroup
of g such that 9, = 91N 3 is a non trivial subgroup of 9. Let 1 be a element of g
such that 9t N nMn~! is of finite index in N and in n9tn~—!. We suppose that there exist
elements 7; and 7’ in g such that:

(1) 7, normalizes My = N/,

(2) ' normalizes 9y

@) n=nm=mn

@ n3 N NN = o'y Ny

We say that the quadruple (91,9;,7,71) is admissible. We can now consider the
following double classes:

(MY, [Ny Ny] and [MonoNo),

‘where 79 = 77/ . Let M be a 9-module (resp. N a Mo-module), with an action by n~* and
ny* (resp. nyt). Then these double classes act respectively on the cohomology groups

H*(9% M), H*(9y; M) (resp. H*(9; NV)).

and if these modules are finite or cofinite over Z,, we can consider the respective
idempotents e, e; and eq; this assumption will be understood in the following lemma. For a
group G and a G-module A, let C*(G, A) = Homz(ZG**!, A) (the standard homogeneous
complex giving rise to H*(G, A) is the fixed part C*(G, A)%). Let us consider the double
complex which gives the Hochschild-Serre spectral sequence:

IP9 = O7(9T; O3 M)™) V™.

LEMMA 4.6. — Let (M, My, m,m1) be an admissible quadruple.
@) If‘ﬁml‘ﬁl = ]_L» ‘ﬂlmzi and m()?’)omo = Hj mo’r]oﬁj with n; € N, then
NN = ]_[ Nn1zin'n;.
i,J
(ii) Let ¢ € LP9. Then we define an action on the double complex LP9 by

cl[mom](fil’ e ’jp>(y17 cee 7yq)
= Z(Thzm'nj)_l.c(:i(lj), e »f,(yj))(yﬁz”), o Z/z(zi’j))
‘?j

with nor;z = nonj and mzin'niy = yODnzen'ng.
(ii1) The Hochschild-Serre spectral sequence induces a converging spectral sequence:

eoH”(‘ﬁo; eIHq(’ﬁl; M)) = eH”+q(‘ﬂ; M)
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Proof: (i) Let z € M. Since 7; normalizes Ny = J1/9;, we have

NI = Nomneo
= NonoNom
= ]_[ Tonori;m.-
J

Thus there exists j such that Z = anon;7i. Then y = (nn)~lzn;' € m3 Ny~ 1NN =
M1 M,. Thus there exists z,2’ € My such that y = zn; 2’ and

z =nn'zmz'n;g =nn'zn " m(n'2n " n'n;.

By (2), (n'zn'~!) and (n'2'n'~') belong to MN;. Thus z € nyn MNin'n; and there exists
i such that z € 9, z;n'n;. We have proved that MM = U, ; Mmzim'ny; the fact that
the union is disjoint is obvious.

The second point consists in verifying that the action preserves LP»¢ and that it commutes
with the differential maps; the reader can consult [16] (cf. p. 299) for this. For the third
point, it is enough to check that

(e[t O ])|[DMoneNo] = c|[DMnN]

and remark that the action defined in (iii) on L% is the usual action of [9n].

4.4.2. Application to the ordinary cohomology of unipotent subgroups

For all v|p, let R, = R((Sp,) ®r,,T ®r,) be the set of roots of (Sp,) ® r,, with respect
to T ®r, and let R, = ]_[ R,. For any subset R C R, such that (R+ R) N R, C R, we

vlp
denote by Ug the unipotent subgroup of H(Z,) associated with R.

For any subset Ry C Rz = R(H;z,Tuz) of the set of rational roots, for each
v|p, let Ro(v) be the image of Ry in R, by restriction to T ® r, C Ty @ Z,; let
Ro(p) = I1,}, Ro(v). We denote by Ur,(p") = I'1(p") N Ur,(p)-

We denote R ( resp. R™) the subset of R of positive roots (resp. negative roots)
(according to the choice of the standard Borel subgroup). And we set

Dor =3 t€Tu(Qy)N ][] Ma(r,); v(a(t)) >0 Yulp, Yo € RN Ry

vlp

For any t € Dg g, one can choose & € H(Q) such that £*¢ = 1 mod p” (modulo
the center Zg). The construction of such an element is similar to that of Section 2.4.
We consider the double class [Ug(p")&:Ur(p")] and eq g the associated idempotent (it
is easy to prove that idempotent is independent of t). Sometimes we note it eq if there -
is no possible confusion.

Let Ry C R C Rq verifying (R+ R;)NR = (. Then Ug, is central in Ug. If t € D g,
one can find ¢; € Ag g, such that

v(a(t1)) =0 for all v|p and @ € R — R,
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The quadruple (Ugr(p"),Ur, (p"),&:, &, ) is admissible (i.e. it verifies the four conditions
stated before Lemma 4.6). Therefore, if M is a (Dé}R, Ug(p"))-module, by Lemma 4.6,
we have the ordinary part of the Hochschild-Serre spectral sequence

eq.rRHP(Ur(p"), eq,r, HY(Ug, (p"), M)) = eq rHP " (Ur(p"), M)

with Ur(p") = Ur(p")/Ur, (p")-
DEFINITION 4.3. — For all R C R,, we set

|R| := > [F, : Q)] x Card(RNR,)

vlp

Let us denote Ry, (resp. ) the subset of positive roots corresponding to the unipotent
radical of Py (resp. Q). We recall also that Ay denotes the set of roots of Mg with
respect to 7.

LemMA 4.7. — Let M be any Z,[Ug,]-module with a trivial action of Ug, N Ug and
Ur, NUg. Then

eqreH! (U, (p"), M) = H*™% (Ug, N Mo, M)

with qo = |Ro(p) N Rq| and qo = |Ro(p)| — |Ro(p) N Ry, thus this group is trivial for
q outside [q{, qo]-

Remark: If Ry(p) C Aq there is nothing to prove. If Ro(p) C Rq U Ry, then the
theorem states that egH?(Ug,(p"), M) # 0 only for ¢ = gqo = ¢ and in this case
equ(URO(p’"),M) = M.

Proof: Let us prove this lemma by induction on the cardinality of Ry, using the p-
ordinary Hochschild-Serre spectral sequence. In the general case, let @ € Ry such that

Utay(p") is contained in the center of Ug,(p"). Then as consequence of Theorem 3.6
of [16] (cf p. 293-297) one has

Hq_qia} (U{a} n MQ, M) if qeE [q%a}a q{a}]v
0

q U _
eq.{atH(Utay (p7), M) { otherwise.

By the induction hypothesis and the spectral sequence above with R, = {a}, we get
our result.

O
Let Us(I") = I"NUp for s = sp. If we apply the previous lemma to our situation we get:

COROLLARY 4.3. — Let w € W5, = Wo\W,, /Wy, s € Cuspy,,(I'1(p")) and M be a
trivial finite or cofinite G(Q)-module. Then

€Q,u(rs)H (Us(T1(p")), M) = HI™ %0 (Uy, (ryy N Mg, M)

where g5, ,, = |Rq N w(Rs)| and gs,., = |Rg| — |Rg Nw(Ryg)|; thus these groups are
trivial for q outside [qy, ,,; s w]-

One can prove easily the following lemma:
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LemMmA 4.8. — Let & with t='¢ = 1 mod p” and v(a(t)) > (r — s)e, > 0 for all a € Ry
and v(a(t)) = 0 for all « € Ag.Then for any Ry, the canonical reduction map induces
the following isomorphism:

Ug, (PS)/(f—lURo (P")ENUg,(p°)) = uRonRg/(t_luRonRgt n uRonRg)

where the overline means the reduction modulo p® and where Ry N Rg stands for an
abbreviation of Ry(p) N Ra

LemMa 4.9. — For v > s > 1 and any U'-module M, the restriction map induces a
canonical isomorphism:

eQH*(Ur, (p°), M) = eQH* (Ug, (p"), M).

Proof: By the Lemma 4.8, the double classes [Ug,(p®){Ug, (p°)],[Ur, (P")EUR, (P")]
and T = [Ug,(p")éUr,(p®)] have the same representants. Thus we have the canonical
commutative diagram:

H*(Ug, (p°),M) ——  H*'(Ug,(p"), M)

j[URo(ps)ﬁURo(ps)] ST J[URo(p’)ﬁURo(p’)]

H*(Ug, (p*), M) ——  H*(Ug,(p"), M)
with T = [Ug,(p")éURg, (p*)]. The idempotent associated with T gives the inverse of the

restriction map we wanted.
]

We now make use of Lemma 4.9 in order to compute the cohomology of a unipotent
subgroup for the module M = L(p®yx; A) where A = A, = K/Oor A=A, =p *0/0O
(see Section 3.1).

ProposITION 4.2. — Let s € Cuspy ,,(I'i(p")) for i = 0 or 1. Then we have the
isomorphism:

eQu(rs) HU(Us(Ti(p")), L(p ® X; Aa)) = HI™ 50 (Un(rg) N Mg, V(p @ X; Aa))
and in particular is zero for q ¢ [q’Eyw,qg,w]. Moreover this isomorphism is equivariant
for the action of Mg N Mg.

Proof: By arguments similar to those used in [17] and section 4.2 (cf. Cor. 4.1), , we
can prove for ' > r that

eQu(rs) HU(Us(Ti(p™)), L(p ® x; A,)) =
eQu(rs)H (Us(Ti(p")), V(p © x; 4r))
Moreover this isomorphism is equivariant for the action of Mg. If 7’ >> r, we can assume

that U,(T;(p" )) N Ug acts trivially on V(p ® x) ® A,. Therefore considering together the
last isomorphism and Lemma 4.3, we have for /' > r:

€0uw(rs)HU(Us(Ti(p™)), L(p ® x; Ar)) = HI™ 50 (Mg NUi(ry), V(P ® X) ® A,)

On the other hand, by Lemma 4.9, we see that the following cohomology groups are both
independent of 7' > r.

eQu(rs) B (Us(Ti(p"), L(p ® X; Ar)) = €q,u(rn) HU(Us(Ti(p™)), L(p ® X; A,))
we deduce our result from these last two isomorphisms.
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4.4.3. The spectral sequence associated to the Levi decomposition

For any parabolic subgroup P of G(Q), we write Up for its unipotent radical and let
P = MpUp be a Levi decomposition of P. We set M the derived subgroup of Mp and
P! = MiUp. Let Uy(I") = IV N Up for s = sp. Then we have an exact sequence:

1-U,(I)-T'NP - M(I'") - 1.

where M (I") is an arithmetic subgroup of Mp(Q). Note that when P is maximal, the
derived subgroup My (Q) of its Levi is isomorphic to SL(2, F').
Besides, by the Hochschild-Serre spectral sequence we have:
HP(Mp, . (I"),H!(Up, ,(I'"),M)) = H?*¢(P; , NT', M)

Let
t, = H a'(p) and t' = H a’(p)

acw(As)NR,, acw(Rs)NR,

where Ay is the set of roots of Ms. Let n; resp. 1’ elements of H(Q) defined as in
Section 2.4 such that (P; ,,NT",Up, , (I'"),mn’,m1) is an admissible quadruple in the sense
of section 5.4.1; therefore, we can take the ordinary part of this spectral sequence and get

eQﬂMg’Hp(MPi,w (Fl)veQHq(UPi,w (Fl)a M) (49)
= eQHP‘*'q(PZ.’w NI, M)

DEerFINITION 4.4. — We set:

VZ,w,q(p) = Hq—q&yw (MQ N u’w(R):)7 V(p)) LE,w,q(p) = Ind%gn]\/{g VE,w,q(p)

For any w € W, and any weight A € X, we set w.A = w(A + ong) — oM, Where
0M, is the half-sum of the positive roots of Mg. For any algebraic subgroup M of H
containing Ty and any dominant weight A\ we denote by E3, the irreducible algebraic
representation of M of highest weight A.

ProposITION 4.3. — Let w € W o5, = Wo\W,, /Wy, then one has natural isogenies:
. wq-(Apx)
@) Vwalp) = D Enpon, (0)® A

wQEWng’w
(wg)=9—q,,
.o wq.-(Ap )
(i) Lywe(p) = O Enz  (0)®A4A
wQEWQ,}:,w
Uwq)=9—q,,

where Wq 5., = {wq € Wq such that Af N wo(Ag) C w(Rs) N Ag}.
Moreover, the isogenies (i) and (ii) are isomorphisms if p is chosen larger than the
semisimple weight of p.

Proof: If Uz, is a connected unipotent subgroup of the unipotent radical of a parabolic
group P of G with Levi subgroup M and V a finite free O-module with an action of G*
making it an irreducible module with highest weight ;1 € X, one has

H'(U(Z,),V) = H(Lie(U),V), and H"(Lie(U),V)~ @ E3/

veEWy ,l(v)=r
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where Wy = {v € W such that Rt Nv(R~) C Ry} and ~ means that there is a natural
isogeny. The first identity comes from the isomorphism between Lie(U) and U given
by the exponential map and the second one is an integral version of a result of Kostant
(see [43] ch. 3.2). It is actually a direct calculation since Lie(U), when non zero, is 7,
acting on V(p) = ®,, Sym™(r2). So we apply this result to HI~% (Uy,(r,) N Mg, V(p));
this yields (i). Then,(ii) follows from (i) by transitivity of induction.

0O

THEOREM 4.1. — For all i, w and %, we have the following spectral sequences:
®
eqray HP (Mp, , (To(p")); Le,w,q(p @ X; Aa)) = e (P, ,, NTo(p"), L(p ® X; Aa))
(i)
eqnuyHP (Mp, , (T1(p™)); Le,w,q(p @ X)) = eH ™ (P; , NT1(p%); L (p ® x; 4))

Proof: We apply (4.9)to M = L(p® x; Aa) and IV = I‘7(pT') (?=0o0r1) withr’ > 7.
Using Proposition 4.2 we obtain a converging spectral sequence:

E2)»(T>(p")) = eonmz HP (Mp, ,, (T2(0"))s Vaua(p ® X) ® Aa)
= eQHP*(P, , NT:(p"), L(p ® x; Aa))

By the same argument as in Proposition 3.1 and Corollary 3.2, we see

E@2)P(T:(p")) = eqrug H (Mp, ., (T2(p")), Lz ,w,q(p) ® Aa).
Let us prove (i). We take ? = 0 in the above formula; a slight variant of Lemma 3.1 yields:
E2)"(To(p")) = E2)"(To(p"))
e (P, , NTo(p" ), L(p ® X; Aa)) = eqHPT(P; , NTo(p"), L(p ® x; Aa)))

This is what we wanted.

To prove (ii), we simply take the limit over 7' and over r and notice that forming
spectral sequences commutes to inductive limits.

O

DEeFINITION 4.5. — For Q = B, for any w € W, /W, note that qs,., = Gy ,,; let nx, ., be
this common value and let us abbreviate Ly, ., ., (p ® X) as Lz . (p ® ).

CoROLLARY 4.4. — We have the following equality:

egHP(P; , NTo(p"), L(p ® x; A)) = epnpp H "> (Mp, ,(To(p")), Lrw(p ® X))

COROLLARY 4.5. — The following canonical map has finite kernel and cokernel

eH?(P; ,NTo(»"), L(p® x; A)) — @k+l=peQnMng(MPi,w (To(P"), Lew,i(p@x; A))

Proof: It is well-known that the spectral sequence (4.9) over C, degenerates when the
weight A, ® x is regular (by [29] Thm. 2.7, p.51). The corollary follows easily from
this observation.

|
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4.4.4. The center of the Levi subgroup

From now on, we assume that Py, is maximal and, for simplicity, that ) is rational (i.e.
@, is independent of v). In order to complete the computation of the ordinary cohomology
of the strata, we shall consider the action of the center of the Levi component for each
cusp. Let us first pose a definition.

DEFINITION 4.6. — A weight A = (Z,,Ys; 20 )ocIp IS called separable (resp. sufficiently
separable) if for any 0,0’ € Ir with o # o', we have T, # Yo and T, + Yo F# Tor — Yo'
(resp. |6 — Yor| > 3 and |25 + Yo — (Tor — Yor)| > 3).

One can easily see that if Inf {z, ;0 € Ir} > Sup {y, ;0 € Ir} then A is separable and
of course regular. The usefulness of the above definition appears in the following lemma:

LEMMA 4.10. — Let \ be a separable (resp. sufficiently separable) weight. Let w € W=
for a fixed type of parabolic %. Let v,v' € S, with o # o'; assume that (w.)\)|z.(r,) =
(W) zs(F,) (resp. [(w.A)|zg(F,) — (W.A)|z5(F,)| < 3). Then we have w(v) = w(v').

For any s = sp € Cuspy ("), we consider § € H(Q) such that §P§~' = Pg and
6 = wmod p” (see Lemma 4.3 above). Then we set

E.I)=6PnNI)6 1N Zs(Q)
where Zy is the center of My. Therefore Es(I') can be seen as a subgroup of r*.

LEMMA 4.11. — (i) Via this identification, E;(I'"") acts on the maximal p-divisible subgroup
of Ls w.q(p ® x) by the characters

W wwe = W we-(Ap + X) + Z oY
a€RsNw~1(Rg)

where wq runs in Wo s, and q — q,, 5 = l(wg).

(i) If ws wwq is trivial on Ey(T'1(p")) and A\, ® X, is regular and sufficiently separable,
then w(v) € W (v)/Wx(v) is independent from the v’s dividing p and q, q.,, ¢, are multiples
of d.

Proof: The first point (i) follows from Proposition 4.3. Assertion (ii) follows from the
remark that an algebraic character is trivial on a subgroup of finite index of the units of F
if and only if it is a multiple of the norm. Then w~*(wg.A, +x) + 2 aeRgnw-1 (Rg) (V)
is independent of v|p. Now by Lemma 4.10, the character A,x regular and sufficiently
separable has the following property: given two places v and v’ above p, if w(v) # w(v')
then the characters (A,x)y (v) and (A, x)w (v') are different and even far one from the
other. The lemma follows.

]
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5. p-Ordinary cohomology of the boundary of th Borel-Serre compactification

5.1. Reminder on the Borel-Serre compactification

In this section, we recall some classical facts about the Borel-Serre compactification
constructed in [2]. Let G be a reductive algebraic over Q with positive Q-rank. Let
X = G(R)/Z(R)°K,, with K., a maximal compact subgroup of G(R) and Z(R)°
the connected componnent of the center of G(R). Borel and Serre constructed then a
contractible topological space X with an action of G(Q) such that for any arithmetic
subgroup I, I‘\f( is a compactification of I"\ X, whose boundary has the homotopy type
of the quotient by I' of the Tits building of parabolic Q-subgroups of G. For any parabolic
Q-subgroup @), we let Ap be the identity component of the real points of the center of a
Levi subgroup of Q. Then we have X = Ug (@) with e(Q) = A\ X. Therefore, we have

nNt= || T\

T'-conjugacy classes
of parabolic
subgroups of G

AI\X) = Ll Tno\e@
I'-conjugacy classes
of proper parabolic
subgroups of G
Let P(I") be the set of I'-conjugacy classes of proper maximal parabolic Q-subgroups
of G and let X(T') the closure of (I' N @)\e(Q) for any parabolic Q-subgroup Q. Then
XQ(T') = Upco(l' N P)\e(P) and the family (Xo(I'))geps(r) forms a finite cover of
the boundary d(I"\ X) and we can calculate its cohomology by using the spectral sequence
of Leray (cf. Th 5.24 p. 209 of [11]): the term E}? is

@ Hq(nf:IXPz‘ (P)v]:)
(Py,...,Pp)
with P;ePe(T)

for any sheaf F.

For any subsequence (Qi,...,Q,) of (Py,...,P.) we note Res(q,,..0.)p,,.., p,) the
obvious map

Hq(mleXQi'(F)a‘F) - Hq(m::IXPi(F)af)‘
Then differential map from E2? to EZ™ is given by:
d(a) = Z (_l)i ReS(Pl7-~~pr)(P1,-~-,Pi—17Q,Pz ,,,,, Pp)(a)
QeP(T)

If G = Resg G with rkpG = r with G,p split, we can see easily that E2)P¢ = 0 if
p > r = rankq(Q) and therefore this spectral sequence degenerates at least in E,.

Now we consider the case » = 2; we fix a Borel subgroup B and let P, and P, the two
maximal parabolic subgroups containing B. Then the spectral sequence degenerates in Fo
and may be seen as the Mayer-Vietoris sequence:

.. = HIH(9p(T\X); F) — H((O(\X); F) —
HY((9p, (P\X); F) @ HY((9p,(T\X); F) — HI((9(T\X); ) — ...

where HY((9p,(T\X); F) (resp. HI((dp(I'\X);F)) is the sum of the groups
HY(Xp(T'); F) when P varies in the set of I'-conjugacy classes of maximal parabolic
subgroups of G conjugated with P; (respectively Borel subgroups of G).
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5.2. Ordinary cohomology of the boundary

For any I'-representation M, we can construct a sheaf M over I‘\f( as the sheaf of
locally constant functions on I'\ X with values in M. Moreover, for any g € G(Q) which
acts on M, it is well known that we can define an action of the double class [I'gI'] on
the cohomology groups H?(I'\ X; M),H¢(8(I"\ X); M) and H4(n?_, X, (I'); M) such that
the restriction maps Resq,,...q.)(p,...,p,) commute with this action. From this, we deduce
that the action of the Hecke operators commute with the differential map of the previous
spectral sequence. In particular, this point proves that egE?? = eqHPH(3(T\ X); M).
Therefore, when the rank is 2, the above Mayer-Vietoris sequence induces, by application
of the ”p-ordinary “idempotent, a (Hecke-equivariant) long exact sequence for I'":

.= eGY NI M) —
— eqHP(A(I\X); M) — eqGh. (I'; M) ® eqG(I"; M) 5 eqGly(I's M) — ...

THeoreM 5.1 (Independence of the weight). — With the previous notation, we have a
canonical isomorphism:

(1) eH* (AT (p™)\X), L*(p ® x; A)) = lim eoH*(A(T1(p")\X), L*(p ® x; A))

= e H*(8(To(p)\X), C(p'; 4))
(i) eQHIT'1(p™), L*(p ® x; A)) = lim eoHiT1(p"), L*(p ® x; A))

= eqH! (To(p), C(p'; A))

Proof: The first point is deduced from the ordinary Mayer-Vietoris exact sequence for
M = L*(p® x; A) and M = C(p'; A) and the Corollary 4.2. The second point follows
from the first one and the Corollary 3.2.

O

Remark: This theorem is true even if we do not assume that the rank is 2. Indeed, we
have the isomorphism on the term Ef*? of the spectral sequences abutting on the boundary
cohomology eqH?(8(I'; (p°)\X), L*(p® x; A)) and eqHP(8(To(p)\X),C(p'; A)), since
the Corollary 4.2 does not require any assumption on the rank of our group. This remark
holds as well for the following lemma, deduced from Lemma 4.5.

LemMA 5.1. — For any x of level p”, we have a canonical isomorphism
eQH(A(To(p")\X), L*(p ® X; A)) 2 e@H?(3(To(p)\X), C(p"; 4)[wx])

One can decompose the cohomology groups egGh in terms of the eQGY% s
(where w runs over the Weyl types). Let us examine whether the morphism r?
preserves these decompositions. Consider 75, the canonical surjection from Wg\W,, onto
Weos = Wo\W,/Ws. If we consider, for all (w,w’) € Waop X Wape, the map:

rfw,w,) : (eQG’I’D’w(F';M) @eQGp*,w, (I";M)) — @ eQG’};v(F';M).
very! (w)um i (w')

then we have

P = Z wa,w,).

(w,w/)emqp XEQP*
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We want now to compute the rP’s in terms of the Hochschild-Serre spectral sequences
of Thm. 4.1. More precisely, consider the map

0w eQHP (P NTo(p™), L (p ® x, A)) —

ay P eoHP(Bi, NTo(p"), L (p ® X, A))
sy, €ECuspp(T') veng ' (w)
P;DB;

There are similar maps at the level of the E%?-terms of spectral sequences of Thm. 4.1
abutting to the source, resp. target of r” +4_ Let us first consider the T'o-case:

R{;‘}J :eQmMng(Mpz LTo(@); Ly w,g(p® x)) —

@ @ Ot—oH ™ (Mm, , NTo(p"), Lyv,e+:(p ® X))  (5.1)
s, €Cuspg(T) veﬂ-—l(w)
P.DOBy

It is a theorem of Hida (see Thm. 3.12 of [16], proved there in the SL,-case, but
easily generalized to the GLy-case) that the right hand side module of 5.1 is canonically
isomorphic to

eqnmyp Hy(Mp, ,,(To(p")), Ly,w(p ® X))
Let us set
mL- @ mi
sp, €Cuspy (T)

and let us introduce

qP,w ap* w!
/p — P—4q,q P—4q,9
T(w,w’) - § : RP,w + E : RP*,w’
=d5 =05

and

p /p
= Z T (w,w")

(w,w’)emQP XW o px

PROPOSITION 5.1. — With the previous Notation, r'P and r? induce the same map from the
Gr*(eqG%.(To(p"); M) ® eqG%(Lo(p"); M) into GrreqG%(To(p"); M).

5.3. The case (Sp,)/q

Let I" be an arithmetic subgroup of level prime to p and without torsion.
Let eqH(T1(p™); L*(p; A)) = lim eoH1(A(T1(p")\X); L%(p; A)). Then, the control

theorem for the boundary cohomology is the following:

THEOREM 5.2. — For any arithmetic character x of Cq(Z,) we have :
eH!(A(To(p")\X), L*(p ® x; A)) 2 eqH(3(To(p)\X),C(p"; A))[wy]-
Moreover this group is cofree in the case ) = B.
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This theorem will be a direct consequence of the calculations of subsections 5.3.1-5.3.2
below, together with Hida theory for SL(2,Q) (Theorem 1.9 [14]).

COROLLARY 5.1. — For any arithmetic character x of Cyy which is regular, dominant
with respect to p, there is a canonical map with finite kernel or cokernel:

H? 5 oTo(p"), L*(p ® x; A)) = H g, (T1(p™), L%(p; A))[wy]

Recall that a7 (resp. a3) denotes the short root (resp. the long one) and s; the element
of the Weyl group associated with «;. We summarize the results in the following tables:

5.3.1. The case Q = B

Ps, Ry Wos

P Q2,01 +012,2011 + Qo ld, —id,82,—82

pP* a1, 01 +a2,2a1 + a2 id, —’id,Sl,—Sl,

B o1, 02,01 + 02,200 + 0o id, —id, 81, —81, 82, —52, 5182, 5251

The three following tables give the values of n,, = ¢, = ¢, for the different X:

Ps =B
w Ny
Ps=P Ps = P* id 4
w N w N -id 0
id 3 id 3 S 3
-id 0 -id 0 —589 1
So 2 S1 2 S1 3
—89 1 —81 1 -8 1
8189 2
8981 2

Mg =T is the subgroup of diagonal matrix isomorphic to G, X G, and p is nothing
but an algebraic O-valued character. We know by the Corollary 4.4, we have for any
dominant O-valued arithmetic character y:

esGL(To(P); L (px; A) = P D

sp, ECuspg (') weW/Wx
epnupHT™™ (Mp, , (To(p")); Le,u(p ® X))

Now, if Ps # B the subgroups Mp, ., (I'1(p")) are congruence subgroups of SLy(Z); we
know by results of Hida that the ordinary part of their cohomology is non trivial only
in degree 1. We set
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q Wpq Wp~ g
1 —id —id
2 —89 —81
3 S 51
4 id id

Given a pair (X, q), where ¢ € [1,4], let us abbreviate the unique element ws, , defined
in the tables above by w. We see from these remarks and the tables that:

eBGE(To(p"), L*(p ® x; A)) = eGg ,(Lo(p"), L*(p ® x; A)) =
@sPiECuspE(F) eBnMng(MPi,w (I‘O(pr))’ La(p X X; A))

and

esGLTo(p), L*(p®x;A) = P  esrmpH (Mp, , (To(p")), Ls,w(p ® x; A))
sp, €ECuspy )

and

esGL(To(p"),L*(p ® x; A)) = 0 for ¢ = 0,5.

For Ps = B, we have similarly:

esGE Lo )i L@ x;A)= P P Lowle®x)

sBke W, Ny =4q
Cuspg(T)

In order to study the properties for the boundary cohomology, we consider the maps
rq(w,w"). By the tables and the previous discussion, we can see that for each g, the only
couple (w,w’) for which r{,, ., is non trivial is (wp,q, wp- 4); moreover,

+ Ry?

P* wpx o°

q = RL?

r(wP,qwa*,q) Pwp q

Moreover for ¢ = 2, 3, this is a direct sum. Noting ¢% = R}D’zupq and ¢%. = Rp?

we have therefore by the ordinary Mayer-Vietoris exact sequence:
eH!(A(To(p)\X); M) = ker(¢h + ¢b.)
0 — coker(¢b + ¢pb.) — egH2(A(To(p")\X); M) — ker¢? @ ker¢s. — 0
0 — coker ¢% @ coker ¢%. — egH?(I(To(p")\X); M) — ker¢3 @ kerdd. — 0
0 — coker ¢% @ coker ¢p3. — egH*(A(To(p")\X); M) — ker(¢b + ¢pb.) — 0

Y Wp* g ’

Recall that we put w for the unique wy 4 defined in the tables above. By looking at how
the restriction occurs in the Hochschild-Serre spectral sequence

kergh = @ eHbuy(Mp,, (To(@")), Lrw(p ® x; 4))

sp, €Cuspy (T)

is cofree over O and coker ¢% = 0 by classical Hida theory cf. [14].
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For ¢ = 1,4, we can see that ker(¢% + ¢%.) = ker(¢h) & ker(¢h.) @
esGE(To(p™), L%(p ® x; A)). We summarize our results in the following:

THEOREM 5.3. — The p-ordinary cohomology of the boundary of the Borel-Serre
compactification is described by:

o esHI(A(To(p")\X), L(p ® x; A)) = 0 for ¢ = 0,5.

o egHI(OTo(p")\X),L(p ® x; A)) =

5B, € @w,nu_,:q LB,w(p ® X5 A)@
Cuspg(I)

@E:P,P* @ sp; € eHéusp(MPi,wq (FO(pT))’ LE,wq (p ® X A))
Cuspy (T)

where in the last part of the sum, for ¢ = 1,4, the element w, of the Weyl group is
defined by wy, = —id and ws = id.

e For q = 2,3, abbreviating again ws,4 as w, we have
epH?(0(To(p")\X), L(p ® x; 4)) =
eHlCUSp(MPi,w (Fo(pr))’ Lg,w(p ® X; A))
E=P,P* sp,€Cuspy(I)
Similarly, calculations using the same vanishing results given by the above tables yield
a theorem for I'y(p")-type groups:

THEOREM 5.4. — The p-ordinary cohomology of the boundary of the Borel-Serre
compactification is described as T(Z/p"Z)-module by:
o egHI(O(T1(p")\X); L*(p ® X; A)) = 0 for ¢ = 0,5.
o egHIOT1(p")\X), L*(p ® x; A)) =
D Indp 0 Low(p® x; 4) @

sB, € W, Ny =q
Cusp(T)

T(Z/p"Z .
@ @ IndTES w/p(Z/)p’Z)E‘pi (T eHéusp(MPi,wq (T1(p"), LE,wq (p®x;4))

T=P,P* sp,€
Cuspg (T)

where in the last part of the sum, for ¢ = 1,4, the element w, of the Weyl group is
defined by w, = —id and wy = id.

e For q = 2,3, abb~reviating again ws, 4 as w, we have
esH!(O(T1(p")\X), L(p ® x; 4)) =

T(Z/p"Z) 1 r .
D D WD e, 07, Baalp 5 A)
I=P,P* sp, €Cuspy(T)

5.3.2. The case () maximal

We begin by @ = P. Then we have:

Py Ry W

P ag, a1 + ag, 20 + as id, —id, so
P* a1, a1 + ag, 207 + as id, —id

B a1, g, 01 + ag, 201 + g id, —id, 83, — 89
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The three following tables give the values of ¢, and ¢, for the different X:

Pg=P Ps=B
w Tow Guw Py =P" w Qo Guw
id 3 3 w q., Gw id 3 4
-id id 2 3 -id 0 1
S9 -id 1 S 2 3
—89 1 2

Since the spectral sequence of the Theorem 4.1 still degenerates in F5, we can make
analogous computation and get

THEOREM 5.5. — Let Q = P; there exists a filtration of the degree three ordinary boundary
cohomology whose associated graded module is given by:

o Gr epH3A(To(p)\X),L(p® x; 4)) = P
sp; €
Cuspp (T')

eHl (MPi,sQ (]_'\O(pr)), LP782,2(p ® X)) @ HO(MPi,id (F)» LP,id,3(p ® X))

cusp

@ thlzusp(MPi,id (Fo(pr))’ LP*J'd,?(p ® X))

sp; €
Cuspp« (T)
o Gr epH3(O(I1(p")\X), L*(p® x; A)) = P
sp; €
i Cuspp(T)
Ind®" %7 %) eHiyep(Mp, ,, (T1(p")): Lps, 2(p ® X))

ip(Tp*?(Z/p"2)Ep,(T))
®Ind " F7 D HO(Mp, _,(T), Lpias(p @ X))

ip(Ep, ()
Cp(Z/p"Z r
Qé Indi:((qw;{:'z;(z)/pmz)'gpi(r\)) eHiusp(MPi,id (Fl(p ))v LP*,id,Z(p ® X))
sp;

Cuspp« (T)

Remark: Note in both cases the contribution of full H® without taking ordinary part
and for the level group I' comes from the coincidence Q@ = wPsw~! for Pg = P and
w = id. We observe these H%’s are torsion although it doesn’t matter here. We consider
now the case ) = P*

Ps, Ry, w

P Q9,1 + g, 201 + Qs id, —id

P* ag, 01 + ag, 201 + as id, —id, 81
B a1, 0,01 + s, 201 + g id, —id, 1, — 81
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The three following tables give the values of ¢, and ¢/, for each X:

Py, = P* P =B
w q., Qw Py =P w a0, Qu
id 3 w 0oy Gw id 3 4
-id id 2 3 -id 0 1
s1 2 -id 1 S1 2 3
—S1 1 2

Since the spectral sequence of the Theorem 4.1 still degenerates in E5, we can make
analogous computation and get

THEOREM 5.6. — Let Q = P*, there exists a filtration of the degree three ordinary boundary
cohomology whose associated graded module is given by:

o Gr epHPA(To(p")\X), Lo (p @ x; 4)) = P
sp, €
Cuspp« (T')

eH}:uSp(MPi,sl (FO(pT))7 LP*,81,2(,0 2 X)) @ HO(MPi,id (F)’ LP*,id,3(p (2 X))
P eHl(Mp, ,(To(p")), Lpiaz(p ® X))

Spie
Cuspp ()
o Gr ep-H3(A(T1(p")\X); L*(p ® x; A)) = @
sp; €
a Cuspp« (I")
IndQP(Z/lzjslz) 6H<1:usp(MPz,sl (Fl(pr))a LP*731,2(p Py X))

ips (TR (Z/p"Z)Ep,(T))
Cpx(Z/p"Z
®Ind] " /1 H(Mp, (D), Lp- iaa(p ® X))

Cpx(Z/p"Z r
D wd e vy Heusp (M (C1(27)); Liiaz(p @ )

sp; €
Cuspp ()

Remark: The remark following Theorem 5.5 applies here as well.

5.4. The general case

When F is different from Q, we cannot complete the computation as simply because it
does not seem possible to control the torsion arising in the term of the spectral sequences
associated to the Levi decompositions of the parabolic defining the strata of the boundary.
As it will become clear below, we can only make the computation modulo finite kernel or
cokernel. It is the reason why we are led to introduce in definition 6.1 below an ad hoc
Cq(Z,)-module which will control the boundary cohomology (in degree 3d); namely, its
x-part will be isogenous to H34(d(T'o(p")\X), L*(p ® x; A)).
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THEOREM 5.7. — For any x regular, dominant with respect to p and sufficiently separable
(see Definition 4.6), the following canonical homomorphisms have finite kernel and cokernel.:

(i) eQH*(A(To(p")\X), L*(p ® x; A)) —
@ HY,.o(Mp,, (To(®")), Lp+s, 2a(p ® X))

sp, €
Cuspp« (I')
® P H . (Mp, (To(0"),Lps,2a(p @ X))
sp. €
Cuspp (I)
(ii) eH*(A(T1(p"\X), L(p ® x; 4)) —
Co(Z/p"Z ”
Qi IndiQQ(frcl?{:; (Z)/PTZ)EPZ- (1’*)) H!d,OT‘d(Ml::l’i’sl (]‘-‘1 (p ))7 LP* »S1 ,2d(p ® X))
sp,
Cus;;,* ()
Cq(Z/p"Z) d 1 r
@ Sé‘ii IndiQ(Té,Bz (Z/PTZ)Epi (™) I_I!,o1"(i(]\4Pi,232 (Fl(p ))’ LP7S2,2d(p & X))
Cuspp (T)

where s;(v) = s; for all v|p. Moreover, if we have chosen p outside a finite set of primes
depending on T and p, this map is an isomorphism.

Remark: The assumption of sufficient separability for p can be removed when @ is
the Borel subgroup at each place v above p. Indeed, instead of using Lemma 4.11 (ii)
which proves that w(v) is independent of v, one uses the same argument as in the end
of the proof of Corollary Al to show that if w contributes to the boundary cohomology,
it satisfies 2d < I(w) or I(w) < d.

Proof: Let us detail only the proof of (i); the second point is similar. Recall that

e@G%, (Lo )i L*(p@x; A) = P eoH*(Piw NTo(p"), L*(p @ x; A))
sp, €
Cuspy (T)
Corollary 4.5 computes the cohomology groups of the right hand side up to finite kernel
and cokernel. From Lemma 4.11, we see that in this corollary, all the terms of the sum in
the right hand side of index [ not divisible by d are torsion and therefore can be neglected.
Thus, for Py, maximal we obtain a canonical map with finite kernel and cokernel:

eQG%‘fw(Fo(Pr); L*(p® x; A)) -
@ [eM,é”ﬁQHd(MPi,w(FO(pT)), Ls w24(p ® X))
sp, €
Cuspy (T')

@erynoH*(Mp, ,(To(p")), Ls,w,a(p ® X))
BerrznH(Me, , (To(p)), Ls,wo(p  X))]

Note that for the terms occurring in the right hand side, the action of the center of Mp, ,
on the coefficients is trivial. Recall that for any Z-module M with a trivial action of
Z" we have

HY(Z", M) = Hom(/i\ Z", M)
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Therefore for k € {1,2, 3}, the following map has finite kernel and cokernel

expnoH*(Mp, ,(To(p")), Lyw,3-kyalp ® X)) —
l

®i=y Hom(\ Ep,, H**"' (M}, (To(p")), Lz,w,-ra(p ® X)))

Therefore it is torsion for £ = 3. Moreover for £k = 2 and 1, it is non torsion only if
w = Wy 4-k With Wg 4_(v) = ws 4 (see tables of paragraph 5.3). This last point
implies that 75 (Wp 4 k) N 7pt(Wp- 4_x) = O and therefore ker r3¢ is isogenous to the
cohomology below where Ep, is the group of units defined in section 5.2 :

l
®x—rp P @i Hom(A B, L y(M3,, (To(®"), Lyws »,24(p @ X))

SP; €
Cuspy (T')

l
D 69(liz_Ol Hom(/\ EPi’ H!z,?):;(Ml%’i,wzyz (Fo(pr))’ LZ,Wz,z,d(p ® X)))

We remark now that for any arithmetic subgroup X C SLo(F') and any regular weight
A, we have

H{(X,VA(C)) =0

if i # d. Therefore in the above sum, all the groups Hji’o‘,fd vanish except for [ = 0 while

all the H??~! vanish. This takes care of kernel of 73?. For the cokernel of 3¢, the same
calculations show its finiteness. This concludes the proof of (i). The last assertion follows
from two facts. First, the isogeny of Corollary 4.5 is in fact an isomorphism outside a finite
number of prime depending only of the weights modulo p. This verification is left to the
reader. Let us note that in the case Q = B, the isomorphism comes from Corollary 5.4.
Second, all modules arising in the proof of Thm. 5.7 are cofree if p is outside a finite set
of primes depending on I' and p, for this result see [17].

O
DEFINITION 5.1. — We set W, (T'1(p"); p® x) the right-hand side of (ii) in Theorem 5.7 and

Ws(L1(p™); p) = lim Wy(T'1(p"); p);
we note by ' the canonical map from egH>*(3(T'1(p")\X), L*(p®x; A)) to W4 (T1(p™); p)
induced by Theorem 5.7.(ii). which is equivariant for the action of Co(Z/p"Z).

From Hida’s Control Theorem 5.1 for SLs over number fields of [16] and Theorem 5.7.(i),
we obtain easily:

LEMMA 5.2. — For x as in Theorem 5.7, there is a canonical map with finite kernel
and cokernel

e@H*(8(To(p")\X); L (p ® x; A)) — WH(T1(p™); p)[wy]

THEOREM 5.8. — For any arithmetic character x of Cyy which is regular, dominant with
respect to p and sufficiently separable (see Definition 4.6), there is a canonical map with
finite kernel or cokernel:

HY% _ora(To(0"), L*(p ® x5 A)) = HiG_ora(T1(0%), L% (p3 A)) ]
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Moreover this map is an isomorphism if p is chosen outside a finite number of primes
depending on T" and p.

Proof: We abbreviate the notations by:

V = HPG_,q(T1(p™), L*(p; A)) = HYG_,,a(To(p),C(p"; A))

W =Hg ,.4(T1(p™), L(p; A)) = HY.,.4(To(p),C(p"; A))

Wo = HEL (01 (p™)\X), L(p; A)) = HE., ,(3(To(p)\X),C(p*; A))
Wy = Wy(T1(p™; p))

By Theorem 5.1 and Lemma 5.1, we have the following commutative diagram:

0— HY% , q(To(p™), L*(p @ x; A)) — Hy' 4 (To(p™), L*(p @ X3 A)) = Hg g (A(To (p"\X), L (p ® x; A))
I I I
0 — HY (To(@™), C(p"; A)wy]) = HE ,, 4(To(07),C(p"s A)wy]) — BHY. ., (B(To(p"N\X),Cp"; A)[wy])
LQ—ord , H X Q—ordlolP ), C(p X Q—ord o\p I X
Ly Lew )
0— V[“’x] -+ W[“-’x] s WB[“’X]

Since tyy has finite kernel, it is also true for cy. In order to obtain our theorem, we
simply need to prove that

corank ((V[wy]) < corank (Hf‘,‘é_wd(I‘o(pT), L (p® x; A))).

Let us consider the following commutative diagram with exact lines and Cq(Z,)-
equivariant maps:

0 —- vV - W - W

| I L
0 - V - W = W,

where V' is defined as the kernel of W — W;,. It implies that V[w,] — V'[w,]; therefore
by the Lemma 5.2, we obtain the inequality we wanted . For the last assertion, it is enough
to remark that Wy = W) by Theorem 5.7) and that in this case, there is an exact control
theorem (Theorem 7.1 of [17].

O

6. Nearly ordinary cuspidal cohomology and the universal Hecke algebra

In this section, we deduce from the results of the previous sections the main theorems of
the paper, namely, control and freeness of the nearly ordinary part of the cohomology of
the Siegel varieties S,, finiteness and torsion freeness of the big nearly ordinary cuspidal
Hecke algebra over the Hida-Iwasawa algebra, the existence of several variable families
of cuspidal Hecke eigensystems interpolating a given cuspidal Hecke eigensystem. This is
a developed version of our note [38] where we announced these results for F' = Q.
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6.1. Induction from Sp, to GSp,

Let U be a level subgroup in H; of level prime to p, say sufficiently deep so that the
discrete subgroup of H(Q) associated to U has no torsion and @ is a standard parabolic
of H® Z,. Let p: M — GLo(V) be a group-scheme morphism as before; for each
X € X*(C)ps) dominant with respect to p, we consider the local system L£*(p ® x; A) over
S, (U), defined by the action of U;(p) on

L(p®x;A) =L (p@x;0)® A

where
L*(p®x;0) ={f:1/Q*(Z,) — V; f is polynomial

and f(zm) = p & x(m™)(x) for m € M(Z,)}
Note that for any r > 1 we have:
H(A) = [ [ HQUs(p") H®R)*
teR
where H(R)" is the neutral component of H(R), and where the set R is a finite set of
elements of H; whose components at places in the level of Uy(p) are equal to 1 and
such that its image v(R) by the multiplicator v : GSp,(Fa) — FJ is a complete set of
representatives of the U-ray-class group of field F: Clf; = F*\FY /v(U) x FX*. Note
that R is independent of r since v(Up(p)) is unramified at p.
Moreover, recall that
Uo(p")/Ur(p") = Cm(Z/p"Z);
hence if S, is a complete system of representatives s € H(Z,) of Cy(Z/p"Z)), one has
H(A) = [ [ [] #(Q)tsU: (") HR)*.
tER SES,
Note that s normalizes U;(p"); let us put for any ¢ € R and for ¢ = 0 or 1, we set:
Lia(p") = H(Q) N tUi(p" ) H(R)t™! and I ,(p") = T'ie(p") N H'(Q).
For i = 0 or 1, let:
ST (p") = T3 (p"\H /(Uoo N HL )3
note that for any ¢ € R,
Lot(p")/T1,4(p") = Cr/(Z/p"Z).E,
where E; C Zy(r/p'r) is the reduction modulo p” of the image in Zy(r) of v(I'g ;). So,
since S,.(U) = HQ\HaA /U1(p")Us, we see that

S (U) = [ Jindg @2 %) S(T),(07);

C i (Z/pZ)E,

tER
hence
eHY(S.(U), £°(p @ 3 4)) = D indC (G0 7 z, BT, (27), L (0 ® 33 A)).
tER

Note that v induces an isomorphism

CM(Z/prZ)/CM/(Z/prZ)Et = (I’/prl‘)x/Et.
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6.2 Hecke operators and Hida-Iwasawa algebra

We let act on (S,.(U),L*(p ® x;A)) the so-called Hecke correspondences defined as
follows. Let S be the set of places of F' occurring in level(U). Let U’ = U;(p") and
S(U") = S.(U).

e forany h € H }9 N M4(Z), that is, such that A, = 1 for v € S or dividing p, we define
[U'RU'): 1et U” = U' N hU'h~! and consider the map [h] : (S(U"”) — (S(h~1U"h)
induced by right multiplication by h on H(A) and by pull-back by h on the sheaf
(without any action on the group L*(p ® x; A) itself). The diagram

swny M swy
1 1 (6.1)
SU") S(U")
induces on cohomology the desired action of [U’hU’]. Recall the classical Notation:

for v ¢ S (and prime to p): T, = [U'u(12; w,)U’], S, = [U’ diag(w., @, @y, w,)U’]
and R, = [U'p*(1;w,.13)U'] — (Nv? - 1)8,

e for h, € D, one considers similarly [U’h,U’| defined by the diagram 6.1 but for
[hp] acting on the L%(p ® x; A)-bundle of S(U") by (z,£) — (zh,h,'£). Here,
Dy, = [],, Dv denotes the subsemigroup of Zy(Q,) defined in Section 2.2.

o for h € Zy(Zy), we let [U'hU’] act by normal action since Z;(Z,) viewed in Uy (p”)
normalizes Uy (p").

o for z € Zy(A), we let U'2U’ act by central action.

Remarks:
1) The normal action factors through Z,(Z/p"Z).
2) Let
Q. ={z€ Zyg(r);z=1mod.p"}
and put

R, = Zu(Q\Zu(A)/2 Za(R)".

Then the central action factors through R,.
Let

Wi(p) = lim eH*(S,.(U),L(p; A)) Ws(p) = lim eH3(S,(U), L*(p; A))

where H)(S,(U),L%(p; A)) is the cohomology of the boundary of the Borel-Serre
compactification of S,.(U). We define V?(p) by the exact sequence

0 — Vi(p) = W(p) — Wj(p)
We also introduce the interior cohomology groups HY:
eH{ (5,(U), L%(p; A)) = Ker(eH (S, (U), L*(p; A)) — eH3(S.(U), L (p; A)).
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In particular,

Vi(p) = lim eH/(S.(U), L*(p; A)).

DEFINITION 6.1. — We define the nearly ordinary Hecke algebra hgf (Y ®¢) of level U1 (p™)
(outside S) by as the O-subalgebra generated by the operators

o [Ui(@"RUL(")] (h € HPP),

o [Ui(p")hyUs(p")] (hy € D),

o [Ui(p")hUL(p")] (h € Zu(Z/p"Z)),

e and [Ui(p")zUi(p")] (z € R,)
acting on eH}(S.(U), L*(p; A)).

Remark: One can also define similar Hecke operators of level U (replacing U, (p") by
U). Then, an important property of the isomorphism in Proposition 3.2 is that it commutes
with the Hecke operators for h € H f P; moreover for h,, € D,, the corresponding operators

are congruent modulo p (on the prime-to-p level side, one has to divide [Uh,U] by the
constant w(hy)).

When r > 1 grows, the endomorphisms U1 (p")hUy(p")] (b € H?), [Ur(p")hpUs(p")]
(hp € Dp), [Ur(p")hUs(p")] (h € Zm(Z/p"Z)) and [U1(p")2Us(p")] (z € R,) form a
compatible projective system; one can therefore consider the algebra

S _ :
hig, = lim b7 (x)-

By definition, it acts faithfully on V?(p).
DERINITION 6.2. — For any v > 1, let H, be the amalgamated sum:
H, = Zg(Q\Zu(A)/%UZu(R) 2, (z/pr2) Zm(Z/p"Z)

where the amalgamation is taken for z, — (a(z;'),8(zp)) where o is induced by the

inclusion Z,, C A and 3 is given by the homomorphism Zy C Zy;.
We put

H = lim H,
e

We call it the Hida group of H.
The Hida-Iwasawa algebra A is defined as the projective limit of the group algebras

A, = O[H,]
for the natural transition homomorphisms:
A = O[[H]]
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Remarks:

1) Let H(p) be the largest torsion-free pro-p subgroup of H and A(p) = O[[H(p)]];
then H = ® x H(p) where ® is a finite group and A = A(p)[®] is the group algebra
of ® over A(p). Let ~

R, = Zu(Q\Zu(A)/QZ5(R) X Zar(Z/p"Z) and R = lim R,

and R(p) its largest torsion-free pro-p subgroup. Note that since p is odd, there is a
canonical isomorphism:

H(p) = R(p) X Zrp(Zy)(p)

given by (z,t) — (z,t') where t = z,t', 2, € Zu(Z,)(p) and t' € Zp;(Z,)(p).

2) The relative Krull dimension of A over O is equal to the Z,-rank 7,(H) of H;
one has r,(H) = 1+ 6 + Zvlp ryd, where r, is the rank of Cjs (that is, 1 if II, is
maximal and 2 if II, = B) and ¢ is the defect to the Leopoldt conjecture for (F,p).
For instance, if @ is the Borel subgroup, one has r,(H) = 2d + 1 + é. For the general
definition of the Hida group, see [36]. The number r,(H) is important for us since it will
be the number of p-adic parameters for the space of nearly ordinary deformations of a
given nearly ordinary Hecke eigensystem.

For any r > 1, the group H, acts naturally both on eH?(S,(U),L*(p; A)) and on
eH{(S,(U), L*(p; A)) by

( )np@x : (z,t) — [Ul(pr)ZtUl(pr)]

: : . q q
These actions are compatible when r grows; hence H acts on W, and Vo, These

actions can be extended uniquely by linearity into O-algebra homomorphisms

A, — Endo(W} ,ey) A, — Endo (V7,0

(resp.) A — Endo(Wig, ) A, — Endo(Vig,)-

DEFINITION 6.3. — 1) An arithmetic character 6 of H is a continuous homomorphism
0 : H — O such that its restriction to some p-adic open subgroup coincides with an
algebraic character of the algebraic group Zy X Zyy;.

2) It is called arithmetic dominant with respect to p if one can write for h = (z,t) € H,
0(h) = ¢(2)wey (t) where x € X*(Cr) is dominant with respect to p, € : Cr(Z,,) — O
has finite order, ¢ is locally algebraic on R (and ¢ = wey on (a(z, 1), B(zp) for any
Zp € ZH(Z]J))

DEFINITION 6.4. — For any arithmetic character 0 of H dominant with respect to p,we
define the so-called arithmetic prime gy of Spec A associated to 0 as g : Ker( A — O)
where the O-algebra homomorphism is defined by linearity and continuity from the group
homomorphism: h — 0(h)). We say that pg is algebraic if 0 itself is algebraic.
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6.3. Control Theorems

As in Section 3.5, we fix a Dedekind ring Oy in Q. finite over Z, and for a prime p, we fix
a p-adic embedding ¢, of Q, hence of Oy, and we denote by O the completion of ¢,(Op).

We obtain easily the following theorems of independence of the weight and of exact
control for the cohomology:

THEOREM 6.1. — For any p with H-admissible highest weight, there is a canonical

Hecke-equivariant isomorphism: jy. : VI = Vig . such that for ( € Cn(Zy), we have

Txe({€)e) = xe(C™H){Oxedixe (€)

Let 6 = ¢ ® w,,, be an arithmetic character of H where x € X*(C)) is dominant with
respect to p and € : Cp(Z/p"Z) — O*. Let V, p0e4(P) (resp. V;:’d(cﬁ)) be the largest
submodule of V; ygey resp. V3% on which ® acts via ¢. Then, note that the natural map

Vf,i@W - V;?d[‘*’ﬂﬁ]

induces
V2 e (9) = Val[06]

THEOREM 6.2. — Let p be any absolutely irreducible representation of Mg;

1. Weak Control: Let p # 2 be an arbitrary rational prime. For any arithmetic
character 6 of H regular dominant with respect to p and sufficiently separable (see
Definition 4.6), say 0 = ¢ @ wey, for p € X*(Crr) dominant with respect to p and
€: Cy(Z/p"Z) — O, the maps

Visgew(®) = Voilpe]
Wioew(@) = Wi pdl

have finite kernel and cokernel.

2. Strong Control: Assume moreover that p = po @, O and that its highest weight is
regular; then, there exists a finite set of primes Sy,, such that for p ¢ Sy ,,
(i) for any q € [0,3d[, VI = Wi =0
(ii) for any arithmetic character § = ¢ ® wey, of H as above, with the supplementary
condition that €1 is congruent to 1 modulo w, there are canonical isomorphisms

V3 e E V3 wey] WA 2 W]

7‘,

Proof: This results from the corresponding theorem (cf. Thm. 5.8 for Sp,) and from
the induction formula

. Z/p" T a
vf,(;i)szb = @mdgg,((z/;’przz)mt(pr) eHP( 1:(0"), L*(p® x; 4))
teR

THEOREM 6.3. — Let F' = Q. Let p be defined over Oy, assume either (i) or (ii):
() forall t € R, H,_,,(To.+(p), L*(p; K/O) = 0 for i = 1,2;
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=3
(ii) p is regular and p does not divide H |H (s, Lo(p; Oo)tors)-
i=1
Then, for any arithmetic character 0 of H dominant with respect to p, say 0 = ¢ ® wey, for
¥ € X*(Cy) dominant with respect to p, congruentto 1 mod wand e : Cpi(Z/p"Z) — O*
a character congruent to 1 modulo w, there is a canonical isomorphism

Vf,p@sw (¢) = Vg [K‘)O]

Remark: If @) is the Klingen parabolic or the Borel subgroup, it follows from K.
Buecker’s thesis [6] that the part of assumption (i) relative to ¢ = 1 is satisfied. Note also
that for (i) to be fulfilled, it is sufficient that

@-no(T0,:(p), L*(p; O/70)) = 0

for 1 = 1,2.
Proof : The proof is the same as for the previous Theorem 6.2, except that one uses

here Thm 3.3 which does not require any assumption on p.
Let V. ey = Homp(V3?_,, K/O) and V, = Homp(V3?, K/O).

\PEY?

COROLLARY 6.1. — Let p and 0 be as in Thm. 6.2 (Weak or Strong). The natural
homomorphism

V,/06Vp = Vi peu(d)

has finite kernel and cokernel in weak control case and is an isomorphism in the strong
control case.

COROLLARY 6.2. — Under the same assumptions as in Thm. 6.2, V , is of finite type over A.

Proof: It is a simple application of the topological Nakayama’s lemma: let m be the
maximal ideal of A. We see from Corollary 6.1 that V,,/mV, is a finite group.
|

COROLLARY 6.3. — Let p be as in Thm. 6.2 (Weak or Strong). For any arithmetic character
6 of H dominant with respect to p and sufficiently separable, the natural homomorphism

S
)" ® Ap, /s — b)55, @ K

is surjective with kernel contained in the radical.

Proof: We have to prove that a non trivial idempotent of the left-hand side does not
map to zero. Let & be such an idempotent. By Hensel lemma, it lifts to an idempotent e
of (h3%5),,. If & maps to zero, by Corollary 6.1, we have

e-(Vp)m C 96-(Vp)g-

Since e is an idempotent, this implies that e = 0 and & = 0.
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6.4. Structure over the Hida-Iwasawa algebra

We are going to prove that ng is co-free over the Hida-Iwasawa algebra provided
that p is outside an explicit finite set of primes. prove that result we need the following
general duality theorem. For any dominant character x € X*(T') corresponding to a triple
(a,b;c), we put xV = (a,b;—c).

THEOREM 6.4. — The following pairing yields a perfect Pontrjagin duality

(= =)x + Ha(To\X; L(p ® x, 0)) ® Horg (Lo (p")\X; L (0 ® xV; 4)) — A
with A = K/O and (z,y)x = ¢x(z U Wr, o)) (y)) where @, is induced by the natural
pairing between L*(p ® x;O) and L*(p¥ ® xV;0) and with Wr, ) € GSpy(F)

oo )mod V(™)
Proof: Recall A, = p~"O/O. Consider the following commutative diagram where r < s:
HY L a(Toe(0O\X, L% (p @ X3 As)) © Horg U0+ (p"\X, L (p¥ @ V5 As)) — HE (TG, (p7)\X; As) 2 A,
I l Il
HY (T (p*\X, L%(p ® x; As)) @ Hon U(Th (pP\X, L2 (p" @ xV; As)) > HE(TG ,(p°)\ X, As) = A,
Il I I
HY | 4(To(PNX, V(p @ X) ® As) @ Hoty 1(Tg (P )\X, V(p¥ @ x¥) ® As) = HEH(Tg o (p)\X, 45) = A,
The isomorphisms of the left hand side for compact support cohomology follow from
versions for compact support cohomology of

normalizing T such that Wr‘6 o) = (

e Hida’s lemma for lowering the p-level (Lemma 3.1 above with the same proof).

e The contraction lemma (Proposition 3.1 above with the same proof).
The last line is exact by the Poincaré duality theorem and the fact that we have
(e@)* = Wiy ,orye@(Wry o)) ™" Now we get our result, taking inductive limite in
the equality : ’

Hom(H? (T (p")\X, L*(p ® x; 4,)), A) = Hoa (T ,(p")\X, L (p¥ ® X" Au)).
O

CoROLLARY 6.4. — If p ¢ Sy, U Sy, then V3% is cofree of cofinite type over the
Hida-lwasawa algebra.

Proof: In order to get our result, we prove that H3? (I ,(p")\X, L%(p ® x; A)) is

p-divisible for a densely populated set of sufficiently separable, regular dominant algebraic
characters x. By the following exact sequence:

H3 (T (0M\X, L(p ® x; K)) — H2 4(T5,.(0")\X, L*(p ® x; A))
= BT 0"N\X, L (p® x; 0)) — ...

c,ord

this will be true if we know that HX41(Tf ,(p")\ X, L*(p® x; ©)) is without p-torsion. But
by the previous theorem, the Pontrjagin dual of this group is H3; 1(1"{,,t(p”)\X L (p¥ ®
x"; A)) which is zero by Theorem 6.2.(i) for p ¢ Sy ,v.

O

CoROLLARY 6.5. — If p ¢ Sy,, U Sy,,v then hf’,d*s is torsion-free over the Hida-Iwasawa
algebra.
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6.5. Families of eigensystems

DEFINITION 6.5. — A family of Q-nearly ordinary Siegel-Hilbert cusp eigensystems of genus
2 is the datum of an homomorphism of A-algebra from the universal Hecke algebra hid’s
into a finite and flat extension J of A(p):

A hid’s —J

The above definition is justified by the following:

COROLLARY 6.6. — Let A be such a family. For any arithmetic character 0 of H separable
and dominant with respect to p, say 0 = ¢ ® w.y, for € X*(Cp) dominant with respect
topande : Cp(Z/p"Z) — O such that ev) is congruent to 1 modulo m. Then for any '
prime ideal above pg, there is the following commutative diagram:

A mod p’
WS eAp)/pe "= I/¢

! [
WS4 @ep) Y I/

Proof: This results immediately from 6.3.
a

COROLLARY 6.7. — Let w be a cuspidal representation of GSp, /p whose archimedian
component belongs to the discrete series with cohomological regular weight 6. Then there
exists a finite number of prime S(mw) D Ram(n) such that if p ¢ S(m) and 7 is Q-ordinary
at p there exist a family of Q-nearly ordinary Siegel-Hilbert cusp eigensystems of genus 2
whose specialisation mod g, “is” Ax the character of the Hecke algebra corresponding
to .

Proof: This results from the previous corollary, the torsion-freeness of the universal
Hecke algebra and the Going-Down Theorem for lifting ideal in normal extensions.
O

7. Application to Galois Representations

We recall below some classical conjectures on Galois representations associated to
cohomological automorphic representations. Let us start by some preliminaries. Recall
what we have fixed in the previous sections embeddings ¢, and to, of Q in C, and C. Let
7 be a cohomological cuspidal representation of GSp, ;7. Then it must occur in

H3(S(U); ® La, b,:c,)(C))

o€l

where L, p.:,)(C) is the irreducible representation of GSp,,c of highest weight
(a5, bs;¢,) over which GSp,(F') acts via ¢, 0 0. Note that c, is independent of o
(because it is the infinite type of the central character of 7); we denote sometimes this
common value by c. We denote by A, the character of the Hecke algebra corresponding
to m and by E, the subfield of Q generated by the values of \,; we embed it canonically

in Q, via .
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CONJECTURE 2. — Let  be a cohomological cuspidal representation of GSp, /p. There
exists a continuous Galois representation o, unramified outside Ram(m) U S,:

o : Gal(F/F) — GSp,(Qy)

such that for all prime w ¢ Ram(7) U S, the characteristic polynomial of or(Frob,,) is
given by A\ (Q.(X)) where
Qu(X) = X* = T, X3 + qu(Ry + (1 +¢2)Sw) X2 — 2T Su X +¢5S2.

For F = Q, if = has multiplicity one this conjecture results from works of Laumon [23]
(for trivial coefficients) and Weissauer [46]. In general for F' = Q, Weissauer has proved the
existence of a 4-dimensional Galois representation associated to 7 when 7, is holomorphic.
It seems the general case where 7, is in the cohomological discrete series can be treated
in a similar manner, although details have not been written (oral communication of
R. Weissauer).

DEFINITION 7.1. — For each v € S, let I, the set of embeddings of F, in Qp. Then by

the choice of i, we can identify Ir and I_I Ip, by 0 — 1y 00. For any o € Ip, we set

vES,
v = v, € S the place of F dividing p associated to 1, o 0. For each v € S, we identify

Gr, = Gal(F,/F,) with a decomposition subgroup at v of Gal(F/F). We denote by oy .,
the restriction of o to Gp,.
The conjectural local properties at places dividing p are given by:

CoNJECTURE 3. — We keep the hypothesis of Conjecture 2. Then for all v € S, we have
(1) or,v is Hodge-Tate, and for all o € If,, the Hodge-Tate weights associated to o are:

(a+bs+¢5) /243, (ag—bs+co) /242, (—a5+bs+¢5)/241, (—as—bs+cs)/2;

moreover the four corresponding Hodge numbers are equal.
(ii) Assume that 7 is unramified at v. Then ., is crystalline in the sense of [10].

(iii) Assume that 7 is unramified at v. Then the characteristic polynomial of the crystalline
Frobenius acting on the filtered p-module associated to g ., is Ax(Qy(X)).

Comments: (i) Assume that F' = Q, 7 is unramified at p. If 7 is endoscopic, it comes
from cuspidal representations (o1, 02) for GL; and its Galois representation is Hodge-Tate
because those associated to o; and o are. If not, then the existence of p, is also known,
and it is constructed as a submodule of the sum of four copies of the étale cohomology of
the Siegel variety of level prime to p (see [46] and [23]). Therefore, by the étale-crystalline
comparison theorem of Faltings [9], it is crystalline at p hence Hodge-Tate. The fact that the
four Hodge-Tate weights occur should come from the stability of the L-packet at infinity
(i.e. 7; ® w2 is automorphic if and only if 7; ® 7 is, assuming that 7 is not endoscopic).
This also implies that the four archimedean Hodge numbers are equal. This motivates
statement (i). Statement (iii) is investigated in [42]. A proof thereof seems accessible.

Let v € S,; as a p-adic valuation of F', we normalize it by v(p) = 1. Let us denote
by ao, a1, @z, as the p-adic valuations of the roots of A(Q,(X)) written in increasing
order. Recall that e,, resp. f,, denotes the ramification index, resp. the residual degree
of F,. Then we have
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LEMMA 7.1. — If 7 is Q-ordinary; we have oy + a3 = a; + as = f,(3 + ¢) and
1
e IfQ, =P, a9 = . Z(c—a,,—b,,).

vUEIFv
* 1
OIvazP,a0+a1—fv+g;Z(c—a,).
UGIpv
OIfQ—Ba—l Z(c a b)anda—f+LZ(c+b_a)
v — D, 0-26” £ o o 1= Jv 26” < o s).
o - . o Fy

Proof: It will follow from the calculation of the v-order of the coefficient of A (Q,(X))
adapted to Q,. As explained in the beginning of Section 3.5, we consider the Hecke
operator T, ~defined in terms of the action by w,(d~!) - p,(d)) (for d € D,) on

H(S(U); Q) Lias busen)(C))

o€lp

The Q,-ordinarity condition says that the image of Tc%,, by A is a v-adic unit. One has
wv(dv) = 6171 : EGEIF,, (C— Qo — bS)/2 for Q, = P, resp. wv(dv) = 6171 ' ZO‘EIFv (C— ao‘);
for Q, = B, there are two elements d,, and the two previous formulas occur. For
Q, = P*, we thus have

v(A(T) =€ Y (c—ap —bs)/2;

o€lp,

similarly, for Q, = P~,

v(Ar(@Ry) = fo + 6171 : Z (c—ao),

o€lf,

and both for the Borel case
O

DEFINITION 7.2. — Let v € S,. A weight ((as,bs;¢5))octp, is called v-admissible if
and only if the corresponding four Hodge-Tate weights given by the conjecture above are
independent of o € Ip,.

PROPOSITION 7.1. — We assume the hypothesis and conclusions of Conjectures 2 and 3 and
that 7 is Q-ordinary with separable weight (cf. Definition 4.6). Then the local representations
Ox,v takes values in a conjugate of Q(L) where Q) is the Langlands’dual of Q, (i.e.
Q: = P* (resp. P and B) if Q, = P (resp. P* and B).

Proof: This is a consequence of Lemma 7.1 and Corollary B.1 (see the appendix B).
Thereafter we give another proof in the case where v is admissible because it is the special
case for which the Newton and Hodge polygons meet. In the other cases, they never meet
as it can be easily checked (see the last remark of the appendix B). We take the opportunity
to thank H. Hida for pointing out to us that the assumption of p-admissibility is not satisfied
in general for ordinary cuspidal automorphic forms. This led us to write the appendix B.

We use the terminology of [10]. Let L be a field of coefficients of p,, finite over Q,,
of degree, say £. Choose o € Ip, and let us denote by Deis(0r,v) = Deris,o(0np) =
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(V(0xv) 0tBeis)CFv the filtered p-module constructed “a la Fontaine” where the action
of GF, on Bg;s is done through o. It is an L ® F, g-module where F,, ( is the maximal
unramified extension of Q, contained in F,. By Conjecture 3.(ii), its F), o-dimension is
equal to 4. An easy argument shows in fact that each eigenspace D!*! given by the slope
t of the crystalline Frobenius is free of rank 1 over L ® Fy,. By Conjecture 3.(i), the
Hodge-Tate eigenspaces have same F),-dimension hence are of dimension £. Thereafter,
we construct the Hodge polygon (resp. Newton polygon) by applying to the coordinates
an homothety of factor £~1. Let o any element in IF,.

After a Tate twist, we can assume that ¢ = a, + b,. By Conjecture 3.(i) the Hodge-Tate
weights are (a, + by + 3,a, + 2,b, + 1,0). and the Hodge polygon of D.,is(0x,) is the
convex envelope of the set of points:

PHodge = {(an)a (170)7 (zvba + 1)7 (370‘0 + ba + 3)> (4a2aa + 2ba + 6)}

Let us denote by (t;)o<i<3 the slopes of the absolute Frobenius ¢. From the point (iii)
of the Conjecture 3, they are given by divising the valuations «; of the Lemma 7.1 by
fo (recall that the relative Frobenius is the ¢f). Since the weight is supposed to be
v-admissible, it gives rise thus to the following Newton polygons:

Plslaewton = {(070)7 (170)7 (27t1)’ (370’0 + bcf + 3)7 (472aa + 2ba + 6)}
Piowton = {(0,0),(1,0), (2,66 + 1), (3, a6 + by + to + 3), (4,205 + 2b, + 6)}
Pl\?ewton = {(070)’ (1’0)? (2’b¢7 + 1)’ (370'0 + bd + 3)7 (4,20,0 + 2ba + 6)}

(Cf. figure).

Newton Polygon Newton Polygon

Hodge Polygon Hodge Polygon

©—

The case Qv = P The case Qv = P*

Newton Polygon

Hodge Polygon

O

The case Q, = B

In the case, Q, = B we see immediately that D..is(¢r ) is ordinary in the sense of [26].
In the case Q, = P (resp. Q, = P*), Fil2oTb-+3 D ris(0r,v) (resp. File-t+2 D is(07,0)) 18
a weakly admissible submodule of D.is(or,,) and therefore admissible by [10] prop. 5.4.2.
For Fy as above, we denote by Veris : M+ (Beris ® Fo, M )o=ia the quasi-inverse functor
of D;s. It is defined on the category of admissible filtered ¢-module. Then,
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e if Q, = P, 0, leaves stable the 1-dimensional subspace
‘/::ris(Filaa+b0+3 Dcris(gr,v)) C V(Qw,v)a

hence takes values in P*(L),

e if ), = P*, it leaves stable the 2-dimensional subspace

V::ris(]-;‘ilaa-’—2 Dcris(gw,v)) C V(Qw,v))

hence falls in P(L),

e if (), = B, it leaves stable the three-step filtration defined by the above submodules,
hence it falls in B(L).
O
Let us apply these considerations to a family of nearly @-ordinary cuspidal Siegel
modular forms.

THEOREM 7.1. — Let )\ : hid’s — J be a family of nearly Q-ordinary cuspidal Siegel
eigensystems such that Conjecture 2 is true for A\ mod P for a densely populated set of
arithmetic primes P. Then there exist a finite extension F of the fractions field Fy of J and
a unique semi-simple Galois representation:

ox: Gal(F/F) — GL4(F)

such that

1. It is unramified outside S, U S such that for all prime v ¢ S U S, the characteristic
polynomial of oy(Frob,) is given by A(Q,(X)),

2. If moreover we assume Conjecture 3 for A mod P for a densely populated set of
separable algebraic primes P, the local representations 9x. = 0xlgay(F,/F,) takes
values in the F-point of a parabolic subgroup of GL4 whose the trace on GSp, is
conjugate to Q% where Q7 is the Langlands’dual of Q, (i.e. Q% = P* (resp. P, B)
if Q, = P (resp. P*, B).

Proof: By Corollary 6.6, the existence of the representation p, results from the
existence of the 4-dimensional representations gy moq p and the theory of (here, degree 4)
pseudo-representations developed by R. Taylor (cf. [33]).

Let us prove the second statement, for instance for (), = P*, as the proof is analogous
in the other cases. We first establish a lemma. Let E' be a finite extension of Q,.

For any J = Og[[Ty,...,T,]]/a , we putJs = C/(Th,...,T,)s/a

where Cy(T1, ..., T;)s is the ring of power series converging on the closed polydisk D7 ()
of C; of radius 6 €]0,1[ and @ is the closure of the ideal of C,(T1,...,T;)s generated
by a. A map from Spec(J)(C,) N D;(6) to C, will be called analytic, if it is defined
by an element of 35.

LeEMMA 7.2. - Let E be a finite extension of Q, and 03 be a continuous representation
of Gal(E/E) on a J-lattice L(p3) of a Fy-vector space V(p3). Assume there exists a
densely populated set X C Spec(J)(L) where L/Q, is finite such that for all P € X,
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03 mod P exists, is Hodge-Tate and stabilizes a subspace Vi(P) C L(p3) ® J/P such
that the Hodge-Tate weights of Vi(P) vary analytically and are different from those of
Va(P) = (L(03) ® J/P)/Vi(P). Then there exists V; C L(p3) stable by Gal(E/E) and
such that Vi mod P = Vi(P) for all P € X.

Proof: The proof relies on results of Sen [30], [31]. Let R = Endj(L(03) ® j,s).
According to [31], there exists @3 € R such that for all P € X 3 mod P is the
operator defined in [30] associated to the representation gy and therefore is semisimple
with integral eigenvalues corresponding to the Hodge-Tate weights. By our hypothesis,
there exist elements ki, . .., k; € Js such that {ky mod P, ..., ks mod P} are the Hodge-
Tate weights of V;(P). If we denote by & = []'_,(v5 — ki), since the eigenvalues
k;(P) do not occur in V,(P), we have V;(P) ® C, = Ker ®; mod P. We consider
Vi(Js) = Ker ®; C L(o3) ® J5 and V; = V;(J5) N L(py). Therefore for all P € X
such that (V})p and L(pj)p is free over Jp (this is a Zariski-open condition), we have
Vi(P) = (V1)®J p/P. Therefore V; @ Jp/ P is stable by Gal(E/E) for densely populated
P and thus Vj is stable by Gal(E/E) too.

O

Let us come back to the proof of the theorem.

Let o, be the restriction of g to Gf,. So, we are going to see that the hypotheses
of Lemma 7.2 are satisfied by the representation V = Indg”p Oxv- Let us denote by I
the integral closure of J in F. Let £ be a stable I-lattice of V and X C Spec(I)(Q,)
be the set of sufficiently regular and separable algebraic primes (or arithmetic of level at
most p) such that Lp is free over Ip. For such P’s, the Hecke eigensystem A modulo P
corresponds to a cuspidal representation of level prime to p by Proposition 3.2 and we can
therefore apply Proposition 7.1 (in fact Lemma 7.1 and Corollary B.1 of the appendix):
For all P € X, let (ay,bs;¢)ocr, be the algebraic and separable character associated to
A modulo P. Then for ip = Infocr, as — by + cs)/2 + 2

Vi(P) = Varis(Fil'”” Derie,o(Indy. Lp ® 1p/P))

is a Gq,-stable subspace of Lp ® Ip/P (cf. appendix B); its Hodge-Tate weights (given
by {(ac +bs + ¢5)/2+ 3,(ac — bo + ¢5)/2 + 2},¢;,, ) are different from those of V5(P).
One sees easily, using the series log, (1+T)/log,(1+p) € J5, that the Hodge-Tate weights
of our Vi(P) are expressed analytically in terms of P. Thus, Lemma 7.2 applies and we
note V3 C V the corresponding stable subspace. We can now conclude as in the end of the
proof of Proposition B.1 by considering the Resgz‘f Wi C Resgil’ V.

. O

Comment: This Theorem admits an integral version if one assumes that the reduction gy
of the representation g, is absolutely irreducible: in this situation, one can use a theorem
of Nyssen [25] to construct a representation g, into GSp,(J) and even to GSp,(T) where
T is the local component of hf’,d’s attached to py. One can then prove the analogue of
Theorem 7.1. This gives rise to a A-algebra homomorphism from the universal ring of
nearly ordinary deformations of g, to T. The possibility that it is an isomorphism for
Q@ = B was raised in [36] and more precisely in [37], and was at the origin of the present
work as an analogue of [48] in the symplectic case. We hope to come back subsequently
to this topic.
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Appendix A. Cohomology of the Siegel-Hilbert variety

The purpose of this appendix is to apply some results of J.Franke in order to prove some
facts on the cohomology of the 3d-dimensional Siegel-Hilbert variety. We are following
very closely the formulation of [45].

Let us introduce the Notation we need. Let g§ = LieQ(Resg Spy /r). We denote
by Aq be the maximal Q-split sub-torus of the diagonal torus of Resg Spy /. Let
Qg = LieQ(Ao) ®Q R. Then a(’; = R/\l (&) R/\z where )\l(diag(wl,:cz, -, —.’1)2)) =T
and Ap(diag(zi,z2, —T1, —%2)) = To. We set a; = A; — Ay and @z = 2),.

For Py, = P (resp. P*, B) be the standard Siegel parabolic (resp. Klingen parabolic,
Borel) subgroup of G. Let Ay, be the maximal Q-split sub-torus of the center of My, the
standard Levi of Py. We set ay = Lieq Ax ®q R C ao. Then

ap = ker(ay) ap- = ker(az) and ag = ag
and we have
ap =R.(A1 4+ A2) ap. =R\
Let I, the set of embedding of F' in C, then
g' = Lieq(Resg Spy /r) ®q C = @oer.,594(C)o

Let h = @yerbo C g where b, is the diagonal Cartan algebra of sp,(C), we denote
by (A1,0,A2,0) its canonical basis (with obvious notation). We denote also for any X,
bso = Lier(As ® F) ®F C.

The Weyl group W is obviously isomorphic to the product []_W, where each W, is
the Weyl group associated to the o-component and is generated by s,, , and s, . For
any parabolic Ps, we set W< the subset of W of elements w such that w™(a) > 0 for
all positive roots « of the Levi component of Ps.

For any weight A € h*, we denote by A, its canonical projection on a§, (induced by the
injection ax ®r C C h of Re)). Note that the projection Re))|y,, and Ay are different: the
first one is product over o € I, of the restrictions of Re)), to by , while the second is a
restriction of Re)) to ag ® C = ag® CNbhx. Then if A=Y ;0. A1,0 + Yo A2, then

e A = Y c1_ Rezo) A1 + Reyo)As
o \p = %(EaeIm Rez, + ya))~(/\1 + A2)

[ ] AP* = (206100 Re.’l)a)).)\l
Let us denote by C the Weyl chamber in af defined by

C={(z,y) = .\ +y.\ withz >y > 0}.
For A\, € aj, we write A > X if A — X" € C. This defines a partial order; we are
interested in maximal elements of finite subsets of a*. For any A € af we denote by

[A] the projection of A on the convex C and for any finite subset © C C we define by
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induction on p > —1, ©P the set of maximal elements of ©® — U?_1©¢ and ©~' = §. For
any dominant weight A € b* and p € N, we set:

W=\, p)={weW¥s.t. —wA+p)s€[WA+p)P}.
w2) = [ [W™(\p)

Note that W=()) does not contain id.
Then the result of Franke that we use in our situation is the following:

THEOREM A.1 (Franke). — Let K be an open compact subgroup of GSp,(A¥); then there
* exist a spectral sequence whose EY'-term is given by:

HY(GSpy(F)\ GSp4(Ar)/K.Kr, ES) ®xe(,p,r} ®uwew® ()
l(w)<p+q

L) (M (Q)\Ms(R)/ (K K N Ms(R)), BN ., (—w(A + p)s)

and abutting on
HP*9(GSp,(F)\ GSp4(Ar)/ K Kr, EY)

where H 2 stands for L*-cohomology.

LEMMA A.l. — Let A\b* be a regular weight. Then for any ¥ and any w € W=()),
w(A + p) — p viewed as a weight of My, is regular.

Proof: It is an easy calculation. Let us verify it of P = P*. In that case,
(W3®), = {id, s1, 8152, 525152 }. We need to project for each o € I, w,(As + ps) — pr ON
R.a; along R.a; and check that the projection is on the upper half-line. For A, = (z,¥)
(z >y > 0) and for w, € (W%), of length 0, 1,2, 3, we find respectively y,z+1,z+ 1,y
which are strictly positive if A is regular.

|

CoroLLARY A.l. — If A is regular, then we have
H?(GSpy(F)\ GSp4(Ar)/K.Kr, ES) = 0
for g < 3d.

Proof: The summands of Franke’s E'? involve all Levi subgroups of Sp,: first for
Sp, itself, we know that the L2-cohomology of Sp, with regular weight coefficients is
non zero only in degree 3d (this results from Vogan-Zuckerman classification of unitary
representations occuring in the cohomology). Then, let us consider a summand of Franke’s
EP? corresponding to a type X € {P, P*, B}. For the Levi subgroups of the maximal
parabolics, the corresponding factors vanish unless p + g — [(w) = d; this results from
the calculation of the relative Lie algebra cohomology of SIL, using the classification
of cohomological unitary representations. For the Borel, the corresponding factors vanish
unless p + ¢ — [(w) = 0. Let us examine which w does occur in the sum. For any
w € WZE(),p) such that

HES 7' (M (Q)\Ms(A) /(K. Kr 0 Me(R)), EM5 (~w(A+ p))) # 0
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the central character of Ef(i +p)—py(—w(A+ p)x) needs to be trivial on the rational points
of the center of Ms. Therefore, since F is totally real, the o-components of w(A + p)|ps
do not depend on o € I ; let u be the common value of these components. We have
w(A + p)s = d.Reu). Since w € WZ()), we have Reu) < 0, so for any o € I,
—w(A + plyg,o € Co
e For ¥ = P*, resp. P, we find that w, € {s152,—s1}, resp. w, € {s281,—82}, so
length(w,) > 2 and I(w) > 2d. On the other hand, we have p + ¢ = l(w) + d;
therefore we conclude p + g > 3d.
e for ¥ = B, one has —w(A + p), € C,, hence w = —id, so length(w,) = 4 and
p+q = Il(w) = 4d.

This concludes the proof.

Appendix B. A remark on ordinary representations

Let K be a finite extension of Q, of degree d = [K : Q,]. Let p be a representation
of Gal(K/K) on a E-vector space V for E C —Qp a finite extension of Q,. Let Byis
and Byt be the usual Fontaine’s rings. We cor_lsider Qp naturally embedded in Byr. We
denote by Ik the set of embeddings of K in Q,. Then for all o € Ix, we set

Dureo.(V)= (V&g Bur)®*

This is a K-vector space. We first assume that V is Hodge-Tate. That means that for
all 0 € 1 K

dimK DHT,E,o(V) : dimE V=n

and we denote by (al,...,aks) the corresponding Hodge-Tate weights with a} < ... <
aks. We denote by with hl,... hk the corresponding Hodge numbers (i.e Al is the
dimension over Q, of the a!-component of Dyr g .(V)).

Next, we assume that V is crystalline. Following Fontaine, we set
Dcris,o‘(v) = (V ®Qp Bcris)GK

where B,;s is endowed with the action of G via 0. Then D5, is a K vector space
for K, the maximal unramified extension of Q, contained in K. Saying that (V,p) is
crystalline means that for all ¢ € Ix we have

dimg, Desis o (V) = dimp(V)

The absolute Frobenius ¢ acts on the D.is » and it is not difficult to see that its slopes
are independent of o € Ix. Let us denote them by a1 < ... < «; and let us call d; the
multiplicity (which is independent of o) of the slope «; in Deyis o(V).

Remark: If V is crystalline, it is a fortiori Hodge-Tate. However note that, it does not
make sense in general to consider D.;s g, because we cannot embed E in B, (e.g. if
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E is ramified). Moreover even if F is unramified this £ component would not be stable
by the action of the absolute Frobenius .

In this appendix we want to overcome a difficulty mentioned in the introduction, namely
that when K # Q,, it may well occur that the Hodge polygons (indexed by o € Ik ) never
meet the Newton polygon. Since our main tool for showing the ordinarity is precisely
that when these polygons meet at an integral point, it yields a filtration of filtered -
modules, this creates a problem. The idea, to overcome this, is to work with the induced
representation, provided one assumes a “separability” condition which permits to relate the
Hodge polygon of V' and that of its induction to Q,.

We make the following assumptions:

(Indep I) The number k, of Hodge-Tate weights is independent of the embedding o;
we note it k.

(Indep II) The Hodge numbers are independent of the embedding o we denote them by
hi,..., hg.

These conditions are naturally satisfied if V' comes from the p-adic étale realisation of a
motive. We will consider in the proposition below the following hypothesis:

(Sep t) For all 0,0’ € Ig, we have a! < a®fl.

Then we prove the following proposition:

ProposITION B.1. — We assume that for some t, the condition (Sep t) is satisfied and that

t t t t
>ohiY alb=[K:Q)Y> adi and D> hi=)Y di
1 i=1 i=1 =1

1= o€elg

Then there exists in V a E-subspace V' of dimension ), h; over Q, which is stable
under the action of G . Moreover the Hodge-Tate weights of V' associated to o € Ik are
at*l ..., a* with Hodge numbers hiiq, ..., hs.

Proof: Let us consider W = Indgi” V' the induced representation of Gq, =
Gal(Q,/Q,). Then the Hodge-Tate weights of W are {a’,...,ak ;0 € Ix} with Hodge

yWa

numbers equal to h; for each a’, o € I is. By the assumption (Sep t), we see that the point

t

(K : QP].Zhi,Zhi > ah)

i=1 oclgk

is a vertex of the Hodge polygon of W.

The slopes of the absolute Frobenius acting on Dcs(W) = (W ®q, Beis) 9@ are
ai,...,oq with multiplicity [K : Qp].d; for the slope «;. Therefore, the point

t t
(1K : QY di)[K: Q. ) cudy)
=1 =1
is a vertex of the Newton polygon of W.
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Under the assumptions of the Proposition, the two vertices described above are the same
and the Newton and Hodge polygons meet at that vertex. Therefore for ¢ = Inf,cr, at™?,
the subspace

W, = ‘/CriS(Fili Dcris(W)) = (Bcris & Fll2 Dcris(W))g):id

is of dimension [K : Qp](3_;, h:) and is stable under Gq, . Its restriction to G’ splits into
(K : Q] subspaces permuted by the action of Gal(ap /Q,) whose component V'’ in V/
(for a choosen embedding of V' in Resgzp W) satisfies the conclusion of the proposition.
The details are left to the reader.

a

The following corollary is straightforward:

COROLLARY B.1. — We assume that all the Hodge numbers and all multiplicities of slopes
are equal to h. Let (t;)1<s<, be some integers with 0 < t; < ... < t, < k such that for
all s € {1,...,r}, (Sep t;) is satisfied and

tsy1 tsy1 1
S o= Y e S
i=tg+1 i=ts+1 [K ’ QP] o€ly

Then there exists a filtration of E-vector spaces V., C ... C Vo = V stable under the
action of G such that for all i, dimq, V; = h.t; and the Hodge-Tate weights of V;[V; 1
associated to o € I are atit',... ag*' with same Hodge numbers.

Remark: Note that this Corollary allows us to conclude that the representation p is
ordinary for the Parabolic subgroup P of GL, whose Leviis GL,, X GLy, X ... xGL,, _,
with n; = h(t; — t;_1)/[E : Q] (i.e the image of the representation falls in a conjugate
of P), even if the Newton polygon of p never meets the Hodge polygon associated to
any embedding o € I (that is, Newton is strictly above Hodge). This does happen
if the Hodge polygons for various ¢ do not coincide (that is, when the assumption of
admissibility of Definition 7.2, with F, = K does not hold).
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